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ABSTRACT

In this thesis we study the connection between the spontaneous CP violating

phase and the Cabibbo-Kobayashi-Maskawa (CKM) matrix phase. At first an in-

troduction to CP violation in the Standard Model is presented, following by the

spontaneous CP violation, and then a new class of models is proposed to connect

the CP violating phase in the CKM mixing matrix with the CP phases responsible

for the spontaneous CP violation in the Higgs potential. A multi-Higgs model with

Peccei-Quinn(PQ) symmetry is constructed to realize this idea. This model has

some interesting phenomenological implications. The CP violating phase does not

vanish when all Higgs masses become large. In general, there are flavor changing

neutral current (FCNC) interactions mediated by neutral Higgs bosons at the tree

level. Unlike the general multi-Higgs models, however, the FCNC Yukawa couplings

are fixed in terms of the quark masses and CKM mixing angles. Implications from

experimental data for neutral meson mixing and the neutron electric dipole moment

are well-studied.

Keywords: CKM matrix phase, spontaneous CP violating phase, multi-Higgs

model, Yukawa couplings, Peccei-Quinn symmetry
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1. INTRODUCTION

1.1 Standard Model

Physicists apply symmetry groups to find the Lagrangians which are associated

the fundamental forces. Some symmetries are continuous, such as the standard

model gauge group SU(3)C × SU(2)L × U(1)Y. Some symmetries are discrete, such

as parity P, charge conjugate C, and time reversal T symmetries. Not all symmetries

which are important in nature are exact. Broken symmetries are also important. The

combination of charge conjugate C and parity P symmetry CP is such a symmetry.

In this thesis, we study [1] a possible mechanism for the origin of the broken CP

symmetry by making a connection between the CP violating phase in the CKM

model and spontaneous CP violating phase in the Higgs potential.

The foundation of standard model is the quark model proposed in 1962 by M.

Gell-Mann [2], who suggested the SU(3) as the symmetry to describe mesons and

baryons. The concept of quarks is fundamental building block of hadronic matter.

Later S. L. Glashow [3], S. Weinberg [4] and A. Salam [5] unified the electromagnetic

force and weak force into a gauge symmetry with SU(2)L × U(1)Y, and this theory

has so far been verified by many experiments. Including the gauge symmetry SU(3)C

describing color face of quarks, the Standard Model(SM) gauge group is SU(3)C ×
SU(2)L × U(1)Y. Including the leptons and Higgs bosons, the SM particle contents

are:

G : (8, 1, 0) W : (1, 3, 0) B : (1, 1, 0)

LL : (1, 2,−1) eR : (1, 1,−2)

QL : (3, 2, 1/3) uR : (3, 1, 4/3) dR : (3, 1,−2/3)

H : (1, 2,−1)

. (1.1)
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where G, W , and B are gauge fields corresponding to SU(3)C, SU(2)L, and U(1)Y.

The subscript L,R means left handed and right handed particles. The left handed

quarks QL and leptons LL are SU(2)L doublets, which means QL = (uL, dL) and

LL = (νL, eL); The right handed up-type quarks uR, down-type quarks dR, and

electron eR are SU(2)L singlets. Note that in standard model there are no right

handed neutrino νR. The Higgs is a SU(2)L doublet with H = (h0, h−). Here we

have not included right handed neutrino νR which may be needed. We will treat it

when we discuss our model.

We construct the Lagrangian by terms with that the corresponding dimensions

are (1, 1, 0). The renormalizable L is given by

L = − 1

2
Tr(GµνG

µν)− 1

2
Tr(WµνW

µν)− 1

4
BµνB

µν

+ QLiγµDµQL + ūRiγµDµuR + d̄RiγµDµdR + LLiγµDµLL + ēRiγµDµeR

+ (DµH)†(DµH) + (QLHuR + QLH̃dR + LLH̃eR + h.c.)− V (H), (1.2)

where the h.c. means the Hermitian conjugate of the terms in bracket. H̃ = −iσ2H
∗,

V (H) is a function of H which is written as

V (H) = µ2(H†H) + λ(H†H)2, (1.3)

with µ and λ are coefficients. Dµ is the covariant derivative and has the form

Dµ = ∂µ + igs
λa

2
Ga

µ + ig
σb

2
W b

µ + ig′
Y

2
Bµ. a = 1 ∼ 8, b = 1 ∼ 3; (1.4)

where gs, g, g′ are coupling constants of SU(3)C, SU(2)L, and U(1)Y respectively.

Y is the hypercharge of a particle which is just the dimension of representation

corresponding to the gauge group U(1)Y . σb’s are the Pauli matrices and λa’s are

the Gell-Mann matrices.

Note that the term ig(σa/2)W a
µ in Dµ only acts on particles with two-dimensional

gauge group SU(2)L, and igs(λ
a/2)Ga

µ acts on quark sectors which have three-
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dimensional SU(3)C. The quantities Gµν , Wµν are defined below

Gµν = (∂µG
a
ν − ∂νG

a
µ − gsf

abcGb
µG

c
ν)

λa

2

Wµν = (∂µW
a
ν − ∂νW

a
µ − gεabcW b

µW c
ν )

σa

2

Bµν = ∂µBν − ∂νBµ, (1.5)

where εabc is the totally antisymmetric tensor, and fabc is the structure constant for

SU(3).

Now considering the Higgs potential it is given by Eq.(1.3). If one require that

the potential does not go to negative infinity and this potential has minima at non-

zero H, then the inequalities λ > 0 and µ2 < 0 must be satisfied. Assume H has

the vacuum expectation value(VEV) < H > as

H =




h0

h−


 →< H >=

1√
2




v

0


 , (1.6)

Doing differential with v for V (H) at < H >= v, we find the minimal condition

∂V

∂h0

∣∣∣∣
h0=v

= µ2v + λv3 = 0. (1.7)

This condition gives v = (−µ2/λ)1/2, and one can use this expression to replace the

variable µ by v.

After spontaneous symmetry breaking, the Higgs doublet becomes

H =




1√
2
(v + h + ia)

h−


 , (1.8)

where the h is the real part of the neutral Higgs, which is parity even; a is the

imaginary part of the neural Higgs, which is pseudoscalar with odd parity. From

the mass matrix it is well-known that the three Higgs particles h+, h−, and a become

massless Goldstone bosons, which are eaten by W+, W−, and Z0, respectively.

Non-zero vacuum expectation value breaks the original electroweak gauge sym-

metry SUL(2)×U(1)Y into U(1)EM, which is the gauge symmetry in the electrody-

namics.
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The mass of Higgs can be obtained from the Higgs potential after the spontaneous

breaking of symmetry, and then the related Lagrangian is written as

L = −λv2h2 − λvh3 − λ

4
h4. (1.9)

The first term implies that m2
h = 2λv2. The second and third terms are related to

three Higgs interaction and four Higgs interactions respectively.

The term (DµH)†(DµH) produces the masses of gauge fields. H is doublet

under the SU(2)L gauge transform and thus the covariant derivative is Dµ = ∂µ +

ig(σb/2)W b
µ + ig′(−1/2)Bµ. After pulling out the mass matrix of gauge boson W

and B, we find that there are mixing terms between the states W 3 and B. making

the following rotation transformation from W 3 and B to new field Z and A,




Zµ

Aµ


 =




cos θW − sin θW

sin θW cos θW







W 3
µ

Bµ


 , tan θW =

g′

g
, (1.10)

where θW is the Weinberg angle, the mixing angle between W 3 and B. sin θW is an

important physical quantity related to the validity of electroweak theory.

The gauge field Z is the well-known Z, which has mass MZ = 1
2

√
g + g′v which

boson. The massless field A is the photon. The mass of Z boson can be seen as

from the neutral Higgs imaginary part, i.e. the a field. For the W 1 and W 2 combine

to form W±, W± has the same mass

W+
µ =

W 1
µ − iW 2

µ√
2

; W−
µ =

W 1
µ + iW 2

µ√
2

; MW± =
1

2
gv; (1.11)

W± field are the our known W boson whose mass is nonzero by absorbing the mass

of charge Higgs. From the Z boson mass and Eq.(1.11) there is an important relation

between masses of W and Z bosons at the tree level, which is

MW

MZ

= cos θW . (1.12)

The Lagrangian of fermionic kinetic energy terms gives the fermion-gauge cou-

plings because of the covariant derivative Dµ. The Lagrangian consists of photon,
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W and Z, and the gluon interaction with quarks and leptons, and the form is

L = − gs(ūγµ λa

2
u + d̄γµ λa

2
d)Ga

µ − e
∑

i

Qif̄iγ
µfiAµ

− g√
2
(ūγµdW+

µ + d̄γµuW−
µ )− g

2 cos θW

∑
i

f̄iγ
µ(ci

V − ci
Aγ5)fiZµ,(1.13)

where fi indicates ν, e, u and d, and Qi are their corresponding charges. cV and cA

are the coupling constants corresponding to the vector f̄γµf and axial vector f̄γµγ5f

interaction terms respectively, and this interaction form for Z boson with fermions is

the well-known V-A interaction. Sometimes those interactions are expressed in terms

of left and right handed interaction, which are f̄γµ(1− γ5)/2 f and f̄γµ(1 + γ5)/2 f

with the coupling constants cR and cL ,respectively. The general formulas for cV

,cA, cL, and cR are

cV = I3 − 2Qi sin
2 θW ; cA = I3;

cL = 2I3 − 2Qi sin
2 θW ; cR = −2Qi sin

2 θW , (1.14)

where I3 is the third component of isospin of particle, which is 1/2 for ve and u, and

−1/2 for e and d. cV , cA, cR, cL for quarks and leptons are shown as follows

Q I3 cV cA cL cR

νe 0 1
2

1
2

1
2

1 0

e -1 -1
2

-1
2

+ 2 sin2 θW -1
2

-1 + 2 sin2 θW 2 sin2 θW

u 2
3

1
2

1
2
− 4

3
sin2 θW

1
2

1− 4
3
sin2 θW -4

3
sin2 θW

d -1
3

-1
2

-1
2

+ 2
3
sin2 θW -1

2
-1 + 2

3
sin2 θW

2
3
sin2 θW

(1.15)

1.2 CP violation

Parity and charge conjugation are important symmetries in particle physics.

Parity was thought as a good symmetry to describe our world until T. D. Lee and

C. N. Yang [6] proposed that the parity might be violated in weak interaction in 1956.

But it was considered that the combination of parity and charge conjugation was

still a good symmetry in all interactions before 1964, when the first evidence for CP
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violation was observed in the K0 decay to ππ by J. H. Christenson, J. W. Cronin,

V. L. Fitch and R. Turlay [7]. Recently, BaBar [8] and Belle [9] also found CP

violation in B meson decays.

1.2.1 P, C, T transformation

Before treating the CP transform of Lagrangian, we introduce the parity, charge

conjugation, and time reversal transform for the every kinds of quantum fields in the

SM. In the following formulae the superscript p, c, t indicate the field after parity,

charge conjugate and time reversal transformation is performed respectively.

Parity transform

The parity transformation in classical physics is to change position from x into

−x. In quantum fields theory, The parity transformed φp, ψp, and Ap
µ of field

operators spin-0 φ, spin-1/2 ψ and spin-1 Aµ are given below

φp(t,x) = φ(t,−x); ψp(t,x) = γ0ψ(t,−x); Ap
µ(t,x) = Aµ(t,−x), (1.16)

Charge conjugation

The charge conjugation transforms a particle into its anti-particle. The c trans-

formed fields φc, ψc, and Ac
µ are

φc(t,x) = φ†(t,x); ψc(t,x) = iγ2γ0ψ̄
T (t,x); Ac

µ(t,x) = −Aµ(t,x), (1.17)

where the T above means the transpose of the matrix.

Time reversal

The time reversal is to reversed the time parameter by t → −t in classical physics.

When considering the field operators, we have t transformed fields φt, ψt, and At
µ as

φt(t,x) = φ(−t,x); ψt(t,x) = iγ1γ3ψ(−t,x); At
µ(t,x) = Aµ(−t,x). (1.18)

When we treat the C,P ,T transformation of Lagrangian or other physical quan-

tities which are made of the field operators, the transformation rules in Eq.(1.16,

1.17, 1.18) are useful.
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1.2.2 The Cabibbo-Kobayashi-Maskawa Model

CP violation in the SM was first considered by Kobayashi and Maskawa in 1973

[10]. CP violation came from charged current interaction. Let us discuss this in

more detail in the following.

In general, the coupling matrices λU and λD in the Yukawa interaction of the

followings are not diagonal.

QLλUHUR + QLλDH̃DR + h.c. , (1.19)

λU , λD are arbitrary n × n real matrices for n generations of quarks. The quark

mass matrices are given by: MU = −λUv/
√

2 and MD = −λDv/
√

2. In order to

get the quarks mass eigenstates we need to diagonalize these matrices with

UL = V u
L Um

L ; UR = V u
RUm

R ;

DL = V d
L Dm

L ; DR = V d
RDm

R . (1.20)

where V u
L , V u

R , V d
L , V d

R are the unitary matrices that diagonalize the coupling

matrices as

M̂U = V U†
L MUV U

R ; M̂D = V D†
L MDV D

R (1.21)

CP violation in the SM resides in charged current interaction of quarks with W

boson. The Lagrangian for the W± gauge interaction in the weak interaction basis

is given as

L = − g√
2
(ULγµDLW µ+ + DLγµULW µ−). (1.22)

When using the quark mass eigenstates, the W-boson gauge interaction becomes

L = − g√
2
(U

m

L γµVCKMDm
L W µ+ + D

m

L γµV
†
CKMUm

L W µ−). (1.23)

where the VCKM = V u
L
†V d

L is the so-called Kobayashi-Maskawa matrix [10]. The

mixing of quarks was first proposed by Cabibbo in 1963 [11], and thus this quark

mixing model is also called Cabibbo-Kobayashi-Maskawa(CKM) model.
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Using the formula of parity and charge conjugation transformations for field op-

erators, the CP transformation for weak interaction can be found out. Substituting

parity transformation Eq. (1.16) into every field operator in weak interaction Eq.

(1.23) and then the Lagrangian becomes

Lp(t,x) = − g√
2
(U

m

R (t,−x)γµVCKMDR(t,−x)mW µ+

+ D
m

R (t,−x)γµV
†
CKMUR(t,−x)mW µ−), (1.24)

where the left handed couplings change into right handed ones, so this Lagrangian

violates under P transformation.

After the parity transformation, we add the charge conjugation into the La-

grangian above. By using the formula Eq.(1.17) as well as the anti-commutating

property of spin-1/2 field operators, the CP transformed Lagrangian is given by

Lcp(t,x) = − g√
2
(U

m

L (t,−x)γµV
∗
CKMDm

L (t,−x)W µ+

+ D
m

L (t,−x)γµV
†∗
CKMUm

L (t,−x)W µ−). (1.25)

Eq.(1.25) shows that if the CKM matrix is real, then the form of Lagrangian under

CP transformation will be the same as original one except for the −x parameters.

When we consider the action S =
∫ Ld4x with real CKM matrix, the difference

between x and −x will vanish. This means that the CP will be invariant for the weak

interaction. If CKM matrix is not real, then the CP will be violated in Eq.(1.23).

For N generations of quarks, VCKM is an N×N unitary matrix. At first glance it

has N2 independent real parameter. By using the orthogonal matrix property, there

are N(N − 1)/2 angles in the VCKM. So the number of the remaining independent

parameters is N2 −N(N − 1)/2 = N(N + 1)/2. However, we can choose the phase

of quarks to eliminate the phases in CKM matrix as




eiα1 0 ... 0

0 eiα2 ... 0

... ... ... ...

0 0 ... eiαN







V11 V12 ... V1N

V21 V22 ... ...

... ... ... ...

VN1 ... ... VNN







eiβ1 0 ... 0

0 eiβ2 ... 0

... ... ... ...

0 0 ... eiβN




.(1.26)
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For N generation there are 2N phases which can be eliminated, but we can absorb

for example one phase in up quarks into every down quark phases. So total number

the phases one can absorb is 2N − 1. In the end, the total independent phases in

N generation VCKM is

N(N + 1)

2
− (2N − 1) =

(N − 1)(N − 2)

2
. (1.27)

From Eq.(1.27) it is clear that in order to have irremovable complex phases in the

matrix at least three generations of quarks are required, which was first pointed out

by Kobayashi and Maskawa in 1973 [10].

With three generations of quarks, It is usually with the expression,

VKM =




Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb




, (1.28)

where the subscripts indicate which quarks have interaction with W boson.

Because VCKM is complex, the weak interaction of quarks with W boson produces

CP violation. It is a convention to parametrize the CKM matrix by three angles

and one phases. The original Kobayashi-Maskawa parametrization is given in the

following form [10]

VKM =




c1 −s1c3 −s1s3

s1c2 c1c2c3 − s2s3e
iδKM c1c2s3 + s2c3e

iδKM

s1s2 c1s2c3 + c2s3e
iδKM c1s2s3 − c2c3e

iδKM




(1.29)

where si = sin θi; ci = cos θi, δKM is the phase which makes the matrix be complex.

Another popular parametrization is from the the Particle Data Group(PDG)[12],

VCKM =




c12c13 s12c13 s13e
−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13




, (1.30)

where sij = sin θij; cij = cos θij, and the δ13 is the complex phase in this parametriza-

tion.
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Fig. 1.1: The triangle of one of six CKM matrix unitarity conditions.

Comparing the PDG parametrization and KM parametrization, Vcb in expression

of KM parametrization is more complicated than that of PDG parametrization. We

can determine the PDG parametrization angles more precisely than KM ones, and

this is why PDG parametrization is more popular than that of KM.

Wolfenstein [13] proposed a useful parametrization for CKM matrix with the

four parameters, λ, A, ρ, and η which has a clear indication of the hierarchy of the

individual elements. The VCKM can be expressed in these parameters with order λ3




1− λ2/2 λ Aλ3(ρ− iη)

−λ 1− λ2/2 Aλ2

Aλ3(1− ρ− iη) −Aλ2 1




(1.31)

This parametrization makes −(VudV
∗
ub)/(VcdV

∗
cb) = ρ̄+ iη̄, where ρ̄ = ρ(1−λ2/2) and

η̄ = η(1− λ2/2) at this order.

Due to the fact that the CKM matrix is unitary, there are orthogonal conditions

between different rows or columns. One of them is

VudV
∗
ub + VcdV

∗
cb + VtdV

∗
tb = 0. (1.32)

This relation can form an triangle on complex plane, as shown in Fig 1.1. There are

six different triangles of VCKM matrix, but their areas are the same as J/2, where
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J is called Jarlskog invariant, which was found in 1985 first by C. Jarlskog [14]

Im[VijVklV
∗
il V

∗
kj] = J

∑
m,n

εikmεjln. (1.33)

Write down J in terms of the PDG parametrization and KM parametrization

J = c12c23c
2
13s12s23s13 sin δ13, in PDG parametrization

J = s2
1s2s3c1c2c3 sin δ, in KM parametrization (1.34)

1.2.3 The determination of VCKM parameters

The test of unitarity property of CKM matrix is very important to examine the

validity of the three generations quark mixing mechanism. From lots of the meson

decays or semileptonic decays and other experiments, one derive the magnitudes of

all nine elements of CKM matrix. Some of the determination will be discussed as

follows.

|Vud|
The |Vud| is usually obtained from nuclear beta decay with conserved spin-parity

0+ → 0+, or the beta decay of neutron and pion. The experimental average of

nuclear beta decay is more precise than the others, and it is given as [15]

|Vud| = 0.97378± 0.00027(nuclear). (1.35)

|Vus|
Determination of |Vus| had been performed from different aspect for kaon, like the

semileptonic decays, leptonic decay, and also from the ratio of K → eν to π → eν.

The important parameter for kaon semileptonic decay is the form factor f+ which

can gives the determination from |Vus|f+. The KLOE collaboration gives [16]

|Vus| = 0.2253± 0.0007. (1.36)

|Vcd|
It is precise to determine |Vcd| by detecting the process of d or s quarks in hadron

interacting with neutrino or antineutrino, which produces a muon and hadron with



1. Introduction 12

c quarks, then the c quark proceeds with semileptonic decay and emit another muon

with opposite sign. This dimuon process implies the quantity Bµ|Vcd|2, where Bµ

is the average semileptonic branching ratio of charm hadrons. The Particle Data

Group[12] used Bµ|Vcd|2 = (0.463 ± 0.034) × 10−2 [20] and the average value of

G. D. Lellis [21] and CHORUS [22] which is Bµ = 0.0873± 0.0052 to get

|Vcd| = 0.230± 0.011. (1.37)

|Vcs|
The |Vcs| can be determined from the semileptonic decay of D and leptonic

decay of Ds. One could choose the semileptonic decay D → π`ν. By using the form

factor fD→π
+ and fD→K

+ calculated from Fermilab Lattice Collaboration [17], with the

isospin averaged for semileptonic decay branching ratio from CLEO Collaboration

[18], the result is obtained by Artuso [19] with

|Vcs| = 0.957± 0.017(exp)± 0.093(theory). (1.38)

|Vub|
For the determination of |Vub|, the measurement of inclusive semileptonic decay

B → Xu`ν is diffcult to be extracted from the large amount background B → Xc`ν.

There are several analysis to determine |Vub|. One theoretical extraction is the

analysis by Golubev et al. [23] from BABAR data [24] for the leptonic momentum

spectrum,

|Vub| = 4.28± 0.29± 0.29± 0.26± 0.28. (1.39)

|Vcb|
|Vcb| can be determined by semileptonic decays of B to D or D∗. BABAR mea-

sured the quantity F(1)|Vcb| = (34.4 ± 0.3 ± 1.1) × 10−3 [25] from semileptonic

decay B0 → D∗−`+ν`, where F(1) is the axial form factor, which is calculated by

unquenched lattice QCD. BABAR use the input F(1) = 0.919+0.030
−0.035 [26] to get

|Vcb| = (37.4± 0.3± 1.2+1.2
−1.4)× 10−3. (1.40)
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|Vtd|
The determination of |Vtd| is from the box diagram for Bs−Bs mixing. By using

the estimation from results of HPQCD[28] and JLQCD [29], the bag parameter is

fBd

√
B̂Bd

= 244(26)MeV [27] and which leads to

|Vtd| = 7.40(79)× 10−3. (1.41)

|Vts|
Using the B meson inclusive rare decay B → Xsγ, |Vts| can be determined.

Particle Data Group averages those results [30, 31] and gets [12]

|Vts| = (40.6± 2.7)× 10−3. (1.42)

|Vtb|
The measurement of |Vtb| can be extracted from the ratio of t quark decays

R = B(t → Wb)/B(t → Wq). DØ measurement gives R = 1.03+0.19
−0.17[32] which leads

to the lower bound for |Vtb|

|Vtb| > 0.78, (1.43)

which at 95% confident level. Another method is to using the p− p̄ scattering. The

parton model for p− p̄ includes two mainly channels, which are q′ + q̄ → W ∗ → tb̄

and q′ + g → qtb̄. The DØ measurement provides [33]

0.68 < |Vtb| ≤ 1. (1.44)

1.2.4 CP violating experimental data and CKM model

CP violation was first discovered in Kaon mixing [7] in 1964. The CP eigenstates

for the K0 and K0 system are

K1 =
1√
2
(K0 −K0);

K2 =
1√
2
(K0 + K0). (1.45)

K0 is the pesudoscalar particle with odd parity and in charge conjugatation trans-

form CK0 = K0; CK0 = K0. It is obvious that K1 is CP even eigenstate and K2 is
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Fig. 1.2: Box diagrams for neutral K-meson mixing

the eigenstate of CP odd. If the CP eigenstates are also the Hamiltonian eigenstates,

it means that the CP is conserved under the system.

In general

H = M − i

2
Γ =




M11 M12

M∗
21 M22


− i

2




Γ11 Γ12

Γ∗21 Γ22


 , (1.46)

where the M and Γ are 2 × 2 Hermitian matrices, so H is not Hermitian obvi-

ously. This non-Hermitian Hamiltonian make the two state system decay during

time evolution. The mass eigenstates are

KS =
1√

1 + |ε̃|2 (K1 − ε̃K2),

KL =
1√

1 + |ε̃|2 (K2 + ε̃K1). (1.47)

Where |ε̃| = (2.44± 0.04)× 10−3 [34] is the small value related to the mixing of two

CP eigenstates. This formula indicates that the mass eigenstates(energy eigenstates)

are not exactly identical to the CP eigenstates. This experimental data is explained

by so-called box diagram shown in Fig.1.2 in the SM.

Direct CP violation in Kaon decay into ππ has also been discovered[35]. When

treating K meson decay, we usually take the mass eigenstates KS and KL as the

CP eigenstates instead of K1 and K2, because here we discuss only the CP violation

from decay. It is convenient to define the quantities related to the decay amplitude
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Fig. 1.3: Tree and penguin diagrams for K → ππ decays, where q can be u or d

for K meson to study direct CP violation,

η00 =
< π0π0|H|KL >

< π0π0|H|KS >
;

η+− =
< π+π−|H|KL >

< π+π−|H|KS >
. (1.48)

CP violation in K → ππ is measured by ε′, which is defined as

η00 = ε̃− 2ε′;

η+− = ε̃ + ε′. (1.49)

The Particle Data Group [12] gives the fitting for the value

Re(ε′/ε̃) = 1.65± 0.26. (1.50)

ε′ is explained in the SM by the tree and penguin diagrams in Fig.1.3.

B decays can provide many tests for CKM model by measuring α, β, and γ in

the unitary triangle in Fig 1.1.

β is the relative angle between VtdV
∗
tb and −VcdV

∗
cb on the complex plane. There

are several ways people often take to determine this angle. The most popular process

is the b → cc̄s process. This is because the amplitude of the tree level and loop

diagram has approximately the same phase. One of the process often been used is

B → J/ψKs. The sin 2β is extracted from the relation [12]

Sf = −ηf sin 2β, (1.51)
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where Sf is the quantity related to time-dependent CP asymmetry in B decays

[36, 37], and ηf is the CP eigenvalue of f . The experimental result from average of

the related decay by BaBar has the value [38]

sin 2β = 0.686± 0.039± 0.015. (1.52)

From Fig 1.1 definition the α is the angle between VudV
∗
ub and −VtdV

∗
tb. It can

be extract from B → ππ process, via the measurement of Sπ+π− and Cπ+π− . The

measurement of BABAR gives that [40]

α = 96◦+10◦
−6◦ . (1.53)

The decay B → ρ0π0 are also applied to determined α, and the experimental result

from Belle gives 68◦ < α < 95◦ at CL = 68%[41].

γ is the angle between VcdV
∗
cb and −VudV

∗
ub. The measurement of γ determination

uses the B decay process B → DK. BELLE [42] measured B− → DK−, B− →
D∗K− and B− → DK∗− to obtain

(γ = 53+15
−18 ± 3± 9)◦ (1.54)

The process B → K+π− are usually applied to test the CP asymmetry, too. The

experimental average is ACP (B0 → K+π−) = −0.097 ± 0.012 by HFAG [43]. This

asymmetry can be explained by SM [44, 45, 46].

The global fit for the unitary triangle is summarized in Fig.1.4 which is from

CKMfitter [47]. The PDG review[12] provides the fitting values for Wolfenstein

parameters, which are

λ = 0.2272± 0.0010; A = 0.818+0.007
−0.017;

ρ = 0.221+0.064
−0.028; η = 0.340+0.017

−0.045. (1.55)

Compare these values with the PDG parameters, we can derive s12 = 0.227 ±
0.001, s23 = 0.0422±0.0004, s13 = 0.00399±0.00007, and the phase sin δ13 = 0.839±
0.006. From these values, one obtain[12]

J = (3.08+0.16
−0.18)× 10−5. (1.56)
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Fig. 1.4: The experimental fit for the ρ and η from CKMfitter Group [47]

From the above discussion for CKM matrix, we can see that the CKM matrix

works very well in describing the meson decay, leptonic and semileptonic decay.

The phase in CKM matrix generates CP violation, and which is consistent with

the experimental result for the CP violation phenomena like K meson mixing, K

and B meson decay. However there are still some problems. One of them is the

baryongenesis. That is, the amount of particles is more than that of antiparticles in

our world, and one necessary condition for this phenomenon is the existence of CP

violation. The quantity to estimate the asymmetry of universe is nB/nγ, with nB, nγ

denoting the baryon number density, and photon number density respectively. In

high temperature the CKM model can produce about nB/nγ ≈ O(10−20)[48], which

is too small compared with observation nB/nγ ≈ 10−8[49]. There should be another

source of CP violation beyond the CKM matrix in our world. Also, the CKM model

does not provide the answer where CP violation is originated, but just put in by

hand. It is desirable for some understanding of the origin of CP violation. In this
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thesis we try to study how to connect the CKM matrix phase with the spontaneous

CP violating phase for the explanation of the source of CP violation from CKM

mechanism.

In chapter 2 we are going to discuss what the spontaneous CP violation is and

treat some of the multi-Higgs models. In chapter 3 we will build a new model with

the connection between spontaneous CP violating phase and CKM matrix phase. In

chapter 4 we will use this model to discuss some phenomenology. In the last chapter

we will summarize what we do in this thesis.



2. MULTI-HIGGS MODELS AND SPONTANEOUS CP

VIOLATION

Although the CKM matrix and its complex relation explain the CP violation of

observation very well, it is still possible that CP is violated from other place. The

multi-Higgs model is a popular topic in this area. Such models may also answer

that CP violation comes from the so-called spontaneous CP violation(SCPV), a

mechanics first proposed by T.D. Lee [50, 51].

When there are more than one Higgs, their vacuum expectation values might

have the relative phases difference. If these phases are non-vanishing after symmetry

breaking and irreducible in Higgs self-interaction or Yukawa terms with fermions,

then they also produce CP violation. Because this kind of CP violation comes from

the spontaneous symmetry breaking of Higgs, it is called spontaneous CP violation.

2.1 Two Higgs Doublet Model

In 1973, T. D. Lee proposed a model with two Higgs doublets [50, 51]. The most

important property of this model is that if there is a phase difference between VEVs

of two Higgs doublets, this phase can give the contribution to the CP violation. The

two Higgs doublets are written in the following form [50]

φ1 = eiθ1H1 = eiθ1




1√
2
(ρ1 + R1 + iA1)

h−1


 ;

φ2 = eiθ2H2 = eiθ2




1√
2
(ρ2 + R2 + iA2)

h−2


 . (2.1)

H1 and H2 are Higgs with real vacuum expectation values, and R1, R2, A1, and

A2 are real parts and imaginary parts of them. The phase difference between two
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Higgs doublets δ = θ2 − θ1 is the spontaneous CP violating phase. If this phase is

non-zero and can’t be eliminated by fermion rotation, then this could produce the

spontaneous CP violation. The Higgs potential can be built in the form [50]

V = − λ1φ
†
1φ1 − λ2φ

†
2φ2 + A(φ†1φ1)

2 + B(φ†2φ2)
2

+ C(φ†1φ1)(φ
†
2φ2) + C(φ†1φ2)(φ

†
2φ1)

+
1

2
[(φ†1φ2)(Dφ†1φ2 + Eφ†1φ1 + Fφ†2φ2) + h.c.], (2.2)

where λ1, λ2, A− F , and C are all real numbers. The minimal condition by differ-

entiating with respect to δ can give

cos δ = −(4Dρ1ρ2)
−1[Eρ2

1 + Fρ2
2]. (2.3)

If the right handed side is not required to be 1 or -1, CP is violated spontaneously.

There are eight real scalar fields in two Higgs doublets, and three of them are

eaten by W± and Z0. So there are five physical states in two Higgs doublet model

after spontaneous symmetry breaking. The two Higgs model is different from SM

because it has charged Higgs bosons. The interaction of charged Higgs and fermions

is similar to charged weak interaction. So this model also have more contribution

to flavor change process than SM.

Usually the two Higgs doublet models are classified into three types by different

Yukawa interactions.

Type I Type I is that one Higgs couples with each fermions, like the Higgs in

standard model, and another Higgs does not couple with fermions as below

QLΓuφ1UR + QLΓdφ̃1DR + LLΓeφ̃1ER + h.c., (2.4)

where Γu, Γd, and Γe are real coupling matrices. We construct thise inter-

actions of type I by introducing the discrete symmetry φ2 → −φ2 and other

fields are unchanged, so that φ2 only exists in the Higgs potential with even

powers.
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Type II Type II is that one Higgs doublet couples with up-type quarks and another

one couples with down-type quarks. For example

QLΓuφ1UR + QLΓdφ̃2DR. + LLΓeφ̃2ER + h.c.. (2.5)

We can construct type II model by introducing this discrete symmetry:

φ1 → φ1; φ2 → −φ2; UR → UR; DR → −DR; ER → −ER;

QL → QL; LL → LL. (2.6)

Type III The last model type III is the most general Yukawa interactions in which

there are two Higgs coupling with each fermion,

QL(Γu1φ1 + Γu2φ2)UR + QL(Γd1φ̃1 + Γd2φ̃2)DR

+ LL(Γe1φ̃1 + Γe2φ̃2)ER + h.c. (2.7)

so there could be the FCNC process because one can not diagonalize mass

matrix v1Γ1 + v2Γ2 and coupling matrices Γ1,2 simultaneously.

Type I and II can not have spontaneous CP violation, because (φ†1φ2)(φ
†
1φ1), and

(φ†1φ2)(φ
†
2φ2) are not allowed, and this results in sin δ = 0. The spontaneous CP

violating phase δ vanishes. So type I and type II with discrete symmetry have no

spontaneous CP violation.

If we hope that the spontaneous CP violation exists, then only type III is allowed.

However, type III has the tree level FCNC contribution which is severely constrained

by experimental data. Also, there are also too many unknown parameters in the

model.

2.2 Weinberg Model

In 1976, Weinberg [52] proposed that by using some discrete symmetry, the model

with three or more Higgs doublets gives the spontaneous CP violation without tree

level flavor change neutral current. The three Higgs doublet model is called Weinberg
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model. Three Higgs φ1, φ2, and φ3 are written as follows

φk = eiθkHk = eiθk




1√
2
(vk + Rk + iAk)

H−
k


 , k = 1 ∼ 3, (2.8)

where 1√
2
vke

iθk is the vacuum expectation value of neutral part in φk, and we let

H0
k = vk +Rk + iAk. Rk and Ak are the corresponding real part and imaginary part

in Hk. Branco extended this idea to arbitrary number of generations with two sets

of discrete symmetry [53]

D1 : φ1 → φ1; φ2 → −φ2; φ3 → φ3; QL → QL; dR → dR; uR → −uR

D2 : φ1 → φ1; φ2 → φ2; φ3 → −φ3; QL → QL; dR → dR; uR → uR. (2.9)

The D1 implies the constraint that φ1 couples to the up-type quarks singlet uR and

φ2 couples to the down-type ones dR, which has the same propose as the discrete

symmetry for type II of two Higgs doublet model. The D2 can suppress φ3 not to

couple with quarks, but it can couple to leptons. Applying those discrete symmetry

can inhibit the tree level FCNC process of Higgs exchange, and the CP violation can

arise from the Higgs interaction themselves. The Yukawa terms of Weinberg model

are written as

QLΓuφ1UR + QLΓdφ̃2DR + LLΓeφ̃3ER + h.c.. (2.10)

These interactions are similar to type II of two Higgs doublet model, and the spon-

taneous CP violation will be produced in the Higgs potential.

After spontaneous symmetry breaking the Lagrangian is expanded as follows

L = − 1

v1

ULM̂uURH0
1 −

1

v2

DLM̂dDRH0
2 −

1

v2

LLM̂eERH0
3

−
√

2

v1

DLV †
CKMM̂uURH−

1 +

√
2

v2

ULVCKMM̂dDRH+
2

+

√
2

v3

LLVCKMM̂eERH+
3 + h.c., (2.11)

where Mu = − 1√
2
Γuv1, Md = − 1√

2
Γdv2, and Me = − 1√

2
Γev3. VCKM is assumed to

be real matrix here. That is, CP violation does not come from the CKM matrix.
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The CP should be arisen from the Higgs self-interaction. The parametrization

for three Higgs doublet potential in discussion [54] is

V = − µ2
1φ
†
1φ1 − µ2

2φ
†
2φ2 − µ2

3φ
†
3φ3 + h1(φ

†
1φ1)

2 + h2(φ
†
2φ2)

2 + h3(φ
†
3φ3)

2

+ f12(φ
†
1φ1)(φ

†
2φ2) + f23(φ

†
2φ2)(φ

†
3φ3) + f31(φ

†
3φ3)(φ

†
1φ1)

+ g12(φ
†
1φ2)(φ

†
2φ1) + g23(φ

†
2φ3)(Dφ†3φ2) + g31(φ

†
3φ1)(φ

†
1φ3)

+ (k12(φ
†
1φ2)

2 + k23(φ
†
2φ3)

2 + k31(φ
†
3φ1)

2 + h.c.). (2.12)

It can be assumed that the coefficients in above formula are all real. In the potential

only two phases δ12 = θ2 − θ1 and δ23 = θ3 − θ2 exist. Differentiating with respect

to the two phases, we get a condition below

k12
v2

2

v2
3

sin 2δ12 = k23
v2

2

v2
1

sin 2δ23 = −k13 sin 2(δ12 + δ23). (2.13)

Eq.(2.13) reflects the fact that the phases δ12 and δ23 can be nonzero, and CP is

violated here.

In this model, there are four charged and five neutral physical Higgs bosons. The

mass matrix of Higgs can give CP properties of this model [54]. The resulting mass

matrix of charged Higgs has the off diagonal complex elements. It means that the

CP violation will arise from the exchanging of charge Higgs. Also, the neutral mass

matrix has the mixing terms between scalar and pseudoscalar Higgs which lead to

the CP violation under neutral Higgs exchange.

Although Weinberg model can provide the spontaneous CP violation without the

tree level FCNC which is inhibited in Lee’s two Higgs doublet model, it still has some

contradiction which had been provided by many authors[55, 56, 57]. The Weinberg

model is decisively ruled out by data on sin 2β measurement in B → KsJ/ψ. In

Weinberg model, the upper bound for magnitude of sin 2β is | sin 2β| < 0.05[56, 57].

The present experimental data is shown in Eq.(1.52) that sin 2β = 0.686± 0.039±
0.015, which means that the Weinberg model has been ruled out. The neutron

EDM calculation also rules out the Weinberg model, from which the estimation for

neutron EDM has order 10−23e cm [58], whereas the experimental upper bound is

|dn| < 0.29× 10−25e cm [59].
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2.3 The strong CP problem and Peccei-Quinn symmetry

For the Lagrangian in QCD, the term (θg2
s/32π2)GµνG̃µν is allowed, where G̃µν =

1
2
εµνρσG

ρσ. This term also violates P and CP. This is a possible CP violation in strong

interaction.

Because P and CP violation will cause the electric dipole moment(EDM) of

particles, the measurement of EDM of particles is important to test the CP violation

in standard model. The neutron EDM test is especially important, and in present

the experimental upper bound is given [59]

|dn| < 0.29× 10−25e cm. (2.14)

SM theoretical calculation of CKM matrix CP violation gives the small value con-

tribution about order less than 10−31e cm [61, 62, 63] without considering strong

CP violation. With non-zero θ, dn can be much larger. Experimental bound for

neutron EDM constrains the θ very strongly for |θ| . 10−10 [12]. This is considered

to be unnatural since other couplings with strong interaction are much larger. This

is the problem.

For the multi-Higgs model with spontaneous CP violating phase, the strong

phase θ would be large [60] at loop level. We need a mechanism to make this phase

small.

In 1977, Peccei and Quinn proposed a mechanism to solve this problem [64, 65].

They introduced another global symmetry U(1)PQ in the standard model. This

symmetry is generated by the chiral transformation defined as follows.

u → eiαuγ5u; d → eiαdγ5d;

φ1 → ei(αu+αd)φ1; φi → e−i(αu+αd)φi; i 6= 1, (2.15)

where αu and αd are the chiral rotational phases for up-type quarks and down-type

quarks respectively. The φ1 and other φi are the multi-Higgs doublets. After the

chiral rotation, the strong phase becomes

θ → θ − 4αu − 4αd. (2.16)
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Since αu,d are arbitrary phases, one can choose these phase as θ = 4(αu + αd),

therefore there is no strong CP phase and also without large contribution to neutron

EDM.

Models with PQ symmetry have an axion resulting from spontaneous breaking

down of PQ symmetry. No axion has been detected in experiments. One has to

make the axion invisible, by extending the original PQ model[66, 67].



3. NEW MODEL BUILDING

The multi-Higgs model can have the spontaneous CP violation(SCPV). This is

a nice feature which provides a understanding of the origin of CP violation. But

the two Higgs doublet model has tree level FCNC, leading to too many unknown

parameters. To improve the situation, Weinberg proposed a three Higgs doublet

model which has no tree level FCNC. However, the prediction of Weinberg model

for sin 2β is not consistent with experimental data as mentioned before. Here we take

the idea [1] that the CP violation is arisen from spontaneous symmetry breaking, but

further make the spontaneous CP violating phase be identical to the CP violation

in CKM matrix. In the following we build specific models to realize this.

3.1 Making SCPV phase identical to CKM phase

Model(a)

In our new model, we try to build a model with the spontaneous CP violating phase

from Higgs identical to the the phase in CKM matrix. We couple two independent

Higgs doublets to the up-type quarks and one Higgs doublet to the down type quarks

as below

L = QL(Γu1φ1 + Γu2φ2)UR + QLΓdφ̃ddR + h.c., (3.1)

where Γu1 and Γu2 are real 3 × 3 coupling matrices, and the tilde sign on Higgs

means φ̃k = −iσ2φ
∗
k. The φ1, φ2 and φd are Higgs doublets, which are written as

φk = eiθk




1√
2
(vk + Rk + iAk)

h−k


 , (3.2)

where k can be 1, 2, and d. It is convenient to redefine these Higgs doublets so

that they have real vacuum expectation values. That is, φk = eiθkHk. Here we call
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Eq.(3.1) as model(a).

After spontaneous symmetry breaking, the mass terms of model(a) Lagrangian

appear as

Lm = −UL(Mu1e
iθ1 + Mu2e

iθ2)UR −DL(Mde
−iθd)DR + h.c., (3.3)

where Mu1,u2 = −Γu1,u2v1,2/
√

2 and Md = −Γdvd/
√

2. The phase θ1 and −θd can

be absorbed into the UR and DR respectively.

From previous section, Eq.(1.20) shows the relations between flavor eigenstates

and mass eigenstates of quarks

UL = V u
L Um

L ; UR = V u
RUm

R ;

DL = V d
L Dm

L ; DR = V d
RDm

R .

We make the Md to be diagonal without loss of generality. That is, DL and DR are

already the mass eigenstates Dm
L and Dm

R , and the mixing matrix V d
L and V d

R are

unit matrices. The mass terms become

Lm = −UL(Mu1 + Mu2e
iδ)UR −DLM̂dDR + h.c., (3.4)

where the relative phase δ = θ2 − θ1 is the spontaneous CP violating phase in the

Yukawa terms, and M̂d is the diagonal mass matrix. If δ is non-zero, it could cause

the spontaneous CP violation in the model. The total mass matrix of up-type quarks

can be diagonalized by left and right handed matrices V u
R and V u

L . That is

M̂u = V u†
L MuV

u
R , (3.5)

where M̂u is the diagonal up-quark mass matrix and Mu = Mu1+eiδMu2. To simplify

the discussion we assume that V u
R is a unit matrix. This simplification can help us

to make the identity relation between δ and the phase in CKM matrix. Because

V d
L is a unit matrix, from VCKM = V u†

L V d
L it is obvious that V u†

L is equal to VCKM.

Eq(3.5) becomes M̂u = VCKM(Mu1 + eiδMu2) , and we obtain the relation

V †
CKM = (Mu1 + eiδMu2)M̂u

−1
. (3.6)
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At this step we need the explicit CKM parametrization with a phase. First we use

the Particle Data Group parametrization which is shown in Eq.(1.30)

VCKM =




c12c13 s12c13 s13e
−iδ13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13




,

This parametrization makes more than one phases in the VCKM elements. That is,

one phase δ13 in V21, V22, V31, V32 and another phase −δ13 in V13. We solve the

problem by pulling the phase −δ13 out and then decomposing the VCKM into two

matrices as below,

VCKM =




e−iδ13 0 0

0 1 0

0 0 1




×




c12c13e
iδ13 s12c13e

iδ13 s13

−s12c23 − c12s23s13e
iδ13 c12c23 − s12s23s13e

iδ13 s23c13

s12s23 − c12c23s13e
iδ13 −c12s23 − s12c23s13e

iδ13 c23c13




, (3.7)

Absorbing the left handed diagonal matrix by redefining the quark sector UL. The

remaining matrix has the uniform phase in each element. By comparing two side of

Eq.(3.6), we introduce the identical relation

δ = −δ13. (3.8)

This relation implies that the CKM phase comes from the spontaneous CP violating

phase. Also, this relation is related to the phase δ13 which has been measured in

experiments, so if the spontaneous CP violating phase δ can be nonzero after solving

the minimal condition in Higgs potential, it is independent of the masses of Higgs,

and the CP phenomena always exists.

By substituting Eq.(3.8) into Eq.(3.6) we determine the coupling matrices Mu1
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and Mu2

Mu1 =




0 −s12c23 s12s23

0 c12c23 −c12s23

s13 s23c13 c23c13




M̂u;

Mu2 =




c12c13 −c12s23s13 −c12c23s13

s12c13 −s12s23s13 −s12c23s13

0 0 0




M̂u. (3.9)

Note that these matrices Mu1 and Mu2 depend on quark masses and the angles in

CKM parametrization. This is not true for other multi-Higgs models, with which

the spontaneous CP violating phase and CKM phase are concerned.

We apply the same idea to another CKM parametrization, the original Kobayashi

Maskawa parametrization in Eq.(1.29)

VKM =




c1 −s1c3 −s1s3

s1c2 c1c2c3 − s2s3e
iδKM c1c2s3 + s2c3e

iδKM

s1s2 c1s2c3 + c2s3e
iδKM c1s2s3 − c2c3e

iδKM




.

Then the step of previous discussion for PDG parametrization makes the same

relation as Eq.(3.8),

δ = −δKM. (3.10)

This relation gives the expression for the mass matrix with respect to KM parametriza-

tion,

Mu1 =




c1 s1c2 s1s2

−s1c3 c1c2c3 c1s2c3

−s1s3 c1c2s3 c1s2s3




M̂u;

Mu2 =




0 0 0

0 −s2s3 c2s3

0 s2c3 −c2c3




M̂u. (3.11)

In general we can express the two coupling matrices Mu1 and Mu2 in terms of

the CKM matrix, quark mass matrices, and the spontaneous CP violating phase as
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follows,

Mu1 = V †
CKMM̂u − eiδ

sin δ
Im(V †

CKM)M̂u;

Mu2 =
1

sin δ
Im(V †

CKM)M̂u. (3.12)

This relation is useful when we treat the Yukawa couplings of Higgs, and it is inde-

pendent of the parametrization of VCKM. Choosing a specific CKM representation

implies a choice of a model.

Model(b)

Now we treat another kind of Yukawa interactions which is called model(b),

L = Q̄LΓuφuUR + Q̄L(Γ1φ̃1 + Γ2φ̃2)dR. + h.c.. (3.13)

In this Lagrangian two Higgs doublets φ1 and φ2 couple with down-type quarks and

one Higgs-doublet φu is coupled with up-type quarks. Γd(1,2) and Γu are 3 × 3 real

matrices. Here the φ1 and φ2 are defined as those in model(a), and φu is with the

same definition as that in Eq.(3.2) and in which k is replaced by u. After symmetry

breaking the mass terms is written below

Lm = −UL(Mue
iθu)UR −DL(Md1e

−iθ1 + Md2e
−iθ2)DR + h.c., (3.14)

where Md(1,2) = −Γd(1,2)v1,2/
√

2 and Mu = −Γuvu/
√

2. Following the same treat-

ment for model(a), we absorb the phases −θ1 and θu into DR and UR respectively,

and we also treat the Mu as diagonal mass matrix. So V u
L = V u

R = 1 and the mass

terms become

Lm = −ULM̂uUR −DL(Md1 + Md2e
−iδ)DR + h.c.. (3.15)

The M̂u indicates that it is diagonal, and δ is the spontaneous CP violating phase

with δ = θ2 − θ1. The diagonal down-type mass matrix M̂d has the relation to

Md = Md1 + e−iδMd2,

M̂d = V †d
L MdV

d
R , (3.16)

We make V d
R = 1 and the V d†

L is equal to V †
CKM. That makes us to express the mass

matrices Md1 and Md2 in terms of VCKM as

VCKM = (Md1 + e−iδMd2)M̂
−1
d . (3.17)
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Using the PDG parametrization with the same argument from Eq.(3.7), and com-

paring phases in two sides of Eq.(3.17), we can write down the phase relation as

follows

δ = −δ13. (3.18)

Note that this relation is the same as Eq.(3.8) discussed in model(a). Also, this

relation makes coupling matrices Md1 and Md2 as

Md1 =




0 0 s13

−s12c23 c12c23 s23c13

s12s23 −c12s23 c23c13




M̂d;

Md2 =




c12c13 s12c13 0

−c12s23s13 −s12s23s13 0

−c12c23s13 −s12c23s13 0




M̂d. (3.19)

Like the model(a), the mass matrices are determined by down-type quark masses

and three angles of CKM matrix parametrization.

Using the KM parametrization we assume the same relation as Eq.(3.10) in

model(a), which leads to determine the coupling matrices Md1 and Md2 as

Md1 =




c1 −s1c3 −s1s3

s1c2 c1c2c3 c1c2s3

s1s2 c1s2c3 c1s2s3




M̂d;

Md2 =




0 0 0

0 −s2s3 s2c3

0 c2s3 −c2c3




M̂d. (3.20)

The general formulas for Md1 and Md2 in terms of VCKM, M̂d, and the spontaneous

CP violating phase δ are

Md1 = VCKMM̂d +
e−iδ

sin δ
Im(VCKM)M̂d;

Md2 = − 1

sin δ
Im(VCKM)M̂d. (3.21)
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In this section we have discussed how to make the spontaneous CP violating

phase identical to the CKM matrix phase, this identical relation leads to the deter-

mination of couplings matrices, which depends on three angles in CKM parametriza-

tion and the quark masses. For different CKM parametrization, the related coupling

matrix are also different. In next section we will study a particular multi-Higgs

model, and then apply it to our Yukawa coupling models built in this section.

3.2 Multi-Higgs model building

To build a model realizing the idea in the previous section, we also need to

consider appropriate Higgs sectors. It has been shown that in order to have the

spontaneous CP violation and the PQ symmetry more than two Higgs doublets are

required [68, 69]. For SM there is only one Higgs doublet, but at this moment we

need a multi-Higgs doublets as described before. We also need the small enough

neutron dipole moment with no strong CP problem, so the Peccei-Quinn UPQ(1)

symmetry is introduced. The another scalar field is required to generate invisible

axion, and therefore the minimal model is a model with three Higgs doubles and

one Higgs singlet.

3.2.1 Higgs potential and CP violating phase

The three Higgs doublets φ1,φ2,φ3,and one Higgs singlet S̃ are denoted as

φk = eiθkHk = eiθk




1√
2
(vk + Rk + iAk)

h−k


 ;

S̃ = eiθsS = eiθs
1√
2
(vs + Rs + iAs). (3.22)

Note that if we hope the axion be invisible, the vacuum expectation value vs will

be large because the interaction of axion is suppressed by 1/vs [66, 67, 70, 71]. We

introduce the PQ charge of fermions as the constraints to limit some of the terms

in Higgs potential. The PQ charge of Higgs can be chosen as follows,

φ1 : +1, φ2 : +1, φ3 : −1, S̃ : +2. (3.23)
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We choose φ3 to be φd in model(a) and φu in model(b). Using the Eq(3.23) and

comparing the form of Yukawa couplings we also write down the PQ charge of

fermions for model(a) and (b),

Model(a) QL : 0, UR : −1, DR : −1 (3.24)

Model(b) QL : 0, UR : +1, DR : +1 (3.25)

With Eq.(3.23) we write down the Higgs potential for three Higgs doublets and

one Higgs singlet as follows in terms of H1, H2, H3, and S

V = − m2
1H

†
1H1 −m2

2H
†
2H2 −m2

3H
†
3H3 −m2

12(H
†
1H2e

iδ + h.c.)

− m2
sS

†S + λ1(H
†
1H1)

2 + λ2(H
†
2H2)

2 + λt(H
†
3H3)

2 + λs(S
†S)2

+ λ3(H
†
1H1)(H

†
2H2) + λ′3(H

†
1H1)(H

†
3H3) + λ′′3(H

†
2H2)(H

†
3H3)

+ λ4(H
†
1H2)(H

†
2H1) + λ′4(H

†
1H3)(H

†
3H1) + λ′′4(H

†
2H3)(H

†
3H2)

+
1

2
λ5((H

†
1H2)

2ei2δ + h.c.) + λ6(H
†
1H1)(H

†
1H2e

iδ + h.c.)

+ λ7(H
†
2H2)(H

†
1H2e

iδ + h.c.) + λ8(H
†
3H3)(H

†
1H2e

iδ + h.c.)

+ d12(H
†
1H2e

iδ + h.c.)S†S + g12((H
†
1H3)(H

†
3H2)e

iδ + h.c.)

+ f1(H
†
1H1)S

†S + f2(H
†
2H2)S

†S + f3(H
†
3H3)S

†S

+ f13(H
†
1H3Sei(δs+δ) + h.c.) + f23(H

†
1H3Seiδs + h.c.), (3.26)

where δs = θ3 + θs − θ2. The m’s, λ’s, f ’s, and g12 are the coefficients in Higgs

potential, and all of them are real because in this model the CP violating phenomena

is assumed to come from the spontaneous symmetry breaking.

By doing differentiation with respect to δs, we can extract one of the minimal

condition,

f13v1v3vs sin(δs + δ) + f23v2v3vs sin δs = 0, (3.27)

which leads to the relation between δs and δ,

tan δs = − f13v1 sin δ

f23v2 + f13v1 cos δ
. (3.28)
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From the formula above, it is obvious that the phase δs depends on the phase

δ. If δ is zero, then δs vanish. That is, we can regard δ as the only source of CP

violation in this model.

In the end of this section, we briefly discuss our model when it is concerned with

leptons, also with the right handed neutrino. Using model(a) as the example the

Lagrangian is written down as

L = LL(Y1H1 + Y2H2e
iδ)νR + LLY3H̃3eR

+ νC
RYsSei(θs−2θ1)νR + h.c.. (3.29)

In above formula Higgs singlet S is coupled to right handed neutrino couplings, and

the PQ charges for leptons are LL(0), eR(−1), and νR(−1). The phase θs−2θ1comes

from VEV phase θs of S and phase θ1 which is absorbed into νR.

The mass terms of this Lagrangian is

Lm = −eLMeeR − νLMDνR

− 1

2
νC

RMRνR + h.c., (3.30)

where the Me, Mν , and MR are

Me = − 1√
2
Y3v3; MD = − 1√

2
(Y1v1 + Y2v2e

iδ)

MR = −
√

2Ysvse
i(θs−2θ1). (3.31)

Here the mixing matrix corresponding to CKM matrix is the so-call Pontecove-

Maki-Nakagawa-Sakata(PMNS) matrix [72, 73]. It has the relation VPMNS = V e
LV ν†

L ,

with V e
L and V ν

L are the mixing matrix of eL and νL respectively. We find that our

model corresponding to leptons is more complicated than to quarks, because there

is another Majorana mass matrix MR which does not exist in quark couplings.

3.2.2 Mass matrices of Higgs

For phenomenological studies, the next step is to find the basis of states in which

there are two Goldstone bosons in neutral mass matrix. One of which has its mass
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be eaten by Z boson, and the other one is the axion, and they can be easily removed.

For the charge boson the basis we need is the charge Goldstone boson with its mass

eaten by W boson. The Goldstone boson eaten by W and Z are not the physical

states, and so we will erase them in the Lagrangian. Those Goldstone bosons can

be related to the Higgs field as

h−w =
1

v
(v1h

−
1 + v2h

−
2 + v3h

−
3 )

hz =
1

v
(v1A1 + v2A2 + v3A3)

a = (−v1v
2
3A1 − v2v

2
3A2 + v2

12v3A3 − v2vsAs)/Na (3.32)

where the h−w and hz are the Goldstone boson corresponding to the W± and Z0, and

the last one is the axion. The Na in formula related to axion is Na = v
√

v2
12v

2
3 + v2v2

s .

Using Eq.(3.32) and to simplify the formula, we construct the rotation matrices

to find the zero mass states,



A1

A2

A3

As




=




v2/v12 −v1v3vs/NA v1/v −v1v
2
3/Na

−v1/v12 −v2v3vs/NA v2/v −v2v
2
3/Na

0 v2
12vs/NA v3/v v2

12v3/Na

0 v2
12v3/NA 0 −v2vs/Na







a1

a2

hz

a




,




h−1

h−2

h−3




=




v2/v12 v1v3/vv12 v1/v

−v1/v12 v2v3/vv12 v2/v

0 −v12/v v3/v







H−
1

H−
2

h−w




. (3.33)

where NA =
√

v2
12(v

2
12v

2
3 + v2

sv
2).

For the real part neutral Higgs, there is no corresponding Goldstone boson. We

rotate the real part Higgs the same way as that for imaginary part Higgs,



R1

R2

R3

Rs




=




v2/v12 −v1v3vs/NA v1/v −v1v
2
3/Na

−v1/v12 −v2v3vs/NA v2/v −v2v
2
3/Na

0 v2
12vs/NA v3/v v2

12v3/Na

0 v2
12v3/NA 0 −v2vs/Na







H0
1

H0
2

H0
3

H0
4




. (3.34)

The states after rotation are still not the physical states because the mass matrices

are not diagonalized. Here we rotate them in order to find such the states hw, hz
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and a. The rotational matrices we choose are for convenience, and the states after

rotation are still the parity eigenstates.

After rotation we find that the charged mass matrix can be written in the basis

(H−
1 , H−

2 , h−w) as follows



m2
H+

1 H−
1

m2
H+

1 H−
2

0

m2
H+

2 H−
1

m2
H+

2 H−
2

0

0 0 0




. (3.35)

Note that m2
H+

1 H−
2

= (m2
H+

2 H−
1

)∗ and the matrix elements are

m2
H+

1 H−
1

= − csc δ

2v1v2
2v

2
12

[sin δv1v
2
2(v

4
12(λ4 − λ5) + v2

3(v
2
2λ

′
4 + v2

1λ
′′
4))

− g12v
2
1v

3
2v

2
3 sin 2δ − f13√

2
v3vs(4v

2
1v

2
2 cos δ sin(δs + δ)

+ 2 csc δs(v
4
1 sin2(δs + δ) + v4

2 sin2 δs))]; (3.36)

m2
H+

1 H−
2

= − v

2v2v2
12

[(λ′4 − λ′′4)v1v
2
2v3 − g12v2v3(v

2
1e
−iδ − v2

2e
iδ)

+
√

2f13vs(v
2
1e

iδs
sin(δs + δ)

sin δs

+ v2
2e

i(δs+δ))]; (3.37)

m2
H+

2 H−
2

= − v2

2v2
12v3

[2g12v1v2v3 cos δ

+ (λ′4v3v
2
1 −

√
2f13v1vs csc δs sin δ + λ′′4v

2
2v3)], (3.38)

where the unphysical state h−w is massless, and it also has no mixing with other two

states.

Using the basis (H0
1 , H

0
2 , H

0
3 , H

0
4 , a1, a2, a3, a) the neutral mass matrix can be

written in the form



m2
H0

1H0
1

m2
H0

1H0
2

m2
H0

1H0
3

m2
H0

1H0
4

m2
H0

1a1
m2

H0
1a2

0 0

m2
H0

2H0
1

m2
H0

2H0
2

m2
H0

2H0
3

m2
H0

2H0
4

m2
H0

2a1
0 0 0

m2
H0

3H0
1

m2
H0

3H0
2

m2
H0

3H0
3

m2
H0

3H0
4

m2
H0

3a1
0 0 0

m2
H0

4H0
1

m2
H0

4H0
2

m2
H0

4H0
3

m2
H0

4H0
4

m2
H0

4a1
0 0 0

m2
a1H0

1
m2

a1H0
2

m2
a1H0

3
m2

a1H0
4

m2
a1a1

m2
a1a2

0 0

m2
a2H0

1
0 0 0 m2

a2a1
m2

a2a2
0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0




. (3.39)
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This mass matrix is a real symmetry mass matrix and with off diagonal terms. It

means that m2
ij = m2

ji. The non-zero matrix elements are listed as follows

m2
H0

1H0
1

=
1

2v1v2
2v

2
12

[4(λ1 + λ2 − λ3 − λ4)v
3
1v

4
2

− 4(λ6 − λ7)v
2
1v

3
2(v

2
1 − v2

2) cos δ

+ λ5v1v
2
2(v

4
12 + (v2

1 − v2
2)

2 cos 2δ)

+
√

2f13v3vs(v
4
1

sin δ

sin δs

+ v2
12

1

sin δ
(v2

1 sin(δs + 2δ) + v2
2 sin δs))]; (3.40)

m2
H0

1H0
2

=
1

2v12NA

[2v1v2v3vs(−2λ1v
2
1 + 2λ2v

2
2

+ v2
12(λ

′
3 − λ′′3 + λ′4 − λ′′4 + f1 − f2) + (λ3 + λ4)(v

2
1 − v2

2))

+ 2λ5v1v2(v
2
1 − v2

2)v3vs cos 2δ

+ 2v3vs cos δ(λ6(v
4
1 − 3v2

1v
2
2)− λ7(v

4
2 − 3v2

1v
2
2)

− (λ8 + d12 + g12)(v
4
1 − v4

2))

+
f13N

2
A√

2v2v2
12

csc δs((v
2
1 − v2

2) sin δ + v2
12 sin(2δs + δ))]; (3.41)

m2
H0

1H0
3

=
1

v12v
[v1v2(2λ1v

2
1 − 2λ2v

2
2 − (λ3 + λ4)(v

2
1 − v2

2)

+ (λ′3 − λ′′3 + λ′4 − λ′′4)v
2
3 + λ5(−v2

1 + v2
2) cos 2δ)

+ (−λ6v
2
1(v

2
1 − 3v2

2) + λ7v
2
2(−3v2

1 + v2
2)

− (λ8 + g12)(v
2
1 − v2

2)v
2
3) cos δ]; (3.42)
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m2
H0

1H0
4

=
1

vNA

[v1v2((−2λ1v
2
1 + 2λ2v

2
2)v

2
3

+ (λ3 + λ4)(v
2
1 − v2

2)v
2
3 + (λ′3 − λ′′3 + λ′4 − λ′′4)v

2
12v

2
3

− (f1 − f2)v
2v2

s + λ5(v
2
1 − v2

2)v
2
3 cos 2δ)

+ (λ6(v
4
1 − 3v2

1v
2
2)− λ7(v

4
2 − 3v2

1v
2
2)

− (λ8 + g12)(v
4
1 − v4

2))v
2
3 cos δ + d12v

2v2
s cos δ]; (3.43)

m2
H0

1a1
= [(λ6 − λ7)v1v2 − λ5(v

2
1 − v2

2) cos δ] sin δ; (3.44)

m2
H0

1a2
= −f13NA sin(δ + δs)√

2v2v12

; (3.45)

m2
H0

2H0
2

=
1

2v3vsN2
A

[4v3
3v

3
s(λ1v

4
1 + λ2v

4
2 + (λs + λt)v

4
12 + (λ3 + λ4)v

2
1v

2
2

− (λ′3 + λ′4)v
2
1v

2
12 − (λ′′3 + λ′′4)v

2
2v

2
12 − (f1v

2
1 + f2v

2
2 − f3v

2
12)v

2
12)

+ 8v1v2(λ6v
2
1 + λ7v

2
2 − (λ8 + g12 + d12)v

2
12)v

3
3v

3
s cos δ

+ 4λ5v
2
1v

2
2v

3
3v

3
s cos 2δ +

√
2

sin δ

sin δs

f13v1(
N4

A

v4
12

+ 4v2
12v

4
3v

2
s)]; (3.46)

m2
H0

2H0
3

=
v3vs

vNA

[−2λ1v
4
1 − 2λ2v

4
2 + 2λtv

2
12v

2
3 − 2v2

1v
2
2(λ3 + λ4)

+ (λ′3 + λ′4)v
2
1(v

2
12 − v2

3) + (λ′′3 + λ′′4)v
2
2(v

2
12 − v2

3)

− 2λ5v
2
1v

2
2 cos 2δ − 2v1v2(2λ6v

2
1 + 2λ7v

2
2 − λ8(v

2
12 − v2

3)) cos δ

+ v2
12(f1v

2
1 + f2v

2
2 + f3v

2
3)−

√
2
f13

vs

v1v3v
2
12

sin δ

sin δs

+ 2v1v2(d12v
2
12 + g12(v

2
12 − v2

3)) cos δ]; (3.47)

m2
H0

2H0
4

=
v2

12v3vs

vN2
A

[2λ1v
4
1v

2
3 + 2λ2v

4
2v

2
3 + 2λtv

2
3v

4
12 − 2λsv

2
sv

2
12v

2

+ 2v2
1v

2
2v

2
3(λ3 + λ4)− 2(λ′3 + λ′4)v

2
1v

2
12v

2
3 − 2(λ′′3 + λ′′4)v

2
2v

2
3v

2
12

+ 2v2
1v

2
2v

2
3λ5 cos 2δ + 4v1v2v

2
3(λ6v

2
1 + λ7v

2
2 − λ8v

2
12) cos δ

+ (v2
sv

2 − v2
3v

2
12)(f1v

2
1 + f2v

2
2 − f3v

2
12)

−
√

2
f13v1

v3vs

v2
12(v

2
12v

2
3 − v2

sv
2)

sin δ

sin(δs + δ)

+ 2v1v2(−2g12v
2
12v

2
3 + d12(v

2
sv

2 − v12v
2
3)) cos δ]; (3.48)

m2
H2a0

1
=

v12

2NA

[−2λ5v1v2v3vs sin 2δ + 2(−λ6v
2
1 − λ7v

2
2

+ (λ8 + d12 + g12)v
2
12)v3vs sin δ +

√
2
f13

v2

N2
A

v2
12

sin(δ + δs)]; (3.49)
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m2
H0

3H0
3

=
2

v2
[λ1v

4
1 + λ2v

4
2 + λtv

4
3

+ (λ3 + λ4)v
2
1v

2
2 + (λ′3 + λ′4)v

2
1v

2
3

+ (λ′′3 + λ′′4)v
2
2v

2
3 + λ5v

2
1v

2
2 cos 2δ

+ 2v1v2 cos δ(λ6v
2
1 + λ7v

2
2 + λ8v

2
3 + g12v

2
3)]; (3.50)

m2
H0

3H0
4

=
v12

2v2NA

[−4v2
3(λ1v

4
1 + λ2v

4
2 − λtv

2
12v

2
3)− 4v2

1v
2
2v

2
3(λ3 + λ4)

+ 2v2
1v

2
3(v

2
12 − v2

3)(λ
′
3 + λ′4) + 2v2

2v
2
3(v

2
12 − v2

3)(λ
′′
3 + λ′′4)

− 4v1v2v
2
3(2λ6v

2
1 + 2λ7v

2
2 − (λ8 + g12)(v

2
12 − v2

3) + d12v
2
s) cos δ

− 2v2
sv

2(f1v
2
1 + f2v

2
2 + f3v

2
3) + 2

√
2v1v3vsv

2 sin δ

sin δs

f13

− 4λ5v
2
1v

2
2v

2
3 cos 2δ]; (3.51)

m2
H0

3a1
=

v12

v
[2λ5v1v2 cos δ + λ6v

2
1 + λ7v

2
2 + λ8v

2
3 + g12v

2
3] sin δ; (3.52)

m2
H0

4H0
4

=
v2

12

2v2N2
A

[4v4
3(λ1v

4
1 + λ2v

4
2) + 4λtv

4
3v

4
12 + 4λsv

4v4
s

+ 4v2
1v

2
2v

4
3(λ3 + λ4)− 4v2

1v
4
3v

2
12(λ

′
3 + λ′4)− 4v2

2v
4
3v

2
12(λ

′′
3 + λ′′4)

+ 4v2
1v

2
2v

4
3λ5 cos 2δ + 8v1v2v

4
3(λ6v

2
1 + λ7v

2
2 − λ8v

2
12) cos δ

+ 4v2
3v

2
sv

2(f1v
2
1 + f2v

2
2 − v2

12f3)

+ 4
√

2v1v
2
12v3v

2vs
sin δ

sin δs

f13 − 8v1v2v
2
3(g12v

2
12v

2
3 − d12v

2v2
s) cos δ];

m2
H0

4a1
=

−v2
12

vNA

[(λ6v
2
1 + λ7v

2
2 − λ8v

2
12)v

2
3 sin δ

− (g12v
2
12v

2
3 − d12v

2v2
s) sin δ + λ5v1v2v

2
3 sin 2δ]; (3.53)

m2
a1a1

=
1

2v1v2
2v

2
12

[2λ5v1v
2
2v

4
12 sin2 δ

+
√

2v3vsf13(v
2
1(v

2
1 + 2v2

2) cot δ sin(δs + δ)

+ v4
1 cot δs sin(δ + δs) + v4

2

sin δs

sin δ
)];

m2
a1a2

=
f13NA

2
√

2v2v3
12

[(v2
1 − v2

2)
sin δ

sin δs

+ v2
12

sin(2δs + δ)

sin δs

];

m2
a2a2

=
f13v1N

2
A√

2v4
12v3vs

sin δ

sin δs

. (3.54)

The non-zero elements m2
Hiaj

mix real and imaginary part of neutral Higgs field,

and they violate CP.
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3.3 The Yukawa couplings

Before discussion the phenomenology, we show the Lagrangian for the quarks

couplings with Higgs as

L(a)
Y = UL[M̂u

v1

v12v2

− (M̂u − VCKMIm(V †
CKM)M̂u

eiδ

sin δ
)

v12

v1v2

]UR(H0
1 + ia1)

+ ULM̂uUR[
v3

v12v
(H0

2 + ia2)− 1

v
H0

3 +
v2

3

v2vs

(H0
4 + ia)]

− DLM̂uDR[
v12

v3v
(H0

2 − ia2) +
1

v
H0

3 +
v2

12

v2vs

(H0
4 − ia)]

+
√

2DL[V †
CKMM̂u

v1

v2v12

− (V †
CKMM̂u − Im(V †

CKM)M̂u
eiδ

sin δ
)

v12

v1v2

]URH−
1

−
√

2
v3

v12v
DLV †

CKMM̂uURH−
2 −

√
2

v12

vv3

ULVCKMM̂dDRH+
2 + h.c.;

L(b)
Y = DL[M̂d

v1

v12v2

− (M̂d + V †
CKMIm(VCKM)M̂d

e−iδ

sin δ
)

v12

v1v2

]DR(H0
1 − ia1)

+ DLM̂dDR[
v3

v12v
(H0

2 − ia2)− 1

v
H0

3 +
v2

3

v2vs

(H0
4 − ia)]

− ULM̂uUR[
v12

v3v
(H0

2 + ia2) +
1

v
H0

3 +
v2

12

v2vs

(H0
4 + ia)]

−
√

2UL[VCKMM̂d
v1

v2v12

− (VCKMM̂d + Im(VCKM)M̂d
e−iδ

sin δ
)

v12

v1v2

]DRH+
1

+
√

2
v3

v12v
ŪLVCKMM̂dDRH+

2 +
√

2
v12

vv3

DLV †
CKMM̂uURH−

2 + h.c.. (3.55)

The above formula shows that the FCNC process is produced from the H1 and

a1 exchange, because for H1,a1 couplings there is a non-diagonal coupling matrix

proportional to VCKMIm(V †
CKM)M̂ue

iδ/(sin δ) for up-type quarks in model(a). In

model(b) has the same situation with −V †
CKMIm(VCKM)M̂de

−iδ/(sin δ) for down-type

quarks. Also note that the flavor conserving interaction with H0
4 and a can be

neglected because of the small factor 1/vs.
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The FCNC coupling matrices for PDG parametrization are expressed as follows

For model(a): VCKMIm(V †
CKM)M̂u

eiδ

sin δ
=




c2
13 −s23s13c13 −c2

23s13c13

−s23s13c13 s2
23s

2
13 s23c23s

2
13

−c23s13c13 s23c23s
2
13 c2

23s
2
13




M̂u (3.56)

For model(b): −V †
CKMIm(VCKM)M̂d

e−iδ

sin δ
=




c2
12 s12c12 0

s12c12 s2
12 0

0 0 0




M̂d (3.57)

where Eq.(3.56) is FCNC related coupling matrix for up-type quarks in model(a)

and Eq.(3.57) is for down-type quarks in model(b). From Eq. (3.56) we find that

there exist all the mixing contributions between u− c, u− t, c− t. However, when

considering the meson mixing, there are no meson which is constructed by t quark,

we only apply the u − c couplings to neutral meson mixing later. The model(b)

FCNC coupling matrices shown in Eq.(3.57) produce only the d− s couplings.

The FCNC coupling matrices for KM parametrization are

VCKMIm(V †
CKM)M̂u

eiδ

sin δ
=




0 0 0

0 s2
2 −s2c2

0 −s2c2 c2
2




M̂u; (3.58)

−V †
CKMIm(VCKM)M̂d

e−iδ

sin δ
=




0 0 0

0 s2
3 −s3c3

0 −s3c3 c2
3




M̂d. (3.59)

These formulae show that there are only s−b and c−t couplings in KM parametriza-

tion.



4. SOME IMPLICATIONS

After building this model, we try to connect it to some experimental result and

find whether this model is consistent with experimental data. We concentrate on

effects for neutral meson mixing and neutron electric dipole moment. The multi-

Higgs Yukawa coupling model we built leads to the FCNC phenomena, which makes

contribution to the neutral meson mixing.

4.1 Neutral meson mixing

The FCNC from Higgs provides the tree level contribution for neutral meson

oscillation. It occurs by the exchange of scalar Higgs, pseudoscalar Higgs, or both

scalar and pseudoscalar Higgs with the cross terms between them. We write down

the Yukawa interaction and the quadratic Higgs interaction for H0
1 and a1 as follow-

ing form

L = q̄i(aij + bijγ5)qjH
0
1 + iq̄i(bij + aijγ5)qja1 + λH0

1a1
H0

1a1, (4.1)

where aij, bij are coupling constants of H0
1 , a1, and i, j quarks, and λH0

1a1
is the

mixing term between H0
1 and a1, with λH0

1a1
= 2m2

H0
1a1

.

The total amplitude for mixing from the sum of three contribution which are

shown in Fig 4.1 can be written as follows

M = − 1

m2
H0

1

q̄i(aij + bijγ5)qj q̄i(aij + bijγ5)qj

+
1

m2
a1

q̄i(bij + aijγ5)qj q̄i(bij + aijγ5)qj

− i
λH0

1a1

m2
a1

m2
H1

q̄i(aij + bijγ5)qj q̄i(bij + aijγ5)qj. (4.2)
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Fig. 4.1: Mixing due to the exchange by (a) H0
1 , (b) a1, and (c) both H0

1 and a1

This amplitude is the sum of the contribution of the s-channel diagrams. The t-

channel contribution also needs to be considered. So the total amplitude is the

s-channel contribution in Eq.(4.2) with that of Fierz transformation for fermionic

fields together. The fermionic Fierz transformation for scalar interaction is S →
−1

4
(S + V + T − A + P ), with S, V, T,A, P which are the interaction of scalar,

vector, tensor, axial vector, and pseudoscalar, respectively. In other words, the

q̄i(aij + bijγ5)qj q̄i(aij + bijγ5)qj is seen as scalar interaction and can be transformed

into

1

3
× (−1

4
)[(q̄i(aij + bijγ5)qj q̄i(aij + bijγ5)qj)

+ (q̄iγµ(aij + bijγ5)qj q̄iγ
µ(aij + bijγ5)qj)

− (q̄iγµγ5(aij + bijγ5)qj q̄iγ
µγ5(aij + bijγ5)qj)

+ (q̄iγ5(aij + bijγ5)qj q̄iγ5(aij + bijγ5)qj)], (4.3)

where the factor 1/3 comes from the constraint of the colorless meson, and note

that there are no tensor contribution in this formula. Then we put the amplitude

in Eq.(4.2) with the Fierz transformation in above discussion into the scattering

amplitude matrix element M12 = 〈P̄ |M|P 〉. We get the matrix element for neutral
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meson mixing terms from our tree level contribution as follows,

M12 =
1

m2
H0

1

[(b2
ij −

1

12
(a2

ij + b2
ij))

f 2
P m3

P

(mi + mj)2
+

1

12
(b2

ij − a2
ij)f

2
P mP ]− 1

m2
a1

[(a2
ij

− 1

12
(a2

ij + b2
ij))

f 2
P m3

P

(mi + mj)2
+

1

12
(a2

ij − b2
ij)f

2
P mP ]

+
i2m2

H0
1a1

m2
H0

1
m2

a1

5aijbij

6

f 2
P m3

P

(mi + mj)2
, (4.4)

where mP and fP are the mass and decay constant of meson. Note that the term

with m2
H0

1a1
is the imaginary part in M12. So it has no contribution to ∆m, and also

it will cause CP violation in meson mixing. We will mention this later in K0 −K0.

The quantity x = ∆m/Γ = 2M12/Γ is useful when we discuss the meson mixing,

where ∆m is the mass difference in neutral meson, and Γ is the decay width of the

meson.

Without considering t quark interaction, the non-zero off diagonal matrix ele-

ments of aij and bij are shown as follows

PDG model(a)

a12 =
v12

2v1v2

[−s23s13c13mc]; b12 =
v12

2v1v2

[−s23s13c13mc];

PDG model(b)

a12 =
v12

2v1v2

[s12c12ms]; b12 =
v12

2v1v2

[s12c12ms];

KM model(b)

a23 =
v12

2v1v2

[−s3c3mb]; b23 =
v12

2v1v2

[−s3c3mb]. (4.5)

Note that in above formulae we use the relation mu ¿ mc ¿ mt; md ¿ ms ¿ mb ,

and aij = aji; bij = −bji.

In numerical analysis the quark masses we are using [74] mu(1GeV) = 5MeV,

md(1GeV) = 10MeV, ms(1GeV) = 187MeV, mc(mc) = 1.30GeV, mb(mb) = 4.34GeV

and mt = 174GeV. The meson decay constants which we take are [27] fK =

156MeV, fD = 201MeV, fBs = 260MeV.

D0 −D0 mixing

Using the PDG parametrization, for model (a) we only discuss D0 − D0 mix-

ing because the mesons with t quark have not been found yet. Here we define
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tan β = v1/v2. BABAR [75] and BELLE [76, 77] experimental results give x =

(5.5± 2.2)× 10−3 [78]. Theoretically, we have

x ≈ 7.5× 10−5 1

sin2 2βv2
12

(
1

m2
H0

1

− 1

m2
a1

)(100GeV)4 (4.6)

The effective Higgs mass, which has the relation with the scalar and pseudoscalar

Higgs 1/m2
Heff

= 1/m2
H0

1
−1/m2

a1
, can be with order 100GeV if one choose tan β = 40.

K0 −K
0

mixing

In model(a) there is no contribution to this meson mixing, so we consider the

model(b). The only nonzero off-diagonal element is a21 and b21 which is related

to K0 −K
0

mixing. The contribution to the this mixing is

∆mK

mK

= 4.4× 10−12 1

sin2 2βv2
12

(
1

m2
H0

1

− 1

m2
a1

)(100GeV)4. (4.7)

Using the PDG fit [12] for ∆mK we get ∆mK/mK = 7.0× 10−15. We find that the

effective Higgs mass should be at the scale of order TeV.

From Eq.(4.4), the ratio of ImM12 to ReM12 is written as

∣∣∣∣
ImM12

ReM12

∣∣∣∣ =

∣∣∣∣
2m2

H0
1a1

m2
H0

1
−m2

a1

∣∣∣∣. (4.8)

Using the experimental value for ε in neutral K meson mixing [79] we derive the

bound

∣∣∣∣
2m2

H0
1a1

m2
H0

1
−m2

a1

∣∣∣∣ < 6× 10−3; (4.9)

This bounds will constrain the neutron electric dipole moment from exchange of H0
1

and a0
1. We will discuss in next section.

B0
s −B

0

s mixing

Here we discuss the KM parametrization with the model(b) because there is no

down-type quark mixing by neutral Higgs in other models. The non-zero elements

are s and b quark mixing, which is corresponding to the B0
s − B

0

s mixing. The

couplings a32 and b32 are from Eq.(4.5). Then we have

∆mBs

mBs

= 9.5× 10−12 1

sin2 2βv2
12

(
1

m2
H0

1

− 1

m2
a1

)(100GeV)4 (4.10)
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If we choose v1 = v2 = v3 and using the experimental value for ∆mBs = 17.77ps−1

[12], with the estimation that the new physics is allowed to give contribution about

10% of them [80, 81, 82]. Then the mass of Higgs can be about 300GeV.

The above discussion for neutral meson anti-meson mixing provides the bounds

for neutral Higgs mass. For model(a) with PDG parametrization the Higgs mass

with hundred GeV is allowed in D0 −D0, and for model(b) the Higgs mass can be

with the order TeV from K0 − K0 mixing. In KM parametrization, experimental

data for ∆mBs makes the Higgs mass with lower bound of 300 GeV.

4.2 Electric dipole moment of neutron

The experimental upper bound for neutron EDM we mentioned in previous is

0.29 × 10−25e cm (CL = 90%), which is larger for comparing with the standard

model prediction. In our model we will use the parameters like VEVs and Higgs

mass in previous neutral meson mixing discussion as input to examine whether the

neutral EDM we calculated can be close to the experimental upper bound.

At first we consider the one loop contribution to quark EDM. Note that in our

model, the exchange of only one Higgs we obtained can not produce the quark EDM

because all the couplings with H’s and a’s are real and pure imaginary, respectively.

So we discuss the contribution shown as Fig.4.2(a), in which the EDM contribution

comes from the cross terms between H i
0 and ak. For example, with the flavor con-

serving interaction, the u quark EDM is generated by exchange of a u quark in the

loop. Using H0
1 and a1 as the example, the contribution is shown as

dH0
1a1

u =
e(2/3)

32π2

mum
2
H0

1a1

m2
H0

1
−m2

a1

(−2(
v1mu

v12v2

− s2
13

v12mu

v1v2

)2)[f(m2
H1

,m2
u)− f(m2

a1
,m2

u)], (4.11)

where f(x, y) = 2

∫ 1

0

dz
z2

x(1− z) + z2y
.

This formula shows that the one loop contribution is small because it is proportional

to m3
u which is small.
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Fig. 4.2: The neutron EDM contribution from (a) quark EDM for q with one loop diagram.

The cross sign means the interaction between H0
i and ak (b) quark EDM at two

loop diagram, and (c) gluon color EDM

We therefore consider the three dominant two-loop contribution as shown in

Fig.4.2(b), the electromagnetic operator Oγ [83, 84], the color EDM OC [83, 84],

and the gluon color EDM operator Og in Fig.4.2(c) proposed by Weinberg [85, 86],

which is often called Weinberg operator. These operators are written as

Oγ = −dq

2
iq̄σµνγ5F

µνq, OC = −fq

2
igsq̄σµνγ5G

µνq,

Og = −1

6
CfabcG

a
µνG

b
µαG̃c

να (4.12)

The corresponding electric dipole moment contributions from Eq.(4.12) are written

in the form [61, 62, 63]

dγ
n = ηd[

4

3
dd − 1

3
du]Λ ; dC

n = eηf [
4

9
fd +

2

9
fu]Λ; (4.13)

dg
n ≈ eM

4π
ξC, (4.14)

where dγ
n is the radiative contribution from Oγ; dC

n is the gluon emitted contribution

from OC . dq, fq are the contribution to neutron EDM from photon and gluon

radiative contribution to quark q respectively, and the subscript Λ indicates that

the hadronic energy scale. Eq.(4.14) is the approximation contribution for the color

EDM of gluon operator OC
g , and M = 1.190GeV indicates the scale related to the

chiral symmetry breaking. The factor C will be defined later. The ηd and ηf [87, 88]
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are

ηd = (
αs(MZ)

αs(mb)
)16/23(

αs(mb)

αs(mc)
)16/25(

αs(mc)

αs(Λ)
)16/27 ≈ 0.166,

ηf = (
αs(MZ)

αs(mb)
)14/23(

αs(mb)

αs(mc)
)14/25(

αs(mc)

αs(Λ)
)14/27 ≈ 0.0117, (4.15)

which are related to the strong running couplings on scale mc, mb, mt, MZ , and Λ.

Also ξ is [89, 90]

ξ = (
g(Λ)

4π
)3(

αs(mb)

αs(mt)
)−54/23(

αs(mc)

αs(mb)
)−54/25(

αs(Λ)

αs(mc)
)−54/27

≈ 1.2× 10−4, (4.16)

where g(Λ) = 4π/6 [85] is the strong coupling constant at hadronic scale.

The quark EDM qi, quark color EDM fi and the factor C in gluon color EDM

formula Eq.(4.14) are written as follows

dq =
eαemQq

24π3
mqGq; fq =

αs

64π3
mqGq; C =

1

8π
Hg, (4.17)

where mq is the mass of quark and Qq is the charge of quark, and αem, αs are

electromagnetic coupling constant and strong coupling constant respectively. The

factor Gq and Hg are defined as

Gq = [(f

(
m2

t

m2
H0

l

)
− f

(
m2

t

m2
ak

)
)ImZ lk

tq

+ (g

(
m2

t

m2
H0

l

)
− g

(
m2

t

m2
ak

)
)ImZ lk

qt ];

Hg = (h

(
m2

t

m2
H0

l

)
− h

(
m2

t

m2
ak

)
)ImZ lk

tt , (4.18)

where ImZ lk
ij = Y lk

ij λlk, with Y lk
ij = 2al

iid
k
jj/(mimj) and λlk = m2

H0
l ak

/(m2
H0

l
−m2

ak
).

The functions f, g,and h are

f(z) =
z

2

∫ 1

0

dx
1− 2x(1− x)

x(1− x)− z
ln

x(1− x)

z
;

g(z) =
z

2

∫ 1

0

dx
1

x(1− x)− z
ln

x(1− x)

z
;

h(z) =
z2

2

∫ 1

0

dx

∫ 1

0

du
u3x3(1− x)

[zx(1− ux) + (1− u)(1− x)]2
. (4.19)
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Summation of Eq.(4.13) and Eq.(4.14) is the totally contribution to the neutron

EDM. That is

dn = dγ
n + dC

n + dg
n. (4.20)

and we only consider the flavor conserving interaction because the flavor violating

contribution is suppressed by s12,s23,s13 for PDG parametrization, or s1,s2,s3 for

KM parametrization.

From Eq.(3.40) to Eq.(3.54), we find that for mass mixing terms of scalar and

pseudoscalar, there are m2
H0

1a1
, m2

H0
1a2

, m2
H0

2a1
, m2

H0
3a1

, and m2
H0

4a1
which are nonzero.

We will not consider the H0
4 − a1 contribution because the the factor 1/vs in

Yukawa couplings suppresses the H0
4 and a contribution. For model(a) with PDG

parametrization, we use H0
3 , a1 as an example. Writing down all Y 31

ij in following

with i, j indicating quarks,

Y 31
tu = 2(−1

v
)(

v1

v12v2

); Y 31
ut = 2(−1

v
)(

v1

v12v2

− v12

v1v2

);

Y 31
tt = 2(−1

v
)(

v1

v12v2

− v12

v1v2

);

Y 31
td = 0; Y 31

dt = 2(−1

v
)(

v1

v12v2

). (4.21)

Using the input from previous D0−D0 discussion for this model with tan β = 40,

v12 = 240GeV, and v3 = 10GeV. When the neutral Higgs mass is about order

100GeV, we substitute the functions f, g, h difference between input by m2
t /m

2
Hl

and m2
t /m

2
ak

by (∆f, ∆g, ∆h) = (1, 2, 0.1).

Substituting Eq.(4.21) into Eq.(4.17, 4.18, 4.13, 4.14), we obtain the relation

dn(H0
3 − a1) ≈ −3× 10−25

m2
H0

3a1

m2
H0

3
−m2

a1

e cm. (4.22)

For the other three kinds of Higgs pair exchange

dn(H0
2 − a1) ≈ −2× 10−26

m2
H0

2a1

m2
H0

2
−m2

a1

e cm;

dn(H0
1 − a1) ≈ −2× 10−26

m2
H0

1a1

m2
H0

1
−m2

a1

e cm;

dn(H0
1 − a2) ≈ 8× 10−27

m2
H0

1a2

m2
H0

1
−m2

a2

e cm. (4.23)
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So neutron electric dipole moment is dominated by the contribution of H0
3 − a1

exchange. At this moment λ31 = m2
H0

3a1
/(m2

H0
3
−m2

a1
) . 0.1 is required.

In model(b) with PDG parametrization, we note that there is no up-type quarks

coupling with H0
1 and a1. If we take the neutral Higgs mass to be with order TeV,

we choose (∆f, ∆g, ∆h) = (0.2, 0.2, 0.03), and then treat the H0
2 − a1 contribution

as

dn ≈ −1× 10−26
m2

H0
1a2

m2
H0

1
−m2

a2

e cm (4.24)

In KM parametrization of model(a), we consider the H0
1 − a2 process. If the

choice for VEVs is v1 = v2 = v3, with the Higgs mass to be 100GeV, then the

contribution to neutron EDM for H0
1 − a2 exchange is

dn ≈ 7× 10−26
m2

H0
1a2

m2
H0

1
−m2

a2

e cm (4.25)

For small λ12 . 0.4 this contribution can saturated the upper bound of neutron

EDM. Also note that from CP phenomenon in K0−K0 mixing H0
1−a1 contribution

is small.

For model(b), H0
1 − a1 interaction are also not including the interaction with

top quarks, so the this interaction will not give the dominate contribution. Taking

Higgs mass 100GeV and v1 = v2 = v3. The H0
1 − a2 gives

dn ≈ 1× 10−25
m2

H0
1a2

m2
H0

1
−m2

a2

e cm. (4.26)

If we choose Higgs mass about 300 GeV, which is the same condition as that for

B0
s −B0

s mixing discussion. The contribution to neutron EDM will be small

dn ≈ 4× 10−26
m2

H0
1a2

m2
H0

1
−m2

a2

e cm. (4.27)

Using λ12 . 0.7 the result can be close to the upper bound.

In above discussion, we treat the two loop contribution to neutron electric dipole

moment. Using PDG parametrization in model(a), with effective neutral Higgs mass

about 100GeV and λ31 . 0.1, the result can be close to the experimental bounds.

In model(b), the effective Higgs mass we choose is 1TeV, which is the same as that
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in K0−K0 mixing. For KM parametrization, we take Higgs mass about 100GeV in

model(a) with λ12 . 0.4 and 300GeV in model(b) with λ12 . 0.7 to get close results

to experimental bound of neutron EDM.



5. CONCLUSION

The CKM matrix can not deal with problems from the baryogenesis, and also it

can not deal with the question where CP violation come from. So another source

for CP violation is required. With more than one Higgs doublets, these problems

may be answered. CP violation can be a result of spontaneous symmetry breaking.

That is, spontaneous CP violation. With two Higgs doublets, these are three types

model with two Higgs doublets, which is so-called Lee model. Type I and type II

introduce the discrete symmetry, and it lead to the vanishing of spontaneous CP

violating phase. Type III can make the spontaneous CP violation, and it has tree

level FCNC with too many parameters arbitrary. The Weinberg model solves the

problem for Lee model. It introduces three Higgs doublets which is the minimal

model to have the spontaneous CP violating phase but without tree level FCNC

process. However, the Weinberg model has been ruled out by the experimental data

for sin 2β. This motivation makes us to study new models with the spontaneous CP

violation. We summary our work in the following

• We introduce an idea that make the spontaneous CP violating phase be identi-

cal to the CKM matrix phase. Two kinds of Yukawa interactions are discussed.

One is called model(a) where two Higgs doublet couple to the up-type quarks

and one Higgs couples to the down-type quarks. Another one is model(b) with

two Higgs doublets couple to the down-type quarks and one Higgs doublets

couple to the up-type quarks.

• For model(a) using the PDG parametrization a phase is absorbed into the

up-type quarks to make the CKM matrix with uniform phase δ13. We obtain

δ = −δ13,
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and all coupling matrices are determined. Here δ13 is the phase causing spon-

taneous CP violation.

The same process can be apply to KM parametrization. The phase relation is

similar to that of PDG,

δ = −δKM.

The model(b) has the same phase relation as that of the model(a).

• We construct a model with three Higgs doublets and one Higgs singlet, with

the Pessei-Quinn symmetry to make small enough neutron electric dipole mo-

ment. The minimal condition of the Higgs potential makes the spontaneous

CP violating phase δ be the only one phase in the Higgs potential, and the

spontaneous CP violating phase is the source of CP violation.

• We extract the Goldstone boson eaten by W± and Z0, also the axion by

appropriate rotation, and then we derive the corresponding Yukawa couplings.

From the couplings we find that the H0
4 and a interaction are neglected by the

factor 1/vs. Tree level FCNC only occurs in the interaction by exchanging

Higgs H0
1 and a1. The coupling matrices are related to the VCKM. When

we choose an explicit parametrization for CKM matrix, all couplings can be

written in terms of CKM parameters and quark masses.

• Using experimental data on meson and anti-meson mixing, the mass of effective

neutral Higgs with the relation 1/m2
eff = 1/m2

H0
1
− 1/m2

a1
are constrained.

• We use the result from the previous discussion of meson and anti-meson mix-

ing to discuss the neutron electric dipole moment. It is well-known that the

one loop contribution for quarks EDM with exchanging Higgs is small and

negligible, so we calculate the two loop contribution from quark electric dipole

moment, quark color electric dipole moment, and the gluon color electric dipole

moment. The result is shown that the EDM could be close to the present upper

bound for neutron electric dipole moment.
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