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摘要

化學反應網路（CRN）是一個被廣泛研究的模型，描述混合溶液中分子的相

互作用。2014年，Qian和Winfree提出了表面化學反應網路模型（sCRN），將分

子置於平面圖的節點上，達到利用空間限制分子間相互作用的效果。在此模型裡，

任何分子僅能與相鄰的分子進行反應。許多後續的研究著重在 sCRN的計算能力

並探討分子所能長成的圖案。

為了刻畫 sCRN所能完成的事情，我們將此模型與其他已被廣泛研究的分子

及自我組合系統做了連結。我們證明只要給定相同的初始條件，sCRN、親合力增

強磁磚自動機、細胞自動機，及阿米巴機器人都可以互相模擬（經過一些必要的

旋轉和翻轉）。此外，我們也考慮了凍結系統之間的模擬，在凍結限制下任意節點

的狀態都只能依照某種篇序成長。特別地，我們引入凍結 sCRN，並證明了凍結

親合力增強磁磚自動機及凍結細胞自動機可以被凍結 sCRN模擬（經過必要的旋

轉和翻轉）。其中一個我們使用的技巧是即時著色，透過即時著色我們能賦予分子

對於方向的共識。

關鍵字：表面化學反應網路，模擬，磁磚自動機，細胞自動機
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Abstract

The Chemical Reaction Network (CRN) is a well-studied model that describes the in-

teraction of molecules in well-mixed solutions. In 2014, Qian and Winfree [25] proposed

the abstract surface chemical reaction network model (sCRN), which takes advantage of

spatial separation by placing molecules on a structured surface, limiting the interaction

between molecules. In this model, molecules can only react with their immediate neigh-

bors. Many follow-up works study the computational and pattern-construction power of

sCRNs.

In this work, our goal is to describe the power of sCRN by relating the model to

other well-studied models in distributed computation. We show that given the same initial

configuration, sCRN, affinity-strengthening tile automata, cellular automata, and amoebot

can all simulate each other (up to unavoidable rotation and reflection of the pattern). As

an extension, we also consider the simulation between freezing systems where the state

in any fixed position can only increase according to some partial order. In particular,

vii
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we introduce freezing sCRN and show that freezing affinity-strengthening tile automata

and the freezing cellular automata can be simulated by freezing sCRN (up to unavoidable

rotation and reflection of the pattern). One of our techniques is coloring on-the-fly, which

allows all molecules in sCRN to have a global orientation.

Keywords: Surface chemical reaction networks, Simulation, Tile automata, Cellular au-

tomata
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Chapter 1 Introduction

The Chemical Reaction Network (CRN) is a well-studied model that describes the

interaction of molecules in well-mixed solutions. The computational power of CRNs has

been studied in various settings, including rate-dependent [15, 19, 27] and rate-independent

models [12, 13]. In this study, rather than considering molecules in a well-mixed solution,

we study the scenarios in which molecules have designated locations and can only react

with other molecules in their vicinity.

In 2014, Qian and Winfree [25] proposed the abstract surface chemical reaction net-

work model (sCRN), which takes advantage of spatial separation by placing molecules on

a structured surface, limiting the interaction between molecules. In this model, molecules

can only react with their immediate neighbors. Qian andWinfree [25] also proposed an im-

plementation of an arbitrary programmable sCRN using DNA strand displacement. Fur-

thermore, they demonstrate the computational power of sCRN by building continuous

active logic circuit and cellular automata in a parallel and scalable way.

A follow-up work by Clamons et al. [14] discuss the computational and pattern-

creation power of sCRNs. They extend the idea of [25] to achieve local synchronicity

on a 2-dimensional square lattice, with an initial pattern providing local orientation. This

requires tethering the molecules precisely on the surface. On the other hand, they ask

1
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whether we can achieve complex spatial arrangements from relatively simple initial con-

ditions, which rely on the ability to control molecular interactions precisely. Some of the

open questions are solved in [2], which focused on the complexity of deciding the reach-

ability from a given configuration to another given configuration. Brailovskaya et al. [9]

showed that feed-forward circuits can be constructed in sCRN using only swap reactions.

In this work, our main goal is to study the computational power of sCRN given a uniform

surface with no local orientation.

We seek to describe the power of sCRN by relating the model to other well-studied

models in distributed computation, such as abstract tile assembly model (aTAM) [1, 18,

26, 29], cellular automata [8, 20, 28], and tile automata [3, 10, 11]. These models have

been shown to be Turing universal [10, 16, 29] and can perform a large variety of tasks, in-

cluding computation and pattern formation (e.g.,[3, 8, 24]). We further compare sCRN to

the amoebot model, which consists of programmable matter that has the ability to move.

Also, as an extension, we restrict ourselves to freezing systems where the state in any

fixed position can only increase according to some partial order. In particular, we intro-

duce freezing sCRN and establish its connection to freezing cellular automata [7, 21, 22]

and freezing tile automata [11], where similar concepts of freezing have previously been

defined and studied in these models. It is also closely related to the notion of k-burnout

(where each molecule can only change its state k times) studied within the sCRN model.

We use the concept of “simulation” based on the definition given in [11, 23] with some

necessary modifications. Intuitively, if two models can simulate each other, they can per-

form the same tasks in the same way (e.g., create the same pattern in the same ordering).

2
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1.1 Our results

In this work, we show that given the same initial configuration, sCRN, affinity-

strengthening tile automata, cellular automata, and amoebot can all simulate each other

(up to unavoidable rotation and reflection of the pattern). Moreover, the freezing affinity-

strengthening tile automata and the freezing cellular automata can be simulated by freezing

sCRN. The results are listed in Table 1.1, whereMS ,MT represent different models. We

ask whether MS can simulate MT (denoted by MS ▷MT ), and vice versa (denoted by

MT ▷MS).

The main challenge for the simulation is that sCRN does not have predefined direc-

tions. Unlike the tile automata model (and all other models considered here), which has

a defined orientation, the molecules in sCRN do not have the ability to distinguish their

neighbors in different directions. We solve this problem by providing a 2-hop coloring to

the surface such that each molecule has four neighbors with different colors. Furthermore,

in the simulation of MT by MS , we want the behavior of MS to be as close to MT as

possible. WhenMT enters a terminal configuration,MS should also enter a terminal con-

figuration without using too much extra space. Therefore, instead of coloring the whole

surface, we carefully perform the coloring on the fly. A molecule is colored only when

molecules in its vicinity are about to participate in a reaction. This coloring technique can

be used in the simulation of all different models, so we describe this coloring technique

separately in Section 4.

In Section 4, we show that unit-seeded sCRN (s-sCRN) can simulate unit-seeded,

directed sCRN (s-d-sCRN) up to rotation and reflection, while simulating s-sCRN with

s-d-sCRN is trivial. As an extension, we show in Section 9 that freezing s-d-sCRN can

3
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Table 1.1: Cross-Model Simulation Results.

MS MT MS ▷MT MT ▷MS REF

s-sCRN s-d-sCRN ✓ (up to rotation
and reflection) ✓ Thm 5

s-d-sCRN aTAM ✓ × Thm 12
s-d-sCRN s-as-TA ✓ ✓ Thm 13
d-sCRN async-CA ✓ ✓ Thm 15, 16
c-sCRN amoebot ✓ ✓ Thm 18, 19
freezing
sCRN

freezing s-as-
TA

✓ (up to rotation
and reflection) ✓ Cor 22

freezing
d-sCRN

freezing
async-CA ✓ ✓ Thm 24

be simulated by freezing s-sCRN up to rotation and reflection. In Section 5, we show that

s-d-sCRN can simulate aTAM, and it is easy to show that aTAM cannot simulate sCRN

since the reactions are not reversible. With slight modifications, we show in Section 6 that

s-d-sCRN and unit-seeded tile automata with affinity-strengthening rules (s-as-TA) can

simulate each other, and the freezing version follows. In Section 7, we show that d-sCRN

and asynchronous cellular automata (async-CA) with non-deterministic local function can

simulate each other. Then we discuss the freezing version in Section 10 and show that

freezing non-deterministic async-CA can be simulated by freezing s-d-sCRN. We also

show that clockwise sCRN (c-sCRN) and amoebot can simulate each other. Notice that,

when we simulate s-d-sCRN with s-sCRN, we are essentially giving a random global

orientation to the surface. When simulating unit-seededmodels, the orientation of the seed

can be included in the coloring process and thus the terminal configuration of the sCRN

is always the same as the system being simulated up to rotation and reflection. On the

other hand, cellular automata and amoebots have complicated initial patterns. Therefore,

simulating cellular automata and amoebots by s-sCRN (undirected) will inevitably rotate

or flip the initial configuration before the simulation starts, unless the direction used in the

cellular automata and amoebots is also encoded in the initial configuration of s-sCRN.

4
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Chapter 2 Models

2.1 Surface chemical reaction network

The model of surface chemical reaction network (sCRN) was originally proposed

by Qian andWinfree [25]. To align the underlying structures of all models and to describe

the simulation problem, which is highly relative to the transformation of patterns in each

system, we use a slightly different definition given in [2]. In particular, they define the

configuration and reachability in sCRN. Tomake the simulations simpler, we also propose

in Section 2.1.1 the directed sCRN as a variation of sCRN.We now give a brief description.

A surface chemical reaction network (Q,R) consists of an underlying surface L, a

finite set of species Q, and a set of reactions R. In general, the surface L is an arbitrary

planar graph, but we restrict it to the square lattice (viewed as Z2) and the triangular lattice

with nearest neighbor connectivity in this paper. The cells are vertices ofL, and each cell u

is associated with a species σ(u) inQ. For the purpose of defining the simulation between

computational models in Section 3.2, we sometimes refer to the species as the “states” of

a cell, and Q as the set of “states”. A configuration is a mapping from each cell to a state

in Q. Every reaction r ∈ R has one of the following two forms: (A,B,C,D ∈ Q)

• Unimolecular reaction A→ B. A species A can transform itself into B. Or,

5
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• Bimolecular reactionA+B → C+DwhereA,B,C,D are not necessarily distinct.

When two speciesA andB are adjacent, their states can simultaneously be replaced

with C and D, respectively. Note that the orientation of A and B does not matter,

but the order cannot be changed (speciesAmust change into C, andB must change

into D).

In this paper, we consider the sCRN Γ = (Q,S,R) with a specified initial configura-

tion S. We further define the unit-seeded sCRN (s-sCRN)where the initial configuration

S maps every cell to a blank state O ∈ Q except for a special cell mapped to a seed state

s. DefineQ† = Q\{O}. In s-sCRN, there is no reaction without reactant inQ†. i.e. both

O → A and O +O → A+B are illegal.

2.1.1 Surface chemical reaction network with orientation

For the purpose of our simulation, we introduce and investigate two variants of the

sCRN model: the directed sCRN (d-sCRN) and the clockwise sCRN (c-sCRN). Di-

rected sCRN assigns each bimolecular reaction a global direction d ∈ {N,E, S,W} and

use (A,B,C,D, d) to indicate that A and B can simultaneously transform into C and D

whenB is in the N (North), E (East), S (South), or W (West) direction relative toA. Here,

“North” refers to the direction from (0, 0) to (0, 1) in Z2. This essentially provides species

with a global orientation. Notice that d = S,W are actually redundant since bimolecular

reactions are symmetric. However, we define these operations to simplify the simula-

tion protocols in Section 4. We use (A,B,C,D, d)−1 to represent the reverse reaction

(C,D,A,B, d). For a unimolecular reaction where species A transforms into B, we use

the notation (A,B,⊙). Clockwise sCRN, defined on the triangular lattice, assigns each

6
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bimolecular reaction a local direction d ∈ {0, · · · , 5} such that (A,B,C,D, d) represents

the reaction where B is in the d-th direction as seen from A. Species do not have a con-

sensus on global orientation, but there is a shared understanding that the local direction

increases in the clockwise order for all of them.

2.1.2 Reachability and termination

Let C be the set of all configurations in system Γ. We first define the one-step reach-

ability. For any two configurations α, β ∈ C, β is reachable from α in one step if there

exists a single cell or a pair of adjacent cells such that performing some reaction r ∈ R on

these cells yields β. Write α →1
Γ β.

Define the relation→∞
Γ on C s.t. for any configurationsα, β ∈ C, α →∞

Γ β if and only

if there exists a (possibly infinite) sequence of reactions {ri} s.t. applying ri successively

to α produces the configuration β. That is, β is reachable from α in one or more steps.

Let→Γ be the reflexive transitive closure of→∞
Γ . That is, the reflexive transitive closure

of countable-step sequences.1 We say that a configuration β is reachable from another

configuration α if α →Γ β.

A configuration α is Γ-reachable (or reachable when Γ is clear from the context) if

S →Γ α, and we denote the set of all Γ-reachable configurations byA(Γ). α is Γ-terminal

if α is Γ-reachable and there is no configuration β ̸= α that is reachable from α. The set

of Γ-terminal configurations is denoted by A∗(Γ).

1The common definition of reachability [2, 11] is the transitive closure of one-step reachability. Here,
we aim to capture infinite pattern reachability and align with the notion of reachability in cellular automata
models. Therefore, we define reachability over infinite steps and ensure that it is transitive.

7
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2.2 Abstract tile assembly model

In his Ph.D. thesis [29],Winfree proposed the abstract tile assemblymodel (aTAM).

This model formalizes the self-assembly of molecules (such as DNA), describing the pro-

cess wherein simple tiles spontaneously attach to each other to produce complex struc-

tures. In this paper, we use the model proposed in his later work with Rothemund [26].

Two differences we make are that we use the definition of assembly in [18] to align with

the one used in Section 2.4 when introducing tile automata system, and we use the def-

inition of attachability in [1] to make our description of the protocol in Section 5 more

comprehensive. Note that these two definitions are equivalent to the original one given

in [29]. We include a brief description here to make this paper self-contained.

A tile is an oriented unit square with the north, east, south, andwest sides labeled from

some alphabetΣ. For a tile t, define the stateσ to be the 4-tupleσ(t) = (σN(t), σE(t), σS(t), σW(t)),

consisting of the labels (also called the glues) on its four sides. It is assumed that null ∈ Σ,

and we use null = (null, null, null, null) (abuse of notation) to represent the absence of any

other tiles. A glue strength function g : Σ×Σ → N∪{0}maps a pair of labels to a natural

number N if and only if the labels match each other.

g(x, y) = g(y, x) =


ĝ(x), x = y

0, otherwise

, ∀x, y ∈ Σ, for some ĝ : Σ → N

Given a finite set of statesQ, it is allowed that an infinite number of tiles of the same

state occupying locations in Z2. A configuration is a mapping from Z2 to Q (null ∈ Q).

LetQ† = Q\{null}, we consider the partial functionα† fromZ2 toQ† whereα†(v) = α(v)

8
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for all v ∈ Z2 s.t. α(v) ̸= null. We can view the domain of α† as a subgraph of Z2 lattice.

We call α an assembly if α† has a connected, non-empty domain Ωα ⊂ Z2, and Ωα is

called the shape of this assembly α.

Let α, β be two configurations s.t. α†, β† have disjoint domains. Addition of config-

urations α, β, denoted as γ = α + β (or β = γ − α) is defined by

γ =



α(x, y), β(x, y) = null.

β(x, y), α(x, y) = null.

null, α(x, y) = β(x, y) = null.

The interaction strength between two adjacent tiles with their abutting sides labeled

x, y is g(x, y). Given a configuration α, define the binding graph Bα whose vertices are

those tiles inQ†, with an edge of weight w between two vertices if the interaction strength

between them is w. For some temperature τ > 0, an assembly α is τ -stable if the graph

Bα has min-cut ≥ τ .

We use t(x0,y0) where t is a tile to represent the configuration s.t.

t(x0,y0)(x, y) =


σ(t), (x, y) = (x0, y0).

null, (x, y) ̸= (x0, y0).

For a τ -stable assembly α, we say the position (x0, y0) is attachable in α if there exists an

assembly β s.t. β = α + t(x0,y0) and

g(σN(t), σS(β(x0, y0 + 1))) + g(σE(t), σW(β(x0 + 1, y0)))

+ g(σS(t), σN(β(x0, y0 − 1))) + g(σW(t), σE(β(x0 − 1, y0))) ≥ τ

(2.1)

9
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Notice that Equation(2.1) is equivalent to requiring β to be τ -stable. By the attachment

of a single tile at position (x, y), β is reachable from α in one step. Write α →1
T β. The

reachability→Γ is defined the same as in Section 2.1.2. Also, we follow the definition of

terminal setA∗(Γ) in Section 2.1.2 with an additional requirement that for anyα ∈ A∗(Γ),

α must be τ -stable.

Such a system of aTAM is represented by a quadruple Γ = (Q,S, g, τ ), whereQ, g, τ

are as above and S is the seed configuration. In this paper (also as suggested in [26]), we

consider only the unit-seeded system where S = s(0,0) is the configuration s.t. S(0, 0) = s

for some seed tile s and all other locations are null.

2.3 Cellular automata

The cellular automata was first designed in von Neumann’s book [28]. It’s a dy-

namical system that use local interaction to perform complex global behavior. Cellular

automata has been studied to model natural phenomena, and it is also computationally

universal. In this paper, we use the definition of synchronous cellular automata in the

survey [8], and use the definition of asynchronous cellular automata in [20]. We include

a brief description here to make this paper self-contained.

A d−dimensional cellular automata, whose underlying topology is Zd, is specified

by a triple Γ = (Q,N , f)

• Q is the finite state set.

• N = (v⃗1, · · · , v⃗N) is the neighborhood vector of N distinct elements of Zd. Then

the neighbors of a cell at location v⃗ ∈ Zd are {v⃗ + v⃗i}Ni=1.

10
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• f : QN → Q is the local rule that computes the next state of a cell from the states

of its neighbors. i.e. the next state of a cell v⃗ is f(a1, · · · , aN) where ai is the state

of its neighbor v⃗ + v⃗i. All cells use the same rule.

A configuration in this system is a mapping α : Zd → Q that specifies the state of all

cells. The set of all possible configurations is denoted as C(d,Q) = QZd . In this paper, we

only consider the 2-dimensional cellular automata with the von-Neumann neighborhood,

which consists of all v⃗i s.t. ||v⃗i||1 ≤ 1. We fix N = (v⃗O, v⃗N, v⃗E, v⃗S, v⃗W) throughout this

paper, where v⃗O = (0, 0), v⃗N = (0, 1), v⃗E = (1, 0), v⃗S = (0,−1), v⃗W = (−1, 0).

Another way to identify a cellular automata is by its global transition functionG. We

define G in different ways depending on whether the cells are updated simultaneously. A

brief introduction is included below.

synchronous CA (CA). All cells are updated simultaneously. For this case, the global

function G : C(d,Q) → C(d,Q) maps configuration α to β (β = G(α)) if for all v⃗ ∈ Zd,

β(v⃗) = f(α(v⃗ + v⃗1), · · · , α(v⃗ + v⃗N)).

asynchronous CA (async-CA). The cells follow a fully asynchronous updating scheme,

where a single cell is chosen at random at each time step. The global function G :

C(d,Q) × Zd → C(d,Q) takes as input a configurations α and a randomly chosen cell

u⃗ ∈ Zd, and output the configuration β = G(α) s.t.

β(v⃗) =


f(α(v⃗ + v⃗1), · · · , α(v⃗ + v⃗N)), v⃗ = u⃗

α(v⃗), otherwise

.

In this paperwe consider a specific aynchronous cellular automata callednon-deterministic

async-CA where we allow the local function f to be nondeterministic. That is, for any
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cell v, let aO, aN, · · · , aW be the states of the neighborhood v⃗, v⃗+ v⃗N, · · · , v⃗+ v⃗W respec-

tively. Then f maps (aO, aN, aE, aS, aW) to a set of possible next states, and one of them

is picked non-deterministically at each time. A configuration β is reachable in one step

from another configuration α, denoted by α →1
Γ β, if β = G(α). The reachability →Γ is

defined as in Section 2.1.2, and the terminal setA∗(Γ) is a subset of the reachable set that

is a fixed point of the global function G. i.e. A∗(Γ) = {α ∈ A(Γ) : G(α) = α}.

2.4 Tile automata

The tile automatamodel, combining 2-handed assemblymodelwith local state-change

rules between pairs of adjacent tiles, is a marriage between tile-based self-assembly and

asynchronous cellular automata. It was first proposed by Chalk et al. [11] and we follow

their model definition. Variants like affinity strengthening and unit-seeded system were

considered in [10] and [3] respectively. In this paper, we restrict ourselves to a system

with both constraints, and slightly modify the description of single tile attachment to align

with the one used in aTAMmodel introduced in Section 2.2. We include a brief description

here to make this paper self-contained.

Similar to how we define a tile in the tile-based self-assembly, here a tile t is a unit

square located in Z2, each assigned a state σ(t) from the finite state setQ. Like in aTAM,

we use null ∈ Q to denote the absence of any other tile. An affinity function g : Q2×D →

N, where D = {⊥,⊢}, represents the affinity strength between two states with relative

orientation d ∈ D. To describe it explicitly, the affinity strength between two adjacent
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tiles t1, t2 located at (x1, y1), (x2, y2) is



g(σ(t1), σ(t2),⊥), if y1 > y2

g(σ(t2), σ(t1),⊥), if y1 < y2

g(σ(t1), σ(t2),⊢), if x1 < x2

g(σ(t2), σ(t1),⊢), if x1 > x2

.

And the affinity strength between a null tile and any other tile is 0.

A configuration is a mapping α from Z2 to Q. Let Q† = Q \ {null}, we consider

the partial function α† : Z2 → Q† like the one defined in Section 2.2. An assembly is a

configuration α where the domain of α† is connected. The shape, the additive notation

“+”, and the induced binding graphBα all follow the definitions in Section 2.2, where the

weightw on an edge (t1, t2) now equals to the affinity strength between these two vertices.

For a stability threshold τ , an assembly α is τ -stable if Bα has min-cut ≥ τ .

In general, an assembly α could break into two pieces, (say, τ -breakable) if there’s a

cut in the binding graph with total affinity strength < τ . On the other hand, two τ -stable

assembly may combine along a border whose total strength sums to at least τ . A special

case is the single tile attachment, which is similar to the tile assembly system. For a τ -

stable assembly α, we say the position (x0, y0) is attachable in α if there exists τ -stable

assembly β s.t. β = α+ t(x0,y0) for some tile t. In this paper, we only consider the affinity-

strengthening rule s.t. for each transition rule that takes a state σ1
x to σ2

x, it must satisfy that

the affinity strength with all other states only increase. In other words, for every σ ∈ Q,

g(σ1
x, σ, d) ≤ g(σ2

x, σ, d) ∀d ∈ D. Notice that with the affinity-strengthening rule, any tile

that has attached to a configuration can not fall off. This implies that the whole assembly

is unbreakable after any state transition.

Like asynchronous cellular automata, tile automata has a local state changing rule.
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The transition rule r is a 5-tuple (σ1
x, σ

1
y , σ

2
x, σ

2
y , d) where σ1

x, σ
1
y , σ

2
x, σ

2
y ∈ Q and d ∈

D. It means that if states σ1
x and σ1

y are adjacent with relative orientation d, they can

simultaneously turn into state σ2
x, σ

2
y respectively. In this paper, we allow the transition rule

to be nondeterministic, i.e. there may be two rules (σ1
x, σ

1
y , σ

2
x, σ

2
y , d) and (σ1

x, σ
1
y , σ

3
x, σ

3
y , d)

s.t. (σ2
x, σ

2
y) ̸= (σ3

x, σ
3
y).

A tile automata system (TA) is a 6-tuple Γ = (Q,S, I, g, R, τ ) where Q is a finite

set of states, g is an affinity function, S is the initial configuration, R is a set of transition

rules, and τ is the stability threshold. We assume that initially, there is a set of tiles whose

states belong to the initial state I ⊆ Q that could be used in attachment. Any configuration

β that is reachable from α in one step (denoted as α →1
Γ β) if and only if β is formed by

applying some transition rule to α or by an attachment of a tile in I . The reachability

→Γ is defined the same as in Section 2.1.2. Also, we follow the definition of terminal set

A∗(Γ) in Section 2.1.2 with an additional requirement that for any α ∈ A∗(Γ), α must be

τ -stable.

We restrict ourselves to the unit-seeded TA with affinity-strengthening rule (s-as-

TA) in this paper. The term “unit-seeded” means that there exists a single seed tile s s.t.

S = s(0,0) and only single tile attachment is allowed.

2.5 Amoebot

The amoebot model was originally proposed by Derakhshandeh et al. [17]. To sim-

plify the simulation, we use the notions of movement and transition function given by

Alumbaugh et al. [4], and propose a slightly different definition of configuration. In-

spired by amoeba, it is a model of programmable matter where particles perform simple
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computation according to local information, and can move via contraction and expansion.

We include a brief description here to make this paper self-contained.

The amoebot model is an abstract computational model of programmable matter con-

sisting of particles, which are simple computational units that canmove and bond to others

and exchange information by these bonds. The underlying topology is a triangular lattice

with nearest neighbor connectivity G△ = (V,E). V represents all possible positions of

a particle, and E represents all possible movement and information transitions between

particles.

Every particle is either contracted (occupying a single node) or expanded (occupying

two adjacent nodes). Particles are anonymous, but each edge leaving a particle p is locally

labeled so that a particle can uniquely identify each of them: The labeling starts with 0 at an

arbitrary outgoing edge leading to a node that is only adjacent to one of the nodes occupied

by p, then increases in clockwise order around the particle. Notice that while they have a

common clockwise chirality, they may have different orientations in O = {0, 1, 2, 3, 4, 5}

encoding their offsets for local direction 0 from global direction 0 (to the right). i.e. they

don’t have consensus in global orientation.

Every particle has a constant-size, shared, local memory which can be read and write

by both itself and its neighbor for communications. More formally, we denote an amoebot

model by Γ = (Φ, S,Σ, δ). Each particle has a state from a finite set Φ. A particle p

communicates with an neighboring particle q by placing a flag from a finite alphabet Σ

on the edges leading to q, so that q can read this flag.

Particles move through expansions and contractions: A contracted particle can ex-

pand into an unoccupied adjacent node and become expanded. The head of an expanded
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particle is the node into which it last expanded, and the other node is the tail. An expanded

particle can contract to its head, performing a movement toward its head, or contract back

to its tail. The direction of the edge labeled 0 remains constant during movement.2 Neigh-

boring particles can perform handover in one of the two ways:

• A contracted particle p push an expanded neighbor q by expanding into one of the

nodes occupied by q.

• An expanded particle p pull a contracted particle q by contracting, forcing q to ex-

pand into the currently vacating node.

DefineM to be the set of all possiblemovements,M = {idle}∪{expandi : i ∈ 0, · · · , 5}∪

{contracti : i ∈ 0, · · · , 9} ∪ {handoveri : i ∈ 0, · · · , 5}. idle means that a particle does

not move, expandi and contracti means expand/ contract toward the local direction i, and

handoveri means that a contracted particle p expand toward its i-th direction, forcing an

expanded q to contract.

In the execution of an amoebot algorithm, particles progress by performing atomic

actions. We may assume a standard asynchronous computation model, i.e. only one parti-

cle is activates at a time. Each time a particle p is activate, it acts according to a transition

function δ : Φ× Σ10 ×D → P(Φ× Σ10 ×D ×M), where D denote its tail direction of

an expanded particle. We use ε ∈ D to represents the contracted particle. The transition

function takes as input the state of a particle, all the flags it reads, and maps to a set of

turns. A turn specifies a state to transition into, flags to set, and a movement to execute.

For our simulation, we align the notation of configuration with other models. For

2When a particle expands, there could be two choices of edge to be labeled 0, in this case, the edge ”
away” from the particle is labeled 0.
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a particle p, let σ(p) = (ϕ, o, d, f0, · · · , f9), where ϕ ∈ Φ is the state of p, o ∈ O is

the orientation of p, d ∈ D is its tail direction, and fi is the flag it place at the edge

labeled i. Let Q = Φ × O × D × Σ10, a configuration is a mapping α : G△ → Q.

For two configuration α, β, β is reachable from α in one step (denoted α →1
Γ β) if α can

become β after a single particle activation. Let S be the initial configuration, consisting of

contracted particles which form a connected shape. In this paper, we follow the common

assumption that there are only finitely many particles in S. According to what we have

defined so far, we can also represent an amoebot system by Γ = (Q,S, δ), and we let Q

be the new “state set” of the amoebot system throughout the rest of this paper.

2.6 Freezing system

Motivated by the freezing cellular automata model proposed by [22], we say that a

system Γ is freezing if there exists a partial order ⪯ on the state set Q s.t. the state of any

given cell can only increase with respect to ⪯. That is, for any configurations α, β s.t.

α → β, α(v) ⪯ β(v) for every cell v. In this paper, we’ll consider the freezing sCRN,

freezing tile automata, and freezing cellular automata. Notice that the definition we use

is different from the one proposed by Chalk et al. [11] in the tile automata system.3 We

chose the partial ordering definition because it implies transitioning into each state only

once.

3In the reference, they consider freezing tile automata system defined as follows:

• construct a directed graphG s.t. each state σ ∈ Q is a vertex, and for any two states σ1, σ2, (σ1, σ2)
is an edge if there exists a transition rule in R that turns σ1 into σ2.

• Γ is said to be freezing if and only if G is acyclic.

Roughly speaking, a tile can never revisit the same state twice. Notice that in general, requiring tile to be
freezing and requiring cell to be freezing is not equivalent. Tiles could detach, allowing new attachments
to a fixed cell. But we only consider a-sa-TA where attached tiles will not fall off. In this case, the two
perspectives are the same.
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Chapter 3 Simulation

Our simulation definition is adapted from the ones used in [23], [4], and [11]. Let

S, T ∈ {sCRN, aTAM, s-as-TA, async-CA, amoebot} be two system in different mod-

els.

3.1 Representation function

Let QS , QT be the state sets of S, T respectively. A state representation function R

fromQS toQT is a functionwhich takes as input a state ofS , and returns either information

about the state of T or UND (which implies the image ofR on this state is undefined).

Let v be the coordinates of a node in the underlying latticeL. Let α be a configuration

of S , and let α(v) be the state of α on the node v. A representation function R∗ from S

to T takes as input an entire configuration α of S and apply R to every state of α, and

returns either a corresponding configuration of T , or UND if there is any state contained

in α that mapped to UND.

Note that our definition is more relaxed than that in [23] and [4]. In particular we

allow UND to be the image of R, which is motivated by the simulation definition in [5].

The relaxation is necessary because when simulating sCRN by non-deterministic async-
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CA, it is possible that the sCRN perform a bimolecular reaction and hence two adjacent

states A,B change simultaneously. While in the non-deterministic async-CA, it can be

one cell performing state transition at a time. SupposeA change its state first, so the other

cell B must be mapped to different states before and after A performing state transition.

Another way of relaxing this definition to fit in with the limitation of non-deterministic

async-CA is to let the representation function R map a neighborhood of CA to a state in

sCRN, but this definition is rather non-intuitive in other models. The details are given in

Section 7. Notice that except for the simulation of sCRN by non-deterministic acync-CA

and the simulation between sCRN and amoebot system, we don’t need this relaxation.

3.2 Simulation definition

Roughly speaking, if we say that S simulates T , we want the pattern of S to evolve

like that in T . Intuitively, we want for any sequence of configuration changes α → β in

T , there exists a sequence of configuration changes α′ → β′ s.t. α′, β′ are mapped to α, β

respectively. On the other hand, for any α′ → β′ in T , it is also required that there is a

sequence of configurations that links the images ofα′, β′ underR∗. i.e. R∗(α′) → R∗(β′).

Definition 1. We say that S and T have equivalent productions (under R), and we write

S ⇔R T if the following conditions hold:

1. {R∗(α′)|α′ ∈ A(S)} = A(T ) ∪ {UND}.

2. {R∗(α′)|α′ ∈ A∗(S)} = A∗(T ).

Definition 2. We say that T follows S (under R) if α′ →S β′ for some α′, β′ ∈ A(S)

impliesR∗(α′) →T R∗(β′), provided neitherR∗(α′) norR∗(β′) is UND. This is denoted

as T ⊣R S .
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To be more rigorous, for every configuration α ∈ T , there must exist a reachable set

Π in S which is mapped to α s.t. it is always possible to simulate the next configuration

of α from this set. Further more, for any configuration α′′ ∈ R∗(α) that can only simulate

some of the next configuration of α, it is always possible that α′′ can be achieved from

some α′ ∈ Π. This can be viewed as a requirement that the two system must be in the

same pace in most of the time.

Definition 3. We say that S models T (under R) if for every α ∈ A(T ), there exists a

non-empty set Π ⊂ A(S) such thatR∗(α′) = α ∀α′ ∈ Π, and for every β ∈ A(T ) where

α → β, the followings hold:

1. for every α′ ∈ Π, there exists β′ ∈ A(S) such that R∗(β′) = β and α′ →S β
′.

2. for every α′′ ∈ A(S) where α′′ →S β′ s.t. R∗(α′′) = α and R∗(β′) = β, there

exists α′ ∈ Π such that α′ →S α
′′.

We denote this relationship by S |=R T .

Definition 4. We say that S simulates T (under R) if S ⇔R T , T ⊣R S , and S |=R T .

c-fuzz We use the concept of c-fuzz proposed by [11]. They design the simulation be-

tween two tile automata systems, and the idea is that we can have a bounded number of “ex-

tra” tiles attached to a configuration without affecting the mapping result. We apply their

idea to any unit-seeded systems, in particular the systems of s-sCRN, aTAM, a-sa-TA.

Here, with the notion of c-fuzz, we are essentially saying that the “extra” space partici-

pating in the simulation of any given configuration is bounded. Formally, the simulation

of T by S with representation function R∗ is said to have c-fuzz for some constant c if
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the following holds: For any α′ ∈ A(S) and any v s.t. α′(v) ∈ Q†
S , there exists an in-

termediate configuration α′′ such that α′ is produced from α′′ in one or more steps, and

α = R∗(α′′) satisfies α(v + u) ∈ Q†
T for some ||u||∞ ≤ c. Recall that Q† is the set

of states without blank species (in sCRN systems) or null tiles (in tile systems). That is,

almost all the space utilized in the simulating system used to be part of some configuration

that has been simulated. This definition is slightly different from the one used in [11].1

3.3 Notations

In the succeeding chapters, we are going to use the s-d-sCRN to simulate other mod-

els. Before continuing, we give some notations that will be used frequently.

• For d = N,E, S,W, define d−1 = S,W,N,E respectively.

• Define D = {N,E, S,W} and ψD = (ψN, ψE, ψS, ψW).

• Define ψ−d = {ψN, ψE, ψS, ψW} \ {ψd}. That is, we use −d to represent the set of

directions without d.

• ⟨ψ′, ψ−d⟩ means that we place {ψ′} ∪ ψ−d in the (ψN, ψE, ψS, ψW) order.

– If d = N, ⟨ψ′, ψ−d⟩ = (ψ′, ψE, ψS, ψW).

– If d = E, ⟨ψ′, ψ−d⟩ = (ψN, ψ
′, ψS, ψW).

– If d = S, ⟨ψ′, ψ−d⟩ = (ψN, ψE, ψ
′, ψW).

– If d = W, ⟨ψ′, ψ−d⟩ = (ψN, ψE, ψS, ψ
′).

1If we directly reformulate the definition in their paper in the unit-seeded systems, we would probably
get the following: For any α′ ∈ A(S), let α = R∗(α′). Then for all v s.t. α′(v) ∈ Q†

S , it must be the case
that α(v+ u) ∈ Q†

T for some u s.t. ||u||∞ ≤ c. But in sCRN, cells can be reverted back to the blank states.
Therefore, we care more about all the space that has been used during the simulation process, rather than
the space used by the current configuration.
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Chapter 4 Simulation of unit-seeded

directed sCRN by

unit-seeded sCRN (up to

rotation and reflection)

In this section, we show that unit-seeded sCRN can simulate unit-seeded directed

sCRNs up to rotation and reflection.

Theorem 5. Given a unit-seeded directed sCRN Γ = (Q,S,R), there exists a unit-seeded

sCRN Γ′ = (Q′, S ′, R′) which simulates Γ up to rotation and reflection.

4.1 Simulation overview

Given a s-d-sCRN Γ = (Q,R, S), we want to construct a s-sCRN Γ′ = (Q′, R′, S ′)

to simulate Γ. For bimolecular reactions with a specified direction d, it is required that

each species has a common knowledge of a global orientation. The main idea is inspired

by the study in population protocol [6] that enables each node to recognize its two different

neighbors using a 2-hop coloring. We partition the plane into blocks of 9 cells, and color

a block with ordering numbers 1, · · · , 9 if and only if a reaction is about to happen on it.
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The simulation consists of the following three parts:

• Determine_Global_Orientation: In this protocol, we color the seed and the

eight cells around it with {1, · · · , 9}.

• Growing_Reactions: If certain reactions transform a cell from a blank species to

another species, we first color the eight surrounding cells to establish a clear global

orientation for that cell, and then proceed with the reaction.

• State_Transitions: Simulate any reactions at a cell who has already known the

global orientation.

To be more precise, we define the block of a cell u, B(u) = {v : ||v − u||∞ ≤ 1}, to

be the set of 9 cells around u. We also use B(ρ) to denote the block centered at the position

of species ρ (abuse of notation). Recall that Q† = Q \ {O}. The growing reactions are

reactions of the form (A,O, B, C, d) where A ∈ Q† and B,C ∈ Q. We denote the set of

growing reactions in R by Rg.

Here is a sketch of the idea behind our simulation. Let S ′ = S where S maps every

cell to the blank stateO except for a special cell that is mapped to a seed state, let’s say s.

In the first protocol Determine_Global_Orientation, we color B(s) with {1, · · · , 9}

to provide an orientation to the system. In the second protocol Growing_Reactions, we

ensure that during the simulation process of any growing reaction (A,O, B, C, d), the state

transition can be performed only if a coloring has been applied to B(O). This coloring

aligns with the one provided in the first protocol to maintain the determined orientation for

simulating future reactions. The last protocol State_Transitions defines the reactions

necessary for simulating reactions in a fully colored configuration, which is relatively

straightforward. We construct Γ′ by adding states and reactions toQ′ andR′ successively.
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The full description of the protocols is provided in Section 4.2 with more details. We give

the proof of correctness in Section 4.3 and roughly analyze the complexity in Section 4.4

as well.

4.2 Protocol description

Determine_Global_Orientation This protocol aims to color all cells in the block of

the seed. This coloring can be extended to the entire surface and be used as the global

orientation. Let S ′ = S where s is the special seed species in Γ. We color B(s) with

{1, · · · , 9} and useOi (i ∈ {1, · · · , 9}) to denote the colored cells, where the superscripts

i indicate the colors they receive.

Initially, we add the reaction s + O → 0 + 1 to R′. 0 and 1 then transform all their

blank neighbors toX and Y respectively. WhenX and Y meet each other, they transition

to 2 and 3 respectively, which guarantees that they are parallel and adjacent to 0 and 1.

Now 2s are on two symmetric sides of 0, and each of them transforms its remaining blank

neighbors to Z. The first Z encountered byX reacts withX , performing Z+X → 4+5,

while the other Z encountering 5 begins coloring the block of 0 in a clockwise order or

counterclockwise order, depending on which side of Z encounters X first. Except for

s, which will be transformed into s5, other cells receive Oi where i depends on their

positions. After the coloring is complete, we need to eliminate the redundant states Y, Z

grown outside B(s5). This is done by reactions O8 + Y → O8 +O, O6 +Z → O6 +O,

and O4 + Z → O4 +O in R′. In total, we must include the following reactions in R′:

1. s+O → 0 + 1. // Initiate the coloring.

2. 0 +O → 0 +X , 1 +O → 1 + Y , X + Y → 2 + 3.
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3. 2 +O → 2 + Z, Z +X → 4 + 5, Z + 5 → O1 +O2.

4. O2 + 4 → O2 + O3, O3 + 2 → O3 + O6, O6 + 3 → O6 + O9, O9 + 1 → O9 + O8,

O8 + 3 → O8 +O7, O7 + 2 → O7 +O4, O4 + 0 → O4 + s5.

// s5 is the new seed with its block colored.

5. O8 + Y → O8 +O, O6 + Z → O6 +O, O4 + Z → O4 +O.

// Eliminate the garbage states.

Figure 4.1 shows an evolution when we have this set of reactions.

Notice that the simulation system suffers unavoidable rotation and reflection since

any starting reaction s + O → A + B looks the same for s in its four directions, and

then any reaction can be perform symmetrically around A⃗B. Therefore, “simulation up to

rotation and reflection” is a necessary relaxation.

Figure 4.1: Coloring the block of the seed by
Determine_Global_Orientation

Growing_Reactions For any growing reactions of this form (A,O, B, C, d), we first

give a coloring on B(O) and then perform the reaction. Before giving the protocol, there

are some notations we need to define first. We use ψi to represent the colored species,

where the superscript i is the color of that species. In the simulation, we will have 8 kinds
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of species in Q′, which are introduced in detail later:

{O}, {Oi : i ∈ [9]}, {σi : σ ∈ Q†, i ∈ [9]}, {χi : i ∈ [9]}, {χij : i, j ∈ [9]},

{χji : i, j ∈ [9]}, {χjip : i, j ∈ [9]}, {χji b0b1 : i, j ∈ [9], b0, b1 ∈ {0, 1}}.

Let Q′ be the union of them. Among these states, let

Ξj = {σj,Oj, χj, χji , χ
j
ip, χ

j
i b0b1 : σ ∈ Q†, i ∈ [9], b0, b1 ∈ {0, 1}}

be the set of all colored species whose color is j. And let Ξ = ∪9
j=1Ξ

j .

Let Q†
colored = {σi : σ ∈ Q†, i ∈ [9]}. Through the representation function R, we

map the state ψi ∈ Q†
colored to ψ for all i ∈ [9]. Except for the states in Q†

colored, all other

states are mapped to the blank state O. We say that a configuration α′ ∈ Γ′ satisfies the

complete coloring property if the following holds:

For any species ψ ∈ Q†
colored ∪ {χi : i ∈ [9]}, B(ψ) are completely colored.

Here, “completely colored” means that all the cells in B(ψ) contain some species in {Ξi :

i ∈ [9]}. It will be demonstrated in the correctness proof that our protocol maintains the

complete coloring property.

Suppose now we have a configuration α′ ∈ Γ′ that satisfies the complete coloring

property, and there is some growing reaction (A,O, B, C, d) ∈ R that can be applied to

α = R∗(α′). For example, Figure 4.2a shows a configuration with the complete coloring

property. Roughly speaking, if (A,O, B, C,E) ∈ R, then we want A1,O2 to become

B1, C2 while preserving the complete coloring property at the same time. Existing colors

1, 2 onA,O help specifying the growing direction. SinceB(A1) has been colored, we only
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need to colorWA1(O2) = B(O2)\B(A1), which are the three vertical cells in Figure 4.2a

enclosed by the dashed lines. We use the notationWψ(ψ
′) to represent B(ψ′) \ B(ψ) for

adjacent species ψ, ψ′ ∈ Q′.

(a) A complete coloring configuration.

The wall centered at O3 are to be colored. (b) The undesired deadlock.

(c) A possible sequence of reactions simulating (A,O, B, C, d).

Figure 4.2: An example of the simulation of a growing reaction.

The first reaction we add to R′ is A1 + O2 → A1 + χ2
1. χ2

1 serves as a signal to

begin the local coloring process. In the remaining part of this section, we’ll list several

possible patterns around the block of χ2
1, and specify the required reactions according to
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that situation.

Now suppose thatB(A1) is completely colored due to the complete coloring property.

From χ2
1 we pass the information of growing direction one cell to the right. Suppose the

cell on the east of χ2
1 is v with state ψ(v).

We categorize the possible values of ψ(v) into 4 classes:

1. ψ(v) = σ3 for some σ ∈ Q† ∪ {χ}. It means that B(v) has been colored, which

impliesB(χ2
1)\B(A1) ⊂ B(v) has been colored as well. Then we directly transform

χ2
1 to χ2, signifying that B(χ2

1) has been colored. Therefore, we add the following

reactions to R′:

χ2
1 + ψ3 → χ2 + ψ3, for all ψ ∈ Q† ∪ {χ}.

2. ψ(v) = O or O3. We don’t know if B(v) is colored. Therefore, we add the follow-

ing reactions to R′:

χ2
1 +O → χ2

1p+ χ3
200.

χ2
1 +O3 → χ2

1p+ χ3
200.

This announces the starting point of coloring B(χ3
200) \ B(χ2

1p).

3. ψ(v) = χ3
6 or χ3

9. We need to be cautious about the deadlock in Figure 4.2b. In this

case, χ2
1 continues to color its block. We include the following reactions in R′:

χ2
1 + χ3

6 → χ2
1p+ χ3

200.

χ2
1 + χ3

9 → χ2
1p+ χ3

200.
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4. ψ(v) = χ3
1. It means that some species σ1 (where σ ∈ Q†) located three hops

away from A1 is also attempting to perform a growing reaction from the opposite

direction. i.e. they are growing toward each other. Again by the complete coloring

assumption, B(χ2
1) \ B(A1) ⊂ B(σ1) and B(χ3

1) \ B(σ1) ⊂ B(A1). Both χ2
1, χ

3
1

know that their blocks are colored, so they transition simultaneously to χ2 and χ3.

Therefore, we add the following reaction to R′:

χ2
1 + χ3

1 → χ2 + χ3.

For case 2 and 3, the coloring of B(χ2
1p) is incomplete. χ3

200 is produced to start

coloring the upper and lower cells, referred to as vN, vS respectively. χ3
200 will be trans-

formed into χ3
2b0b1 for some b0, b1 ∈ {0, 1} that records whether vN, vS are colored. We

call χ3
2b0b1 the coloring species. Let the states of vN and vS be ψ(vN) and ψ(vS) respec-

tively. For convenience, we also let the cell on the east of χ3
200 be vE, whose state is ψ(vE).

There are several patterns for ψ(vN), ψ(vS), and ψ(vE). We discuss them case by case:

1. ψ(vN) = O. χ3
20b does not know whether it encounter vN or vE, so it transforms the

cell into χ23. χ23 then starts investigating its neighbors. When encountering ψ ∈

Ξ5, χ23 confirms that it must itself be colored 6. Therefore, we add the following

reactions to R′:

χ3
20b+O → χ3

20b+ χ23, for all b ∈ {0, 1}.

χ23 + ψ → O6 + ψ, for all ψ ∈ Ξ5.
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The case ψ(vS) = O is similar. We include the following reactions in R′:

χ3
2b0 +O → χ3

2b0 + χ23, for all b ∈ {0, 1}.

χ23 + ψ → O9 + ψ, for all ψ ∈ Ξ8.

Notice that there might be a redundant state χ23 produced at cell vE, which will be

reverted back into O later.

2. ψ(vN) ∈ {χ39, χ45, χ54}. When encountering these states, χ3
20b knows by the index

that they are redundant states from other simulation process of some growing reac-

tions, and that the cell it is investigating is vN. We can directly transition that cell

into O6. Therefore we add the following reactions to R′:

χ3
20b+ ψ → χ3

21b+O6, for all ψ ∈ {χ39, χ45, χ54}.

Similarly, for ψ(vS) ∈ {χ36, χ78, χ87}, we include the following reactions in R′:

χ3
2b0 + ψ → χ3

2b1 +O9, for all ψ ∈ {χ36, χ78, χ87}.

3. ψ(vN) = χ6
5b0. This means that there is some species σ4 (where σ ∈ Q†) performing

a growing reaction toward vN. Then χ3
20b and χ6

5b0 could help each other complete

their coloring process by transitioning into a colored state. Therefore, we add the

following reaction to R′:

χ3
20b+ χ6

5b0 → χ3
21b+ χ6

5b1, for b = 0, 1.

For the other direction, ψ(vN) could be χ6
40b, indicating that a species σ5 is perform-
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ing a growing reaction toward vN. Similar as above, we must have

χ3
20b+ χ6

40b→ χ3
21b+ χ6

41b, for b = 0, 1.

The case ψ(vS) = χ9
80b or χ9

7b0 is symmetric. Therefore, we include the following

reactions in R′ as well:

χ3
2b0 + χ9

80b→ χ3
2b1 + χ9

81b, for b = 0, 1.

χ3
2b0 + χ9

7b0 → χ3
2b1 + χ9

7b1, for b = 0, 1.

4. ψ(vN) ∈ Ξ6 \ {χ6
5b0, χ

6
40b}. Then ψ(vN) is viewed as a colored species and χ3

20b is

transformed into χ3
21b directly. We add the following reactions to R′:

χ3
20b+ ψ → χ3

21b+ ψ, for all ψ(vN) ∈ Ξ6 \ {χ6
5b0, χ

6
40b}.

Similarly, for ψ(vS) ∈ Ξ9 \ {χ9
80b, χ

9
7b0}, we add the following reactions to R′:

χ3
2b0 + ψ → χ3

2b1 + ψ, for all ψ(vS) ∈ Ξ9 \ {χ9
80b, χ

9
7b0}.

Eventually, χ3
200 will become χ3

211, indicating that both vN, vS have been colored.

Then we use a reaction χ3
211 + χ2

1p → O3 + χ2 to announce the termination of the local

coloring process. The state transition can now be simulated.

• If B,C ∈ Q†, then we simply add the reaction A1 + χ2 → B1 + C2 to R′.

• If either B or C is O, then we transform that cell into χ1 or χ2 respectively to

indicate that the cell has been colored. We do not transform them into O1 or O2

because we want to avoid unnecessary re-coloring process.
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Therefore, let B′ =


B if B ∈ Q†

χ if B = O

and C ′ =


C if C ∈ Q†

χ if C = O

, we add the following

reaction to R′:

A1 + χ2 → B′1 + C ′2.

One thing remaining is to eliminate the redundant state χ23 produced in the first case.

Therefore, we need the reaction O3 + χ23 → O3 +O.

The above description illustrates the simulation process when a growing reaction is

applied to a speciesA colored by 1 and its eastern neighbor. Figure 4.2c depicts a possible

sequence of reactions when simulating a growing reaction (A,O, B, C,E) in R.

To construct the full reaction set for simulating the growing reaction (A,O, B, C,E),

we apply translations to all the reactions constructed thus far to initiate the growing reac-

tion from any species A colored i, where i ∈ [9]. For other directions d ∈ D, we simulate

the growing reaction (A,O, B, C, d) by applying an additional rotation. We characterize

the compositions of these translations and rotations using permutations.

More precisely, we denote by R̂ the reaction set constructed for the growing reaction

(A,O, B, C,E) starting at A1. By stating “apply a permutation π to R̂”, we replace all the

subscript i and superscript j in the above simulation process to π(i) and π(j) respectively.

For example, let π =

1 2 3 4 5 6 7 8 9

3 6 9 2 5 8 1 4 7

. If we apply π to R̂, then we get

all the reactions we need for the growing reaction (A,O, B, C,N) starting at A3. Further,

let π′ =

1 2 3 4 5 6 7 8 9

3 1 2 6 4 5 9 7 8

, then applying π′ ◦ π to R̂ gives us the reactions
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needed for simulating the growing reaction toward North that starts at A2.

In general, for every growing reaction (A,O, B, C, d) in direction d ∈ D, we have to

include the reactions on all Ai, i ∈ [9]. Each case can be view as applying some rotations

and translations to R̂. We represent all the needed permutations by two-line notations.

First we define 4 translations πr, πl, πu, πd:

πr =

1 2 3 4 5 6 7 8 9

2 3 1 5 6 4 8 9 7

 , πl =

1 2 3 4 5 6 7 8 9

3 1 2 6 4 5 9 7 8

 ,

πu =

1 2 3 4 5 6 7 8 9

4 5 6 7 8 9 1 2 3

 , πd =

1 2 3 4 5 6 7 8 9

7 8 9 1 2 3 4 5 6

 .

Let Πtranslation = {id, πr, πl, πu, πd, πu ◦ πr, πu ◦ πl, πd ◦ πr, πd ◦ πl}. By applying each

permutation in Πtranslation to R̂, we could cover all the growing reactions (A,O, B, C,E)

starting at any Ai ∈ Q′ s.t. i ∈ [9].

We also define 4 rotations πE, πN, πW, πS:

πE = id =

1 2 3 4 5 6 7 8 9

1 2 3 4 5 6 7 8 9

 , πN =

1 2 3 4 5 6 7 8 9

3 6 9 2 5 8 1 4 7

 ,

πW =

1 2 3 4 5 6 7 8 9

9 8 7 6 5 4 3 2 1

 , πS =

1 2 3 4 5 6 7 8 9

7 4 1 8 5 2 9 6 3

 .

Let Πrotation = {πE, πN, πW, πS}. By applying the permutations in Πrotation to R̂, we could

simulate any growing reactions (A,O, B, C, d) toward different directions.

Let Πd = {π′ ◦ πd : π′ ∈ πtransition}, d ∈ D. By applying π ∈ Πd to R̂, we can

simulate any reactions starting from Ai, i ∈ [9] toward a specific direction d. The entire
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simulation protocol for a growing reaction (A,O, C,D, d) is described below: For all

growing reactions (A,O, B, C, d) ∈ Rg, add the following reactions to R′ for all π ∈ Πd:

1. Aπ(1) +Oπ(2) → Aπ(1) + χ
π(2)
π(1). // Initiate the local coloring process.

2. χπ(2)π(1) + ψπ(3) → χπ(2) + ψπ(3), for all ψ ∈ Q† ∪ {χ}.

// B(χπ(2)π(1)) has been colored.

3. χπ(2)π(1) +O/Oπ(3) → χ
π(2)
π(1)p+ χ

π(3)
π(2)00.

χ
π(2)
π(1) + χ

π(3)
π(6)/χ

π(3)
π(9) → χ

π(2)
π(1)p+ χ

π(3)
π(2)00.

// B(χπ(2)π(1)p) \ B(A
1) is going to be colored.

4. χπ(2)π(1) + χ
π(3)
π(1) → χπ(2) + χπ(3).

// Both blocks B(χπ(2)π(1)),B(χ
π(3)
π(1)) have been colored.

5. χπ(3)π(2)0b+O → χ
π(3)
π(2)0b+ χ23, for all b ∈ {0, 1}.

χπ(2)π(3) + ψ → Oπ(6) + ψ, for all ψ ∈ Ξ5.

χ
π(3)
π(2)b0 +O → χ

π(3)
π(2)b0 + χπ(2)π(3), for all b ∈ {0, 1}.

χπ(2)π(3) + ψ → Oπ(9) + ψ, for all ψ ∈ Ξ8.

// A coloring species observes the adjacent blank species O.

6. χπ(3)π(2)0b+ ψ → χ
π(3)
π(2)1b+Oπ(6), for all ψ ∈ {χπ(3)π(9), χπ(4)π(5), χπ(5)π(4)}.

χ
π(3)
π(2)b0 + ψ → χ

π(3)
π(2)b1 +Oπ(9), for all ψ ∈ {χπ(3)π(6), χπ(7)π(8), χπ(8)π(7)}.

// A coloring species meets the redundant states from other growing reactions

7. χπ(3)π(2)0b+ χ
π(6)
π(5)b0 → χ

π(3)
π(2)1b+ χ

π(6)
π(5)b1, for b = 0, 1.

χ
π(3)
π(2)0b+ χ

π(6)
π(4)0b→ χ

π(3)
π(2)1b+ χ

π(6)
π(4)1b, for b = 0, 1.

χ
π(3)
π(2)b0 + χ

π(9)
π(8)0b→ χ

π(3)
π(2)b1 + χ

π(9)
π(8)1b, for b = 0, 1.

χ
π(3)
π(2)b0 + χ

π(9)
π(7)b0 → χ

π(3)
π(2)b1 + χ

π(9)
π(7)b1, for b = 0, 1.

// Two coloring species observing each other’s.

8. χπ(3)π(2)0b+ ψ → χ
π(3)
π(2)1b+ ψ, for all ψ(vN ) ∈ Ξπ(6) \ {χπ(6)π(5)b0, χ

π(6)
π(4)0b}.

χ
π(3)
π(2)b0 + ψ → χ

π(3)
π(2)b1 + ψ, for all ψ(vS) ∈ Ξπ(9) \ {χπ(9)π(8)0b, χ

π(9)
π(7)b0}.

// The cell has been colored.

35

http://dx.doi.org/10.6342/NTU202401564


doi:10.6342/NTU202401564

9. χπ(2)π(1)p+ χ
π(3)
π(2)11 → χπ(2) +Oπ(3). // Announce the termination of local coloring.

10. Oπ(3) + χπ(2)π(3) → Oπ(3) +O.

// Eliminate the redundant states produced by the coloring species.

11. Aπ(1)+χπ(2) → B′π(1)+C ′π(2). WhereB′ =


B if B ∈ Q†

χ if B = O
andC ′ =


C if C ∈ Q†

χ if C = O
.

// Perform the state transition.

As we complete the simulation of growing reactions, we now briefly explain how to

simulate the other reactions.

State_Transitions For the reactions that occur on the cells whose blocks have been

colored, the simulation is straight forward. For a bimolecular reaction (A,B,C,D, d) ∈

R \ Rg, we have to include the reactions on all Ai, i ∈ [9]. Similar to the final step of

Growing_Reactions, for all π ∈ Πd, we add the following reactions to R′:

1. Aπ(1)+Bπ(2) → C ′π(1)+D′π(2), whereC ′ =


C if C ∈ Q†

χ if C = O

andD′ =


D if D ∈ Q†

χ if D = O

.

For a unimolecular reaction (A,B,⊙), the simulation is simple: For all i ∈ [9], add the

following reactions to R′:

1. Ai → B′i, where B′ =


B if B ∈ Q†

χ if B = O

.

Thus far, we have presented the complete simulation of a s-d-sCRN system Γ =

(Q,S,R) using a s-sCRN system Γ′ = (Q′, S ′, R′) by integrating the aforementioned

three parts. Notice that this is a 3-fuzz simulation. The worst case is shown in figure 4.3:

A block is colored with no growing reactions happening on it.
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Figure 4.3: 3-fuzz simulation.
The block of O9 is colored with a garbage species χ97 produced.

4.3 Proof

First we give the representation function R : Q′ → Q. Define Q̂ = {σi : σ ∈ Q†}.

ThenR is defined as the following:

• For all ψ = σi ∈ Q̂,R(ψ) = σ.

• R(0) = s.

• For all ψ ̸∈ Q̂ ∪ {0},R(ψ) = O.

By Definition 4, we need to show that

1. Γ follows Γ′. i.e. Γ ⊣R Γ′.

2. Γ′ models Γ. i.e. Γ′ |=R Γ.

3. Γ′ and Γ have equivalent productions. i.e. Γ′ ⇔R Γ.

4.3.1 Γ follows Γ′

Lemma 6. α′ →1 β′ for some α′, β′ ∈ A(Γ′) =⇒ R∗(α′) → R∗(β′) in finite steps.
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Lemma 6 implies Γ ⊣R Γ′. If we have α′ →Γ′ β′ for some α′, β′ ∈ A(Γ′), there

exists a sequence of (possibly infinite) configurations {αi} s.t. α′ = α′
0 →1 α′

1, · · · →1 β′

s.t. α′
i−1 →1 α′

i for all i. With this lemma we know R∗(α′
i−1) → R∗(α′

i) in finite steps

for every i. Therefore,R∗(α′) →Γ R∗(β′), which implies that Γ ⊣R Γ′.

Proof. of Lemma 6.

Suppose that β′ can be produced by applying reactions r′ ∈ R′ to α′.

If r′ is a unimolecular reaction Ai → B′i for some A ̸= O, then there must be a

reaction (A,B,⊙) = (R∗(Ai),R∗(B′i),⊙) ∈ R by our construction. This implies that

R∗(α′) →1 R∗(β′).

Similarly, if r′ is a bimolecular reaction of the formAπ(1)+B′π(2) → C ′π(1)+D′π(2)

for some A,B ∈ Q†, C,D ∈ Q, then there exists a reaction (A,B,C,D, d) ∈ R where

(A,B,C,D, d) = (R∗(Aπ(1)),R∗(Bπ(2)),R∗(Cπ(1)),R∗(Dπ(2)), d), which implies that

R∗(α′) →1 R∗(β′).

If r′ comes from the simulation process of Growing_Reactions, then there ex-

ists a growing reaction (A,O, B, C, d) ∈ Rg, where d corresponds to the permutation

π used in r′. In this sub-protocol, a reaction r′ induces state transitions in R∗(α′) if

and only if r′ ∈ {Aπ(1) + χπ(2) → B′π(1) + C ′π(2) : A ∈ Q†, B′, C ′ ∈ Q}. Since

(R∗(Aπ(1)),R∗(χπ(2)),R∗(Bπ(1)),R∗(Cπ(2)), d) = (A,O, B, C, d) ∈ Rg, we conclude

thatR∗(α′) →1 R∗(β′). Every other reaction is not going to change the resulting config-

uration under the mappingR∗, i.e. R∗(α′) = R∗(β′).

Otherwise, r′ comes from the execution of Determine_Global_Orientation. In

this case,R∗(α′) = R∗(β′) always.
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4.3.2 Γ′ models Γ

For every configuration α ∈ A(Γ), let Π(α) = R∗−1(α) ∩ A(Γ′), which is the set

of all reachable configurations in Γ′ that are mapped to α. Then it remains to show the

following lemma:

Lemma 7. 1. Π(α) ̸= ∅.

2. Given any β s.t. α →1 β, for every α′ ∈ Π(α), there exists β′ s.t. R∗(β′) = β and

α′ → β′ in finite steps.

This indeed implies the original definition of Γ′ |=R Γ. Since every α′′ s.t. R∗(α′′) =

α, α′′ is included in Π(α). And for any β s.t. α → β, we can find a sequence of (possibly

infinite) configurations {αi} s.t. α = α1 →1 α2 →1 · · · →1 β. Then by this lemma, for

every α′ ∈ Π(α), there exists α′
2 s.t. R∗(α′

2) = α2 and α′ → α′
2 in finite steps, which

implies that α′
2 ∈ Π(α2). By similar argument, we could show that there exists α′

i s.t.

R∗(α′
i) = αi and α′

i−1 → α′
i in finite steps for every i = 3, 4, · · · . Hence, there exists β′

s.t. R∗(β′) = β and α′ → β′.

To prove Lemma 7, we first prove the following lemma.

Lemma 8. For all reachable configuration α′ ∈ A(Γ′), α′ satisfies the complete coring

property.

Notice that Lemma 8 is precisely the property utilized in Growing_Reactions.

Proof. Given α′ ∈ A(Γ′), we define a set of species Qcolored = Q†
colored ∪ {χi}, and define

Vc = {u ∈ Z2 : α′(u) ∈ Qcolored} to be the set of cells that contain some species inQcolored.
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Then, requiring α′ to satisfy the complete coloring property is equivalent to requiring the

following statement to hold for all u ∈ Vc:

At the time u is first occupied by a species in Qcolored, B(u) has already been com-

pletely colored.

The reason is that no reaction removes the color from any cell. Therefore, once

a block is colored, it remains permanently colored. To prove this statement, we define a

strict total order≺ on the set Vc according to the time they were first occupied by a species

inQcolored. That is, for all u, v ∈ Vc, u ≺ v if and only if v has never been occupied by any

species inQcolored at the time u is first occupied by a species inQcolored. The total order has

a minimal element, which is the origin (0, 0). This is because the block of (0, 0) is first

colored in Determine_Global_Orientation, and any reaction in Γ can be simulated

only if s5 has been produced. For every u ∈ Vc, define V ≺u
c to be the set {v ∈ Vc : v ≺ u}.

We complete the proof by the following claim.

Claim 9. For any cell u ∈ Vc, if for every v ∈ V ≺u
c , B(v) is completely colored, then B(u)

is completely colored.

With this claim, we can see that for every u ∈ Vc, B(u) must have been completely

colored, which implies that α′ satisfies the complete coloring property. Otherwise, if there

exists some cells that violate the complete coloring property, we can find the minimal cell

whose block is not completely colored, contradicting the claim.

Proof. of Claim 9

Suppose that by applying the reaction r′ ∈ R′, cell u transformed into a species in

Qcolored for the first time. We can observe from our protocol that each species in Q†
colored

40

http://dx.doi.org/10.6342/NTU202401564


doi:10.6342/NTU202401564

appears after either s5 or some χi species. s5 appears only if its block is colored in the

Determine_Global_Orientation protocol. For the χi species, they must be first pro-

duced by the reactions listed in item 2., 4., 9. and 11. in the simulation protocol of growing

reactions. We restate them here:

2. χ
π(2)
π(1) + ψπ(3) → χπ(2) + ψπ(3), for all ψ ∈ Q† ∪ {χ}.

4. χ
π(2)
π(1) + χ

π(3)
π(1) → χπ(2) + χπ(3).

9. χ
π(2)
π(1)p+ χ

π(3)
π(2)11 → χπ(2) +Oπ(3).

11. Aπ(1)+χπ(2) → B′π(1)+C ′π(2). WhereB′ =


B, B ∈ Q†

χ, B = O

,C ′ =


C, C ∈ Q†

χ, C = O

.

We discuss the four cases reversely.

In item 11., ifC ′ = χ, then it is not the first time the species χπ(2) appears on that cell.

If B′ = χ, then for all A ̸= s, Aπ(1) must be transformed from χπ(1); otherwise, A = s,

then the block of s is already colored. Therefore, the first χπ(2) that appears on a cell,

except for the origin, must be the production of the first three reactions. For simplicity,

we fix π = id in the following description.

In item 9., χ3
211 must have been produced from χ3

200 (item 3.). To understand what

happened in between, we have to take a closer look at the behavior of the following 3

kinds of species.

• χ23 - χ23 can only be produced when χ3
2b0b1 (for some b0, b1 not all 1) reacts with

some neighboring blank stateO, and from χ3
2b0b1 we can trace back to χ3

200, which

is activated by χ2
1 (item 3.). χ2

1 must be a neighbor of some A1 ∈ Q†. Therefore,
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the underlying cell of A1 is in V ≺u
c , which implies that B(A1) is colored by the

assumption. Consequently, any χ23 in B(χ2
1) \ B(A1) will encounter some species

in Ξ5 or Ξ8 and eventually be transformed into O6,O9 respectively (item 5.). Note

that there may be a redundant χ23 that appears outside B(χ2
1p), and it should be

transformed back to O later.

• χ3
2b0b1 and χ2

1p - LetW = B(χ2
1)\B(A1). By item 5., χ3

2b0b1 transformsO ∈ W

into χ23, which will eventually become O6 or O9. If encountering the species in

{χπ(3)π(9), χπ(4)π(5), χπ(5)π(4)} or {χπ(3)π(6), χπ(7)π(8), χπ(8)π(7)}, χ3
2b0b1 determines

the appropriate color for each position and assigns them directly toO6 orO9 directly.

For other χij that may appear in its adjacency, they are part of other walls that are

being colored, so they eventually transform intoO6 orO9 as well. Therefore, χ3
200

eventually investigates two colored species onW : one belongs to Ξ6 and the other

belongs to Ξ9. Item 7. provides the corresponding reaction for each situation, which

always transformsχ3
200 intoχ3

211 eventually. χ3
211 serves as a signal that announces

the completion of coloringW .

Notice that in our protocol, after χ2
1 initiate the production of χ3

200 (item 3.), it becomes

χ2
1p and then remains inactive, awaiting χ3

211 to transform it into χ2 (item 9.). Based on

the above arguments, B(χ2) is indeed colored. On the other hand, the only reaction that

χ3
211 can undergo is also described in item 9.. Therefore, χ2

211 will eventually become

O3, thereby reverting the redundant χ23 back to O.

In item 4., we know thatχ2
1 is activated from some speciesA1 andχ3

1 is activated from

some species B1, then the underlying cells of A1 and B1 both belong to V ≺u
c . Therefore,

B(χ2
1) and B(χ3

1) have both been colored by the assumption. We could transition them
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into χ2, χ3 simultaneously. In this case, B(χ2) has also been colored.

For the case in item 2., the cell of ψ3 is also in V ≺u
c , so B(ψ3) has been completely

colored by the assumption. Then by the same argument as in item 4., we know that B(χ2)

has been colored.

We’ve checked all the patterns around u carefully, and the claim follows.

Now we are ready to prove Lemma 7.

Proof. of Lemma 7.

Recall that for any α ∈ A(Γ), we let Π(α) = R∗−1(α) ∩A(Γ′). Then by Lemma 8,

for all α′ ∈ Π(α), α′ satisfies the complete coring property.

Define A0 to be the set of all possible configurations that could be produced in the

Determine_Global_Orientation protocol after s5 appears. That is, a colored block

centered at s5 with possibly some garbage species X,Y, Z . Let A(s5,Γ′) be the set of

configurations that are reachable from A0, which are the reachable configurations after

coloring the block of s5.

Initially, Π(S) ̸= ∅ since S ′ ∈ Π(S). Now we are going to show that given any β

s.t. α →1 β, for every α′ ∈ Π(α)∩A(s5,Γ′), there is always a sequence of reactions that

takes α′ to some β′ s.t. R∗(β′) = β. With this property, we can also conclude that for

every α ∈ A(Γ) there exists a sequence of reactions that transforms S ′ to an intermediate

configuration α′′ ∈ A0, and then transforms α′′ to some α′ ∈ Π(α). Thus Π(α) ̸= ∅.

Suppose that β is produced by applying a reaction r ∈ R to α. If r ̸∈ Rg, by

the fact that α′ is completely colored, we can apply the reactions correspond to r in
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State_Transitions to obtain a configuration β′ s.t. R∗(β′) = β.

When r ∈ Rg, w.l.o.g. we assume that r = (A,O, B, C) is applied to a cell v

containing A1 in α′. The cell v′ on the East of v now contains a state σ(v′) colored 2 that

is mapped toO. It suffices to show that there exists a sequence of reactions that transforms

v′ to the state χ2. Let σ′ = σ(v′). The followings are all the possible values of σ′.

σ′ = χ2 - Then it is done.

σ′ = O2 - v′ will be activated by A1 and become χ2
1.

σ′ = χ2
i b0b1 or χij - According to the proof of Lemma 8, σ′ will become either

O2 or O (which is impossible for v′ since it has already been colored). It reduces to the

previous case.

σ′ = χ2
ip - According to the proof of Lemma 8, σ′ will eventually become χ2.

By observation, it simplifies to look at the case σ′ = χ2
i . We know that the cells

directly above and below v′ have been colored, and there is no reaction involving χ2
1 with

any colored species Ξ5 or Ξ8, so we only need to discuss the species ψ on the east of v′.

ψ = O,O3- Then v′ transforms into χ2
1p. According to the proof of Lemma 8, v′

will become χ2 with its block colored.

ψ = χ3
i b0b1 or χij - According to the proof of Lemma 8, ψ will become O or O3.

It reduces to the previous case.

ψ = σ3 - B(χ2
1) has been colored, so v′ transforms itself into χ2.

ψ = χ3 - According to the proof of Lemma 8, v′ transforms itself into χ2 with its

block colored.

44

http://dx.doi.org/10.6342/NTU202401564


doi:10.6342/NTU202401564

ψ = χ3
ip - According to the proof of Lemma 8, ψ will eventually become χ3. It

reduces to the previous case.

ψ = χ3
1, χ

3
9, χ

3
6 - If ψ = χ3

1, then both the block of χ2
1 and χ3

1 have been colored

since α′ satisfies the complete coloring property. If ψ = χ3
9, χ

3
6, apply the third reaction

χ2
1 + χ3

6/χ
3
9 → χ2

1p+ χ3
200 in our protocol and it reduces to the first case.

We can observe that in all the above cases, we transform v′ to χ2. Then A1 together

with χ2 can be transformed into B1 and C2. The proof is complete.

4.3.3 Γ′ and Γ have equivalent productions

First we prove that {R∗(α′)|α′ ∈ A(Γ′)} = A(Γ).

Lemma 10. 1. ∀α ∈ A(Γ), ∃α′ ∈ A(Γ′) s.t. R∗(α′) = α.

2. ∀α′ ∈ A(Γ′),R∗(α′) ∈ A(Γ).

The first item implies that {R∗(α′)|α′ ∈ A(Γ′)} ⊇ A(Γ), and the second one implies

{R∗(α′)|α′ ∈ A(Γ′)} ⊆ A(Γ).

Proof. 1. Given α, let S = α0 →1 α1 →1 · · · →1 α be any sequence that achieves

the configuration α, and assume that αi is produced by applying reaction ri to αi−1

for all i. Then we construct a sequence of reaction to produce α′. First we use

Determine_Global_Orientation to get α′
0. Each ri corresponds to a sequence

of reactions r′i1 , · · · , r
′
im(i) in the simulation. It is obvious that by applying these

reaction sequences (r′ik)
m(i)
k=1 for i = 1, · · · , n, we’ll get the resulting configuration

α′ s.t. R∗(α′) = α.
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2. The reactions inR′ that affect the image ofR∗ are those described in State_Transitions

and item 11. of Growing_Reactions. And each of them correspond to a reaction

in R. Therefore,R∗(α′) is achievable in Γ as well.

Then it remains to show the following lemma:

Lemma 11. 1. α ∈ A(Γ) \ A∗(Γ) implies ∀α′ s.t. R∗(α′) = α, α′ ̸∈ A∗(Γ
′).

2. ∀α ∈ A∗(Γ), ∃α′ ∈ A(Γ′) s.t. R∗(α′) = α.

Proof. 1. α ∈ A(Γ)\A∗(Γ)means that there exists r ∈ R s.t. applying r toα produces

some β ̸= α. So the statement follows by the analysis in the proof of Γ′ |= Γ.

2. α ∈ A(Γ). By the proof of Lemma 10 item 1, there exists a sequence of reactions

{r′i} that produces α′ ∈ R∗−1(α). If there is any reaction sequence that transforms

α′ to β′ s.t. R∗(β′) ̸= R∗(α′), it corresponds to some reactions in R that transform

α to β = R∗(β′) by the proof of Lemma 10 item 2, Contradicting α ∈ A∗(Γ).

4.4 Complexity

Suppose that the unit-seeded directed sCRN system has n species and m reactions.

Then the number of species we need in the sCRN system is |Q′| = 9n+ constant ∈ O(n),

see the full description of the state set Q′ in Section 4.2. The number of reactions needed

is listed below:
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• constant in protocol Determine_Global_Orientation.

• In Growing_Reactions, we have 9 permutations to simulate each growing reaction

when the coloring is complete. During the coloring process, there are O(n) reac-

tions when χπ(3)π(2)b0b1 meets some colored species, andO(n) reactions when xπ(2)π(3)

recognizes one of its colored neighbor. There are constant kinds of permutations for

coloring. As a result there are in total O(m+ n) reactions in this part.

• In State_transitions, we have 9 permutations to simulate each state transition,

which leads to an additional O(m) reaction.

Here m ∈ O(n4) since we can choose two reactants and two products to define a

reaction. So we need O(n) states and O(m+ n) ∈ O(n4) reactions for simulation.
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Chapter 5 Simulate aTAM by

unit-seeded directed sCRN

In this section, we demonstrate that unit-seeded directed sCRN can simulate aTAM.

Theorem 12. Given a system of aTAM Γ = (Q,S, g, τ ), there exists a unit-seeded directed

sCRN Γ′ = (Q′, R) that simulates Γ.

5.1 Simulation overview

The primary task is to simulate the attachment of a single tile. In particular, we en-

code each tile t by its state σ(t) = (σN(t), σE(t), σS(t), σW(t)). The main challenge arises

from the fact that whether a tile is attachable in a position depends on all 4 neighbors.

However, in a d-sCRN, the transition of a cell’s state is determined by only one of its

neighbors. To address this, we introduce a type of special species that are capable of re-

membering all species around using some auxiliary variables. This process is described in

Observe_Neighbors. Subsequently, they determine whether there exists any attachable

tile in that cell, which is elaborated in Attachments.

More precisely, we define two kinds of species: tile species and observing species,

depicted in Figures 5.1a and 5.1b. The set of tile species is of the formψ = (ψN, ψE, ψS, ψW)
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where ψ corresponds to a tile state inQ. We denote by ψ(v) the tile species located at cell

v. For all tile types σ ∈ Q, we include all the corresponding tile species ψ = σ in

Q′. An observing species is denoted by η = (ξ, ηN, ηE, ηS, ηW), where ξ distinguishes

them from the tile species. We use η(v) to represent an observing species located at cell

v. Any observing species must be adjacent to at least one of the tile species, and ηd(v)

records the labels facing v in its d direction. That is, let v = (x0, y0), then we want

η(v) to become (ψS(x0, y0 + 1), ψW(x0 + 1, y0), ψN(x0, y0 − 1), ψE(x0 − 1, y0)). Let

Σ = {ι : ι is a label of some σ ∈ Q} (null ∈ Σ), and let Σε = Σ ∪ {ε}, then ηD(v) ∈ Σ4
ε.

We use ε to represent that the corresponding side has not been observed yet.

(a) Tile species representing tile t.

ψ(v) = σ(t) =
(σN(t), σE(t), σS(t), σW(t)).

(b) Observing species.

η(v) =
(ηN(v), ηE(v), ηS(v), ηW(v)).

Figure 5.1: Tile species and observing species.

In the simulation, any tile species ψ could change the neighboring blank species O

to an observing species (ξ, εD). That is, (ψ,O, ψ, (ξ, εD), d) ∈ R′ for all d ∈ D. The

observing species then start to record the labels in each direction. As soon as it has ob-

served each neighbor at least once, it checks whether there exists a valid tile species that

is attachable at cell v. The entire simulation consists of two parts: Observe_Neighbors

and Attachments in Section 5.2. The correctness proof is given in Section 5.3, and a

complexity bound is given in Section 5.4.
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5.2 Protocols

Observe_Neighbors This protocol let an observing species record each label of its

neighbor. If an observing species η has not observed its neighbor v in direction d, then

η = (ξ, ⟨ε, η−d⟩) for some η−d ∈ Σ3
ε. Let ψ(v) be the state of v, then ψ(v) may be the

following three kinds of species:

1. ψ(v) = O. Then η records null in that direction. Therefore, for any d ∈ D, add the

following reactions to R′:

((ξ, ⟨ε, η−d⟩),O, (ξ, ⟨null, η−d⟩),O, d).

2. ψ(v) = (ξ, ⟨ε, η′−d−1⟩) is also an observing species. Then they view each other as a

blank species. For any d ∈ D, add the following reactions to R′:

((ξ, ⟨ε, η−d⟩), (ξ, ⟨ε, η′−d−1⟩), (ξ, ⟨null, η−d⟩), (ξ, ⟨null, η′−d−1⟩), d).

3. ψ(v) = ψD is a tile species. Then η just record the label it sees. For any d ∈ D, add

the following reactions to R′:

((ξ, ⟨ε, η−d⟩), ψ, (ξ, ⟨ψd−1 , η−d⟩), ψ, d).

Otherwise, the observing species ηmay observe a tile species at v after it has observed

a blank species or an observing species at that cell. In this case, we allow η to update its

information about v even when it has recorded it as null. Therefore, for any d ∈ D, we

51

http://dx.doi.org/10.6342/NTU202401564


doi:10.6342/NTU202401564

have the following reactions in R′:

((ξ, ⟨null, η−d⟩), ψ, (ξ, ⟨ψd−1 , η−d⟩), ψ, d).

After the observing species has observed all its neighbors, it perform some “calcula-

tion” to see if there is any legal tile species that can attach at its position. The process is

described as follows:

Attachments In this protocol, an observing species can check whether a legal attach-

ment exists. An observing species η has recorded all labels it sees in ηD ∈ Σ4, for any tile

species ψ = ψD ∈ Q satisfies g(ψN, ηN) + g(ψE, ηE) + g(ψS, ηS) + g(ψW, ηW) ≥ τ , we

have the following reactions in R′:

((ξ, ηN, ηE, ηS, ηW), (ψN, ψE, ψS, ψW),⊙).

Now we summarize the overall simulation protocol.

s-d-sCRN▷ aTAM For all d ∈ D, η−d, η′−d−1 ∈ Σ3
ε, and ψ = ψD being a tile species, add

the following reactions to R′ and all species in Q′:

1. (ψ,O, ψ, (ξ, εD), d).

// A tile species turn its neighboring blank species into an observing species.

2. ((ξ, ⟨ε, η−d⟩),O, (ξ, ⟨null, η−d⟩),O, d). // An observing species meets O.

3. ((ξ, ⟨ε, η−d⟩), (ξ, ⟨ε, η′−d−1⟩), (ξ, ⟨null, η−d⟩), (ξ, ⟨null, η′−d−1⟩), d).

// Two observing species meet each other.

4. ((ξ, ⟨ε, η−d⟩), ψ, (ξ, ⟨ψd−1 , η−d⟩), ψ, d).
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((ξ, ⟨null, η−d⟩), ψ, (ξ, ⟨ψd−1 , η−d⟩), ψ, d).

// An observing species meets a tile species.

5. ((ξ, ηN , ηE , ηS , ηW ), (ψN, ψE, ψS, ψW),⊙),

if g(ψN, ηN) + g(ψE, ηE) + g(ψS, ηS) + g(ψW, ηW) ≥ τ . // Tile attachment.

Notice that it is a 1-fuzz simulation, since an observing species may not be able to

find any attachable tile species on that position. An example of simulating attachment is

provided in Figure 5.2.

Figure 5.2: A simple example of simulating attachment.
Assuming g(σ̂W, σ′E) = g(σ̂S, σN) = 1 and τ = 1.

An immediate corollary that combine Theorem 5 and Theorem 12 is that aTAM can

be simulated by unit-seeded sCRN up to inevitable reflection and rotation, and the simu-

lation is 4-fuzz. In fact, we can make it 3-fuzz if we only allow tile species to initiate the
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coloring process. The details are omitted.

5.3 Proof

First, we define the representation function R : Q′ → Q. Let Q̂ = {tile species}.

Then R is defined as follows:

• For all tile species ψ ∈ Q̂,R(ψ) = ψ.

• For all ψ ̸∈ Q̂,R(ψ) = null.

Γ ⊣R Γ′ In the entire protocol, the tile species are all produced in the Attachment

protocol, and each of them appears only if the corresponding tile is attachable to that

position. Therefore, for any α′ →1 β′ where R∗(α′) = α and R∗(β′) = β, either β = α

or β = α + t(x0,y0) for some tile t attachable at position (x0, y0) in the aTAM system Γ.

Γ′ |=R Γ Let Π(α) = {α} for all α ∈ A(Γ). For every α, β ∈ A(Γ) such that α →1 β

and β = α+t(x0,y0) for some tile t, we can always produce β fromα in systemΓ′ by placing

an observing species in (x0, y0) to investigate its neighbors, followed by a unimolecular

reaction transforming it into an appropriate tile species. Therefore, from a seedS ′ = S, we

can produce any configuration of Γ in Γ′. Then it remains to show that for every α′ ∈ Γ′

such that R∗(α′) = α, α →Γ′ α′. Notice that α′ − α consists of observing species that

retain information about their neighbors. Since the attached tiles cannot fall off, we can

create these observing species by sequentially extending the species (ξ, ε, ε, ε, ε) to the

right position and having them collect the labels of a proper subset of their neighbors.
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Γ ⇔R Γ′ By the above arguments, it is clear that {R∗(α′)|α′ ∈ A(Γ′)} = A(Γ). The

existence of a valid tile attachment in Γ is equivalent to the existence of a valid trans-

formation from an observing species to a tile species in Γ′, thus we have {R∗(α′)|α′ ∈

A∗(Γ
′)} = A∗(Γ).

5.4 Complexity

Suppose that the aTAM system has n types of tiles andm attachable combinations of

neighborhood. A neighborhood consists of 5 tiles, where one of them can attach to a posi-

tion surrounded by the other four tiles. Then we have n tile species and O(n4) observing

species (each labels of the observing species records a ε or a label in the aTAM system

where number of labels is at most number of types). In terns of reactions, each observing

species observes the neighbor in one of the four sides when the corresponding label is still

ε or null. So there are O(n3 · n) = O(n4) kinds of reactions for Observe_Neighbors.

There are m combinations of attachable neighborhood, each correspond to an unimolec-

ular reaction in Attachments. Notice that m is at most the number of all combina-

tions of neighborhood, which is O(n5). Therefore, we have in total O(n4) species and

O(n4 +m) ∈ O(n5) reactions. If we use s-sCRN to simulate aTAM, then the complexity

bounds are still O(n4) species and O(n4 +m+ n) ∈ O(n4 +m) reactions.
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Chapter 6 Simulation between

unit-seeded TA with

affinity-strengthening rule

and unit-seeded directed

sCRN

In this section, we prove that unit-seeded directed sCRN and unit-seeded TA with

affinity-strengthening rule can simulate each other.

Theorem 13. Given a unit-seeded tile automata system with affinity strengthening rule

Γ = (Q,S, I, g, R, τ ), there exists a unit-seeded directed sCRN Γ′ = (Q′, S ′, R′) which

simulates Γ.

6.1 Simulation overview

The configuration changes in the unit-seeded TA result from either state transitions

or tile attachments. The simulation of state transitions is straightforward: we simply view

them as bimolecular reactions. It is described in Section 6.2, the State_Transitions
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protocol. The tile attachments are similar to those in aTAM. The main issue to be taken

care of is that in the a-sa-TA system, it is allowed that a pair of attached tiles change their

states according to the transition rules. Therefore, the simulation is similar to the one

used in simulating aTAM, except that the observing species must continuously update its

neighbors’ information so that it is always possible to record the labels consistent with the

current configuration. This is described in Update_Neighboring_Labels in Section 6.2.

The correctness proof is given in Section 6.3 and the analysis of complexity is given in

Section 6.4.

6.2 Protocols

State_Transitions. To simulate the transition rules in R, we simply write each of

them as a bimolecular reaction. Thus, we add the following reactions to R′:

(ψ1, ψ2, ψ3, ψ4,E), for all (ψ1, ψ2, ψ3, ψ4,⊢) ∈ R.

(ψ1, ψ2, ψ3, ψ4, S), for all (ψ1, ψ2, ψ3, ψ4,⊥) ∈ R.

Update_Neighboring_Labels. To handle the tile attachments, we use the same de-

signing idea as protocol Observe_Neighbors in Section 5. This protocol requires the ob-

serving species to continuously update their neighbors’ labels. There may be tile species

performing state transitions after an observing species has recorded its previous state. We

slightly modify the Observe_Neighbors protocol to make an observing species contin-

uously update its information of neighboring labels on each side, even when all 4 sides

have been observed at least once. Notice that now the tile species ψ simply encodes a

single state in Q. For an observing species η, for all d ∈ D, all tile species ψ ̸= ηd, we
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additionally add the following reactions to R′:

((ξ, ηN, ηE, ηS, ηW), ψ, (ξ, ⟨ψ, η−d⟩), ψ, d).

For the entire simulation, the protocol is described below.

s-d-sCRN▷ s-as-TA For all d ∈ D, ψ where ψi (i ∈ [4]) is a tile species, η−d, η′−d−1 ∈

Σ3
ε, add the following reactions to R′ and all species in Q′:

1. (ψ,O, ψ, (ξ, εD), d).

// A tile species turns its neighboring blank species into an observing species.

2. ((ξ, ⟨ε, η−d⟩),O, (ξ, ⟨null, η−d⟩),O, d).

((ξ, ⟨ε, η−d⟩), (ξ, ⟨ε, η′−d−1⟩), (ξ, ⟨null, η−d⟩), (ξ, ⟨null, η′−d−1⟩), d).

((ξ, ⟨ε, η−d⟩), ψ, (ξ, ⟨ψd−1 , η−d⟩), ψ, d).

((ξ, ⟨null, η−d⟩), ψ, (ξ, ⟨ψd−1 , η−d⟩), ψ, d).

// Behavior of an observing species that adheres to the simulation of aTAM.

3. ((ξ, ηN, ηE, ηS, ηW), ψ, (ξ, ⟨ψ, η−d⟩), ψ, d′). // Updating the neighboring labels.

4. ((ξ, ηN, ηE, ηS, ηW), (ψN, ψE, ψS, ψW),⊙),

if g(ηN, ψN,⊥) + g(ψE, ηE,⊢) + g(ψS, ηS,⊥) + g(ηW, ψW,⊢) ≥ τ . // Tile attachment.

5. (ψ1, ψ2, ψ3, ψ4,E), for all (ψ1, ψ2, ψ3, ψ4,⊢) ∈ R.

(ψ1, ψ2, ψ3, ψ4, S), for all (ψ1, ψ2, ψ3, ψ4,⊥) ∈ R. // State transition.

Similar to the simulation of aTAM, it is a 1-fuzz simulation. And an immediate

corollary that combine Theorem 5 and Theorem 13 is that a-sa-TA can be simulated by

s-sCRN with inevitable reflection and rotation, and it is a 3-fuzz simulation.
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6.3 Proof

First, we give the representation function R : Q′ → Q. Define Q̂ = {tile species}.

Then R is defined as follows:

• For all tile species ψ ∈ Q̂,R(ψ) = ψ.

• For all ψ ̸∈ Q̂,R(ψ) = null.

Γ ⊣R Γ′ A state transition in Γ′ corresponds to a bimolecular reaction in Γ′, and the

attachments are similar to the proof in the simulation of aTAM. For the cases where an

observing species that contains incorrect labels of its neighbors due to state transitions in

its neighborhood, it will still transform to a tile species that corresponds to an attachable

tile in that position, thanks to the affinity-strengthening condition. Hence α′ →1
Γ′ β′ =⇒

R∗(α′) →1
Γ R∗(β′).

Γ′ |=R Γ Let Π(α) = A(Γ′) ∩ R∗−1(α). Given α, β s.t. β = α + t(x0,y0), for any

α′ ∈ Π(α), the observing species at (x0, y0) is always capable of updating all its neighbors

with the most current information. Following by an unimolecular reaction, it transforms

itself to a tile species corresponding to t(x0,y0). The state transitions in the TA system are

simulated directly.

Γ ⇔R Γ′ By the above arguments, it is obvious that {R∗(α′)|α′ ∈ A(Γ′)} = A(Γ).

And the existence of a valid tile attachment in Γ is equivalent to the existence of a valid

transformation from an observing species to a tile species in Γ′, allowing the observing

species to update the information of its neighbors continually even if there is already a
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legal attachment that can be performed. Moreover, the updating process halts once the

information is consistent with all its 4 neighbors. So we have {R∗(α′)|α′ ∈ A∗(Γ
′)} =

A∗(Γ).

Remark 14. So far, we’ve proven the correctness of the simulating s-as-TA by s-sCRN.

Conversely, Simulating s-sCRN with s-as-TA is quite straightforward. We add a blank

tile with state O that is attachable to any other tile. All bimolecular reactions are directly

translated into state changes of two adjacent tiles. For unimolecular reactions, we allow

the tiles with the corresponding state to perform state changes with any neighboring tiles.

6.4 Complexity

Suppose the TA system has n tiles andm transitions. The state complexity is O(n4),

the same as Section 5.4. The reaction complexity is also similar to Section 5.4, except

for additional reactions to update the information of neighbors. Any observing species

can update its state when meeting any tile species, this results in O(n4 · n) = O(n5)

reactions in Updating_Neighboring_Labels. Therefore, the reaction complexity is

O(n5 +m) = O(n5). If we use s-sCRN system to simulate the a-sa-TA system, then the

complexity bounds are still O(n4) states and O(n5 +m+ n) = O(n5) reactions.
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Chapter 7 Simulation between

non-deterministic

async-CA and directed

sCRN

In this section, we show that directed sCRN and non-deterministic async-CA can

simulate each other. The simulation of non-deterministic async-CA by directed sCRN is

described in Section 7.1, and the simulation of directed sCRN by non-deterministic async-

CA is described in Section 7.2. Informally, based on these simulation results, we conclude

that directed sCRN and non-deterministic async-CA can accomplish the same tasks.

7.1 Simulate non-deterministic async-CAby directed sCRN

In [14], they suggest a method to emulate the synchronous cellular automata given

a coloring initially. Since sCRN is intrinsically asynchronous, we compare sCRN with

asynchronous cellular automata through formal simulation.

Theorem 15. Given a non-deterministic, asynchronous CA Γ = (Q,N , f), there exists a

directed sCRN Γ′ = (Q′, S ′, R′) which simulates Γ.
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7.1.1 Simulation overview

The local function of cellular automata may depend on the orientation, so it is neces-

sary to simulated it by a d-sCRN rather than an (undirected) sCRN, along with the same

initial pattern as in Γ. d-sCRN, which is sCRNwith orientation, could be achieved by pro-

viding a predefined coloring on the surface at the beginning. To simulate cellular automata,

each species must be able to observe and record each of its neighbors, then perform a state

transition according to the local function. Similar as the simulation of aTAM in Section 5,

we use 4 variables to record neighboring states. One thing to be careful about is that when

a species ψ has observed some of its neighbors, we require the those neighbors to keep

unchanged until the state transition of ψ is complete. Otherwise, ψ may observe some in-

valid neighborhood and transition to the wrong state. To avoid this situation, additional 4

variables are introduced to a species to indicate the lock/unlock relation with its neighbors.

This is realized in protocol Observe_and_Lock. As stated in the State_transitions

protocol, once a species has locked all its neighbors, it turns into another species that cor-

responds a different state in the CA system resulting from the local function. Then the

species releases all its neighbors, enabling them to engage in reactions with other species.

This is described in Release.

For further details, we use a species ψ(v) = (σ(v), σD(v), κD(v), b, ν) to encode

the necessary information for cell v. Here, σ(v) is the state of v in the CA system Γ,

σD(v) = (σN(v), σE(v), σS(v), σW(v)) ∈ (Q ∪ {ε})4 records the states of v’s neigh-

bors, where ε indicates that v has not observed the neighbor on that side yet. κD(v) =

(κN(v), κE(v), κS(v), κW(v)) where κd(v) ∈ {ε, 0, 1} for all d ∈ D represents whether v

is locked by its neighbor in direction d: κd(v) = 1 means v locks that neighbor, 0 means
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v is locked by that neighbor, and ε means that no one locks the other. ν ∈ {0, 1} indi-

cates whether v is a release species, where v can do nothing but unlock all its neighbors.

To ensure the reaction process ends whenever the cellular automata system Γ reaches a

fixed point, we want a cell not to lock its neighbors twice if the neighborhood stays un-

changed. Therefore, we set b = 0 in the beginning. If the local function f is applied

to a neighborhood and no state change occurs for v, we transform v into a pause species

where b = 1. This implies that the activation of v is “paused” until some of its neighbors

change. The pause species cannot lock its neighbors. Therefore, if Γ has a reachable fixed

point, Γ′ is guaranteed to terminate as soon as every cell has executed at most one round

of Observe_and_Lock.

If the cellular automata system Γ begins with a configuration S, then we set the initial

configuration of the sCRN to be S ′ s.t. S ′(v) = (S(v), εD, εD, 0, 0) for all v ∈ Z2, where

εD = (ε, ε, ε, ε). This means that it has neither observed any of its neighbors nor been

locked by them. The basic idea is to have species in the same neighborhood “observe

and lock” one another. Roughly speaking, every species tries to lock its neighbors and

records their states. Once it has locked all the neighbors successfully, it performs a state

transition according to the local function f , and becomes a release species (ν = 1) to

unlock all its neighbors. Note that a locked species is not allowed to lock others to avoid

deadlocks, and we further allow each lock to be canceled at any time for simplicity. So

the protocol mainly consists of two parts: Observe_and_Lock and Release, stated in

Section 7.1.2. The correctness proof is given in Section 7.1.3, and a complexity bound is

given in Section 7.1.4.
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7.1.2 Protocols

Observe_and_Lock This protocol describes the process for a species to record its neigh-

bors’ states and make them unable to change state until being unlocked. In particular, let

a pair of species ψ, ψ′ be (σ, σD, κD, ν, b) and (σ′, σ′
D, κ

′
D, ν

′, b′) respectively. If ψ, not

locked by anyone else, observes an adjacent species ψ′ and they are not locked by each

other, then we allowψ to lockψ′ and at the same time record its state. So for any σ, σ′ ∈ Q,

σD, σD ∈ (Q ∪ {ε})4, κ−d ∈ {ε, 1}3, κ′−d−1 ∈ {ε, 0, 1}3, b′ ∈ {0, 1}, and d ∈ D, we add

the following reaction to R′:

((σ, ⟨σd, σ−d⟩, ⟨ε, κ−d⟩, 0, 0), (σ′, ⟨σ′
d−1 , σ′

−d−1⟩, ⟨ε, κ′−d−1⟩, 0, b′),

(σ, ⟨σ′, σ−d⟩, ⟨1, κ−d⟩, 0, 0), (σ′, ⟨σ, σ′
−d−1⟩, ⟨0, κ′−d−1⟩, 0, b′), d)

At any time we allow ψ to unlock ψ′ and make it possible to lock other species. For any

σ, σ′ ∈ Q, σD, σ′
D ∈ (Q∪{ε})4, κ−d, κ′−d−1 ∈ {ε, 0, 1}3, b′ ∈ {0, 1}, and d ∈ D, we have

the following reaction in R′:

((σ, ⟨σ′, σ−d⟩, ⟨1, κ−d⟩, 0, 0), (σ′, ⟨σ, σ′
−d−1⟩, ⟨0, κ′−d−1⟩, 0, b′),

(σ, ⟨σ′, σ−d⟩, ⟨ε, κ−d⟩, 0, 0), (σ′, ⟨σ, σ′
−d−1⟩, ⟨ε, κ′−d−1⟩, 0, b′), d).

State_Transitions As a species locked all its neighbors, it performs state transition

to simulate the local function. Therefore, for all σ, σ′ ∈ Q and σD ∈ Q4 such that σ′ =

f(σ, σN, σE, σS, σW), we have the following two cases:

1. If σ′ ̸= σ, we just apply the local function and turn the species into release state.
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Therefore, we add the following reaction to R′:

((σ, σD, 1D, 0, 0), (σ
′, σD, 1D, 1, 0),⊙).

2. If σ′ = σ, we don’t perform any state transition but we turn the species into the

pause state, preventing it from locking the same neighborhood again. So we have

the following reaction in R′:

((σ, σD, 1D, 0, 0), (σ
′, σD, 1D, 1, 1),⊙).

Notice that whenever the pause species has released all its neighbors and investigate any

state change among its neighbors, it updates the information and is no longer paused.

Therefore, for all σ, σ′ ∈ Q, σD, σ′
D ∈ (Q ∪ {ε})4, κ−d, κ′−d−1 ∈ ({ε, 0, 1})3, b′ ∈ {0, 1},

d ∈ D, and σ′ ̸= σd, add the following reaction to R′:

((σ, ⟨σd, σ−d⟩, ⟨ε, κ−d⟩, 0, 1), (σ′, ⟨σ′
d−1 , σ′

−d−1⟩, ⟨ε, κ′−d−1⟩, 0, 0),

(σ, ⟨σ′, σ−d⟩, ⟨ε, κ−d⟩, 0, 0), (σ′, ⟨σ, σ′
−d−1⟩, ⟨ε, κ′−d−1⟩, 0, 0), d).

we now describe the last part, Release.

Release In this protocol, a release species unlocks all its neighbors and exits the release

state. We first simulate the unlocking process. For all σ.σ′ ∈ Q, σD ∈ Q4, σ′
D ∈ (Q ∪

{ε})4, κ−d, κ′−d−1 ∈ ({ε, 0, 1})3, b′ ∈ {0, 1}, and d ∈ D, we have the following reaction
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belong to R′:

((σ, ⟨σ′, σ−d⟩, ⟨1, κ−d⟩, 1, b), (σ′, ⟨σ, σ′
−d−1⟩, ⟨0, κ′−d−1⟩, 0, b′),

(σ, ⟨σ′, σ−d⟩, ⟨ε, κ−d⟩, 1, b), (σ′, ⟨σ, σ′
−d−1⟩, ⟨ε, κ′−d−1⟩, 0, b′), d)

And then it exits the release state by an unimolecular reaction. Hence, for all σ ∈ Q,

σD ∈ Q4, b ∈ {0, 1}, add the following reaction to R′:

((σ, σD, εD, 1, b), (σ, σD, εD, 0, b),⊙).

In conclusion, we summarize the simulation in the following protocol. See Figure 7.1

for a diagram.

d-sCRN▷ async-CA For any σ, σ′ ∈ Q, σD, σ′
D ∈ (Q ∪ {ε})4, κ−d, κ′−d−1 ∈ {ε, 0, 1}3,

b′ ∈ {0, 1}, and d ∈ D, we have the following reactions in R′:

1. ((σ, ⟨σd, σ−d⟩, ⟨ε, κ−d⟩, 0, 0), (σ′, ⟨σ′
d−1 , σ′

−d−1⟩, ⟨ε, κ′−d−1⟩, 0, b′),

(σ, ⟨σ′, σ−d⟩, ⟨1, κ−d⟩, 0, 0), (σ′, ⟨σ, σ′
−d−1⟩, ⟨0, κ′−d−1⟩, 0, b′), d),

if κ−d ∈ {1, ε}3.

// Lock and observe its neighbors.

2. ((σ, ⟨σ′, σ−d⟩, ⟨1, κ−d⟩, 0, 0), (σ′, ⟨σ, σ′−d−1⟩, ⟨0, κ′−d−1⟩, 0, b′),

(σ, ⟨σ′, σ−d⟩, ⟨ε, κ−d⟩, 0, 0), (σ′, ⟨σ, σ′−d−1⟩, ⟨ε, κ′−d−1⟩, 0, b′), d).

// Unlock its neighbor whenever it wants.

3. ((σ, σD, 1D, 0, 0), (σ
′, σD, 1D, 1, 0),⊙), if σ′ = f(σ, σN, σE, σS, σW) and σ ̸= σ′.

// Perform state transition and become release species.
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(a) Local function f(A,B,D,C,C) = C. (b) A species encoding information of a cell.

(c) Simulating acync-CA local function f(A,B,D,C,C) = A by d-sCRN.

Figure 7.1: Simulation of acync-CA on sCRN.
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4. ((σ, σD, 1D, 0, 0), (σ
′, σD, 1D, 1, 1),⊙), if σ′ = f(σ, σN, σE, σS, σW) and σ = σ′.

// Local function maps the neighborhood of σ to itself.

// σ turns itself into the paused release species.

5. ((σ, ⟨σ′, σ−d⟩, ⟨1, κ−d⟩, 1, b), (σ′, ⟨σ, σ′−d−1⟩, ⟨0, κ′−d−1⟩, 0, b′),

(σ, ⟨σ′, σ−d⟩, ⟨ε, κ−d⟩, 1, b), (σ′, ⟨σ, σ′−d−1⟩, ⟨ε, κ′−d−1⟩, 0, b′), d), if σD ∈ Q4.

// Unlock all its neighbors after applying the local function.

6. ((σ, σD, εD, 1, b), (σ, σD, εD, 0, b),⊙), if σD ∈ Q4. // Exit the release state.

7. ((σ, ⟨σd, σ−d⟩, ⟨ε, κ−d⟩, 0, 1), (σ′, ⟨σ′d−1 , σ
′
−d−1⟩, ⟨ε, κ′−d−1⟩, 0, b′),

(σ, ⟨σ′, σ−d⟩, ⟨ε, κ−d⟩, 0, 0), (σ′, ⟨σ, σ′−d−1⟩, ⟨ε, κ′−d−1⟩, 0, b′), d),

if σD ∈ Q4 and σ′ ̸= σd.

// After releasing all its neighbors, some neighbors change their state.

// Then update the information and exit the paused state.

7.1.3 Proof

First, we give the representation functionR : Q′ → Q as follows:

∀ψ = (σ, σD, κD, b, ν) ∈ Q′,R(ψ) = σ.

Γ ⊣R Γ′ By the same argument as in Section 4.3, Lemma 6, we only need to prove

that for any α′, β′ ∈ Γ′ such that α′ →1 β′, we have R∗(α′) →1 R∗(β′). If it was

the reaction “((σ, σD, 1D, 0, 0), (σ′, σD, 1D, 1, 0),⊙) if σ′ = f(σ, σD) and σ ̸= σ′” in

protocol d-sCRN▷ async-CA (item 3) that transformedα′ to β′, thenR(σ′, σD, 1D, 0, 1) =

σ′ = f(σ, σD) = f(R(σ, σD, 1D, 0, 0), σD). This implies R∗(α′) →1 R∗(β′). The first

component of ψ ∈ Q′ won’t change under any other reactions. That is,R∗(α′) = R∗(β′).
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Γ′ |=R Γ For any α ∈ A(Γ), let Π(α) = A(Γ′) ∩ R∗−1(α) be the set of all reachable

configurations that are mapped to α. Suppose that α can be produced by applying local

function on a sequence of cells in Γ one by one, then we simulate it by having these

cells lock their neighbors, perform state transition, and release all their neighbors one by

one. It is obvious that the resulting configuration is mapped to α, so Π(α) ̸= ∅. Then

it suffices to show that for every β ∈ A(Γ) such that α →1 β and for every α′ ∈ Π,

there exists a sequence of finitely many reactions in Γ′ such that α′ → β′ and R∗(α′) =

α,R∗(β′) = β. Assume that β can be produced from α by applying local function f at a

cell v. If v is occupied by a pause species, then f has no effect on it. Otherwise, species

in v’s neighborhood can unlock each other, exit the released state if necessary, and then v

can simulate the local function by locking all its neighbors. Therefore, we conclude that

α′ → β′ for someR∗(β′) = β.

Γ ⇔R Γ′ By the above arguments, it is clear that {R∗(α′) : α ∈ A(Γ′)} = A(Γ). For

any α′ ∈ A∗(Γ
′), it must be the case that every cell is in the paused state, i.e. the local

function has no effect on the neighborhood of any cell in R∗(α′). So R∗(α′) ∈ A∗(Γ).

On the other hand, for any fixed point α ∈ A∗(Γ) that is reachable by applying the local

function on a sequence of cells, we simulate the transition sequence by having each of

the cells successively lock all its neighbors, perform a state transition according to the

local function, and then unlock all its neighbors. With an additional round of locking and

state transitioning for each cell, species enter the paused state sequentially. Consequently,

{R∗(α′) : α ∈ A∗(Γ
′)} = A∗(Γ) as well.
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7.1.4 Complexity

For a CA system with n states and at mostm possible outcome of the local function

for a given neighborhood, the simulation needsO(n5) states to record all the combinations

of neighborhood. The reaction complexity is thereforeO(mn5) for State_Transitions

andO(n5·n5) = O(n10) for Observe_and_Lock and Release since any two neighboring

cells can update the information of each other. In total there is O(n5) states and O((n5 +

m)n5) reactions.

7.2 Simulate directed sCRN by non-deterministic async-

CA

Theorem 16. Given a directed sCRN Γ = (Q,S,R), there exists a non-deterministic,

asynchronous CA Γ′ = (Q′,N , f) which simulates Γ.

7.2.1 Simulation overview

Given a d-sCRN Γ = (Q,S,R), we construct a non-deterministic async-CA Γ′ with

the same initial configuration, where the state of a specific cell is s, and all the other

cells are in state O. To simulate a sCRN, we define the local function f by determining

the outcome of f for every possible neighborhood. For unimolecular reactions, we let

allow a cell to change its state regardless of what its neighbors are. The protocol is given

in Section 7.2.2 Uni_Reactions. For bimolecular reactions, there exists a fundamental

difference between sCRN and cellular automata. In sCRN, two species change their state

simultaneously, whereas in cellular automata, typically only one cell changes state at a

72

http://dx.doi.org/10.6342/NTU202401564


doi:10.6342/NTU202401564

time. Therefore, we have to “tie” a pair of adjacent cells together. Let a cell σ non-

deterministically pick a neighbor σ′ in direction d and “invite” it if there exists a reaction in

R that uses σ and σ′ as reactants. σ becomes the invite state (inv, σ, σ′, d). After receiving

several invitations, σ′ non-deterministically selects one of them to “accept” and transitions

into an accept state (acc, σ′, ς, d′), which means that it accepts the invitation from a cell

with state ς in direction d′. Equivalently, other invitations are viewed as being “rejected”.

Then the “invite-accept pair” can change their state according to the reaction respectively.

For simplicity we let a cell implicitly lock all of its neighbors as soon as it transitions into

an invite state or an accept state. The last step is to tell all the rejected cells to give up

and revert to their previous state. The protocol is given in Section 7.2.2 Bi_Reactions.

See Figure 7.2 for a simple example. The correctness proof is given in Section 7.2.3 and

a complexity bound is given in Section 7.2.4.

(a) Bimolecular reaction in sCRN

(b) Simulation by async-CA

Figure 7.2: Simulating sCRN reaction C + A→ B + C on non-deterministic async-CA
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7.2.2 Protocols

Uni_Reactions This protocol simulates the unimolecular reactions in Γ. First, we let

all the states in Q be contained in Q′. For all ψ, ψ′ ∈ Q such that (ψ, ψ′,⊙) ∈ R, we add

σ′ to f(ψ, ψN, ψE, ψS, ψW) for every ψD ∈ Q4.

Bi_Reactions To be more precise, for any species ψ ∈ Q in sCRN, we define the set

nR(ψ, d) = {ψ′ : ∃ψx, ψy s.t. (ψ, ψ′, ψx, ψy, d) ∈ R} to be all possible species that can

react with v in direction d according toR. A cell v non-deterministically picks a direction

d. If the neighbor v⃗′ = v⃗ + v⃗d contains a state representing a species ψ′ ∈ nR(ψ, d),

then v changes to an invite state (inv, ψ, ψ′, d). On the other hand, v′ non-deterministically

chooses an invitation to accept, transitions into an accept state (acc, ψ′, φ, d′) (if accepting

v then φ = ψ, d′ = d−1), and subsequently the “invite-accept” pair of cells perform their

respective state transitions. A state involved in a bimolecular reaction can either invite

others or accept the invitations it receives. So we discuss the following two cases:

1. If a stateψ ∈ Q has a neighborψd ∈ nR(ψ, d), ψ could transform into an invite state

toward that neighbor. So we add the state (inv, ψ, ψd, d) to f(ψ, ψN, ψE, ψS, ψW) for

all ψ−d ∈ Q3.

2. If ψ has been invited by some of its neighbors, it (non-deterministically) picks one

of them to accept and transforms into the accept state. Therefore, for any neighbor

ψd = (inv, ψ′, ψ, d−1), we add the state (acc, ψ, ψ′, d) to f(ψ, ψN, ψE, ψS, ψW) for

all ψ−d ∈ (Q ∪ {invite states})3.

As long as an invite-accept pair ((inv, ψ, ψ′, d), (acc, ψ′, ψ, d−1)) occurs and there
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exists ψx, ψy ∈ Q s.t. (ψ, ψ′, ψx, ψy, d) ∈ R, they change their state consecutively.

We add ψx to f((inv, ψ, ψ′, d), ⟨(acc, ψ′, ψ, d−1), ψ−d⟩) for all ψ−d ∈ Q3, and add ψy

to f((acc, ψ′, ψ, d−1), ⟨ψx, ψ′
−d−1⟩) for all ψ′

−d−1 ∈ Q3.

It remains to deal with those invite states that have not been accepted. If an invite

state (inv, ψ, ψ′, d) notices that its neighbor in direction d is not in state ψ′, it can conclude

that its invitation has been rejected. So it reverts back to its original state. There may

be a situation where ψ′ has chosen another state to participate in a bimolecular reaction

but remained unchanged itself. In this case, we let (inv, ψ, ψ′, d) to continue inviting ψ′.

Therefore, we only need to add the state ψ to f((inv, ψ, ψ′, d), ψN, ψE, ψS, ψW) for all

ψD ∈ Q4 and ψd ̸= ψ′.

We summarize the above simulation in the following protocol.

async-CA▷ d-sCRN For all ψ, ψ′ ∈ Q, we construct f by the following protocol:

1. For all ψD ∈ Q4, add the following states to f(ψ, ψN, ψE, ψS, ψW):

1.1 σ′, if (ψ, ψ′,⊙) ∈ R. // Unimolecular reactions.

1.2 (inv, ψ, ψd, d), if ψd ∈ nR(ψ, d). // Change to invite state.

2. For all ψD ∈ (Q ∪ {invite states})4, add the state to f(ψ, ψN, ψE, ψS, ψW):

2.1 (acc, ψ, ψ′, d), if ψd = (inv, ψ′, ψ, d−1). // Change to accept state.

3. For all (ψ, ψ′, ψx, ψy, d) ∈ R:

3.1 Add ψx to f((inv, ψ, ψ′, d), ⟨(acc, ψ′, ψ, d−1), ψ−d⟩) for all ψ−d ∈ Q3.

3.2 Add ψy to f((acc, ψ′, ψ, d−1), ⟨ψx, ψ′
−d−1⟩) for all ψ′

−d−1 ∈ Q3.

// Invite-accept pairs performing state transitions to simulate bimolecular reactions.
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4. Add ψ to f((inv, ψ, ψ′, d), ψN, ψE, ψS, ψW), for all ψD ∈ Q4 and ψd ̸= ψ′.

// Invitation has been rejected.

Remark 17. If we allow the representation function R to map a neighborhood in the cel-

lular automata system to a species in sCRN, then we define R as the following (where

σ, σ′, σx ∈ Q):

• R((inv, σ, σ′, d), σD) = σ.

• R((acc, σ, σ′, d), σD) = σ.

• R(σx, ⟨(acc, σ′, σ, d−1), σ−d⟩) = σ′ when the accepted state has not performed a

state transition.

• R(σ, σD) = σ for all the remaining cases.

Under this kind of representation functionR, we could see that Γ′ simulates Γ.

7.2.3 Proof

First we give the representation functionR : Q′ → Q.

For all accept state σacc, R(σacc) = UND. For all invite state σinv = (inv, σ, σd, d),

R(σinv) = σ. Otherwise,R(σ) = σ ∀σ ∈ Q.

Γ ⊣R Γ′ For any α′, β′ ∈ Γ′ s.t. α′ → β′, if R∗(α′),R∗(β′) ̸= UND, and R∗(α′) ̸=

R∗(β′), then α′ → β′ if and only if at least one of the following holds:

• A unimolecular reaction is simulated directly by applying a local function on a cell

(item 1.1 in protocol async-CA▷ d-sCRN).
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• Some invite-accept pairs is produced within the transformation from α′ to β′, and

all the accepted states have undergone their state transitions, meaning that every

invite-accept pairs has completely simulate a bimolecular reaction in Γ (item 3.2 in

protocol async-CA▷ d-sCRN).

Therefore, for α′ → β′ where R∗(α′) ̸= R∗(β′), R∗(α′) → R∗(β′) corresponds to a

sequence of reactions in the sCRN Γ.

Γ′ |=R Γ For any α ∈ A(Γ), letΠ = {α}. α is achievable by simulating the unimolecu-

lar and bimolecular reactions by item 1.1 and 3.2 respectively. For all α′ s.t. R∗(α′) = α,

there is no accept state in α′, so we can generate all the invite state in an arbitrary order

from α since the invite states implicitly lock all of their neighbors. The result follows.

Γ ⇔R Γ′ By the above arguments, it is obvious that {R∗(α′) : α ∈ A(Γ′)} = A(Γ) ∪

{UND}. Notice that if no reactions can be performed on a configuration α, then there

exists a configuration α′ s.t. R∗(α′) = α where no cells can transform into an invite state,

no invite-accept pair exists, and no rejected states occurs, and vise versa. As a result, we

have {R∗(α′) : α ∈ A∗(Γ
′)} = A∗(Γ).

7.2.4 Complexity

For a d-sCRN with n species andm reactions, the simulation needs O(n2) states for

them to invite and accept one another. A fixed neighborhood is associated with at most

O(m) possible reactions, so the image size of f for a given neighborhood is O(m).
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Chapter 8 Simulation between

amoebot and clockwise

sCRN

In this section, we show that clockwise sCRN and amoebot can simulate each other.

The simulation for amoebot by clockwise sCRN is given in Section 8.1, and the simulation

for clockwise sCRN by amoebot is given in Section 8.2

8.1 Simulating amoebot by clockwise sCRN

Theorem 18. Given an amoebot system Γ = (Q,S, δ), there exists a clockwise sCRN

Γ′ = (Q′, S ′, R′) which simulates Γ.

8.1.1 Simulation overview

In the amoebot model, particles lie on a triangular lattice. This same underlying

topology has also been adopted in sCRN [14]. A particle undergoes state transitions and

movements based on the flags set by its neighbors. Notice that an algorithm for the amoe-

bot system may result in different asymmetric configurations for clockwise and counter-
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clockwise chirality. Therefore, it is essential to simulate it using an sCRN system that

incorporates knowledge of the correct chirality (clockwise in this context). This could be

accomplished by providing the surface with a predefined coloring at the beginning or by

employing a clockwise sCRN. We now assume that Γ′ is given an initial pattern as in Γ.

Recall thatQ = Φ×O×D×Σ10. The following are two steps to construct the simulation:

• First, we construct a set of states Q∗ = Φ× O ×H× Σ10 × (O ∪ {ε}) that can be

used to encode each particle in Γ.

• With Q∗, we can construct the reactions R′ and state set Q′ in Γ′ more easily.

We use a single species to represent a contracted particle, which is called the con-

tracted species. For an expanded particles that occupies two cells simultaneously, we

encode it by a pair of expanded species: one tail species and one head species. They

investigate the flags around them and simulate all possible types of movements together.

Recall that expansion preserves local orientation. Based on the direction from which a

contracted particle expanded when creating the expanded particle, we observe that each

expanded particle can be classified into 6 types. More details are given in Section 8.1.2.

To simulate a transition rule in the amoebot model, the species in sCRN observe their

neighbors’ flags first and then perform the corresponding movement. For the observation

part, we mainly follow the designing idea in the simulation of cellular automata, which

is stated in Section 7.1. We’ll briefly describe when to lock or unlock the neighbors and

when to enter the pause state for each movement in Section 8.1.3. For the movement part,

idle indicates that it is just state transition, and the simulation is straightforward. The pro-

tocol is given in Idle. For expandi, it can be simulated by having a contracted species

react with a blank speciesO in the i direction, while carefully setting the flags in each di-
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rection. The protocol is given in Expansion. We simulate contraction by allowing a pair

of expanded species to react with each other. Subsequently, one of them is transformed

into the blank speciesO, while the other reverts to the contracted species. The contracting

process is given in Contraction. For handoveri, we simulate by adjusting the contrac-

tion and expansion protocols so that the contracted species can remember which of the

expanded species it pushed. Subsequently, the expanded and contracted species alternate

in performing contraction and expansion operations successively. We define the switching

cell to be the one occupying by different particles before and after the handover operation.

Let vs be the switching cell. In the simulation, the contracted species transforms vs to a

prepare species and transitions itself into a pushing species. This makes the pair of ex-

panded species contract out of vs, leaving vs with a waiting species which waits for the

expansion of the pushing species. Details are provided in protocol Handover. All the

movements are simulated in Section 8.1.4. The correctness proof is given in Section 8.1.5

and the complexity is roughly analyzed in Section 8.1.6.

8.1.2 Encoding particles

Here we explain how to represent a particle in Q by species in Q∗. The labels

f0, · · · , f9 are directly copied from the original particle, so the contracted particles have

f6 = · · · = f9 = ε. H = {H,T, ε} indicates whether head or tail the species is, where

ε means that it is a contracted species. Recall that in the amoebot system, the initial con-

figuration consists of contracted particles, so each expanded particle is created by some

contracted particle performing expandi, i ∈ O . The last variable indicate this i, and a

contracted species always has an ε there.

We map a contracted particle ρC = (ϕ, o, ε, f0, · · · , f5, ε, ε, ε, ε) to a contracted
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species ψC = (ϕ, o, ε, f0, · · · , f5, ε, ε, ε, ε, ε) ∈ Q∗ naively. And each expanded parti-

cle ρE = (ϕ, o, d, f0, · · · , f9) is mapped to a pair of type-i species

(ψT , ψH) = ((ϕ, o, T, f0, · · · , f9, i), (ϕ, o,H, f0, · · · , f9, i)) for some i ∈ O.

We call ψT the tail species, ψH the head species, and we also call the corresponding ex-

panded particle the type-i particle. Notice that once i and h ∈ H are given, the tail direc-

tion d is determined as well. See Figure 8.1 for examples of type-0 and type-4 species. The

light gray circle represents the tail, and the dark gray circle represents the head. The one

with an orange frame means that its local 0 fits the local 0 of the expanded particle. Such a

mapping from Q to Q∗ ∪ (Q∗)2 is denoted as F , where F (ρC) = ψC , F (ρE) = (ψT , ψE).

(a) Type 0. (b) Type 4.

Figure 8.1: Types of expanded species representing expanded particles

8.1.3 Observing flags

Here we explain how to adapt the idea in Section 7.1 to fit the purpose of observing

all the flags around a particle. Similarly, the release species and the pause species are

defined. A release species can only unlock its neighbors, and a paused species cannot

lock any other species. We allow a species to lock others only if it has not been locked

by anyone else, and most of the locks can be cancelled unconditionally except for some

cases that we specify in the following description.

82

http://dx.doi.org/10.6342/NTU202401564


doi:10.6342/NTU202401564

For a contracted species ψC , it keeps locking and observing its neighbors.

• If all its neighbors have been locked, ψC can perform idle. Note that if no state

transition is needed to be performed at this point,ψC transforms itself into the paused

release state.

• If the neighbor in direction i is not locked by any other species, and the rest of

its neighbors have all been locked by ψC , it can perform either an expansion or a

handover toward direction i ∈ O .

– If an expansion is performed, two expanded species are produced in the release

state.

– If a handover is performed, a pushing species and a prepare species appear

first. A pushing species cannot unlock any neighbors, and the prepare species

cannot lock the pushing species or its partner in the expanded species. Then

the expanded species contract out of the prepare species as long as all the other

neighbors have been locked. This results in a contracted species and a waiting

species, where the contracted one is produced in the release state, and the

waiting species cannot unlock any species. The last step is to let the pushing

species and waiting species simulate the expansion, and both of them become

a release state at the same time.

For a pair of expanded speciesψE , they keep locking and observing all their neighbors

except for each other, once the neighbors around them are all locked, they can either idle

or perform a contraction.

• If the movement is idle and there is no state transition needed to be performed, then
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the species transform themselves into the paused release state.

• If the movement is a contraction, then both the contracted species and blank species

resulting from the contraction are produced in the release state.

Following the design when simulating cellular automata, a paused species leaves the

pause state if any of its neighbors changes, which includes transitioning into a pushing,

prepare, or waiting species. The process described in this section is similar to the one in

Section 7.1, so we separate it from the simulation of movements, and we are not giving

the technical details or the sketch of proof of this part in this paper. Further, from now on,

we assume that every species knows all the flags facing it at any time.

8.1.4 Movements

The goal now remains to simulate any legal movement in Γ. See Figure 8.2 for some

examples of these operations.

Figure 8.2: Examples of movements
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Idle It is just a state transition. Assume that a contracted particle ρC becomes ρ′C by

performing idle, and that ψC = F (ρC), ψ′
C = F (ρ′C), we add the unimolecular reaction

(ψC , ψ
′
C ,⊙) toR′. For an expanded particle ρE that becomes ρ′E , assume that (ψT , ψH) =

F (ρE) and (ψ′
T , ψ

′
H) = F (ρ′E), we add the bimolecular reaction (ψT , ψH , ψ

′
T , ψ

′
H , k) to

R′ where k is the type of ρE .

Expansion To simulate a contacted particle ρC ∈ Q that expands toward direction i

and becomes an expanded particle ρE ∈ Q, assuming that ψC = F (ρC) and (ψT , ψH) =

F (ρE), we add (ψC ,O, ψT , ψH , i) to R′.

Contraction To simulate a type-k particle performing contracti, we first see whether

it is contracting into the head or the tail.

• Let CT = {(0, 5), (1, 6), (2, 9), (3, 0), (4, 1), (5, 4)}. When (k, i) ∈ CT , a type-k

particle performing contracti is actually contracting into the tail.

• Let CH = {(0, 0), (1, 1), (2, 4), (3, 5), (4, 6), (5, 9)}. When (k, i) ∈ CH , a type-k

particle performing contracti is actually contracting into the head.

Therefore, given an expanded particle ρE ∈ Q which is contracting toward direction i

and is turning into a contracted particle ρC ∈ Q, we have the following reactions in R′

assuming ψC = F (ρC) and (ψT , ψH) = F (ρE):

(ψT , ψH , ψC ,O, k), for all (k, i) ∈ CT .

(ψT , ψH ,O, ψC , k), for all (k, i) ∈ CH .
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Handover A handover is equivalent to a contraction and an expansion happening simul-

taneously. In particular, we view handoveri as (expandi, contractj) performing on a pair

of adjacent particles. In the sCRN, it is impossible to change the states of three cells at

the same time, so we use an additional variable l ∈ O ∪ {ε, w} to ensure that the cor-

responding contraction and expansion both happen eventually. If l ∈ O , this means a

pushing species intending to push a tail or head species toward the l direction, otherwise,

l = ε represents a prepare species being pushed by a pushing species. When the expanded

species has contracted out of the switching cell, l is set to be w that stands for the waiting

species.

Assume that it is a contracted particle ρC pushing an expanded type-k particle ρE

toward direction i, and they become ρ′E and ρ′C eventually. LetF (ρC) = ψC ,F (ρ′C) = ψ′
C ,

F (ρE) = (ψT , ψH), and F (ρ′E) = (ψ′
T , ψ

′
H). We describe the simulation protocol by the

following three parts:

1. We have ρC remember i, the direction of the switching cell it is pushing. Let the

species located in the switching cell be ψh for some h ∈ H,T (h is fixed given

(k, j)), then we have ψC become a pushing species andψh become a prepare species

(ψh, ε). At this point, (ψC , i) and (ψh, ε) temporarily “tie” each other. We add the

following reaction to R′:

(ψC , ψH , (ψC , i), (ψH , ε), i), for (k, j) ∈ CT .

(ψC , ψT , (ψC , i), (ψT , ε), i), for (k, j) ∈ CH .

At the same time there may be another contracted particle pushing ρE , but these two

pushes cannot be performed simultaneously. To avoid this situation we also add the
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reverse reactions (ψC , ψh, (ψC , i), (ψh, ε), i)−1 to R′.

2. After the prepare species ψh appears within the expanded species, the expanded

species contracts out of ψh, and leaves a mark w on ψh, which serves as a signal

that tells (ψC , i) to perform the expansion. Suppose that ρE is a type-k particle, we

add the following reactions to R′:

(ψT , (ψH , ε), ψ
′
C , (ψH , w), k), for (k, j) ∈ CT .

((ψT , ε), ψH , (ψT , w), ψ
′
C , k), for (k, j) ∈ CH .

Note that k is known given ρE , which, together with j determines whether head or

tail it is contracting into.

3. After (ψC , i) observes its neighbor in direction i becoming (ψh, w), it complete the

expanding process. So we add the following reaction to R′:

((ψC , i), (ψh, w), ψ
′
T , ψ

′
H , i).

We summarize the simulation of all the movements in the following protocol.

Simulate_Movements_by_c-sCRN For any transition define by δ, we simulate it ac-

cording to the movement being performed. For all contracted particles ρC , ρ′C ∈ Q, ex-

panded type-k particles ρE, ρ′E ∈ Q, a vector of flags f⃗ ′′ = (f ′′
0 , · · · , f ′′

9 ) around the parti-

cle that is about to move, we assume that F (ρC) = ψC , F (ρ′C) = ψ′
C , F (ρE) = (ψT , ψH),

and F (ρ′E) = (ψ′
T , ψ

′
H). For simplicity, let δ(·) = δ(·, f⃗ ′′). Add the following reactions

to R′:

1. (ψC , ψ′
C ,⊙), if (ρ′C , idle) = δ(ρC).
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(ψT , ψH , ψ
′
T , ψ

′
H , k), if (ρ′E, idle) = δ(ρE). // Idle.

2. (ψC ,O, ψT , ψH , i), if (ρE , expandi) = δ(ρC) for some i ∈ {0, · · · , 5}. // Expansion.

3. (ψT , ψH , ψC ,O, k), if (ρC , contracti) = δ(ρE) and (k, i) ∈ CT . // Contract into tail.

(ψT , ψH ,O, ψC , k), if (ρC , contracti) = δ(ρE) and (k, i) ∈ CH . // Contract into head.

4. If (ρ̂C , handoveri) = δ(ρC) s.t. ρ̂C puts the information on its flags that makes ρC expand

along direction i and become (ρ′E), and makes ρE contract toward direction j and change

to ρ′C , then we add the following reactions to R′:

(ψC , ψH , (ψC , i), (ψH , ε)), (ψC , ψH , (ψC , i), (ψH , ε))−1, for (k, j) ∈ CT .

(ψC , ψT , (ψC , i), (ψT , ε)), (ψC , ψT , (ψC , i), (ψT , ε))−1, for (k, j) ∈ CH .

(ψT , (ψH , ε), ψ
′
C , (ψH , w), k), for (k, j) ∈ CT .

((ψT , ε), ψH , (ψT , w), ψ
′
C , k), for (k, j) ∈ CH .

((ψC , i), (ψh, w), ψ
′
T , ψ

′
H , i), for h ∈ {T,H}. // Handover

8.1.5 Proof

First we define the representation function. For any contracted species, it is mapped

to the contracted particle it represents, soR(ψC) = F−1(ψC) for allψC ∈ {contracted species}.

For tail and head species in a type-i T-H pair s.t. F (ρE) = (ψT , ψH) for some expanded

particle ρE , let R(ψT ) = R(ψH) = ρE . This is well-defined since we can decode

ρE by any one of the ψT and ψH . For the remaining species, let R(O) = null, and

R((ψ, l)) = R((ψ, ε)) = R((ψ,w)) = UND ∀l ∈ O . The contraction, expansion, or

handover, toward each direction, corresponds one-to-one to a protocol in Section 8.1.4.

Γ ⊣R Γ′ For any α′ → β′, it is a sequence consists of contraction, expansion, or a reac-

tion in the protocol simulating handover. If it was the last case, the configuration produced

by one step of reaction is notmapped toUND only if it performs “((ψC , i), (ψh, w), ψ′
T , ψ

′
H , i)”

in protocol Handover (item 3), which means that a handover movement has complete.
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Therefore, ifR∗(α′),R∗(β′) ̸= UND, thenR∗(α′) → R∗(β′) since it can be achieved by

a sequence of movements.

Γ′ |=R Γ For any α ∈ A(Γ), let Π(α) = {R∗−1(α)}. Notice that for any α′′ s.t.

R∗(α′′) = α′ for some α′ ∈ {R∗−1(α)}, there cannot be any prepare species or waiting

species in α′′. So α′′ must be a configuration s.t. all sequence of reactions that simulate a

single movement is completely performed. Therefore α → α′′.

Γ ⇔R Γ′ By the above explanation, it is clear that {R∗(α′) : α ∈ A(Γ′)} = A(Γ) ∪

{UND}. Notice that the ability of performing a movement in Γ is equivalent to the

ability of performing the sub-protocol corresponds to that movement. (Although in the

handover operation there might be more than one contracted species pushing the same

expanded species, item 2 of protocol Handover are reversible reactions, so it will be

only one species “accepted” by the expanded species eventually.) Therefore we have

{R∗(α′) : α ∈ A∗(Γ
′)} = A∗(Γ).

8.1.6 Complexity

Suppose an Amoebot system has n kinds of particles (different sets of flags are also

taken into account) and at most m outcomes of the transition function δ for each particle

with a fixed set of flags it observes. Then we need O(n) species in c-sCRN to encode

the particles, and there must be O(n2) reactions when observing the neighbors. For the

movements, we needO(m) reactions to simulate the idle, contract, and expandmovements

(there may be at most m possible combinations of flags), and we need O(n2) reactions

for handover to lock a pair of contract-expand species before they perform contract and
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expand separately. As a result, we have in total O(n2 +m) reactions for simulation.

8.2 Simulate clockwise sCRN by amoebot

Theorem 19. Given a clockwise sCRN Γ = (Q,S,R) , there exists an amoebot system

Γ′ = (Q′, S ′, δ) which simulate Γ.

8.2.1 Simulation overview

We use only contracted particles, and with the property that each particle can see

every neighbors and perform state transition by the information in its neighborhood, we

can use the same technique as the simulation of d-sCRN by non-deterministic async-CA

(Section 7.2). The complexity to simulate n states andm reactions in c-sCRN systems is

O(n2) states and O(m) image size of the transition function on a fixed particle, where the

analysis is also similar to Section 7.2.4. Notice that the underlying lattice does not matter

and we don’t provide the precise protocol here.
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Chapter 9 Simulate unit-seeded,

freezing TA with

affinity-strengthening rule

by unit-seeded, freezing

directed sCRN

In Section 4, we’ve shown that in the non-freezing case, the unit-seeded directed

sCRN can be simulated by the unit-seeded sCRN up to rotation and reflection. But the

simulation is not freezing due to the following three kinds of reactions:

• In the Determine_Global_Orientation protocol, we designed the reactionsX/Y /Z →

O to eliminate the garbage states produced in the coloring process. This may cause

the following state transition sequence O → X/Y /Z → O on some cells. These

cells revert back into the blank state O, violating the freezing condition.

• In the Growing_Reactions protocol, a cell could be repeatedly colored from dif-

ferent directions. In particular, the following reaction sequences are possible:

O → Oπ(3) → χ
π(3)
π(2)00 → χ

π(3)
π(2)01/χ

π(3)
π(2)10 → χ

π(3)
π(2)11 → Oπ(3).

The blank species is first colored intoOπ(3), say, by the coloring process in the block
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of some species inΘπ(9), and then colored again by the coloring process in the block

of some species in Θπ(2). See figure 9.1 for an example. The cell transforms into

the colored state more than once and violate the freezing condition.

• Similar to the first point, in the Growing_Reactions protocol, we also have the

following reaction sequence to eliminate the garbage states:

O → χπ(i)π(j) → χπ(2)π(3) → O, ∀(i, j) ∈ {(3, 9), (4, 5), (5, 4), (3, 6), (7, 8), (8, 7)}.

These cells revert back into O more than once and violate the freezing condition.

Figure 9.1: Non-freezing sequence of reactions

Essentially, these problems arise due to repeated presence of certain species in a sin-

gle cell. In fact, each repeated species emerges a constant number of times. Our main

idea is to add a counter to each cell that tracks the number of times these repeated species

re-emerge.

In this section, we first demonstrate how to adapt the protocol from Section 4 to sim-

ulate unit-seeded, freezing directed sCRN using unit-seeded, freezing sCRN up to rotation

and reflection. As a corollary, we also show that the unit-seeded, freezing TAwith affinity-

strengthening rule can be simulated by the unit-seeded, freezing sCRN up to rotation and

reflection.

Theorem 20. Given a unit-seeded, freezing, directed sCRN Γ = (Q,S,R,⪯Q), there

exists a unit-seeded, freezing sCRNΓ′ = (Q′, S ′, R′,⪯Q′)which simulatesΓ up to rotation

and reflection.
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9.1 Simulation overview

Roughly speaking, given a freezing, directed s-sCRN Γ = (Q,S,R,⪯Q), we use the

protocol in Section 4 to simulate Γ by a non-freezing s-sCRN Γ′′ = (Q′′, S ′′, R′′). Then

we show how to modify Γ′′ into a freezing s-sCRN Γ′ = (Q′, S ′, R′,⪯Q′) that simulates

Γ in Section 9.2.

We’ve identified every state transition sequence that causes a violation for any partial

order at the beginning of this chapter. The violation occurs when a cell transitions into

some state twice, and there are 3 kinds of non-freezing sequences of reactions that could

potentially occur:

• O → X/Y /Z → O. In the Determine_Global_Orientation protocol.

• O → Oπ(3) → χ
π(3)
π(2)00 → χ

π(3)
π(2)01/χ

π(3)
π(2)10 → χ

π(3)
π(2)11 → Oπ(3).

In the Growing_Reactions protocol.

• O → χπ(i)π(j) → χπ(2)π(3) → O, ∀(i, j) ∈ {(3, 9), (4, 5), (5, 4), (3, 6), (7, 8), (8, 7)}.

In the Growing_Reactions protocol.

To deal with these situations, we slightly modify Γ′′ and give a new set of states

Q′ with a corresponding partial order ⪯Q′ (write ⪯ for simplicity) on Q′. Based on the

state set Q′′, the new state set Q′ is given by introducing additional states that is treated

like the original state in Q′′. More precisely, we introduce a counter c(v) at each cell v.

Initially, c(v) = 0 for all v. For every reaction that transitions v to O or Oi for some

i ∈ [9], we replace it with a reaction that transitions v to O(c(v) + 1) or Oi(c(v) + 1),

which is essentially adding the counter by 1. We give the protocol and the partial order in
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section 9.2, then show that the counter will not exceed a constant number in the proof of

Lemma 21. The complexity bound is roughly analyzed in Section 9.3.

9.2 Protocol

In this section, we will construct simulation system Γ′ from Γ′′ by first giving the set

of reactions R′ and the corresponding states Q′, then defining a partial order on Q′. We

state in Lemma 21 that the counter is guaranteed to be upper bounded by a constant C, so

Γ′ is indeed a freezing system.

s-sCRN▷ d-s-sCRN (freezing)

1. For any reactionA+B → C+D inR′′, any c1, c2 ≤ C for someC to be determined,

add the following reactions to R′ and all the states to Q′:

A(c1) + B(c2) → C(c1) +D(c2). for all C,D ̸∈ {O,Oi : i ∈ [9]},

A(c1) + B(c2) → C(c1) +D(c2 + 1). if D ∈ {O,Oi : i ∈ [9]}.

The following lemma is stated

Lemma 21. In the simulation protocol s-sCRN▷ d-s-sCRN (freezing), there exists a

constant upper bound C on the counter for all cell.

Before formally define the partial order ⪯, we give some observations about ⪯:

• For any counter number c, c′, any color i ∈ [9], we must have ψi(c) ⪯ ϕi(c′) for all

ψ, ϕ ∈ Q s.t. ψ ⪯Q ϕ.
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• ⪯must be consistent with all the possible orders of state changes in a certain cell dur-

ing the Growing_Reactions process. As an example, when producing (B1, C2)

from (A1,O2) in Γ′′, we can define

1. O2(c) ⪯ χ2
1(c) ⪯ χ2

1p(c) ⪯ χ2(c) ⪯ ψ2(c) for all ψ ∈ Q, and

O ⪯ O3(c) ⪯ χ3
200(c) ⪯ χ3

2b0b1(c) ⪯ χ3
211(c) ⪯ O3(c+ 1), for b0 ⊕ b1 = 1.

2. χ2
1 ⪯ χ2

800, χ2
1 ⪯ χ2

500, and χ3
6 ⪯ χ3

200, χ3
9 ⪯ χ3

200.

3. O(c) ⪯ χ23(c) ⪯ O(c+ 1).

Therefore, we define the partial order ⪯ as the following:

1. For any ψ, ϕ ∈ Q, any i ∈ [9] and c, c′ ≤ C, we have ψi(c) ⪯ ϕi(c′) if ψ ⪯Q ϕ.

2. For all i, j ∈ [9], ψ ∈ Q, we have Oi(c) ⪯ χij(c) ⪯ χijp(c) ⪯ χi(c) ⪯ ψi(c), and

O(c) ⪯ Oi(c) ⪯ χij00(c) ⪯ χijb0b1(c) ⪯ χij11(c) ⪯ Oi(c+ 1) for b0 ⊕ b1 = 1.

3. χik ⪯ χij00 for all i, j, k ∈ [9].

4. O(c) ⪯ χjk(c) ⪯ O(c+ 1) for all j, k ∈ [9].

proof of Lemma 21. We discuss the three kinds of non-freezing sequences in Γ′′ men-

tioned in section 9.1, and point out when we add the counter by 1 in Γ′.

• Protocol Determine_Global_Orientation is only executed once in the simula-

tion, so X,Y, Z could only occurs once as well. This increases the counter by at

most 1.

• Each time the reaction Oπ(3) + χπ(2)π(3) → Oπ(3) + O is performed and cell v is

turned back into O, it means that a wall of B(v) is colored. So v will not become
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χij again because of the local coloring from this direction. As a result, a cell can be

turned into state χij for some i, j ∈ [9] at most 4 times. This increase the counter

by at most 4.

• Each time the reaction χπ(2)π(1)p + χ
π(3)

π(2)
11 → χπ(2) + Oπ(3) is executed and cell v is

transformed back into Oπ(3), it means that one of its neighbor transitions into state

χπ(2), waiting for an attachment. This can occurs at most once from each direction,

thus increase the counter at v by at most 4.

In total, the counter will not exceed 9. Additionally, we got a state set Q′′ that is at

most 10 times larger than Q′, which is just a constant scale.

Notice that when simulating unit-seeded TA with affinity-strengthening rule by unit-

seeded directed sCRN in Section 6, we did not utilize any extra repeated states in sCRN. If

the s-as-TA system is equipped with a partial order, then following the order in s-d-sCRN

system results in a freezing simulation. Specially, for two observing species η and η′,

η ⪯ η′ if there exists d ∈ D s.t. ηd ⪯ η′d in the tile system and η−d = η′−d. The height of

this partial order remains O(k). Details are omitted. As a corollary, we have:

Corollary 22. Given an freezing, unit-seeded Tile Automata system with affinity strength-

ening rule Γ = (Q,S, I, g, R, τ ), there exists a freezing, unit-seeded directed surface CRN

Γ′ = (Q′, S ′, R′) which simulates Γ. Further, there exists a freezing, unit-seeded surface

CRN Γ′ = (Q′, S ′, R′) which simulates Γ up to rotation and reflection as well.

Remark 23. On the other hand, Simulating freezing s-sCRNwith freezing s-as-TA follows

directly from Remark 14.
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9.3 Complexity

Suppose that the freezing s-as-TA system has n states, m transition rules, and the

height (the cardinality of the maximum chain) of the partial order is k. The complexity

bound follows from the analysis of Section 6.4 with some extra cost due to the counter

introduced in Section 9.2. The counter increases at most constant times, which gives a

constant scale in the states, reactions, and the height of the partial order. Therefore, we

have in total O(n4) states with a height O(k) partial order, and O(n5) reactions.
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Chapter 10 Simulate freezing

async-CA by freezing

directed sCRN

In Section 7.1, we’ve shown that in the non-freezing case, the non-deterministic

async-CA can be simulated by the directed sCRN given the initial pattern. In the sim-

ulation protocol, there are reversible reactions when species are trying to lock and observe

their neighbors. More precisely, in Section 7.1.2, all species non-deterministically lock

and unlock their neighbors and then proceed with a state transition if some species happen

to have locked all its neighbors by chance. It is obviously non-freezing since a cell could

revert to a particular state infinitely many times. Therefore, merely adding a counter as

described in Section 9 will not work.

What if we remove all the reversible reactions? Then a cell could possibly be locked

indirectly by other species that are arbitrarily far apart. We illustrate this scenario in Fig-

ure 10.1. Therefore we need to design a more complicated counter that is influenced only

by cells within a constant distance. Our main idea is to add a counter and four variables

to a cell that record the order in which its neighbors are locked. By encoding informa-

tion in these variables, we can control how the counter increments and thus determine the
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required number of states.

The last issue arises when the local function in CA system maps a state into itself.

This can be resolved simply by adding an additional counter.

Figure 10.1: A long locking path.
The left-most A tile is indirectly locked by the right-mostD tile.

In this section, we describe precisely how the counter is designed, and show that the

freezing, non-deterministic async-CA can be simulated by the freezing, directed sCRN.

Theorem 24. Given a freezing, non-deterministic asynchronous CA Γ = (Q,N , f,⪯Q),

there exists a freezing, directed sCRN Γ′ = (Q′, S ′, R′,⪯Q′) which simulates Γ.

10.1 Simulation overview

The idea follows from Section 7.1, a species must be able to observe and lock each of

its neighbors, perform a state transition according to the local function, and then unlock all

its neighbors. Additionally, to ensure the termination when the simulating configuration

is mapped to a fixed point in the async-CA system, we transform a species into a pause

state if the local function has no effect on that species.

In Section 7.1, we let all the species perform the reversible reaction that continue to

lock and unlock each neighbor. But in the freezing system, reversible reactions cannot

exists, so we want to design a locking strategy that can be done locally. We call a species
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ϕ the successor of ψ if ϕ is locked by ψ. Conversely, ψ is called the predecessor of ϕ.

Roughly speaking, each species remembers not only who it has locked but also the order

in which they became its successor. When two species meet each other, the one with more

successors at that moment locks the other one. Otherwise, they have the same number of

successors, then they non-deterministically decide which one should be locked. Note that

a locked species is not allowed to lock others to avoid deadlocks. By these rules we make

sure that the predecessor locks more species than any of its successor. As a result, some

species with 4 successors will eventually be generated within a bounded region.

A species with 4 successors (i.e. it has locked all its neighbors) performs state tran-

sition according to the local function. Notice that now the state transition is either a state

change in the CA system or a transition into a pause species. After the state change is com-

pleted, it transitions into a release species, unlocks each of its successors, and transform

them into release species as well. We let this “release signal” propagate from predeces-

sors to successors to make the locked species unrestrained again. However, in the freezing

system they cannot revert back into the original species, and we resolve this problem by

adding a counter to each cell, similar to the method used in section 9.2. Therefore, we’ll

first construct a (not necessarily freezing) d-sCRN system (Q′′, S ′, R′′), and then use it to

design the freezing d-sCRN system (Q′, S ′, R′,⪯Q′). Details of the protocol are described

in section 10.2, the correctness proof is given in section 10.3, and the complexity bound

is roughly analyzed in Section 10.4.
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10.2 Protocol

In Section 7.1, we use a species of this form ψ(v) = (σ(v), σD(v), κD(v), ν, b) to en-

code the information needed for cell v. Here we introduce a new variable l(v) to count the

number of v’s successor, so each species has the formψ(v) = (σ(v), σD(v), κD(v), l(v), ν, b).

Similar to Section 7.1, σ(v) is the state of v in the CA systemΓ, σD(v) = (σN(v), σE(v), σS(v), σW(v)) ∈

(Q ∪ {ε})4 records the states of v’s neighbors where ε means that v has not observed the

neighbor on that side yet. κD(v) = (κN(v), κE(v), κS(v), κW(v)) ∈ {ε, 0, 1, 2, 3, 4} rep-

resent the “relation” between v and its neighbors in the corresponding directions, where

ε indicates they aren’t locked by each other, 0 indicates v is locked, and 1, · · · , 4 denote

the order in which each neighbor became v’s successor. We say that ψ is a free species if

it is not locked by any other species. ν ∈ {0, 1} indicates whether v is a release species,

which initiates the process of unlocking all its neighbors and simultaneously transitions

them into release state. To ensure the reaction process terminates when the cellular au-

tomata system Γ reaches a fixed point, we want a cell not to re-lock its neighbors if the

neighborhood remains unchanged. Set b = 0 initially, if the local function f is applied

to v’ neighborhood without changing its state, we transform v into a pause species where

b = 1. This implies that the activation of v is “paused” until some of its neighbors change.

The pause species cannot lock its neighbors. Therefore, if Γ has a reachable fixed point, Γ′

is guaranteed to terminate as soon as every cell has undergone at most one state transition,

become a pause species, and released all its successors.

If the cellular automata system Γ begins with a configuration S, then we set the initial

configuration of the sCRN to beS ′ s.t. S ′(v) = (S(v), εD, εD, 0, 0, 0) for all v ∈ Z2, where

εD = (ε, ε, ε, ε). This means that it has neither observed any of its neighbors nor been
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locked by them. The protocol consists of three parts: Lock_and_Observe (freezing),

State_Transitions and Release (freezing). First, in Lock_and_Observe (freezing),

we let each of the species interact with its neighbors by comparing the numbers of their

successors to decide which one should be locked by the other. So the protocol proceed as

follows:

Lock_and_Observe (freezing) When a free speciesψ = (σ, σD, κD, l, ν, b) observes

another species ψ′ = (σ′, σ′
D, κ

′
D, l

′, ν ′, b′), we allow ψ to lock ψ′ if ψ′ has not been locked

by ψ, and ψ has the larger or equal amount of successors than ψ′. So for any σ, σ′ ∈ Q,

σD, σ
′
D ∈ (Q ∪ {ε})4, d ∈ D, κ−d ∈ {ε, 1, · · · , l}3, κ′−d−1 ∈ {ε, 0, · · · , l′}3, l ≥ l′, and

ν ′, b′ ∈ {0, 1}, we add the following reaction to R′′:

((σ, ⟨σd, σ−d⟩, ⟨ε, κ−d⟩, l, 0, 0), (σ′, ⟨σ′
d−1 , σ′

−d−1⟩, ⟨ε, κ′−d−1⟩, l′, ν ′, b′),

(σ, ⟨σ′, σ−d⟩, ⟨l + 1, κ−d⟩, l + 1, 0, 0), (σ′, ⟨σ, σ′
−d−1⟩, ⟨0, κ′−d−1⟩, l′, ν ′, b′), d)

Notice that we have l > l′ whenever ψ′ is locked by ψ.

Once a speciesψ has locked all the neighbors successfully (κD ∈ S4whereS4 denotes

the set of all permutations on {1, 2, 3, 4}), it performs a state transition according to the

local function f and becomes a release species (ν = 1). We describe this in the following

protocol.

State_Transitions For all σ, ς ∈ Q, σD ∈ Q4 such that ς = f(σ, σN, σE, σS, σW),

and all κD ∈ S4, we have the following two cases:

1. If ς ̸= σ, we just apply the local function and turn the species into release state.
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Therefore, we add the following reaction to R′′:

((σ, σD, κD, 4, 0, 0), (ς, σD, κD, 4, 1, 0),⊙).

2. If ς = σ, then there is no state transition in the CA system. So we turn the species

into the pause state to prevent it from locking the same neighborhood again. There-

fore, for all κD ∈ S4 we have the following reaction in R′′:

((σ, σD, κD, 4, 0, 0), (ς, σD, κD, 4, 1, 1),⊙).

A release species, if not locked by any of its neighbors, starts to unlock each succes-

sors and at the same time turns them into release species. So the “release signal” propa-

gates to all the species that directly or indirectly locked by ψ and makes them unlocked.

The details are provided in protocol Release (freezing).

Release (freezing) In this protocol, we pretend that a species can be unlocked and

turn back to the state before being locked for a moment (actually it can’t due to the freezing

constraint), and this problem will be resolved later.

Now a release species ψ, not locked by anyone else, is going to unlock its successors

in the reverse order in which they became its successor, and then exits the release state.

For all σ, σ′, ς ∈ Q, σD ∈ Q4, σ′
D ∈ (Q ∪ {ε})4, l > l′, d ∈ D, κ−d ∈ ({ε, · · · , l − 1})3,

κ′−d−1 ∈ ({ε, 0, · · · , l′})3, and ν ′ ∈ {0, 1}, there are some cases to discuss with respect to

different pairs of (b, b′):

1. If b′ = 0, i.e. ψ′ is not in the paused state. Then we unlock ψ′ directly and turn it
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into the release state, so we have the following reaction in R′′:

((ς, ⟨σ′, σ−d⟩, ⟨l, κ−d⟩, l, 1, b), (σ′, ⟨σ, σ′
−d−1⟩, ⟨0, κ′−d−1⟩, l′, ν ′, b′),

(ς, ⟨σ′, σ−d⟩, ⟨ε, κ−d⟩, l − 1, 1, b), (σ′, ⟨σ, σ′
−d−1⟩, ⟨ε, κ′−d−1⟩, l′, 1, b′), d).

2. When b′ = 1, ψ′ is in the paused state.

• When (b, b′) = (1, 1), both of them have already in the pause states. It must

be the case that ψ′ performs state transition earlier than ψ and it has already

unlocked all its successors. Subsequently, ψ entered the paused state after the

current state transition. This means that ς = σ, l′ = 0, κ′D ∈ {ε, 0}4, and none

of them can exit the paused state now. We add the following reaction to R′′ to

unlock ψ′:

((ς, ⟨σ′, σ−d⟩, ⟨l, κ−d⟩, l, 1, 1), (σ′, ⟨σ, σ′
−d−1⟩, ⟨0, κ′−d−1⟩, l′, ν ′, 1),

(ς, ⟨σ′, σ−d⟩, ⟨ε, κ−d⟩, l − 1, 1, 1), (σ′, ⟨σ, σ′
−d−1⟩, ⟨ε, κ′−d−1⟩, l′, 1, 1), d).

• When (b, b′) = (0, 1). Consider the scenario where a pause species ψ′ has

released all its successors, and now detects a state change of its neighbor ψ.

It updates the information and is no longer paused. Notice that this should

happen when ψ is unlocking ψ′ after the state transition of ψ. Therefore, for

all κ′−d−1 ∈ {ε, 0}3, and σ ̸= σ′
d−1 , add the following reaction to R′′:

((σ, ⟨σd, σ−d⟩, ⟨l, κ−d⟩, l, 1, 0), (σ, ⟨σ′
d−1 , σ′

−d−1⟩, ⟨0, κ′−d−1⟩, 0, ν ′, 1),

(σ, ⟨σ, σ−d⟩, ⟨ε, κ′−d⟩, l − 1, 1, 0), (σ′, ⟨σ, σ′
−d−1⟩, ⟨ε, κ′−d−1⟩, 0, 1, 0), d).
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Then, ψ exits the release state by performing an unimolecular reaction when it has no

successors. Hence, for all σ ∈ Q, σD ∈ Q4, b ∈ {0, 1}, add the following reactions toR′′:

((σ, σD, εD, 0, 1, b), (σ, σD, εD, 0, 0, b),⊙).

To complete the protocol, it remains to address the scenario that species are unlocked

and revert to certain repeated states in the Release protocol, violating the freezing con-

straint. In particular, when a species is unlocked, we need to transform it into a new species

that represents the same state in the CA system. For every cell v, we associate a counter

c(v). Each time the species ψ(v) at v is unlocked, we add the counter c(v) by 1. If ψ(v) is

unlocked, there must be some species performing state transition within a bounded region

of diameter at most 7. This is due to the strictly monotonic nature of the locking numbers

along a path. In the freezing system, the number of state transitions within a constant dis-

tance is at most a constant scale of the height k of the partial order, so every counter will

never exceed Mk for some constant M . For any reaction A + B → C + D in R′′, any

c1, c2 ≤Mk, we add the following reactions to R′:

1. A(c1) + B(c2) → C(c1) +D(c2) // There is no species being unlocked.

2. A(c1) +B(c2) → C(c1) +D(c2 + 1)

// if A+B → C +D is the reaction that makes A unlock B and produces C,D,

// i.e. all the reactions in Release (freezing).

We complete the construction by including all the species to Q′. One can see Figure 10.2

for an example of the simulation process.

The last thing to do is to give a partial order ⪯ on Q′. For two species ψ(c), ψ′(c′) ∈

Q′ s.t. ψ = (σ, σD, κD, l, ν, b) and ψ′ = (σ′, σ′
D, κ

′
D, l

′, ν ′, b′), then ⪯ is defined by com-
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paring the following things in order:

1. c < c′.

2. σ ⪯Q σ
′ in Q.

3. The number of 0’s in κD is less than the that in κ′D.

4. l < l′ if ψ, ψ′ are both in the release states.

5. l > l′ if none of ψ, ψ′ is in the release states.

6. b < b′.

Figure 10.2: Simulating local function of freezing async-CA with freezing d-sCRN.
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So far, we have given the complete protocol for constructing a freezing d-sCRN Γ′

that simulates a freezing async-CA Γ. To make the simulation more comprehensive, we

summarize the protocol in a high-level manner.

• We have 4 kinds of species: free species that is not locked by any other species and

is not in the paused or release state; locked species that is locked by someone else;

paused species that, together with its neighborhood forms a fixed point of the local

function f , and therefore waiting for some state transition on its neighbors; and

release species that can unlock its successors when itself is not locked. Notice that

a species can simultaneously be a paused species and a locked species, or a release

species and a locked species.

• We have 3 kinds of reactions: lock, unlock, and state transition. And the reactions

mainly following these 4 rules:

– A species can lock others only if it is a free species and it has more successors.

– A species with all its neighbors locked by itself performs a state transition

according to the local function.

– All 4 kinds of species are allowed to be locked by free species.

– When a species ψ unlocks one of its successors ψ′, ψ always turns ψ′ into

release species, and increases the counter of ψ′ by 1 at the same time.

10.3 Proof

First we give the representation function R : Q′ → Q. By our construction, for all

species ψ = (σ, σD, κD, l, ν, b) ∈ Q′, ψ is encoding some σ ∈ Q. Therefore we define R
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s.t. R(ψ) = σ. By the definition of simulation between two models, we need to prove

that Γ′ ⇔R Γ, Γ ⊣ Γ′, and Γ′ |=R Γ.

Γ ⊣R Γ′ We will show that if α′ →1
Γ′ β′ for some α′, β′ ∈ A(Γ′), thenR∗(α′) = R∗(β′)

orR∗(α′) →1
Γ R∗(β′).

For any species ψ(v) = (σ, σD, κD, l, ν, b), suppose that ψ(v) has gone through some

reaction inR′ and becameψ′(v) = (σ′, σ′
D, κ

′
D, l

′, ν ′, b′), the only reaction that makes σ′ ̸=

σ is the unimolecular reaction ((σ, σD, κD, 4, 0, 0), (σ
′, σD, κD, 4, 1, 0),⊙) where σ′ ̸= σ

in the State_Transitions protocol. By our construction, this reaction happens only if

ψ has locked all its neighbors and σ′ = f(σ, σN, σE, σS, σW).Therefore, the neighbors of

R(ψ) in R∗(α′) are σN, σE, σS, σW and it is possible to achieve R∗(β′) by applying the

local function on v. This means that R∗(α′) →Γ R∗(β′). In other cases, we always have

σ′ = σ, soR∗(α′) = R∗(β′).

Γ′ |=R Γ First we need to decide for each configurationα ∈ A(Γ), which configurations

inA(Γ′) should be included inΠ. For any configuration ω ∈ A(Γ′), we consider a locking

graph Gω, which is an infinite directed graph where V (Gω) = Z2. (u, v) ∈ E(Gω) if and

only if u is locked by v. For any node v ∈ V (Gω), we define the ball of v, denoted

as Bω(v), to be a subgraph of Gω with vertex set {u : there exists a path from u to v},

including all edges on these paths. By our construction, Bω(v) is a tree rooted at v. Gω

can be covered by the union of the balls of free species, pause species, and release species.

We define Π(α) to be the reachable configurations that are mapped to α under R∗,

such that except for the cells in the ball of some release species, all other cells cannot lock

others. (Note that they cannot be locked either. Otherwise, they could only be locked by

109

http://dx.doi.org/10.6342/NTU202401564


doi:10.6342/NTU202401564

species in the ball of a release species and must therefore belong to that ball as well.) That

is, for all α′ ∈ Π(α), α′ can be covered by only balls of release species and singletons.

Define such configuration set

Λ =
{
α′ : ∀u ∈ Z2, Bα′(u) = {u} or u ∈ Bα′(v) for some v s.t. α(v) is a release species.

}
.

Then we set Π(α) = A(Γ′) ∩R∗−1(α) ∩ Λ.

Lemma 25. 1. Π(α) is non-empty.

2. Given any β s.t. α →1
Γ β, for every α′ ∈ Π(α), there exists β′ ∈ A(Γ′) where

R∗(β′) = β and α′ →Γ′ β′ in finitely many steps.

Proof. Initially, Π(S) ̸= ∅ since S ′ ∈ Π(S). It remains to show that for any α ∈ A(Γ),

if there exists α′ ∈ Π(α), then given any β s.t. α →1
Γ β by applying local function f to

some cell v, we can construct a finite sequence of reactions that reaches some β′ ∈ Π(β).

Starting at α′ ∈ Π(α), α′(v) cannot be a pause species since the neighborhood of v in α

is not a fixed point of f . We have all the release species in the neighborhood of v unlock

all their successors. Then, all species in this neighborhood can exit the release state by

a unimolecular reaction. The configuration remains in Π(α). From this configuration, v

can lock all its neighbors because v now contains neither a locked species nor a release

species. Subsequently, v perform a state transition according to the local function. Now

we get a reachable configuration β′ that belongs to Λ ∩ R∗−1(β) since the neighborhood

of v is in the release ball of v. The proof is complete.

Lemma 26. Given any β s.t. α →Γ β, for every α′′ ∈ A(Γ′)∩R∗−1(α) where α′′ →Γ′ β′

for some β′ ∈ A(Γ′) ∩R∗−1(β), there exists α′ ∈ Π(α) s.t. α′ →Γ′ α′′.

110

http://dx.doi.org/10.6342/NTU202401564


doi:10.6342/NTU202401564

Proof. We will show that for every α′′ ∈ A(Γ′) ∩ R∗−1(α), there exists α′ ∈ Π(α) s.t.

α′ →Γ′ α′′.

Since α′′ ∈ A(Γ′), there exists a set of reactions, say R, that produces α′′ from S ′

by applying them in a specific order. If some of the reactions are applied more than once,

we consider each execution as a distinct reaction. This defines a strict total order ⪯ on R

where two reactions r, r′ ∈ R satisfy r ≺ r′ if and only if r is executed before r′.

Consider the locking graph Gα′′ . Let E be the edge set of Gα′′ . Define E ′ to be the

set of edges that is in the ball of some release species, and E ′′ the remaining edges. i.e.

E ′ = {e : e ∈ Bα′′(v) for some v s.t. α′′(v) is a release species.}, and E ′′ = E \ E ′.

For all e = (u, v) ∈ E ′′, we denote by re ∈ R the corresponding reaction that instructed

species v to lock species u. Let R ′′ = {re : e ∈ E ′′} and R ′ = R \ R ′′, where the strict

orders on these two sets are directly induced from ≺. We are going to show that

1. A reachable configuration α′ ∈ Πα can be constructed by applying R ′ to the initial

configuration S ′.

2. α′′ is reachable from α′ by applying R ′′.

In other words, we can “rearrange” the reaction sequence s.t. S ′ → α′ → α′′.

Intuitively, since all the locking reactions in R ′′ are preserved until the end, we can

arrange for those locks to occur after all other reactions are completed without altering the

resulting configuration.

For the first part, we will show that R ′ is applicable to S ′, which means that we

can successively apply the reactions in R ′ to S ′ following the strict order ≺. If it is the
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case, we define the resulting configuration to be α′. α′ should be mapped to α because

all the state transitions are performed. Furthermore, Gα′ contains no edges in E ′′, as the

corresponding reactions have all been removed. Therefore, we get α′ ∈ Π(α).

For every reaction r′ ∈ R ′, let R≺r′ = {r ∈ R, r ≺ r′} be the set of reactions that

are executed before r′ in the original reaction set R. Define R ′
≺r′ and R ′′

≺r′ similarly. We

state the following claim, which we will prove later:

Claim 27. If R ′
≺r′ is applicable to S ′ and results in a configuration α′

≺r′ , then r′ is appli-

cable to α′
≺r′ .

With this claim, R ′ is applicable to S ′; otherwise, there would exist a minimal reac-

tion rmin in R ′ that is not applicable to α′
≺rmin

, contradicting the claim.

For the second part, assume that in the original reaction set R, species ψ(v) in cell v

locked a neighboring species ψ(u) with some reaction r ∈ R ′′, then l(v) (the number of

successors of ψ(v)) is larger or equal than l(u) at that time. From then on, l(u) remains

unchanged. Moreover, all the edges toward v, including both existing edges and future

edges, cannot be removed since v will never transform into a release species (otherwise,

v would be in some release ball because it cannot release u after r has been performed).

Therefore, l(v) can only increase due to some reactions in {r′′ ∈ R ′′ : r ≺ r′′}. Based

on the above arguments, we conclude that if we apply R ′′ successively on α′ according

to ≺, the value of l on each pair of reacting species remains the same as in the original

sequence. Therefore, R ′′ is applicable to α′.

Proof. of Claim 27.

r′ affects (at most) two cells u, v. Originally, R≺r′ ∪ {r′} is applicable to S ′ due
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to the reachability of α′′. Consider the reactions in R ′′
≺r′ that affect either u or v. There

are at most 7 such reactions since each of them produces a permanent edge around u, v.

Let these reactions be R ′′
K = {r1, · · · , rK} where r1 ≺ · · · ≺ rK . We’ll show that

(R≺r′ \ R ′′
K) ∪ {r′} is applicable to S ′. Then

(
R≺r′ \ R ′′

≺r′
)
∪ {r′} = R ′

≺r′ ∪ {r′} is

applicable to S ′ because removing other reactions in R ′′
≺r′ does not affect u, v, and R ′

≺r′

is applicable to S ′ by assumption.

Let {ei : i ∈ [K]} be the set of edges results from {ri : i ∈ [K]}. WLOG, let eK be

adjacent to u (and possibly to v as well). Suppose that the species in cell u locks another

species by reaction rK . Since the edge eK is retained in the final configuration α′′ and

α′′(u) is not within the balls of any release species, there must be no release reaction that

removes eK and no state transition on u after rK . In fact, all u can do after rK is to lock

others or be locked by others, maintaining those locks until reaching α′′. These reactions

are all in R ′′, which means that r′ cannot affect u, a contradiction. Therefore, u is locked

by another species by reaction rK . Observe that aside from removing this lock, which

is not going to happen, every other reaction related to u after it is locked remains valid

before it is locked. These reactions also have the same effect on the encoding variables of

u, regardless of whether it is locked or not. As a result, all the reactions between rK and

r′, including r′ itself, are still applicable when we remove rK .

We can repeat the above process, and recursively remove the latest reaction that be-

longs to R ′′
K . Eventually, we remove all the reactions in R ′′

K and the remaining reactions

(R≺r′ \ R ′′
K) ∪ {r′} is still applicable to S ′. The proof is complete.

With Lemma 25 and Lemma 26, The result Γ′ |=R Γ follows.
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Γ ⇔R Γ′ The proof is exactly the same as the the proof regarding (non-freezing) cellular

automata in Section 7.1.3.

Remark 28. Although simulating freezing cellular automata by freezing d-sCRN requires

careful design on the locking ordering, simulation of freezing d-sCRN with freezing cel-

lular automata can be achieved by slight modification of the protocol given in Section 7.2:

The protocol was non-freezing because a cell revert to its original state when its invitation

is rejected. Therefore, we associate a counter to each cell and increase the counter by 1

whenever it is rejected. We know that each time it gets rejected, there is a cell 2-hop from

it that is accepted and has already undergone a state transition. Thus, each cell can receive

a total of O(k) rejections, resulting in a partial ordering of height O(k).

10.4 Complexity

Suppose the freezing CA system has n states, at most m possible outcome of the

transition function for a given neighborhood, and the partial order is of height k. Then the

number of states we need in the freezing dsCRN system is O(n5 · k) where recording the

information in its neighborhood takes O(n5) states and increasing the counter results in

a O(k) scale in states. The counter also generate a O(k2) scale in the reaction complex-

ity. Follows the similar argument as in Section 7.1.4, the number of reactions needed is

O((n5 + m)n5k2). Take a look at the new partial order defined in Section 10.2, we can

see that the height is stillO(k): Every increment of a counter corresponds to an increment

of the state in the simulated CA system within a region of constant diameter.
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Chapter 11 Conclusion

In this work, we construct simulations between sCRN and other well-studied models.

Most of these simulations are two-way, except for the straightforward result that aTAM

cannot simulate sCRN. We conclude with some questions that may be worth considering

in the future:

• Although 2-dimensional aTAM cannot simulate sCRN, can we simulate sCRN us-

ing 3-dimensional aTAM? Our conjecture is yes for the seeded system. We may

simulate the reactions in sCRN layer by layer.

• In the simulation of TA system, we focus solely on the affinity-strengthening sys-

tem, which is closely related to aTAM. While simulating the general TA system,

where a configuration could break into two parts along an arbitrary cut, seems im-

possible due to the requirement of global information, is it feasible to simulate the

restricted system where only single tile detachments are allowed?

• There are many other works studying cross-model simulations in the field of molec-

ular computing, can we compare these models within a unified framework?
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