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摘要	

車道合併是導致交通擁堵的主要原因之一，因為車道數目減少，

而其他車輛的行為通常是不可預測的。通過利用車輛對車輛和車輛對

基礎設施的通信，以及自動駕駛車輛的特點，車輛可以以較低的時間

成本達成共識，從而緩解交通擁堵。本文旨在對在兩對一車道合併情

景下車輛的通過順序進行調度，其中每對車輛之間的等待時間不同。

首先，我們對問題進行了形式化，提出了一種無車道變換的基於動態

規劃的算法，用全局視角對所有車輛進行調度。此外，我們引入了一

種考慮車道變換的基於動態規劃的算法，進一步縮短了最後一輛車的

預定進入時間。受到車道合併問題的啟發，我們提出了在M-N車道擴

展情景下的負載平衡調度問題。負載平衡的重要性在於，如果車道上

的負載不平衡，維護不僅會變得昂貴，而且會耗費時間。因此，我們

對問題進行了形式化，並首先提出了一種處理每輛車輛出車道決策的

混合整數線性規劃（MILP）方法。然後，我們提出了一種啟發式方	

聯網自駕車線道合併與擴增之通過順序決策
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法，提高了所有車輛的通過效率。車道合併的實驗結果表明，相比於

無車道變換的先來先服務（FCFS）、有車道變換的FCFS以及無車道變

換的基於動態規劃的算法，考慮車道變換的基於動態規劃的算法找到

了更優的解決方案。負載平衡問題的實驗結果表明，雖然我們的啟發

式方法可能無法找到最優解，但它仍然比FCFS方法提供了更優的解決

方案。		

							關鍵詞：聯網自駕車、線道合併、線道擴增、排程、混合整數線

性規劃、動態規劃、負載平衡
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LANE-MERGING AND LANE-EXPANDING
PASSING-ORDER DECISION FOR CONNECTED AND

AUTONOMOUS VEHICLES

Student: Shao-Fu Huang Advisor: Dr. Chung-Wei Lin

Department of Computer Science and Information Engineering
National Taiwan University

Abstract

Lane merging is a major reason causing traffic congestion because the number of

lanes decreases and the behavior of other vehicles is usually unpredictable. By taking

advantage of vehicle-to-vehicle and vehicle-to-infrastructure communication, as well

as the characteristics of autonomous vehicles, vehicles can reach a consensus with low

time cost, and traffic congestion can be alleviated. In this thesis, we aim to schedule

the passing order of vehicles in a two-to-one lane-merging scenario where the waiting

times between each pair of vehicles are different. We first formulate the problem

and come up with a dynamic programming (DP)-based algorithm that schedules all

vehicles with a global perspective. Moreover, we introduce a DP-based algorithm

that takes lane changing into consideration, further reducing the scheduled entering

time of the last vehicle. Inspired by the lane-merging problem, we come up with a

load-balancing scheduling problem under M-N lane-expanding scenarios. The signif-

icance of load balancing is that if the load on lanes is unbalanced, maintenance will

not only be expensive but also time-consuming. Therefore, we formulate the prob-

lem and first propose a Mixed-Integer Linear Programming (MILP) approach that

vi
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handles the decision of outgoing lanes for each vehicle. Then, we present a heuristic

approach that reduces the scheduled entering time of the last vehicle. Experimental

results for lane merging show that the DP-Based Algorithm with Lane Changing

finds a better solution compared to First Come First Serve (FCFS) without Lane

Changing, FCFS with Lane Changing, and the DP-Based Algorithm without Lane

Changing. Experimental results for the load-balancing problem demonstrate that

our heuristic approach, although it may not find the optimal solution, still provides

a better solution than FCFS.

Keywords: Connected and Autonomous Vehicle, Lane Merging, Lane Changing,

Lane Expanding, Load Balancing, Scheduling, Mixed-Integer Linear Programming,

Dynamic Programming

vii

doi:10.6342/NTU202303752



Table of Contents

Acknowledgements iii

Abstract (Chinese) iv

Abstract vi

List of Tables x

List of Figures xi

Chapter 1. Introduction 1

Chapter 2. Problem Formulation for Lane Merging 6

2.1 Definitions and Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Chapter 3. Proposed Approaches for Lane Merging 10

3.1 DP-Based Algorithm without Lane Changing . . . . . . . . . . . . . . . 10

3.1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.1.2 Derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3.1.3 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.2 DP-Based Algorithm with Lane Changing . . . . . . . . . . . . . . . . . 13

3.2.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.2.2 Derivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

3.2.3 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

viii

doi:10.6342/NTU202303752



Chapter 4. Problem Formulation for Load Balancing 21

4.1 Definitions and Assumptions . . . . . . . . . . . . . . . . . . . . . . . . . 21

4.2 Problem Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

Chapter 5. Proposed Approaches for Load Balancing 27

5.1 Our Heuristic Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

5.1.1 Phase 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

5.1.2 Phase 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

Chapter 6. Experimental Results 30

6.1 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

6.2 Experiments for Lane Merging . . . . . . . . . . . . . . . . . . . . . . . . 30

6.2.1 Comparative Approaches . . . . . . . . . . . . . . . . . . . . . . . 31

6.2.2 Experimental Results with Different Traffic Densities . . . . . . . . 32

6.2.3 Experimental Results with Different Numbers of Vehicles . . . . . 33

6.3 Experiments for Load Balancing . . . . . . . . . . . . . . . . . . . . . . . 33

6.3.1 Comparative Approaches . . . . . . . . . . . . . . . . . . . . . . . 34

6.3.2 Experimental Results with Different Traffic Densities . . . . . . . . 35

6.3.3 Experimental Results with Different Detection Range . . . . . . . 36

6.3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

Chapter 7. Conclusions 38

Bibliography 40

ix

doi:10.6342/NTU202303752



List of Tables

2.1 The notation in two-to-one lane-merging problem. . . . . . . . . . . . 9

3.1 Two situations of subproblems. . . . . . . . . . . . . . . . . . . . . . 11

3.2 Four situations of subproblems. . . . . . . . . . . . . . . . . . . . . . 14

4.1 The notation in load-balancing problem. . . . . . . . . . . . . . . . . 23

4.2 cl,j,0 for 4 outgoing lane scenarios. . . . . . . . . . . . . . . . . . . . . 23

4.3 cl,j,0 for 5 outgoing lane scenarios. . . . . . . . . . . . . . . . . . . . . 23

4.4 The notation in load-balancing problem. . . . . . . . . . . . . . . . . 25

6.1 Results (in second) for different traffic densities. . . . . . . . . . . . . 32

6.2 Results (in second) for different numbers of vehicles. . . . . . . . . . . 33

6.3 Results (in second) for different traffic densities. . . . . . . . . . . . . 35

6.4 Results (in second) for different traffic densities. . . . . . . . . . . . . 36

6.5 Runtime (in second) for different traffic densities. . . . . . . . . . . . 36

6.6 Results (in second) for different detection range. . . . . . . . . . . . . 36

6.7 Results (in second) for different detection range. . . . . . . . . . . . . 37

6.8 Runtime (in second) for different detection range. . . . . . . . . . . . 37

x

doi:10.6342/NTU202303752



List of Figures

2.1 Two-to-one lane-merging scenario. . . . . . . . . . . . . . . . . . . . . 6

3.1 The relation between LV, PV and SV. . . . . . . . . . . . . . . . . . 14

3.2 The four cases for the next vehicle passing the merging intersection. . 14

3.3 The cases the lane-changing safety gap may be neglected. . . . . . . . 18

4.1 Two-to-three lane-expanding scenario. . . . . . . . . . . . . . . . . . 22

5.1 The outgoing lane constraints for incoming lanes. . . . . . . . . . . . 27

5.2 In this example, the source lane of V is Lane A, and Lane G is
assigned as its outgoing lane, so it has to change to Lane C to enter
Lane G. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

5.3 Example of conflicts in a lane-changing scenario. . . . . . . . . . . . . 29

5.4 The example of the decision of a single lane. . . . . . . . . . . . . . . 29

xi

doi:10.6342/NTU202303752



Chapter 1

Introduction

Lane merging is a primary reason for traffic congestion. It occurs at highway

ramps or when the number of lanes decreases due to road construction, terrain,

and other factors. The increase in road capacity and the unpredictability of other

vehicles’ behavior results in congestion during lane merging. Some vehicles may

accelerate or decelerate during a lane-merging scenario, but it is difficult for other

vehicles to anticipate their behavior. Therefore, by utilizing vehicle-to-vehicle and

vehicle-to-infrastructure communication, lane-merging problems can be addressed

by exchanging vehicle information to reach a consensus.

In our work, we aim to enhance the solutions to lane-merging problems by

incorporating lane-changing strategies. In a lane-merging problem, vehicles from

different incoming lanes approach the merging intersection and wait to be scheduled

to enter the outgoing lane. On the other hand, in lane-changing scenarios, vehicles

requesting to do lane changing must move to their target lanes before reaching the

end of the road segment. Recent research has focused on optimizing the scheduling

problems in these scenarios with the assistance of vehicle-to-vehicle or vehicle-to-

infrastructure communication.

Some previous works have contributed to solving lane-merging problems to

enhance traffic management. Uno et al. proposed a merging control method utilizing

1
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vehicle-to-vehicle communication. The method generates a virtual vehicle and maps

the virtual vehicle on the other lane for longitudinal control in a scenario where only

one vehicle is trying to merge and the passing order is pre-defined [1]. Ravari et al.

calculated the cost of the vehicle at the front of each lane and picked the one with

the lowest cost to enter the outgoing lane in a two-lane scenario [2]. Awal et al.

targeted to find out the optimal passing order by grouping vehicles, calculating the

cost of passing order for each group, and pruning infeasible orders that do not have

to be checked necessarily [3]. Pei et al. provided a dynamic programming (DP)

method that finds the optimal passing order with given traffic flows in a two-lane-

merging scenario [4]. Furthermore, Lin et al. provided an improved version to solve

consecutive lane-merging scenarios [5].

Previous works have also aimed at solving scheduling problems for other

different tasks. Lin et al. proposed a Mixed-Integer Linear Programming (MILP)

algorithm to find the optimal solution for scheduling mandatory lane changing that

usually happens near highway ramps [6]. Chen et al. used a graph method to

derive the optimal passing order for vehicles to pass an intersection [7]. Xu et

al. tried to find the optimal passing order for intersections with Monte Carlo tree

search [8]. Li et al. proposed a tree search method with pruning strategies to

decide the passing order among lane closures [9]. Atagoziyev et al. proposed an

algorithm that considers the relative positions between the ego vehicle and its four

neighbor vehicles for scheduling lane changing before a critical position in a two-

lane scenario [10]. Awal et al. proposed a cooperative lane-changing algorithm that

aims to find the suitable lane-changing slot according to the position and velocity

information received from other vehicles to minimize lane-changing time [11].

Control methods have been developed focusing on lane merging with the help

of vehicle-to-vehicle or vehicle-to-infrastructure communication. Milanes et al. cal-

doi:10.6342/NTU202303752



3

culated the time to merge based on the referenced distance and handled incomplete

or imprecise data with fuzzy logic [12]. Ioannis et al. minimized the acceleration and

jerk while merging into the target lane by solving Hamiltonian functions [13]. Ku-

mar et al. calculated the risk of collision for each lane and picked the lane with the

least risk to merge into in a multi-lane scenario [14]. Wiesner et al. trained a model

with particle swarm optimization to control vehicle behavior based on the number

of mergings and collisions in each iteration [15]. Domingues et al. demonstrated the

advantages of platooning in a lane-merging scenario and introduced a negotiation

method for deciding the merging position [16]. Li et al. planned merging paths by

solving formulated constraints with quadratic programming [17].

Other approaches also focused on developing control strategies for lane-

changing scenarios. Wang et al. proposed a lane changing control method that

seeks the optimal angular velocity while changing lanes [18]. Yang et al. aimed

at improving lane-changing safety by adjusting the speed of vehicles involved in a

lane-changing procedure [19]. Choi et al. did path planning with the Dubins path

algorithm utilizing the Geographic Information System [20]. Qiao and Wu planned

the lane-changing trajectory using Quadratic Programming [21].

Most of the previous works of two-to-one lane-merging scheduling assume

that the waiting times between all vehicles are identical and do not take lane chang-

ing into consideration. However, in reality, the performance of vehicles differs from

one another, resulting in different waiting times between each pair of vehicles. When

waiting times between vehicles are not identical, taking lane changing into considera-

tion can reduce the total time needed for all vehicles to pass the merging intersection

because each vehicle can choose the vehicle with a shorter waiting time to follow.

Inspired by the lane-merging problems, we also tackle the issue of load bal-

ancing in lane-expanding scenarios. While lane merging deals with a decrease in the

doi:10.6342/NTU202303752
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number of lanes, lane expanding deals with an increase in the number of lanes. In

real-world multi-lane scenarios, load balancing is crucial for the maintenance and

sustainability of infrastructures. If there is a high difference in lane usage, lanes with

higher usage deplete faster than others, leading to inefficient road usage. Although

load balancing is important, ensuring efficient vehicle passage is also vital. Thus,

we aim to find a solution that considers both load balancing and vehicle passing

efficiency.

In this thesis, we try to bring lane-merging problems closer to reality by not

assuming all vehicles are identical which was not considered in previous works. Fur-

thermore, we take lane changing into consideration which improves the passing effi-

ciency. On the other hand, we deal with load balancing problems on lane-expanding

scenarios which was hardly conducted in previous works. We not only work on

balancing the loads but also try to improve the passing efficiency.

The main contributions of this thesis are as follows:

• We use the DP-based approach in [5] to solve our lane-merging problem with

different waiting times.

• We propose a DP-based algorithm that takes lane changing into consideration

to further improve passing efficiency.

• We propose an MILP approach for load-balancing problems under lane-expanding

scenarios.

• We propose a heuristic approach to improve passing efficiency.

• We carry out experiments that show that for two-to-one lane-merging problems

and load-balancing problems, the approaches we propose outperform first come

first serve (FCFS) approaches.

doi:10.6342/NTU202303752
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The rest of this thesis is organized as follows: Chapter 2 introduces the termi-

nology and formulates the lane-merging problem. Chapter 3 presents our proposed

approaches for the lane-merging problem. Chapter 4 introduces the terminology and

formulates the load-balancing problem. Chapter 5 presents our proposed approach

for the load-balancing problem. Chapter 6 provides experimental results. Chapter 7

concludes this thesis.

doi:10.6342/NTU202303752



Chapter 2

Problem Formulation for Lane Merging

In this chapter, we first introduce the terms used in this thesis and state

the assumptions we make. We use the terms mainly following the terminology

in [5] and add some additional terms. After defining the terms and providing the

assumptions, we describe the scenario of the problem and formulate the problem in

a mathematical form.

2.1 Definitions and Assumptions

Lane Merging. We assume that all vehicles are moving in the same direc-

tion. Lane merging is the process where vehicles from different incoming lanes merge

into one outgoing lane. For example, in a two-to-one lane-merging problem, we have

two incoming lanes merging into one outgoing lane (as shown in Figure (2.1)).

2023/7/10

Incoming Lane A

Incoming Lane B

((  ))((  )) ((  ))

Merging Intersection

Starting Position

Decision Point

((  ))Lane A

Lane B

Lane A

Lane B

((  ))

((  ))((  ))

Figure 2.1: Two-to-one lane-merging scenario.

Lane Changing. Lane changing is the process that vehicles wait for a gap

6
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large enough for them to switch from one lane to another without causing collisions.

For example, in a two-lane situation, vehicles on lane B changes to lane A when

there is a gap large enough between two consecutive vehicles on lane A.

Merging Intersection. The merging intersection is the junction between

incoming lanes and outgoing lanes.

Starting Position. The starting position is the position where vehicles

enter the incoming lanes.

Decision Point. The decision point is where vehicles that decide to change

their lane stop and wait for a gap large enough for them to do lane changing. Vehicles

are only allowed to do lane changing at the decision point.

Decision Departure Time. The decision departure time is the time that

each vehicle passes the decision point.

Waiting Time. The waiting time is the minimum time gap between the

time two consecutive vehicles pass the intersection. W= is the waiting time for two

consecutive vehicles coming from the same lane while W+ is the waiting time for

two consecutive vehicles coming from different lanes entering the same lane. Each

pair of vehicles has its own pair of waiting times.

Scheduled Entering Time. The scheduled entering time is the time that

each vehicle enters the merging intersection.

Lane-Changing Safety Gap. The lane-changing safety gap is the mini-

mum time gap needed between the vehicle changing lane and the vehicles in the

target lane.

The assumptions are as follows:

• All vehicles move in the same direction.

doi:10.6342/NTU202303752
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• Vehicle can only do lane changing at the decision point and can change at

most once.

• The time needed for each vehicle to pass the merging intersection is identical.

• All vehicles are connected and autonomous.

2.2 Problem Formulation

The notation used in the problem is summarized in Table 2.1. In the two-

to-one lane-merging scenario, two incoming lanes, Lane A and Lane B, merge into

one outgoing lane. At the decision point, somewhere before the merging intersec-

tion, vehicles decide whether or not to do lane changing to minimize the scheduled

entering time for the last vehicle entering the merging intersection. To guarantee

safety, vehicles that decide to do lane changing have to wait for a gap large enough

on the target lane, and vehicles on the target lane will stop before the decision

point to ensure that the merging vehicle can complete lane changing. Vehicles are

only allowed to do lane changing at the decision point and each vehicle does lane

changing at most once. In the process, the passing order manager solves the passing

order, computes the scheduled entering time, and decides whether or not to do lane

changing for each vehicle in the detection range.

Suppose there are N vehicles coming from Lane A and Lane B. The earli-

est arrival time of vehicle i is Ai, and the two-to-one lane-merging problem is to

schedule the passing order of the vehicles on both lanes to minimize the scheduled

entering time ei of the last vehicle with given waiting times (W+
i,j,W

=
i,j) for each pair

of vehicles. The formulation is as follows:

doi:10.6342/NTU202303752
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Index i/j the index of vehicles on lane A / B

Element δi the i-th vehicle

Given Ai the earliest arrival time for δi at the intersection
Constant Di the earliest arrival time for δi at the decision point

N the number of vehicles
W=

i,j the waiting time if δi and δj are from the same incoming lane

W+
i,j the waiting time if δi and δj are from different incoming lanes

Ti,j the lane-changing safety gap
Si the lane of δi from the starting position to the decision point

Decision li the lane of δi from the decision point to the merging point
Variable d′i the departure time δi from the decision point

ei the scheduled entering time of δi

Table 2.1: The notation in two-to-one lane-merging problem.

minimize max
i

ei, (2.1)

subject to Ai < ei, (2.2)

d′i +B < ei, (2.3)

ei − ej ≥ W=
i,j, if li = lj and j = argmax

k
ek ∀ek < ei, (2.4)

ei − ej ≥ W+
i,j, if li ̸= lj and j = argmax

k
ek ∀ek < ei, (2.5)

d′i − d′j ≥ Ti,j, ∀j : d′i > d′j and li = lj, if li ̸= Si, (2.6)

d′j − d′i ≥ Ti,j, ∀j : d′i < d′j and li = Sj, if li ̸= Si, (2.7)

i = 1, 2, . . . , N, j = 1, 2, . . . , N.

The objective function (2.1) is to minimize the scheduled entering time of

the last vehicle. Constraint (2.2) makes sure that the scheduled entering time does

not exceed the earliest arrival time for each vehicle. Constraint (2.3) confines the

scheduled entering time of each vehicle with their decision departure time. Con-

straints (2.4) and (2.5) guarantee that two vehicles entering the intersection consec-

utively fulfill the waiting time requirements. Constraints (2.6) and (2.7) guarantee

that when vehicles decide to do lane changing, there is enough space to ensure safety.

doi:10.6342/NTU202303752



Chapter 3

Proposed Approaches for Lane Merging

In this chapter, we introduce our main approaches for the problem. The

main approaches include the DP-Based Algorithm without Lane Changing, and the

DP-Based Algorithm with Lane Changing.

3.1 DP-Based Algorithm without Lane Changing

3.1.1 Motivation

Inspired by [5], we attempt to apply their DP approach to our problem. In [5],

the waiting times between vehicles to pass the merging intersection are identical so

we change part of the proposed algorithm to fulfill our situation where the waiting

times for each pair of vehicles are non-identical. Considering the last vehicle going

to the outgoing lane, our problem can be decomposed into the following situations:

1. The last vehicle entering the outgoing lane is from Lane A.

2. The last vehicle entering the outgoing lane is from Lane B.

3.1.2 Derivation

Based on the two situations in Table (3.1), we decompose this problem into

a series of subproblems, and define LA(i, j) and LB(i, j) to represent the solutions

10
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Last vehicle entering the outgoing lane Solution

Situation 1 From Lane A LA(i, j)
Situation 2 From Lane B LB(i, j)

Table 3.1: Two situations of subproblems.

to the subproblems (as shown in Table (3.1)). For each solution, the subscript letter

indicates which lane the last vehicle going to the outgoing lane comes from. In the

parentheses are the numbers of vehicles that have passed the merging intersection on

the two incoming lanes. Take LA(i, j) as an example, it means that the first i vehicles

on Lane A and the first j vehicles on Lane B have passed the intersection whereas

the last vehicle to pass the merging intersection comes from Lane A. The solution

to each subproblem is a number representing the scheduled entering time of the last

vehicle entering the outgoing lane. Take LA(1, 1) for example, if LA(1, 1) = 7, the

time for one vehicle on Lane A and one vehicle from Lane B to pass the merging

intersection with the last passing vehicle coming from Lane A is 7.

To solve LA(i, j), we show that it can be derived from LA(i−1, j), LB(i−1, j).

The last vehicle to pass the intersection must be the i-th vehicle from Lane A. Thus

we consider the following situations:

(a) The last vehicle passing the merging point comes from Lane A and the previous

vehicle passing the merging intersection is from Lane A.

(b) The last vehicle passing the merging point comes from Lane A and the previous

vehicle passing the merging intersection is from Lane B.

When we derive from (a), we compute LA(i, j) from LA(i−1, j). We compare

the earliest arrival time of the i-th vehicle from Lane A with LA(i − 1, j) +W=
i,i−1

where W=
i,i−1 is the waiting time between the i-th vehicle and the i−1-th from Lane
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A to pass the merging intersection. When we derive from (b), we compute LA(i, j)

from LB(i−1, j). We compare the earliest arrival time of the i-th vehicle from Lane

A with LB(i − 1, j) +W+
i,j where W+

i,j is the waiting time between the i-th vehicle

on Lane A and the j-th vehicle on Lane B to pass the merging intersection. Then

we get

LA(i, j)

= (max{Ai, LA(i− 1, j) +W=
i,i−1})

= (max{Ai, LB(i− 1, j) +W+
i,j}).

(3.1)

Similarly, we can derive LB(i, j) in the same way and get

LB(i, j)

= (max{Aj, LA(i, j − 1) +W+
i,j})

= (max{Aj, LB(i, j − 1) +W=
j−1,j}).

(3.2)

3.1.3 Algorithm

By combining Equations (3.1)–(3.2), we can solve the two-to-one lane-merging

problem by a DP-based algorithm as listed in Algorithm 1. Since each subproblem

is solved by deriving from the smaller subproblems, we need to solve some base

cases first, so that we have some initial solutions to derive from. A base case is a

trivial subproblem, which occurs when an incoming lane is empty, such as LA(i, 0).

However, some base cases are impossible cases, such as LB(i, 0). LB(i, 0) means the

last vehicle entering the merging intersection is from Lane B while the number of

vehicles coming from Lane B that has passed the merging intersection is 0, which

is impossible. For these impossible base cases, we set their solutions to ∞. After

computing every cell of the two tables, we can get an optimal scheduled entering
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Algorithm 1 DP-Based Algorithm without Lane Changing

Input: {ai}, {bj}, {Ai}, {Bj},W=,W+

Output: min {L(α, β,A), L(α, β,B)}
Initialization L(0, 0, A) = L(0, 0, B) = 0 L(1, 0, A) = a1 L(0, 1, B) = b1 for i← 2 to α
do

L(i, 0, A) = max{ai, L(i− 1, 0, A) +W=
Ai,Ai−1

}
end
for j ← 2 to β do

L(0, j, B) = max{bj , L(0, j − 1, B) +W=
Bj ,Bj−1

}
end
for i← 1 to α do

for j ← 1 to β do
L(i, j, A) =
min{max{ai, L(i− 1, j, A) +W=

Ai,Ai−1
},

max{ai, L(i− 1, j, B) +W+
Ai,Bj

}}
L(i, j, B) =
min{max{bj , L(i, j − 1, A) +W+

Ai,Bj
},

max{bj , L(i, j − 1, B) +W=
Bj ,Bj−1

}
Record the passing order for both cases

end

end
Output the results

time of the last vehicle. Since each cell stores the last step that leads to the mini-

mum cost of the current step, we can do backtracking to derive the optimal passing

order.

3.2 DP-Based Algorithm with Lane Changing

3.2.1 Motivation

Inspired by Section 3.1 we come up with a modified version of the algorithm

that takes lane changing into consideration. Vehicles can do lane changing at the

decision point and a safety gap is needed for the vehicle to complete lane changing.

To make it easy to understand, we abbreviate the vehicle at the decision point as LV,

the most recent vehicle to pass the decision point as PV, and the vehicle that may

doi:10.6342/NTU202303752
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Figure 3.1: The relation between LV, PV and SV.

Last vehicle entering the outgoing lane Changed lane Solution

Situation 1 From Lane A No LA(i, j)
Situation 2 From Lane A Yes LA′(i, j)
Situation 3 From Lane B No LB(i, j)
Situation 4 From Lane B Yes LB′(i, j)

Table 3.2: Four situations of subproblems.

cause negligence as SV (as shown in Figure (3.1)). Considering LV, our problem

can be decomposed as follows (as shown in Figure (3.2)):

1. LV is from Lane A and it did not do lane changing at the decision point.

2. LV is from Lane A and it did lane changing at the decision point.

3. LV is from Lane B and it did not do lane changing at the decision point.

4. LV is from Lane B and it did lane changing at the decision point.
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Figure 3.2: The four cases for the next vehicle passing the merging intersection.

doi:10.6342/NTU202303752



15

3.2.2 Derivation

Based on the four situations, we decompose the problem and define LA(i, j),

LA′(i, j), LB(i, j), LB′(i, j) to represent the subproblems (as shown in Table (3.2)).

For each solution, the subscript letter indicates which lane LV is on while entering the

starting position, and those with the prime sign indicate that LV did lane changing

at the decision point. Take L′
A(i, j) for example, it means that the first i vehicles

on Lane A and the first j vehicles on Lane B have passed the intersection whereas

LV comes from Lane A and did lane changing at the decision point. The solution

to each subproblem is a number indicating the scheduled entering time of LV. Take

LA′(1, 1) for example, if LA′(1, 1) = 7, it means that one vehicle with Si = A and

one with Si = B has entered the outgoing lane while the last vehicle to pass the

intersection has Si = A. Since the subscript letter has a prime sign, the last vehicle

to pass the intersection changed its lane at the decision point, so it entered the

merging intersection from Lane B at time 7.

To solve LA′(i, j), we show that it can be derived from LA(i− 1, j), LA′(i−

1, j),LB(i− 1, j), LB′(i− 1, j). LV must be on Lane A at the starting point and it

must do lane changing at the decision point. Here we state the vehicle that passed

the decision point right before PV. Thus we consider the following situations:

• The PV’s Si = A and it did not do lane changing at the decision point.

• The PV’s Si = A and it did lane changing at the decision point.

• The PV’s Si = B and it did not do lane changing at the decision point.

• The PV’s Si = B and it did lane changing at the decision point.

When we derive from (a), we compare the earliest arrival time of LV with the sched-

uled entering time of PV plus W+(k, l) where W+(k, l) is the waiting time needed
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for PV and LV to pass the merging intersection consecutively entering from different

lanes where k and l are the ids for LV and PV. However, there are some situations

where the lane-changing safety gap may be neglected. Figure (3.3) shows some ex-

amples that the lane-changing safety gap may be neglected. Take Figure (3.3a) for

example, when we derive the solution for vehicle 3, we only consider the properties

between vehicle 3 and 2. However, if the following distances of vehicles are too close,

when vehicle 3 decides to do lane changing, it did not take the lane-changing safety

gap of vehicle 3 and 1 into consideration, which will result in the lane-changing

safety gap being neglected. Thus for each solution, we keep track of the most re-

cent vehicles that may cause negligence to vehicles behind with decisions (a)–(d)

and store their values in p(P1, i, j, P2) where P1 is the solution for PV and P2 is

the solution for SV. For the example in Figure (3.3a), the first vehicle’s solution

is A’ and the second vehicle’s solution is A, when the third vehicle is deriving its

solution, its p(A, i − 1, j, A′) is the scheduled entering time of the first vehicle and

p(A, i− 1, j, A) is the scheduled entering time of the second vehicle. Then we use it

to make sure that the previously mentioned safety concerns are not violated by com-

paring max(p(A, i− 1, j, A′), p(A, i− 1, j, B)) + Tk,m with the two values mentioned

at the beginning of the paragraph where k and m are the ids for the current vehicle

i the decision-making process and the vehicle whose safety gap may be neglected.

When we derive from (b), we compare the earliest arrival time of LV with the sched-

uled entering time of PV plus Tk,l or W=(k, l) where W=(k, l) is the waiting time

needed for PV and LV to pass the merging intersection consecutively entering from

the same lane. When we derive from (c), we compare the earliest arrival time of LV

with the scheduled entering time of PV plus Tk,l or W
=(k, l). When we derive from

(d), we compare the earliest arrival time of LV with the scheduled entering time of

doi:10.6342/NTU202303752



17

PV plus Tk,l or W
+(k, l). Thus we get:

LA′(i, j)

= (max{Ak, LA(i− 1, j) +W+
k,l,max(p(A, i− 1, j, A′), p(A, i− 1, j, B)) + Tk,m})

= (max{Ak, LA′(i− 1, j) + max(W=
k,l, Tk,l)})

= (max{Ak, LB(i− 1, j) + max(W=
k,l, Tk,l)})

= (max{Ak, LB′(i− 1, j) + max(W+
k,l, Tk,l)}).

(3.3)

Similarly, we can derive LB′(i, j) in the same way and get:

LB′(i, j)

= (max{Ak, LA(i, j − 1) + max(W=
k,l, Tk,l)})

= (max{Ak, LA′(i, j − 1) + max(W+
k,l, Tk,l)})

= (max{Ak, LB(i, j − 1) +W+
k,l,max(p(B, i, j − 1, B′), p(B, i, j − 1, A)) + Tk,m})

= (max{Ak, LB′(i, j − 1) + max(W=
k,l, Tk,l)}).

(3.4)

For LA(i, j), when we derive from (a), we compare the earliest arrival time of LV

with the scheduled entering time of PV plus W=(k, l). When we derive from (b),

we compare the earliest arrival time of LV with the scheduled entering time of PV

plus W+(k, l). When we derive from (c) the safety gap concerns may occur if SV

has solution B’ and PV has solution B, then the safety gap between SV and LV

may be neglected (as shown in Figure 3.3c). So we compare p(B, i − 1, j, B′) + T

with the earliest arrival time of LV and the scheduled entering time of PV plus

W+(i, j). When we derive from (d), we compare the earliest arrival time of LV with
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Figure 3.3: The cases the lane-changing safety gap may be neglected.

the scheduled entering time of PV plus T or W+(k, l).

LA(i, j)

= (max{Ak, LA(i− 1, j) +W=
k,l})

= (max{Ak, LA′(i− 1, j) +W+
k,l)})

= (max{Ak, LB(i− 1, j) +W+
k,l, p(B, i− 1, j, B′) + Tk,m})

= (max{Ak, LB′(i− 1, j) + max(W=
k,l, Tk,l)}).

(3.5)

Similarly, we can derive LB(i, j) in the same way and get:

LB(i, j)

= (max{Ak, LA(i, j − 1) +W+
k,l, p(A, i, j − 1, A′)})

= (max{Ak, LA′(i, j − 1) + max(W=
k,l, T )})

= (max{Ak, LB(i, j − 1) +W=
k,l})

= (max{Ak, LB′(i, j − 1) +W+
k,l}).

(3.6)
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Algorithm 2 DP-Based Algorithm with Lane Changing

Input: {ai}, {bj}, {Ai}, {Bj}, {W=
i,j}, {W

+
i,j},

Output: min {L(α, β,A), L(α, β,A′), L(α, β,B), L(α, β,B′)}
Initialization L(0, 0, A) = L(0, 0, B) = L(0, 0, A′) = L(0, 0, B′) = 0
L(1, 0, A) = L(1, 0, A′) = a1
L(1, 0, B) = L(1, 0, B′) = b1
for i← 2 to α do

L(i, 0, A) =
min{max{aAi , L(i− 1, 0, A) +W=

Ai−1,Ai
},

max{aAi , L(i− 1, 0, A′) +W+
Ai−1,Ai

}}
L(i, 0, A′) =
min{max{aAi , L(i− 1, 0, A) +W+

Ai−1,Ai
},

max{aAi , L(i− 1, 0, A′) + max(TAi−1,Ai ,W
=
Ai−1,Ai

)}

for j ← 2 to β do
L(i, 0, B) =
min{max{bBi , L(0, j − 1, B) +W=

Bj−1,Bj
},

max{bBj , L(0, j − 1, B′) +W+
Bj−1,Bj

}}
L(i, 0, B′) =
min{max{bBj , L(0, j − 1, B) +W+

Bj−1,Bj
},

max{bBj , L(0, j − 1, B′) + max(TBj−1,Bj ,W
=
Bj−1,Bj

)}}

for i← 1 to α do
for j ← 1 to β do

L(i, j, A) =
min{max{aAi , L(i− 1, j, A) +W=

Ai−1,Ai
},

max{aAi , L(i− 1, j, A′) +W+
Ai−1,Ai

},
max{aAi , L(i− 1, j, B) +W+

Bj ,Ai
, p(B, i− 1, j, B′) + TkB,i−1,j,B′ ,Ai

},
max{aAi , L(i− 1, j, B′) + max(TBj ,Ai ,W

=
Bj ,Ai

)}
L(i, j, A′) =
min{max{aAi , L(i− 1, j, A) +W+

Ai−1,Ai
,max(p(A, i− 1, j, A′) + TkA,i−1,j,A′ ,Ai

,

p(A, i− 1, j, B) + TkA,i−1,j,B ,Ai
))},

max{aAi , L(i− 1, j, A′) + max(TAi−1,Ai ,W
=
Ai−1,Ai

)},
max{aAi , L(i− 1, j, B) + max(TBj ,Ai ,W

=
Bj ,Ai

)},
max{aAi , L(i− 1, j, B′) + max(TBj ,Ai ,W

+
Bj ,Ai

)}}
L(i, j, B) =
min{max{bBj , L(i, j − 1, B) +W=

Bj−1,Bj
},

max{bBj , L(i, j − 1, B′) +W+
Bj−1,Bj

},
max{bBj , L(i, j − 1, A) +W+

Bj ,Ai
, p(A, i, j − 1, A′) + TkA,i,j−1,A′ ,Bj

},
max{bBj , L(i, j − 1, A′) + max(TBj ,Ai ,W

=
Bj ,Ai

)}}
L(i, j, B′) =
min{max{bBj , L(i, j − 1, B) +W+

Bj−1,Bj
,max(p(B, i, j − 1, A) + TkB,i,j−1,A,Bj

, p(B, i, j − 1, B′) + TkB,i,j−1,B′ ,Bj
)},

max{bBj , L(i, j − 1, B′) + max(TBj−1,Bj ,W
=
Bj−1,Bj

)},
max{bBj , L(i, j − 1, A) + max(TBj ,Ai ,W

=
Bj ,Ai

)},
max{bBj , L(i, j − 1, A′) + max(TBj ,Ai ,W

+
Bj ,Ai

)}}
Record the passing order for all cases

Output the results
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3.2.3 Algorithm

By combining Equations (3.3)–(3.6), we can solve the two-to-one lane-merging

problem by a DP-based algorithm as listed in Algorithm 2. Since each subproblem

is solved by deriving from the smaller subproblems, we need to solve some base

cases first, so that we have some initial solutions to derive from. A base case is a

trivial subproblem, which occurs when an incoming lane is empty, such as LA(i, 0),

LA′(i, 0), LB(0, j), LB′(0, j). However, some base cases are impossible cases, such

as LB(i, 0), LB′(i, 0), LA(0, j), LA′(0, j). LB(i, 0) means the last vehicle entering

the merging intersection is from Lane B while the number of vehicles coming from

Lane B that has passed the merging intersection is 0, which is impossible. For these

impossible base cases, we set their solutions to ∞. We also add the ID for each

vehicle to the input, for example, Bj is the ID for the j-th vehicle on Lane B. The

reason to add the ID as input is that we have to get the waiting times of each pair

of vehicles by their ID. For cases that may potentially lead to negligence, we store

the solution of SV in p(P1, i, j, P2) and the ID of the SV in k(P1, i, j, P2) to help

derive solutions for each vehicle. After computing every cell of the two tables, we

can get the scheduled entering time of the last vehicle. Since each cell stores the last

step that leads to the minimum cost of the current step, we can do backtracking to

derive the passing order with the least scheduled entering time of the last vehicle.
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Chapter 4

Problem Formulation for Load Balancing

Inspired by lane-merging scenarios, lane-expanding scheduling problems oc-

cur to us. We then come up with a load-balancing problem for lane-expanding

scenarios. In this problem, we wish to accomplish load balancing on the outgo-

ing lanes. Then we wish to minimize the average delay of all vehicles to pass the

expanding intersection.

4.1 Definitions and Assumptions

First we provide the additional definitions for the extended problem.

Lane Expanding. We assume that all vehicles are moving in the same

direction. Lane expansion is the process where the number of lanes increases and

vehicles on each incoming lane decide which outgoing lane to go to (as seen in

Figure (4.1)).

Expanding Intersection. The merging intersection is the junction between

incoming lanes and outgoing lanes in a lane-expanding scenario.

Decision Number. The decision number is a number that represents which

decision point will each vehicle first encounter based on its initial position.

Decision Bound. The decision bound is the bound that decides how many

times a vehicle can change its lane. For example, if the decision bound is 15, vehicles

21
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Figure 4.1: Two-to-three lane-expanding scenario.

with initial position under 15 cannot do lane changing whereas vehicles with initial

position more than 15×k can do lane changing at most k times where k is the index

of the decision points.

4.2 Problem Formulation

In a lane-expanding scenario, the vehicle can choose which outgoing lane to

go to depending on its initial position, its initial lane, and its decision number. Ve-

hicles can only approach an outgoing lane from certain incoming lanes. Tables (4.2)

and (4.3) show some examples of the relationships between incoming lanes and out-

going lanes. If the value of cl,j,0 is 1, it means that outgoing lane j accepts vehicles

that exit from incoming lane l. Conversely, if the value is 0, then vehicles that come

from incoming lane l cannot go to outgoing lane j.

Suppose there are M incoming lanes and N outgoing lanes and V vehicles.

The load-balancing problem is formulated as follows.
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Index i the index of vehicles
j the index of outgoing lanes
k the index of decision points
l the index of incoming lanes

Element δi the i-th vehicle

Given M the number of incoming lanes
Constant N the number of outgoing lanes

V the number of vehicles
B the bound of a changing interval
Pi the position of δi
Si the lane of δi at the starting position

Decision Variable oi the outgoing lane of δi
ki the decision bound number of δi
li the lane of δi at the intersection

ci,j,k the outgoing lane decision indicator
ai,j the indicator for oi = j
uj the total number of vehicles with outgoing lane j

Objective R the variance of u0 to uN−1

Table 4.1: The notation in load-balancing problem.

N=2 N=3
j l=0 1 0 1 2

0 1 0 1 0 0
1 1 0 1 1 0
2 0 1 0 1 1
3 0 1 0 0 1

Table 4.2: cl,j,0 for 4 outgoing lane scenarios.

N=2 N=3 N=4
j l=0 1 0 1 2 0 1 2 3

0 1 0 1 0 0 1 0 0 0
1 1 0 1 1 0 1 1 0 0
2 0 1 0 1 0 0 1 1 0
3 0 1 0 0 1 0 0 1 1
4 0 1 0 0 1 0 0 0 1

Table 4.3: cl,j,0 for 5 outgoing lane scenarios.

doi:10.6342/NTU202303752



24

minimize R, (4.1)

subject to 0 ≤ oi < N, (4.2)

ki =

⌈
Pi

B

⌉
, (4.3)

cl,j,k = 1, if ∃ l′ : |l − l′| <= k and cl′,j,0 = 1, (4.4)

oi ̸= j, if cSi,j,ki = 0, (4.5)

ai,j = 1, if oi = j, (4.6)

ai,j = 0, if oi ̸= j, (4.7)

uj = Σiai,j, (4.8)

R =
(ΣN−1

j=0 u
2
j)

N
+

(
(ΣN−1

j=0 uj)

N

)2

, (4.9)

i = 1, 2, . . . , V, j = 0, 1, . . . , N − 1,

l = 1, 2, . . . ,M − 1 k = 0, 1, . . . ,M − 1.

The objective function (4.1) is to minimize the variance of the numbers of

vehicles on each outgoing lane to achieve load balancing. Constraint (4.2) states

that the outgoing lane for each vehicle cannot the total number of outgoing lanes.

Constraint (4.3) shows how the decision number of each vehicle is calculated. Con-

straints (4.4) and (4.5) state that whether a vehicle can select an outgoing lane

based on its initial lane and decision number. Constraints (4.6) – (4.8) state how

the number of vehicles on each outgoing lane is calculated. Constraint (4.9) states

the calculation of the variance of the numbers of vehicles on each outgoing lane.

After all vehicles have chosen their outgoing lane to achieve load balance, we

then cope with the second half of the problem which is to minimize the average delay

of all vehicles. Vehicles can only change lanes at decision points and the number

doi:10.6342/NTU202303752



25

Index i/j the index of vehicles
n the index of decision points

Element δi the i-th vehicle

Given M the number of incoming lanes
Constant N the number of outgoing lanes

V the number of vehicles
B the bound of a changing interval
Si the lane of δi at the starting position

Decision Variable oi the outgoing lane of δi
ci the change lane indicator of δi
li the lane of δi at the intersection
d′i the departure time δi from the decision point
ei the scheduled entering time of δi

Table 4.4: The notation in load-balancing problem.

of decision points equals the number of incoming lanes − 1. The lane-changing

constraints are similar to the lane-merging problem. To minimize the average delay

of vehicles and ensure that all vehicles have changed to their target lanes so they

can enter their selected outgoing lane, the second half of the problem is formulated

as follows.
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minimize max
i

ei, (4.10)

subject to d′i,0 +B < ei, (4.11)

ci,n = 1, if li,n+1 ̸= li,n, (4.12)

ci,n = 0, if li,n+1 = li,n, (4.13)

|li,n−1 − li,n| ≤ 1, (4.14)

d′i,n − d′j,n ≥ Ti,j ∀j : d′i,n > d′j,n and li,n = lj,n, if ci,n = 1, (4.15)

d′j,n − d′i,n ≥ Ti,j ∀j : d′i,n < d′j,n and li,n = lj,n+1, if ci,n = 1, (4.16)

d′i,n − d′j,n ≥ 1, if li,n+1 = lj,n+1 and d′i,n > d′j,n, (4.17)

d′i,n − d′i,n+1 ≥ B, if d′i,n+1 > 0, (4.18)

ei − ej ≥ W=
i,j, if li,0 = lj,0 and j = argmax

k
ek ∀ek < ei, (4.19)

ei − ej ≥ W+
i,j, if li,0 ̸= lj,0 and oi = oj and j = argmax

k
ek ∀ek < ei,

(4.20)

i = 1, 2, . . . , V, j = 1, 2, . . . , V,

n = 1, 2, . . . ,M − 1.

The objective function (4.10) is to minimize the scheduled entering time of

the last vehicle. Constraint (4.11) states that the scheduled entering time cannot be

greater than the departure time at the decision point closest to the intersection plus

the decision bound. Constraints (4.12) and (4.13) derive the change lane indica-

tor. Constraint (4.14) states that each vehicle can only stay on its previous lane or

change to its neighbor lanes at a decision point. Constraints (4.15) – (4.17) restrict

the behavior of all vehicles at each decision point. Constraint (4.18) confines the

speed of each vehicle between decision points. Constraints (4.19) and (4.20) guaran-

tee that two vehicles entering the intersection consecutively fulfill the waiting time

requirements.
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Chapter 5

Proposed Approaches for Load Balancing

5.1 Our Heuristic Approach

5.1.1 Phase 1

As mentioned in the previous chapter, this problem consists of two phases.

For the first phase, since the constraints aren’t too complicated, we decide to use

MILP to decide which vehicles exit from an incoming lane and how many of them

enter an outgoing lane. To meet the constraints, each vehicle can only select cer-

tain outgoing lanes. For example, in a four-to-six lane-expanding scenario, vehicles

exiting from Lane A can only go to Lane E and Lane F, vehicles exiting from Lane

B can only go to Lane F and Lane G, and so on (as shown in Figure (5.1)).

2023/6/24

Incoming Lane A

Incoming Lane B

Incoming Lane C

Incoming Lane D

Outgoing Lane E

Outgoing Lane F

Outgoing Lane G

Outgoing Lane H

Outgoing Lane I

Outgoing Lane J

Incoming Lane A

5

((  ))

3

((  ))

4

((  ))

2

((  ))

1

((  )) 3

((  ))

2

((  ))

1

((  ))

5

((  ))

4

((  ))

Outgoing Lane E

Outgoing Lane F

Figure 5.1: The outgoing lane constraints for incoming lanes.
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5.1.2 Phase 2

2023/7/10

V

((  ))

V’

((  ))

Decision Point 1

Decision Point 2

V’’

((  ))

Incoming Lane A

Incoming Lane C

Incoming Lane B

Outgoing Lane G

V’’

((  ))

Figure 5.2: In this example, the source lane of V is Lane A, and Lane G is assigned
as its outgoing lane, so it has to change to Lane C to enter Lane G.

After assigning the incoming lane from which each vehicle enters the inter-

section, each vehicle has to change to it is assigned incoming lane (as shown in

Figure (5.2)). Since lane changing can only be done at decision points, we first

assign priorities to each vehicle based on its initial position, and whenever there is

a conflict, the vehicle with higher priority gets to go first. A conflict at the decision

point happens when vehicles arriving at the decision point may cause collisions if

they take action simultaneously. For example, if the vehicle in the bottom lane

wants to either remain in the same lane or change its lane to the top lane, and the

vehicle in the top lane wishes to change to the bottom lane, they will collide if they

taking actions simultaneously (as shown in Figure (5.3)).

After each vehicle changes to their assigned incoming lane and arrives at the

intersection. We assign them their outgoing lanes. In our approach, if there are v

vehicles exiting from Lane A, we assign the first i vehicles to enter Lane E and the

other v − i vehicles to enter Lane F. For example, if five vehicles are exiting from

Lane A, three of them are going to Lane E, and two of them are going to Lane

F, then Lane E is assigned to the first three vehicles entering the intersection as
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2023/7/10

((  ))

((  ))

((  ))

((  ))

(a)

2023/7/10

((  ))

((  ))

((  ))

((  ))

(b)

Figure 5.3: Example of conflicts in a lane-changing scenario.

their outgoing lane and Lane F is assigned to the other two vehicles (as shown in

Figure (5.4)).

2023/7/10

Incoming Lane A

Incoming Lane B

Incoming Lane C

Incoming Lane D

Outgoing Lane E

Outgoing Lane F

Outgoing Lane G

Outgoing Lane H

Outgoing Lane I

Outgoing Lane J

Incoming Lane A
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((  ))

3

((  ))

4

((  ))
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((  ))

1

((  )) 3

((  ))

2

((  ))

1

((  ))
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((  ))

4

((  ))

Outgoing Lane E

Outgoing Lane F

Figure 5.4: The example of the decision of a single lane.
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Chapter 6

Experimental Results

In this chapter, we demonstrate the experimental results of our proposed

approaches. In Section (6.1), we introduce the experimental setup. In Section (6.2),

we show the experimental results of the three main approaches, including the FCFS

with Lane Changing approach, the DP-Based Algorithm without Lane Changing,

and the DP-Based Algorithm with Lane Changing. In Section (6.3) we compare our

heuristic approach with FCFS.

6.1 Experimental Setup

We implement the proposed algorithms with Python. All the experiments

are run on a macOS Catalina notebook with dual Core 2.1-GHz Intel i7-CPU and

16 GB memory.

6.2 Experiments for Lane Merging

In the experiments for lane merging, we analyze the results of our two main

approaches: (1) DP-Based Algorithm without Lane Changing and (2) DP-Based

Algorithm with Lane Changing and compare them with comparative approaches

mentioned in Section (6.2.1). The experiments are conducted under the following

scenarios: (1) different densities (λ), (2) different numbers of vehicles (N). The

30
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results are shown in Tables (6.1) and (6.2), respectively. Each value in the tables is

the average value of 10 test cases.

For the inputs of the algorithms, we randomly generate the earliest arrival

time of each vehicle following a Poisson distribution, and the waiting times for each

pair of vehicles are randomly assigned. We here set the change lane safety distance

for each pair of vehicles to 4. Since our algorithm focuses on finding an optimal

passing order of vehicles, we assume the earliest arrival time of each vehicle is given

and fixed in our experiments. However, in practice, the earliest arrival time of

each vehicle will be periodically computed according to its position, kinematics, and

dynamics. To compare the performance of different algorithms, we report three

metrics in the results: (1) Tlast, (2) Tdelay, and (3) Texec. All the metrics are in

seconds, and their meanings are as follows:

• Tlast: The scheduled entering time of the last vehicle. It implies the total time

needed for all vehicles to pass the merging point.

• Tdelay: The average difference between each vehicle’s scheduled entering time

and its earliest arrival time. It reflects the delay time of each vehicle, not only

the last one.

• Texec: The execution time of the program, representing the computational

efficiency of the algorithms.

6.2.1 Comparative Approaches

The approaches we use to compare with our proposed approaches are (1)

FCFS without Lane Changing and (2) FCFS with Lane Changing. For FCFS without

Lane Changing, the passing order of each vehicle is assigned based on its initial

position, and no vehicles are not allowed to do lane changing. For FCFS with Lane
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FCFS without Lane Changing FCFS with Lane Changing DP without Lane Changing DP with Lane Changing
λ Tlast Tdelay Texec Tlast Tdelay Texec Tlast Tdelay Texec Tlast Tdelay Texec

0.4 703.50 311.46 2.61E-04 504.00 218.76 2.61E-04 477.00 201.46 2.71E-02 424.00 169.86 1.22E-01
0.6 702.00 344.00 2.73E-04 489.50 239.72 7.71E-04 456.00 218.08 2.37E-02 423.00 194.55 1.25E-01
0.8 727.00 327.80 2.85E-04 522.50 255.88 8.43E-04 469.50 224.80 2.61E-02 414.00 196.51 1.30E-01

Table 6.1: Results (in second) for different traffic densities.

Changing, we follow a greedy rule and also assig the passing order of each vehicle

based on their arrival time at the starting position. The difference is when a vehicle

arrives at the decision point, it can decide whether or not to do lane changing by

comparing the waiting times between the ego vehicle and the vehicle that last passed

the decision point and the time needed for lane changing. For example, if the vehicle

with passing order i is at the decision point, it compares the waiting time and the

lane-changing safety gap between itself and the vehicle with passing order i − 1.

Then it decides whether to do lane changing or not.

6.2.2 Experimental Results with Different Traffic Densities

In this scenario, we set N = 60. Table 6.1 shows that Tlast and Tdelay decrease

from FCFS without Lane Changing to our FCFS with Lane Changing approach

because each ego vehicle has the opportunity to do lane changing if lane changing

reduces the passing time for the ego vehicle at the merging intersection. Tlast and

Tdelay decrease more from our FCFS with Lane Changing approach to our DP-Based

Algorithm without Lane Changing because the passing order of the FCFS with Lane

Changing approach is assigned only considering each vehicle’s earliest arrival time

and thus the DP-Based Algorithm without Lane Changing has better performance

because it takes all possible passing orders into consideration. Then between the

DP-Based Algorithm without Lane Changing and the DP-Based Algorithm with Lane

Changing, Tlast and Tdelay decrease even more because the DP-Based Algorithm

with Lane Changing approach was based on the DP-Based Algorithm without Lane
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FCFS without Lane Changing FCFS with Lane Changing DP without Lane Changing DP with Lane Changing
N Tlast Tdelay Texec Tlast Tdelay Texec Tlast Tdelay Texec Tlast Tdelay Texec

20 289.00 167.94 5.94E-05 230.00 135.79 5.65E-04 205.50 124.98 3.92E-03 195.00 119.23 2.24E-02
40 512.00 250.03 1.50E-04 369.50 185.47 5.13E-04 345.00 172.95 1.21E-02 308.50 154.31 6.86E-02
60 702.00 344.00 2.73E-04 489.50 239.72 7.71E-04 456.00 218.08 2.37E-02 423.00 194.55 1.25E-01

Table 6.2: Results (in second) for different numbers of vehicles.

Changing and it also allowed vehicles to do lane changing if the time cost is reduced.

Texec increases from FCFS without Lane Changing to our FCFS with Lane Changing

approach because we needed time to compute whether each vehicle will do lane

changing. For DP-Based Algorithm without Lane Changing, Texec increases even

more because a DP table had to be filled to consider all possible passing orders.

The DP-Based Algorithm with Lane Changing increases even more in Texec because

it takes lane changing into consideration and thus a more complicated DP table has

to be filled. When λ increases, our approaches still have overwhelming advantages

over Tlast and Tdelay.

6.2.3 Experimental Results with Different Numbers of Vehicles

In this scenario, we set λ = 0.6. Compared with FCFS without Lane Chang-

ing, our approaches have a much greater advantage over Tlast and Tdelay when the

number of vehicles increases, while the execution time of each approach increases in

different degrees as shown in Table (6.2). The reasons are similar to the results of

different traffic densities.

6.3 Experiments for Load Balancing

In the experiments for lane changing, we analyze the results of the our heuris-

tic approach and compare it with a FCFS approach. For the number of incoming

lanes and outgoing lanes, we consider the following cases: (1) 3 to 4, (2) 3 to 5, (3) 4

to 5, and (4) 4 to 6 where the first number is the number of incoming lanes and the
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second number is the number of outgoing lanes. The experiments are conducted un-

der the following scenarios: (1) different densities (λ), (2) different detection Ranges

(R). The results are shown in Tables (6.3) – (6.8), respectively. Each value in the

tables is the average value calculated from the results of 10 test cases. For the inputs

of the algorithms, we randomly generate the initial positions of vehicles following a

Poisson distribution, and the waiting times for each pair of vehicles are randomly

assigned. The lane-changing safety distance for each pair of vehicles are also set to

4. In the experiments, we compare our heuristic approach with FCFS. To compare

the performance between the two methods, we report three metrics in the result:

(1) Dmax, (2) Davg, (3) Tlast. All the metrics are in seconds, and their meanings are

as follows:

• Dmax: The maximum delay of all vehicles. It implies whether or not a vehicle

will have the potential of suffering starvation.

• Davg: The average delay of all vehicles. It considers the delay time of each

vehicle, not only the one with the maximum delay.

• Tlast: The scheduled entering time of the last vehicle. It implies the total time

needed for all vehicles to pass the merging point.

6.3.1 Comparative Approaches

For the load balancing problem, we compare our heuristic approach with

FCFS. In the FCFS approach, each vehicle will be assigned the incoming lane it will

enter the intersection from and the outgoing lane it will go to. After being assigned,

they have to change to their assigned incoming lane and enter their assigned outgoing

lane. When conflicts occur at the decision point or the intersection, the decision
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of which vehicle goes first is based on their passing orders. The passing orders of

vehicles will be assigned based on their initial position.

6.3.2 Experimental Results with Different Traffic Densities

In this scenario, we set R = 60. Tables (6.3) and (6.4) show that Dmax,

Davg and Tlast decrease from FCFS to our heuristic approach because our heuristic

approach reduces the chance for all vehicles of choose W+ over W=. The decreasing

amplitude increases when the density grows because more vehicles will appear in our

detection range and thus more vehicles that had to choose W+ in FCFS can then

choose W= in our heuristic approach. Furthermore, we observe that the decreasing

amplitudes for N to N+1 cases are greater than N to N+2 cases. It is because when

more outgoing lanes exist, the number of lane changes has to increase to fulfill load

balancing. This also results in the performance of N to N+1 cases being better

than N to N+2 cases in our heuristic approach. Table (6.5) shows the runtime of

each approach. For Phase 1, the MILP approach takes more time when the traffic

density increases since the number of vehicles increases, and more time is needed to

find the optimal solution. For Phase 2, we can see that for all cases, the runtime

for FCFS and our heuristic approach is almost the same and our heuristic approach

has a better performance. Thus we believe our heuristic approach performs better

than FCFS.

FCFS Heuristic
3 to 4 3 to 5 3 to 4 3 to 5

λ Dmax Davg Tlast Dmax Davg Tlast Dmax Davg Tlast Dmax Davg Tlast

0.4 36.18 12.50 94.54 26.54 10.37 84.77 20.50 7.91 78.24 24.40 8.80 82.35
0.6 71.90 28.92 131.10 52.06 21.53 110.98 45.50 18.94 104.37 49.95 19.29 108.62
0.8 98.29 40.09 157.53 77.55 32.55 136.30 60.46 27.42 118.93 71.06 28.77 129.94

Table 6.3: Results (in second) for different traffic densities.
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FCFS Heuristic
4 to 5 4 to 6 4 to 5 4 to 6

λ Dmax Davg Tlast Dmax Davg Tlast Dmax Davg Tlast Dmax Davg Tlast

0.4 45.14 15.81 102.88 31.49 12.63 89.47 23.95 9.01 80.11 28.85 10.61 86.84
0.6 85.54 32.06 144.39 68.65 27.33 126.97 45.30 19.23 102.47 62.17 21.54 120.60
0.8 119.19 46.48 178.49 92.78 37.56 151.84 63.91 28.12 122.08 84.74 30.50 143.94

Table 6.4: Results (in second) for different traffic densities.

3 to 4 3 to 5 4 to 5 4 to 6
λ MILP FCFS Heuristic MILP FCFS Heuristic MILP FCFS Heuristic MILP FCFS Heuristic

0.4 1.65 1.19e-2 1.21e-2 4.21 1.11e-2 1.16e-2 4.15 2.66e-2 2.65e-2 8.80 2.65e-2 2.66e-2
0.6 2.09 2.26e-2 2.34e-2 4.75 2.23e-2 2.19e-2 3.86 3.46e-2 3.36e-2 7.68 3.42e-2 3.39e-2
0.8 4.14 5.93e-2 5.94e-2 8.34 5.51e-2 5.86e-2 6.97 6.06e-2 6.17e-2 16.88 7.04e-2 6.46e-2

Table 6.5: Runtime (in second) for different traffic densities.

6.3.3 Experimental Results with Different Detection Range

In this scenario, we set λ = 0.8. Tables (6.6) and (6.7) show that similar to

different traffic densities, the advantages of our approach grow when the detection

range increases. Due to the increase in the number of vehicles considered, more

vehicles have reduced their waiting time from W+ to W= which reduces the values

of the three metrics even more. Table (6.8) shows the runtime for different detection

ranges. What the results imply is similar to different traffic densities too.

FCFS Heuristic
3 to 4 3 to 5 3 to 4 3 to 5

R Dmax Davg Tlast Dmax Davg Tlast Dmax Davg Tlast Dmax Davg Tlast

20 30.81 12.19 49.79 26.43 10.52 45.00 21.65 9.16 39.80 24.76 9.54 43.67
40 59.71 23.57 99.33 49.28 20.30 87.80 38.72 17.68 77.40 46.59 18.28 85.82
60 98.29 40.59 157.53 77.55 32.55 136.30 60.46 27.42 118.93 71.06 28.77 129.94

Table 6.6: Results (in second) for different detection range.
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FCFS Heuristic
4 to 5 4 to 6 4 to 5 4 to 6

R Dmax Davg Tlast Dmax Davg Tlast Dmax Davg Tlast Dmax Davg Tlast

20 31.85 11.27 50.19 26.25 9.83 44.60 19.65 8.22 37.19 21.47 7.80 40.26
40 68.62 24.37 107.66 55.18 21.06 94.45 38.06 16.30 75.90 49.83 17.01 89.04
60 119.19 46.48 178.49 92.78 37.56 151.84 63.91 28.12 122.08 84.74 30.50 143.94

Table 6.7: Results (in second) for different detection range.

3 to 4 3 to 5 4 to 5 4 to 6
R MILP FCFS Heuristic MILP FCFS Heuristic MILP FCFS Heuristic MILP FCFS Heuristic

20 2.66e-1 2.72e-3 2.81e-3 0.54 2.84e-3 3.40e-3 4.47e-1 5.99e-3 6.00e-3 1.22 6.72e-3 6.55e-3
40 9.74e-1 1.11e-2 1.12e-2 2.25 9.92e-3 1.03e-2 1.85 2.40e-2 2.40e-2 4.34 2.54e-2 2.49e-2
60 2.09 2.26e-2 2.34e-2 4.75 2.23e-2 2.19e-2 3.86 3.46e-2 3.36e-2 7.68 3.42e-2 3.39e-2

Table 6.8: Runtime (in second) for different detection range.

6.3.4 Summary

With the result of experiments, we can see that for lane-merging scenarios,

DP-Based Algorithm with Lane Changing is the best approach because it takes pass-

ing orders of all possible cases into consideration. Though the DP-Based Algorithm

without Lane Changing performs well, it still in some cases can’t avoid long waiting

times. The FCFS with Lane Changing approach spends less time than previous

approaches but has a worse performance. FCFS without Lane Changing takes too

long for all vehicles to pass since no additional computing is done.

For the load balancing problem, results show that our heuristic approach

reduces the time consumption compared with FCFS. Our approach performs better

on N to N+1 than N to N+2 scenarios due to additional lane changing needed to

fulfill load balancing.
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Chapter 7

Conclusions

As most existing works about lane merging assume that all vehicles are iden-

tical, we aim to solve lane-merging problems by considering different waiting times

for each pair of vehicles. What’s more, we take lane changing into consideration

since a long waiting time may be avoided if the vehicle decides to change lane.

Inspired by lane-merging problems, we also come up with a load-balancing

scheduling problem for lane-expanding scenarios that not only seeks for load bal-

ancing on the outgoing lanes but also takes the passing time of all vehicles into

consideration. For the purpose of taking advantage of the global view and cooper-

ative driving, we focus on optimizing lane-merging problems with different waiting

times and the load-balancing problem for lane-expanding scenarios.

The experimental results for lane merging show that the DP-Based Algorithm

without Lane Changing reduces the time cost by scheduling all vehicles in a global

view. Furthermore, the DP-Based Algorithm with Lane Changing improves the

passing efficiency of vehicles by taking lane changing into consideration. On the

other hand, the experimental results for the load-balancing problem show that our

heuristic approach is more efficient in scheduling vehicles to pass the expanding

intersection compared to FCFS.

In this thesis, we mainly formulate and solve a two-to-one lane-merging prob-
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lem with different waiting times. We propose a DP-based algorithm considering lane

changing to solve the problem and try to optimize the passing times of all vehicles.

We also formulate and solve the M-N load-balancing problem. We propose an MILP

approach to assign outgoing lanes for all vehicles and come up with a heuristic ap-

proach to improve the passing time.

For future work, we consider the following directions:

• Simulation for approaches. So far, we have only done experiments with code

by considering every assumption we make will work. However, there may be

unconsidered situations that may lead to bad results. Therefore, simulating

our approaches on simulators such as SUMO would bring our approaches closer

to reality.

• Extend the approaches for lane-merging problems. In this thesis, we only con-

sider two-to-one lane-merging scenarios, but in reality, there may also be three-

to-two or four-to-three lane-merging scenarios, and thus scheduling approaches

for those scenarios are also worthy of research.

• Seek a better approach for load-balancing problems. We only come up with a

heuristic approach that reduces the time cost compared to FCFS, so we wish

to find a better approach that may reduce more time cost than our heuristic

approach.

• Extend the scenarios to traffic in the real world. In our approaches, we assume

that all vehicles are connected and autonomous. However, there is still a long

way to go to reach the time when all vehicles are autonomous vehicles, and

thus our approaches may also need adjustment to fit in the real world.
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