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摘要

葉黃素類 (xanthophyll) 是類胡蘿蔔素 (carotenoid) 的其中一種類

別，因其經常出現在健康保健食品中最為出名。如果想要使用傳統

上最廣為使用的科恩­沈密度泛函理論 (Kohn­Sham density functional

theory) 來處理葉黃素類，會因其為強關聯系統 (strongly correlated

system)而導致困難。所以我們使用熱輔助密度泛函理論 (thermally

assisted occupation density functional theory)來求得葉黃素類的相關化

學性質。在本篇論文中我們針對四種在工業及學術文獻上較常出現

的四種葉黃素類：蝦青素 (astaxanthin)，角黃素 (canthaxanthin)，葉

黃素 (lutein)和玉米黃素 (zeaxanthin)及其相關系統做研究。相關系

統是指我們將碳加入其碳鏈中使其結構中的碳鏈延長而得到的新化

合物，我們會另外研究葉黃素類的相關系統是為了更加了解強關聯

系統的性質。

我們利用熱輔助密度泛函理論得到了葉黃素類及其相關系統的

下列化學性質：單重態與三重態之間的能量差 (singlet­triplet gap)，

垂直游離能 (vertical ionization potential)，垂直電子親和力 (vertical

electron affinity)，基本能隙 (fundamental Gap)和對稱馮紐曼熵 (sym­

metrized von Neumann entropy)等等。

關鍵字：葉黃素類，類胡蘿蔔素，熱輔助佔據密度泛函理論，強

關聯系統
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Abstract
Xanthophylls, a class of carotenoids containing oxygen in its structure, has attracted

much attention due to its health­related effect. Because it is a strongly correlated system,

we will encounter difficulties using Kohn­Sham density functional theory (KS­DFT) to

study xanthophylls. In order to deal with those strongly correlated systems, we will apply

the recently established thermally­assisted­occupation density functional theory (TAO­

DFT), which has a great performance with strongly correlated systems and have a fre­

quent usage with systems having radical nature. We put our interest in four types of xan­

thophylls: astaxanthin, canthaxanthin, lutein, and zeaxanthin. For a better understand­

ing of the radical nature and the effect due to this nature, we also study their lengthen

systems, in which we add carbon atoms in the conjugate bond and keep the terminal

groups unchanged. The electronic properties we have interest in include singlet­triplet

gap (STgaps), vertical ionization potential (IPV ), vertical electron affinity (EAV ), fun­

damental gap (Eg), symmetrized von Neumann entropy (SvN ), and active orbital occu­

pation numbers. We find that the singlet state is the ground state and that the energy

difference between single and triplet become smaller when xanthophylls become longer.

The stronger strongly correlated effect has also been found with longer xanthophylls with

the proof from symmetrized von Neumann entropy and orbital occupation numbers.

Key words: Xanthophyll, Carotenoid, Thermally­assisted­occupation density func­

tional theory, Strongly correlated systems
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Chapter 1

Introduction

1.1 Carotenoids

Carotenoids are organic pigments that can color the world with yellow, orange, and

red. It give color to flowers, fruit, vegetables and so much more. We can find carotenoids

in various plants and there are various kinds of carotenoids exist in nature, in fact, more

than one thousand types of carotenoids have been reported in the literature nowadays.[1]

Carotenoids have attracted public attention recently mainly due to their use in feed addi­

tives, food coloring, and nutritional supplements.[2][3][4]

The structure of a carotenoids molecule have a conjugates carbon double bond and

terminal groups in both end. The length of carbon bond and the different combinations

of terminal groups will produce different molecules with various chemical properties.

The length of conjugated carbon double bond is also a huge factor to the properties of

carotenoids molecules. The great majority of them have a carbbon bond with 40 car­

bon atoms. We will refer to these molecules as C40 carotenoids, the number indicate the

number of carbon atoms. The conjugated carbon double bond served as the chromophore

1
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system, which will absorbs the light with a wavelength range from 400 nm to 500 nm, as a

result red, orange ,and yellow are the color we can see from carotenoids. There are seven

types of terminal groups ( β, γ, ε, κ, ϕ, χ, ψ), the basic structure of them are shown in the

figure 1.1.[1][2][3]

There are two categories of carotenoids: carotenes and xanthophylls, by whether there

are oxygen atoms exist in their structure. Carotenes molecules do not have oxygen in

the structure, while xanthophylls molecules have oxygen in the structure, normally in

their terminal groups. The termianl groups of xanthophylls come from naturally occurred

enzymatic reaction.[1] Carotenes and xanthophylls both have wildly usage in research

field and industry. Some example of carotenes are α­carotene, β­carotene and lycopene;

and examples of xanthophylls are lutein and astaxanthin.

Figure 1.1: Different types of terminal groups

2
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1.2 Xanthophylls

There are more than hundred types of xanthophylls, between themwe choose four types

of xanthophylls: astaxanthin (C40H52O4) , canthaxanthin (C40H52O2) , lutein(C40H56O2) ,

zeaxanthin(C40H56O2) for our study. Their structure are displayed in the following figure.

Figure 1.2: The structure of astaxanthin

Figure 1.3: The structure of canthaxanthin

Figure 1.4: The structure of lutein

3
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Figure 1.5: The structure of zeaxanthin

In xanthophylls oxygen will present in the carbonyl groups (C=O) or in the hydroxyl

group (­OH) as we can see from the structure above. In astaxanthin oxygen present in

both functional group; in canthaxanthin oxygen present in carbonyl group; in lutein and

zeaxanthin oxygen present in hydroxyl group. These four xanthophylls are all frequently

used in various fields of industry and have been synthesized on an industrial scale in the

nutraceutical industry. Astaxanthin and canthaxanthin have a combined share over half the

market of carotenoids due to its usage in animal feeding additive. For another usage, they

can be the key to some disease’s treatment. For example, astaxanthin has the potential to

use in the treatment of skin cancer, cardiovascular disease ,and prostatic cancer.[2][5][6]

Xanthophylls come from various source in the nature, we can get astaxanthin from

source including microalgae (e.g. Haematococcus pluvialis, Euglena sanguinea, Chlamy­

domonas nivalis), bacteria (e.g. Paracoccus carotinifaciens, Agrobacterium auratiacum,

Brevundimonas sp.), plant (e.g. Adonis annua, Adonis aestivalis), and yeast (e.g. den­

drorhous). Canthaxanthin can be found from Cantharellus cinnabarinus, a fungus with

red color. Lutein and zeaxanthin can be found from places like wheat endosperm, sweet

potato ,and the macula. Macula is a yellow spot in the retina, hence the yellow color.

Lutein and zeaxanthin are believe to benefit human’s vision; therefore, they can be found

in some nutritional supplements that claim to improve visual function of human. [2][7]

4
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Chapter 2

Theoretical background

2.1 Density functional theory

Kohn­Sham scheme

For the real system the electrons will have interaction with each other, which will cause

an hard­to­deal energy term. In 1965 Kohn and Sham propose the Kohn­Sham scheme in

which we have an non­interacting Kohn­Sham reference frame with an effective potential.

The effective potential is set to make the ground state electron density in this scheme be

the same as the real system.[5]

In the real system, the Hamiltonian is

Ĥ = T̂ + V̂ext + V̂ee (2.1)

and the energy functional is

E[ρ] =

∫
ρ(r⃗)Vext(r⃗) dr⃗ + F [ρ] (2.2)

where

F [ρ] = ⟨Φ|T̂ + V̂ee|Φ⟩ = T [ρ] + uee[ρ] = Ts[ρ] + EH [ρ] + Exc[ρ] (2.3)

5
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Hartree energy is

EH [ρ] =
1

2

∫
dr⃗1

∫
dr⃗2

ρ(r⃗1)ρ(r⃗2)

|r⃗1 − r⃗2|
(2.4)

exchange­correlation energy is

Exc[ρ] =

∫
ϵxc(r⃗)dr⃗ (2.5)

and the Euler equation is

µ =
δE[ρ]

δρ
= Vext(r⃗) +

δTs[ρ]

δρ
+
δEH [ρ]

δρ
+
δExc[ρ]

δρ
(2.6)

where

δEH [ρ]

δρ
= VH(r⃗(ρ)) and

δExc[ρ]

δρ
= Vxc(r⃗(ρ)) (2.7)

In the reference system, the Hamiltonian is

Ĥ = T̂ + V̂eff

and the energy functional is

Es[ρs] =

∫
ρs(r⃗)Veff (r⃗) dr⃗ + Fs[ρs] (2.8)

where

Fs[ρs] = ⟨Φ|T̂ |Φ⟩ = Ts[ρs] (2.9)

and the Euler equation is

µs =
δEs[ρs]

δρs
= Veff (r⃗) +

δTs[ρs]

δρs
(2.10)

By subtract both Euler equation we get the relation, where we can get Veff (r⃗) from a

given ρ(r⃗)

Veff (r⃗) = Vext(r⃗) + VH(r⃗(ρ)) + Vxc(r⃗(ρ)) + µs − µ

= Vext(r⃗) +
δEH [ρ]

δρ
+
δExc[ρ]

δρ
+ µs − µ (2.11)

6
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Since the Kohn­Sham reference frame is a non­interacting system, we can write the

Schrodinger equation for each orbital as

{−∇2

2
+ Veff (r⃗)}ϕi(r⃗) = ϵiϕi(r⃗) (2.12)

along with the relation between electronic density and orbital

ρ(r⃗) =
N∑
i=1

|ϕi(r⃗)|2 (2.13)

we can get a new electronic density ρnew(r⃗) from the effective potential Veff (r⃗).

From the relations above, we can get a new electronic density from a given ”guessed”

electronic density, we will repeat this process in KS­DFT. First, we need to have a guessed

density. Then, we obtain a new density from the previous density. After that, we check

if the new density is the same as the previous one. If the electronic density is the same

self­consistent is achieved; if not we will take the new density as the guessed density and

repeat the process until self­consistent. With the electronic density being determined we

can then use the density to obtain other properties we wanted.

2.2 Thermally­assisted­occupation density functional the­

ory

While KS­DFT is one of the most used electronic structure calculation methods, it has

some shortcomings. For instance, it did not performwell when it come to Strong correlated

systems (i.e. multi­reference systems). The approach to treat electrons not interacting with

each other help reduce the calculation complexity; however, it comes with some price.

We can write the wave function for non­interacting systems as a single Slater determinant

hence the difficulty dealing with the multi­reference systems.

7
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Thermally­assisted­occupation density functional theory (TAO­DFT) have been estab­

lished, and it can dealt with those strong correlated systems with reasonable computational

cost.[6][7]

In KS­DFT the electron density is

ρ(r) =
N∑
i=1

|ϕi(r)|2 (2.14)

In TAO­DFT the electron density is

ρ(r) =
∞∑
i=1

fi|ϕi(r)|2 (2.15)

and the occupation number fi follow the Fermi­Dirac distribution

fi =
1

1 + exp[(ϵi − µ)/θ]
(2.16)

where θ is the fictitious temperature, ϵi is the orbital energy. And fi will satisfied

∞∑
i=1

fi = N (2.17)

and

0 ≤ fi ≤ 1

where N is the number of electron.

In TAO­DFT the energy functional is

E[ρ] =

∫
ρ(r⃗)Vext(r⃗) dr⃗ + F [ρ] (2.18)

and we can write F [ρ] as

F [ρ] = Aθ
S[ρ] + EH [ρ] + Exc[ρ] + Eθ[ρ] (2.19)

Here Aθ
S[ρ] is the kinetic free energy of non interacting system with temperature being

θ. And Eθ[ρ] is the kinetic free energy difference between temperature being zero and θ,

8
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Eθ[ρ] ≡ Ts[ρ]− Aθ
S[ρ] = Aθ=0

S [ρ]− Aθ
S[ρ]. Therefore, we can get the Euler equation

µ =
δE[ρ]

δρ
= Vext(r⃗) +

δAθ
S[ρ]

δρ
+
δEH [ρ]

δρ
+
δExc[ρ]

δρ
+
δEθ[ρ]

δρ
(2.20)

We consider an auxiliary system in which electrons are non interacting and moving

under a potential VS(r⃗) at a temperature of θ. By dealing with grand canonical potential,

we can get Euler equation for ρS , the thermal equilibrium density.

µS =
δAθ

S[ρS]

δρS
+ VS(r⃗) (2.21)

For ρS to be the same as ρ, from the two Euler equations above we can get

VS(r⃗) = Vext(r⃗) +
δEH [ρ]

δρ
+
δExc[ρ]

δρ
+
δEθ[ρ]

δρ
+ µS − µ (2.22)

In the auxiliary system we can also write the Schrodinger equation

{−∇2

2
+ VS(r⃗)}ϕi(r⃗) = ϵiϕi(r⃗) (2.23)

and the electron density

ρ(r⃗) = ρS(r⃗) =
∞∑
i=1

fi|ϕi(r)|2 (2.24)

we get the occupation number fi followed the Fermi­Dirac distribution

fi =
1

1 + exp[(ϵi − µ)/θ]
(2.25)

and µ is chosen to make the number of electron number conserved

∞∑
i=1

fi = N (2.26)

From the above equations (2.21 ­ 2.26) we also get an self­consistent process to get

the ground state electron density similar to KS­DFT. Start with a ”guessed” trial density

ρt(r⃗) to get VS(r⃗), then using the Schrodinger equation to get {ϵi, ϕi(r⃗)}. Next, from the

conserved of the number of electron we can find µ and then {fi}. Finally we will have an

new electron density ρ(r⃗) to check if it is converged with the trial density.

9
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2.3 Computational detail

All DFT calculations in our study are run by Q­Chem 4.4, with the usage of the 6­31G*

basic set, which is a valence double­zeta polarized basis set.[12] The calculation are done

by TAO­DFT with the local density approximation exchange correlation, we will refer to

it as TAO­LDA. The fictitious temperature θ are set to be 7 mhartree.
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Chapter 3

Results

There are various types of xanthophylls exist in the world, we put our interest in four

types of xanthophylls with common usage in research and industry: astaxanthin, canthax­

anthin, lutein, zeaxanthin. From the result of TAO­DFT calculation, we find that these

four all have significant radical nature. To explore more on their radical nature and the

effect on the electronic properties, we put our focus on their counterpart with a longer

polyene chain. To have a better understanding of our chosen methodology of lengthen­

ing xanthophylls, please check Figure 3.1. In the figure, there is the structure of normal

lutein (40­lutein) and its counterparts with more carbon atoms in its conjugated carbon

bond (50­lutein and 60­lutein). To lengthen xanthophylls, we keep their terminal groups

the same with a symmetrically lengthen polyene chain by adding ten carbon atoms at a

time, which means the number of carbon atoms (n) has a minimum value of 40 and an

increment of 10. In the following we will denote these compounds as n­xanthophylls or

n­astaxanthin, n­canthaxanthin, n­lutein, n­zeaxanthin referring to specific types of xan­

thophylls, where n is the carbon number, it indicate the number of carbon atoms in the

compound (n=40,50,60...). The nature forms of the four types of xanthophylls all have
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forty carbon atoms (n=40), while n­xanthophylls with n grater than or equal to fifty (n≥

50) are their lengthen counterparts.

Figure 3.1: The structure of n­lutein with n being the carbon number

There are many carbon­carbon double bonds existing in the structure of xanthophylls,

which make xanthophylls have geometric isomerism. Due to the number of double bonds,

it would be hard to discuss every possible isomer. For the following, we only perform

DFT calculation to two geometric isomers for each xanthophyll, we denoted them as cis­

n­xanthophyll and trans­n­xanthophyll. Consider the connecting part of terminal groups

with the carbon bond, it would cause geometric isomer in both ends of n­astaxanthin,

n­canthaxanthin, and n­zeaxanthin; while it would only cause geometric isomer in one

end of n­lutein. For the isomer, cis­n­xanthophylls are cis in all the ends; and trans­n­

xanthophylls are trans in all the ends. We did not discuss other situations, like cis in one

end and trans in another end, or cis­trans isomers happening in the carbon double bond.
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The structure can be seen in the following figure.

Figure 3.2: The structure of cis­40­astaxanthin

Figure 3.3: The structure of trans­40­astaxanthin

Figure 3.4: The structure of cis­40­canthaxanthin

Figure 3.5: The structure of trans­40­canthaxanthin
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Figure 3.6: The structure of cis­40­lutein

Figure 3.7: The structure of trans­40­lutein

Figure 3.8: The structure of cis­40­zeaxanthin

Figure 3.9: The structure of trans­40­zeaxanthin

3.1 Singlet­Triplet gap

We want to know which is the ground state of n­xanthophylls: singlet state or triplet

state. Therefore, we performed DFT calculation on both singlet and triplet state to obtain
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their respectively ground state energy, hence we can obtain the difference of energy be­

tween single and triplet state. We call the energy difference ST gap, it can be shown as

following,

ST gaps = Etriplet − Esinglet (3.1)

We plot the ST gap for different number of carbon atoms (n) in the following two

figure for cis­n­xanthophylls and trans­n­xanthophylls respectively.We can see that for all

the xanthophylls here, ST gap are always postive; therefore, we know that singlet state

will be the ground state between singlet and triplet state. And that the energy difference

monotonically decrease alongside the increase of n.

ST gap for 40­xanthaphyll is around 15 to 18 kcal/mol, the energy difference become

smaller and come down to about 6 kcal/mol for n­xanthophylls with n larger than 100.

Figure 3.10: Singlet­triplet energy gap of cis­n­xanthophyll with n being the carbon num­

ber. We performed the calculations with spin­unrestricted TAO­LDA. The basis set is

6­31G*.
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Figure 3.11: Singlet­triplet energy gap of trans­n­xanthophyll with n being the carbon

number. We performed the calculations with spin­unrestricted TAO­LDA. The basis set

is 6­31G*.
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For cis­n­xanthaphyll, the value of singlet and triplet state energy and the ST­gap

are display in the following two tables. From the table we can see that the energy of

cis­n­lutein and cis­n­zeaxanthin are very close ( difference is under 0.001 % ) in the

same circumstance, while cis­n­canthaxanthin have a small difference ( under 0.02 % ),

and cis­n­astaxanthin have a large difference( over 3 % ). It is because cis­n­lutein and

cis­n­zeaxanthin have a similar structure and the same molecular formula, while cis­n­

astaxanthin have more oxygen atoms compare to other three types of xanthophyll.

cis­n­astaxanthin cis­n­canthaxanthin

n Singlet state Triplet state ST­gap Singlet state Triplet state ST­gap

40 ­1839.74 ­1839.71 15.05 ­1690.35 ­1690.33 14.92

50 ­2224.37 ­2224.35 11.68 ­2074.99 ­2074.97 11.69

60 ­2609.00 ­2608.99 9.41 ­2459.63 ­2459.61 10.30

70 ­2993.64 ­2993.63 7.96 ­2844.26 ­2844.25 7.83

80 ­3378.27 ­3378.26 6.64 ­3228.90 ­3228.89 6.67

90 ­3762.91 ­3762.90 5.97 ­3613.53 ­3613.52 6.01

100 ­4147.54 ­4174.54 5.48 ­3998.17 ­3998.16 5.47

110 ­4532.18 ­4532.17 4.80 ­4382.80 ­4382.80 4.89

Table 3.1: Singlet and triplet state energy (Hartee) and the ST­gap (kcal/mol) for cis­n­

astaxanthin and cis­n­canthaxanthin, where n is the carbon number. We performed the

calculations with spin­unrestricted TAO­LDA. The basis set is 6­31G*.
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cis­n­lutein cis­n­zeaxanthin

n Singlet state Triplet state ST­gap Singlet state Triplet state ST­gap

40 ­1692.66 ­1692.64 17.96 ­1692.68 ­1692.65 17.63

50 ­2077.30 ­2077.28 13.44 ­2077.31 ­2077.29 12.87

60 ­2461.93 ­2461.92 10.87 ­2461.95 ­2461.93 10.53

70 ­2846.57 ­2846.56 8.84 ­2844.26 ­2844.25 7.83

80 ­3231.21 ­3231.19 8.07 ­3231.22 ­3231.20 7.05

90 ­3615.84 ­3615.83 6.34 ­3615.85 ­3615.84 6.26

100 ­4000.48 ­4000.47 5.83 ­4000.49 ­4000.48 5.60

110 ­4385.11 ­4385.10 5.69 ­4385.12 ­4385.11 5.19

Table 3.2: Singlet and triplet state energy (Hartee) and the ST­gap (kcal/mol) for cis­n­

lutein and cis­n­zeaxanthin, where n is the carbon number. We performed the calculations

with spin­unrestricted TAO­LDA. The basis set is 6­31G*.

3.2 Energy difference between cis–trans isomerism

The structure of xanthophylls lead to the exist of cis­trans isomers, to determine the

energy relation between isomers, we performed DFT calculation on cis­n­xanthophyll and

trans­n­xanthophyll to obtain their ground state energy; hence the energy difference. The

energy gap is define as the following,

Cis− Trans isomer energy gaps = Ecis−isomer − Etrans−isomer (3.2)

We plot the energy gap for different number of carbon atoms (n) in the following

figure. For all the xanthophylls here, only n­astaxanthin with n>40 have a large energy
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difference which is slightly bigger than 5 kcal/mol between geometric isomers, this value

is still smaller than the singlet­triplet energy gap for respective xanthophylls. The ST­

gap of n­astaxanthin with n=50, 60, 70 are between 7.96 to 11.68 (kcal/mol). For n­

zeaxanthin, only when n=40 the energy gap will be close to zero. For other xanthophylls,

they have a positive energy difference less than 1 kcal/mol. Therefore we know that trans­

n­xanthophyll have a lower ground state energy than cis­n­xanthophyll.

Figure 3.12: Singlet state energy difference between cis­n­xanthophyll and trans­n­

xanthophyll with n being the carbon number. We performed the calculations with spin­

unrestricted TAO­LDA. The basis set is 6­31G*.
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3.3 Vertical ionization potential &Vertical electron affin­

ity & Fundamental gap

From previous result we know that between singlet state and triplet state the ground

state will be singlet state, so for the following section we will focus on singlet state n­

xanthophyll.

We perform the calculation to obtain vertical ionization potential (IPV), vertical elec­

tron affinity (EAV) and fundamental gap (Eg). IPV is the energy requiredwhenwe removed

an electron from the compound with the geometry remain the same; EAV is the energy re­

leased when we add an electron to the compound with the geometry of atoms remain the

same ;and Eg is the difference between vertical ionization potential and vertical electron

affinity.[11]

We use the upper­case N to represent the number of electrons in the neutral xantho­

phylls, the lower­case n represent the number of carbon atoms of the xanthophylls. Con­

senquently, we can use EN+1,EN,EN−1 to indicate the energy of n­xanthophyll with the

number of electrons being N+1,N,N­1 respectively with the geometry remain the same

from the ground state neutral n­xanthophyll, which have N electrons. As a result we can

express vertical ionization potential (IPV), vertical electron affinity (EAV) and fundamen­

tal gap (Eg) as the following form.

IPV = EN−1 − EN (3.3)

EAV = EN − EN+1 (3.4)
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Eg = IPV − EAV = EN+1 + EN−1 − 2EN (3.5)

We plot these three property in the following figures. We can see that for the xan­

thophylls here, with the the number of carbon atom in the carbon bond increasing, IPV

monotonically decreasing and EAV monotonically increasing ; therefore, Eg decreasing

as a result.

Figure 3.13: Vertical ionization potential of cis­n­xanthophyll with n being the carbon

number. We performed the calculations with spin­unrestricted TAO­LDA. The basis set

is 6­31G*.
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Figure 3.14: Vertical ionization potential of trans­n­xanthophyll with n being the carbon

number. We performed the calculations with spin­unrestricted TAO­LDA. The basis set

is 6­31G*.
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Figure 3.15: Vertical electron affinity of cis­n­xanthophyll with n being the carbon num­

ber. We performed the calculations with spin­unrestricted TAO­LDA. The basis set is

6­31G*.
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Figure 3.16: Vertical electron affinity of trans­n­xanthophyll with n being the carbon num­

ber. We performed the calculations with spin­unrestricted TAO­LDA. The basis set is

6­31G*.
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Figure 3.17: Fundamental gap of cis­n­xanthophyll with n being the carbon number.We

performed the calculations with spin­unrestricted TAO­LDA. The basis set is 6­31G*.
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Figure 3.18: Fundamental gap of trans­n­xanthophyll with n being the carbon number. We

performed the calculations with spin­unrestricted TAO­LDA. The basis set is 6­31G*.

3.4 Symmetrized von Neumann entropy

To understand the radical nature of xanthophyll, we calculate their symmetrized von

Neumann entropy (SvN ).

Symmetrized von Neumann entropy is

SvN = −1

2

∑
σ=↑↓

∞∑
i=1

{fi,σ ln(fi,σ) + (1− fi,σ) ln(1− fi,σ)} (3.6)

Where fi,σ represent the occupation number of i th σ spin orbital. For systems without

radical nature, the occupation number of all orbital (fi,σ) will be close to either 1 or 0

(i.e. fi,σ < 0.1 or fi,σ > 0.9). By contrast, for systems with radical nature, there are some

orbitals with the occupation number (fi,σ) far from 1 and 0 (i.e. 0.1 < fi,σ < 0.9). As a
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result, SvN for systems without radical nature will be close to zero, while SvN for systems

with radical nature will have a much larger value.

We plot the SvN for xanthophyll with different number of carbon atoms (n), from the

figure 3.19 and 3.20 we can find that SvN monotonically increase with the increase of

the carbon atoms, SvN of 40­xanthophyll are around 0.5 while SvN of 110­xanthophyll

are larger than 2. This means that xanthophyll with longer carbon chain will have more

significant radical nature.

Figure 3.19: Symmetrized von Neumann entropy of cis­n­xanthophyll with n being the

carbon number. We performed the calculations with spin­unrestricted TAO­LDA. The

basis set is 6­31G*.
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Figure 3.20: Symmetrized von Neumann entropy of trans­n­xanthophyll with n being the

carbon number. We performed the calculations with spin­unrestricted TAO­LDA. The

basis set is 6­31G*.

3.5 Active orbital occupation numbers

To have a better understanding of the reason behind why SvN monotonically increase

with the number of the carbon atoms, we plot the active orbital occupation numbers for

different number of carbon atoms (n) in the following figures.

In TAO­DFT the Highest Occupied Molecular Orbital (HOMO) is the n/2 th orbital

and the Lowest Unoccupied Molecular Orbital (LUMO) is the n/2+1 th orbital. The oc­

cupation number will be the sum over two spin, hence the maximum value being 2. The

orbital occupation number for n­xanthophyll all performed a similar trend. While n = 40,

the occupation number are either close to 0 or 2 except for HOMO and LUMO, hence the
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radical nature for 40­xanthophyll. With the increase of carbon atoms, the occupation num­

ber are become closer to 1 including orbital outside HOMO and LUMO. In the case for the

largest xanthophyll in our study, 110­xanthophyll, the occupation numbers are the closet to

1, the occupation number for HOMO is less than 1.5 and the occupation number of LUMO

is bigger than 0.5, along with the occupation number of HOMO­1 and LUMO+1 are also

far from 0 or 2. From the result of occupation numbers, we have a better understanding

of the reasoning behind the fact longer xanthophyll have a more significant radical nature.

We believe the trend will hold for n­xanthophyll with the number of carbon atoms over

110.

Figure 3.21: Active orbital occupation numbers (HOMO­3, HOMO­2, HOMO­1, HOMO,

LUMO, LUMO+1, LUMO+2, LUMO+3) of cis­n­astaxanthin with n being the carbon

number. We performed the calculations with spin­restricted TAO­LDA. The basis set is

6­31G*.
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Figure 3.22: Active orbital occupation numbers (HOMO­3, HOMO­2, HOMO­1, HOMO,

LUMO, LUMO+1, LUMO+2, LUMO+3) of trans­n­astaxanthin with n being the carbon

number. We performed the calculations with spin­restricted TAO­LDA. The basis set is

6­31G*.
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Figure 3.23: Active orbital occupation numbers (HOMO­3, HOMO­2, HOMO­1, HOMO,

LUMO, LUMO+1, LUMO+2, LUMO+3) of cis­n­canthaxanthin with n being the carbon

number. We performed the calculations with spin­restricted TAO­LDA. The basis set is

6­31G*.
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Figure 3.24: Active orbital occupation numbers (HOMO­3, HOMO­2, HOMO­1, HOMO,

LUMO, LUMO+1, LUMO+2, LUMO+3) of trans­n­canthaxanthin with n being the car­

bon number. We performed the calculations with spin­restricted TAO­LDA. The basis set

is 6­31G*.
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Figure 3.25: Active orbital occupation numbers (HOMO­3, HOMO­2, HOMO­1, HOMO,

LUMO, LUMO+1, LUMO+2, LUMO+3) of cis­n­lutein with n being the carbon number.

We performed the calculations with spin­restricted TAO­LDA. The basis set is 6­31G*.
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Figure 3.26: Active orbital occupation numbers (HOMO­3, HOMO­2, HOMO­1, HOMO,

LUMO, LUMO+1, LUMO+2, LUMO+3) of trans­n­lutein with n being the carbon num­

ber. We performed the calculations with spin­restricted TAO­LDA. The basis set is 6­

31G*.
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Figure 3.27: Active orbital occupation numbers (HOMO­3, HOMO­2, HOMO­1, HOMO,

LUMO, LUMO+1, LUMO+2, LUMO+3) of cis­n­zeaxanthin with n being the carbon

number. We performed the calculations with spin­restricted TAO­LDA. The basis set is

6­31G*.
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Figure 3.28: Active orbital occupation numbers (HOMO­3, HOMO­2, HOMO­1, HOMO,

LUMO, LUMO+1, LUMO+2, LUMO+3) of trans­n­zeaxanthin with n being the carbon

number. We performed the calculations with spin­restricted TAO­LDA. The basis set is

6­31G*.
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Chapter 4

Summary and future prospect

Weperformed TAO­LDA calculation on four types of n­xanthophylls (xanthophylls and

their related lengthen systems) including n­astaxanthin, n­canthaxanthin, n­lutein, and n­

zeaxanthin, to understand their electronic properties and the relation between these proper­

ties with the radical nature of xanthophylls. The electronic properties we studied including

singlet­triplet gap (STgaps), vertical ionization potential (IPV ), vertical electron affinity

(EAV ), fundamental gap (Eg), symmetrized von Neumann entropy (SvN ), and active or­

bital occupation numbers. By using TAO­DFT in the study of n­xanthophylls, we could

avoid the error that could happen by using KS­DFT to study strong correlated systems.

Also, we could avoid the high cost in both time and calculation resources required for

other multi­reference methods.

For those n­xanthophylls we studied, we find that the singlet state would be the ground

state. The energy difference between cis and trans isomers are negligible except for n­

astaxanthin while n > 50. Vertical ionization potential and the fundamental gap will

decrease monotonically as the carbon bond becomes longer; by contrast, vertical elec­

tron affinity will increase monotonically. And we also find that the radical nature of n­
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xanthophylls will become more significant as n become larger, which could be seen from

the result of their active orbital occupation numbers or the symmetrized von Neumann

entropy.

In the future, there are some aspect that could be consider to have a more in depth

understanding of n­xanthophylls. First, in our study, we did not consider the effect of

the environment, we treat xanthophylls as if they exist in the air; however, xanthophylls

are often exist as the solute of the solution in the nature, hence the effect of the solvent.

Second, if we consider the cis­trans isomer with the isomerism happen in the middle of

the carbon double bond, the properties could performed a more different trend. Third, the

effect of longer carbon bond with color. Since the carbon bond serve as the chromophore

systems, those n­xanthophylls with longer carbon bond could performed very different

compare to 40­xanthophylls.

Although those n­xanthophylls are not synthesizable nowadays except for those that

exist in nature (n­xanthophylls with n = 40) , in the study we have a better understand­

ing of them by doing these DFT calculations. With different terminal groups, those four

different xanthophylls still have a similar effect regarding the length of the carbon bond.

As a result, we could believe that there is a much higher chance that these trend could be

applied to more different types of xanthophyll. The gradual increase of the radical nature

could be heads­up of the difficulty to synthesize and store n­xanthophylls, which could

cause difficulty in the practice.
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