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Abstract

We use the equation in Kim (1990) to generate the numerical results of early
exercise boundary for the American put options. Then, we evaluate the formula
of the derivative of the early exercise boundary with respect to time and dividend
yield. By the numerical results of the derivative of the boundary with respect to
the dividend yield, we propose reasoning to explain the nonconvexity of the early
exercise boundary when the dividend yield is higher than the risk-free rate. And
we also explain why the early exercise boundary regains convex when the dividend
yield is much higher than the risk-free rate (for approximately ¢/r > 1.5)

Keyword: American option - Put option - Early exercise boundary - Convexity.
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Chapter 1

Introduction

Nowadays, the Black-Scholes model is widely used to value the option price.
It has an analytic form for the European option, but no analytic solution has been
found for the American option. The main reason is that the early exercise boundary,
which represents the optimal price for early exercise before maturity, does not have
an exact formula. However, we still know some characteristics of the boundary,
such as the monotonicity and the limit value at maturity. In particular, convexity
is an interesting topic to discuss.

Note that the regularity of the boundary was proved in Chen et al. (2013).

It proved the boundary is C“H in the log normal context, so the derivative of the

! The boundary is differentiable for all degrees of differentiation.
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boundary makes sense.

The convexity of the American put early exercise boundary with respect to
time is still an open question currently. In Chen et al. (2008), it proves that the
early exercise boundary of an American put is convex when the dividend yield is
zero. In Chen et al. (2013), it proves that nonconvex behavior appears when the
dividend yield is higher than the risk-free rate. It gives us the theoretical upper
bound of nonconvexity and numerically evaluates the nonconvex range. In Chen’s
paper, we observe that the upper and lower bound of the nonconvex range increase
as the dividend yield increases. The early exercise boundary regains convexity as
the dividend yield is significantly higher than the risk-free rate. The cause of this
phenomenon is still unclear.

In this paper, we will first use the integral equation provided by Kim (1990)
to numerically evaluate the early exercise boundary. Then, we derive the formula
of the derivative of the early exercise boundary with respect to time to evaluate
the nonconvex range more explicitly. Though the numerical result is not good,
we still conclude some possible reasons to explain the numerical error causing the
inaccurate results. Finally, we derive the formula of the derivative of the early
exercise boundary with respect to the dividend yield. By the numerical results, we

will explain how the nonconvex range change as the dividend yield rises.
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Chapter 2

Early Exercise Boundary Evaluation

We first introduce the notation in this paper.

Notation:

K: Exercise price of the option

7: Time to maturity

r: Risk-free rate in the market

q: Dividend yield of the security

o: Volatility of the return of the security

B(7): Early exercise boundary (or optimal exercise price) of the American put at
time 7

At;: {B(u) | 0 < u < At} is the early exercise boundary range using finite

doi:10.6342/NTU202302497



difference method data

At,: Subinterval length of the numerical integration in Kim’s method

Ats: Interval length of early exercise boundary recursively evaluating in Kim’s
method

First, we notice that

% ifg>r
B(0) = lim B(r) = 2.1)
7—0%

K ifg<r
This is already proved in Kim (1990), and Wilmott et al. (1993). It means that
the boundary has a different price at maturity with different conditions of dividend
yield. Observe that B(0) < K as g > r, we can view it as the one who has stock
will earn expectedly e(9~")7(> 1) times if he/she does not early exercise it with T
remaining time. Therefore, the stock price requirement of early exercise is lower
than the exercise price K even near the expiry date.

By the equation (12) in Kim (1990), we know that the /ive American put price has

doi:10.6342/NTU202302497



an integral equation representation at the stock price S(7):

PS(.73B() = p(S().1) + [ [rKe T IN(-a(S(0). 7 - i Bw))
- qB(T)e_q(T_”)N( -di(S(r), T —u; B(u)))]du

(2.2)

where B(-) means {B(u) | 0 <u < 7}.
p(S,7) = Ke—”N( —d(S, T K)) - Se_qTN( —dy(S,T; K)) 2.3)

represents European put option at the time to maturity 7.

ln(%)+(r—q+%2)‘r

di(S,7,K) = - , dr(S,T:K) =di (S, 1:K) —ovT (2.4)
x 2
N(x) = /_ Ee 2 du (2.5)

This equation explains the American put option can be separated as the summa-
tion of the European put price and the premium value of the opportunity to early

exercise.
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With taking S(7) = B(7), American put is early exercised, so we have

K - B(7) = p(B(T),T) + /OTf(B(T),T;B(u),u) du 2.6)
where

f(B(T), 7;B(u), u) = rKe_’(T_”)N( - dz(B(T), T —u; B(u)))
2.7)
- qB(T)e_q(T_")N( —d (B(T), T—u; B(u)))

By this equation, we can evaluate the early exercise boundary recursively. Below

is the methodology.

2.1 Methodology

First, we will evaluate B(t) from 7 = 0O to the time far from maturity, so B(7)
value near expiry is important. We use the finite difference method to evaluate
B(t) for 7 = 0 ~ Aty, with At, time gap and AS price gap. This is to ensure that
B(7) would not be misestimated too much from the beginning. However, we are

concerned that the stepwise function of the finite difference method B(7) may not

doi:10.6342/NTU202302497



FDM
44.44 1 = = = @y approach
Midpoint
44.42 A
@
v
§ 44.40 1
44.38
44.36

0.00000 0.00002 0.00004 0.00006 0.00008 0.00010
Time to maturity

Figure 2.1: B(t) comparison of finite difference method

Evans et al. (2002) approximation (e approach) and the modified function

(Midpoint) with K = 50, r = 0.04, ¢ = 0.045, o = 0.3, AS = 5, Ar, = 1078

be smooth enough. Therefore, we modify it by linearly connecting the midpoint of
each price gap, thus overcoming the issue of smoothness. Note that the modified
function is almost the same as the approximation function in equation (3.8) in
Evans et al. (2002) H See the comparison in Figure .

RMSE of the function in Evans et al. (2002) (called it @9 approach) and the

modified function (called it Midpoint) is 1.642 x 1074, and the differences are

shown in Table .

2 The early exercise boundary B(7) ~ gK e~ V2T 4t near 0 where ap ~ 0.4517.
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T 1075 2%x1070 | 3x107% | 4x1075 | 5x107° | 6x107° | 7x107° | 8x1070 | 9x 1073 1074

Difference 0.0001538 0.0001322 0.0001637 0.0001579 0.0001677 0.0001723 0.0001553 0.0001781 0.0001683 0.0001700

Table 2.1: Differences of @ approach and Midpoint

Second, since we find the value from B(0) to B(At{), we want to evaluate the next
point B(7) for 7 = At; +At3. According to (@), suppose F(S, T, B(-)) =-K+S+
p(S, T)+/OT f(S,7; B(u),u) du wetakein S = B(t—At3) and B(t—At3)—0, as the
upper and lower value. By the bisection method, we can figure out S = B(7) when
S = )F(S, T,B(-))’ < €1. Note that we also define {B(u) | At; < u < Aty + At3}
by the linear function between B(At)) & B(At) + At3).

Third, we use the trapezoid method to approximate the integration with time gap
At, for each time point in the integration. For 0 < u < At{, we take into the value
of finite difference method data, and for u > At; we take into the value we get from
our method and connect them by piece-wise linear function.

Fourth, we can recursively evaluate B(At; + At3), B(At) + 2At3), B(At) + 3At3),
and so on.

Finally, we can get B(7) function from our method, called it Kim’s method.

doi:10.6342/NTU202302497
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(a) B(t) comparison between Kim (b) B(r) difference between Kim
method and finite difference method method and finite difference method
AS = {5, At =1077

Figure 2.2: B(7) comparison
With parameter K = 50, r = 0.04, ¢ =0.045, 0 =0.3

2.2 Numerical results

In the Figure P2, we use AS = 5k, Aty = 1074, Ar, = 1078, Ars = 1075, 5, =
0.1, € = 107! as the parameter of Kim’s method (See the Appendix for the
choice of AS and At;) to compare with finite difference method with AS = ﬁ

and At = 1077 (called it FDM method). We find that B(7)g;,, is slightly lower

than B(7)rpy. RMSE of them is 5.22 x 1074, It verifies the accuracy of B(7)kim.
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Chapter 3

Derivative of Early Exercise

Boundary with respect to time

For the purpose of finding the nonconvex range of the early exercise boundary
more explicitly, we want to evaluate the derivative of B(7). Then, by finding the
local maximum and local minimum of B;(7) we can find the nonconvex range of

B(7).

10

doi:10.6342/NTU202302497



3.1 Derivation of the formula

Proposition 1. Given a function of time x(u),u > 0 and a function f (x(t), 7;x(u), u)

with T > u. Define

7 X1 ’ 7 ; xu ’ u

of() , 9/() 9x(1)

d
or ox(t) or “

D= Jim (o). rxwa+ [

Proof. An implication of Leibniz’s integral rule. Note that u — 7~ is required

when there is no value at u = 7 O

Theorem 1. For v > 0, the derivative of the early exercise boundary with respect

to time has the following form.

pT(B(T),T) + %(rK - qB(T)) + /O‘T h(B(T),T; B(u), u) du

dB(7) _

B:(7) = dt

1+ pp(r) (B(T),T) + /OTg(B(T),T;B(M), u) du
(3.1)

where
d) =d(B(1),1,K), dy=dy— oVt (3.2)

11
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=d(B(1), T —u, B(u)), dy=df —oVt—u (3.3)

n(x) =N'(x) = \/%e_% (3.4)

afC) rKe_’(T ”)n(d*) qe‘q(T_”)n(d’f)
0B(t)  B(t)ovT-—u o\VT—u (3.5)

— ge TN (—a¥)

g(B(T),T; B(u), u) =

. * * 1 B(1)
h(B(c), 7 Bu),u) = O _ _gorter | py(cazy + %) (d_z _ n(Gw) )]
ot T—ul\2 o\r—-u
e n(dy) (df  InCzep)
(T—u) * A
+gB(1)e™? gN(=dy) + —u(Z T
(3.6)
pe(8(x), ) = BT o) 4 gy N
B(t)oe 1" n(d)) 3.7
+ N
Pae (B 7) = 0= (B(7). 1) = = N () a8
Proof. Total derivative equation (@) by Proposition , we get
-B.(1) = GB—()B (T)+—+ hm f(B(1),7; B(u), u)+/0 [51]9((( )) B(7) + ﬁf()

12
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pT(B(T),T) + lim_f(B(T),T;B(u),u) +/Tg—{(B(T),T;B(u),M)dM
u—T 0

1 +pB(T)(B(T)aT) + /OT BZ—{T)(B(T),T;B(L{), u)du

B(7) = -

FOl‘pT(B(T),T), PB(z) (B(T),T), %{T)(B(T),T;B(u),u), andg—{(B(T),T;B(u),u)

is the simple calculus works. And by the implication of Lemma , we have

Jim f(B(7),7: B(w), u) = rKe”""N(0) = gB(r)e”""N(0) = %W - 4B(7))

Lemma 1. Define df = d; (B(T),T —u, B(u)), dy=df —ovt—u

d?, d;—>0 as u—T

Proof.
lim di(B(1), 7~ u, B(w)) = lim inB(7)) -1n (Bi‘\)/);(; ~q+5) (T -u)
. In (B(T)) ~In (B(u))
U=t o\T—u
(77)
- IZ(:—) 0=0

13
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lim dz(B(T), r—u, B(u)) = lim d, (B(T),T _u, B(u)) Y vy )

By the proof in Chen et al. (2013), B(7) is differentiable for 7 > 0. That illustrates

the third equality of limit d. O

Note that g (B(T), 7, B(u), u), h(B(T), 7; B(u), u) does not have limit for u —
7~. There might be a problem if the integral does not converge. In the Appendix,
we will ensure that the integrals of g(B(T), 7, B(u), u), and /’Z(B(T),T; B(u), u)

converge.

3.2 Numerical Results

For the formula in (), we require {B(«#) | 0 < u < 7} as an input to calcu-
late the value of B;(7) and we already obtained this in the previous section. The
numerical result of B(7)g;», and B(7)rpy are B (7)kim and B (7)ppuy, respec-
tively. However, the result is not good. In Figure , the ET(T) rpym and ET(T) Kim
is the secant line slope of B(7)ki», and B(7)rpy in Figure . Ideally, we hope
that B (7)kim and B (7)rpu are close to ET(T)FDM and ET(T)Kim, but they don’t.

Below we will discuss the reason for non-accurate numerical results.

14
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Figure 3.1: B,(7) comparison
With parameter K = 50, r = 0.04, ¢ =0.045, 0 =0.3

3.3 Discussion of Inaccurate Results

One possible reason is equation (4) in Kim (1990) for the American put version,

P(S,,nAt) = p(S,,nAt) + O(Ar)
n—1 By
+ Z e~ (n—Rorar / [(1 - e K — (1 — e 7%) 8] (3.9)
k=1 0
XY (Sk, (n— k)At; S,) dSk

where ¥ (Sk, (n — k)At; S,) is the transition density function of the asset price

at time #; given the asset price S, at time #,. Equation (@) derives from it for

15
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At — 0. O(At) may not be an important term when calculating the numerical
result of B(7). However, the formula of B;(7) may lose an important term when
we ignore O(At) in deriving the numerical results. Calculating the approximate
term of O(At) as a function of 7 may solve this problem.

Another possible reason is the accuracy of the trapezoid method of numerical
integration. Because h(B(T), 7; B(u), u) — o0 as #u — 7. The numerical result
may lose a large value for 7 — u close to 0. See an example in Table .

Because h(B(T),T; B(u), u) is 0((’1’ - u)_O'S) as u — 7~ (see Appendix for the

T-u 108 2x1078 | 3x1078 | 4x107% | 5x10°8 | 6x107% | 7x1078 | 8x107% | 9x1078 107

h(u) 955.96 675.97 551.93 477.99 427.53 390.28 361.34 338.00 318.67 302.32

Table 3.1: h(B(T), 7, B(u), u) value at T = 107

proof), we take a similar example to explain how trapezoid integration causes an er-

0.0001 |
ror. Note that o i

dx = 0.02, but for the trapezoid method with 10000 points
even distance numerical integration (without counting the point x = 0 ) the numer-
ical result is 0.019803..., which is about 1% error with respect to the true value.
For the case 7 = 107%, the numerical integration fOT h(B(T),T; B(u), u) du =
1.8987 x 1073 and the numerator of B.(7) is —1.304 x 107>. The 1% error may

change the sign of B (7). However, unless we know the approximate form of A (-)

as 7 — u is close to 0, we can’t approximate the integration well in any numerical

16
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integration method.

For future work, we can try to use the secant line slope of the boundary as the
accurate B (7) compared with the formula result. We set the difference of the
slope and the formula result as the cost function. Using deep learning or the gradi-
ent decent method, we can implicitly find the numerical formula of integration of

h(B(T), 7; B(u), u) It may solve both of the possible problems that we propose.

17
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Chapter 4

Derivative of Early Exercise
Boundary with respect to dividend

yield

To explain the nonconvexity of the early exercise boundary, we focus on the be-
havior of the early exercise boundary change when the dividend yield changes and

other variables are fixed.

18
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4.1 Derivation of the formula

Theorem 2. For v > 0, the derivative of the early exercise boundary with respect

to the dividend yield has the following form.

Pq(B(T),T) + '/OT [I(B(T),T;B(u),u) - By (u) +m(B(T),T;B(u),u)] du

By(7) = - =
1 .
+pB(T)(B(T)aT) +/0 g(B(T),T,B(u), u)du
4.1)
where
Pyq (B(T), T) =B(1)e"I"N(=d})T 4.2)
_ _Af() _rKen(dy)  qB(r)e ! n(d})
Z(B(T)’ ™ Blw), u) " 0B(u)  B(u)ovT—u - B(u)o\t —u *-3)

m(B(T), 7; B(u), u) = a(];fl) = TO__ - ( - rKe_r(T_”)n(d;) + qB(T)e_Q(T_”)n(dT))

+ B TIN(=d}) (g(r - w) - 1)

4.4)
PB(t) (B(T), T) andg(B(T), 7; B(u), u) is the same as the formula in the previous section.

Proof. Total derivative the equation (@) by ¢ , we get

8,0 = om0+ S04 [T S o 2200+ 220

aB( ) OB(1) dB(u)

19
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Through rearranging equation and some simple calculus works, we prove it. O

Note that the integral of /(B(7), 7; B(u1), u) may also have the problem of con-

vergence. We will ensure that this is not a problem in the Appendix.

4.2 Methodology

Similar to the methodology in evaluating the numerical result of B(7), we need
the data of {B(u)| 0 < u < 7} and {B,(u)| 0 < u < 7} as an input to calculate the
value of B, (7). For the first part of the data, we already know in Section 2. For

the second part of the data, we first notice that the value of

-5 if g>r

_dB(0) _

B,(0) = g )0 if g<r (4.5)

undefined if g =r

Suppose we know the value of {B,(kAt3) | 0 < k < N,k € N}, we want to find
E = Bq((N + l)At3). For 0 < u < NAt3, we set B,(u) to be piece-wise linear
function of {B,(kAt3) | 0 < k < N ,k € N} Otherwise, for u > NAt3, we set
B, (u) to be the value of piece-wise linear function of B, (NAt3) and E.

Then, we set E; = B,(NAt3) and E; = B,(NAt3) + 6, as upper bound and lower

20

doi:10.6342/NTU202302497



bound of B, ((N + I)At3). For g > r, 62 should be over 0 ; for ¢ < r, 5 should be

under 0. Using the bisection method, we can solve E = B, ((N + 1)At3)

4.3 Numerical Results

We establish the difference of B(7)gim, B(7)rpy with g = 0.045 and g = 0.0451,
Eq(T)[(,'m and Eq(r) Fpm as the benchmark.ﬁ By the formula (), we obtain
B,(7)kim and B, (7)rpum using the input data B(7)k;» and B(7)rpy. In Figure
, we find B, (7)kim and B,(7)rpu are close to Eq(T)K,-m and Eq(T)FDM. It
means the numerical result of the derivative with respect to the dividend yield
is successful. RMSE of B, (7)kin and B, (7)rpm is 6.20 X 1072, It means the
numerical result is insensitive to the input data B(7). RMSE of B,(7)k;n and
Eq(r) Kim 18 9.67, which we can also see in . We think it is because the differ-
ence Ag = 0.0451-0.045 = 0.0001 is not small enough to reveal the accurate data
of the derivative. The lower Ag is, the lower RMSE of B, (1) and Eq () kim Will

be.

3B, (1) = (B(T, g =0.045) - B(,q = 0.0451)) /0.0001

21
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Figure 4.1: B,(7) comparison
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With parameter K = 50, r = 0.04, ¢ =0.045, 0 =0.3
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Chapter 5

Nonconvexity Explanation

To discuss the nonconvex range of B(7), we can check if B(r) > w
though we do not have the accurate result of B-(7). In Figure , we can see
the nonconvex range of B(7). In Figure , we compare the nonconvex result of
different g with Figure 2.2 in Chen et al. (2013). The nonconvex range is almost
the same as the numerical result of nonconvex range of Figure 2.2 in Chen et al.
(2013). It says that B(7)g;» is accurate enough to check the convexity, though
we can not derive B:(7)gim. A closer look at the upper and lower bound of the
nonconvex range, they get higher as g increases with other parameters remaining

the same. For ¢ >> r (¢ > 1.5r), B(7) regains convex. For the explanation of it,

we should look at B, () for different g first.
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Figure 5.1: Nonconvex range discussion

In Figure , we can see B,(7) is a decreasing function for ¢ < r at first.
As g is slightly higher than r (i.e. g = 0.041), the strong power at T = 0 pulls
B(7) down like a rope, and B, (7) is B(7)’s speed of descend. As g continually
increasing, the descending power of B,(0) slow down, but B, () start to strongly
fall down from expiry to 7 >> 0 because of the momentum of B, (0) effect. We
can also find that the nonconvex range is the steepest range of B, (7). It shows that
the steepness of B, (7) is the reason of the nonconvexity of B(7). That is when
there is a significant difference in descending speeds of B(7) between adjacent

points with respect to g change, the convexity of B(7) can not maintain.
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Figure 5.2: Nonconvexity explanation with different dividend yields

With parameter K = 50, r = 0.04, o = 0.3. Nonconvex range of B(7) with
black color on it.

doi:10.6342/NTU202302497



Chapter 6

Conclusion

We give a novel method of evaluating the early exercise boundary. The Kim's
method can solve the disadvantage of the stepwise function in the finite difference
method. We can also derive the derivative of the boundary by the same equation
following the Kim’s method.

For the derivative of the early exercise boundary with respect to time, the nu-
merical result is not good. We find the reason may be the error term O (Af) on the
original statement in Kim (1990), causing the missing term in the numerical result
of the derivative of the boundary. Or it may be the accuracy of the numerical inte-
gration is not good. But this does not mean the formula is useless, we believe that

the formula can be used in deep learning to evaluate the derivative of the boundary
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in the future.

For the derivative of the early exercise boundary with respect to the dividend
yield, the numerical result is really close to the difference of the early exercise
boundary with respect to the dividend yield. We think the formula can even sub-
stitute the difference of the boundary with respect to the dividend yield for not
having the problem of Ag error in the difference of the boundary.

We also give a view of the reason why the early exercise boundary loses con-
vexity when 0 < g —r << 1 by the numerical result of the early exercise boundary
and its derivative with respect to the dividend yield. In Figure , it says that
B,(0) is the main reason for the steep part of B,(7) when 0 < g —r << 1. The
steep part of B, (7) makes B(7) lose convexity. When the dividend yield continues
to increase, the power of B,(0) slows down. The steep part of B,(7) disappears,

causing B(7) regains convexity.
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Appendix

A.1 Choice of finite difference method parameter AS and A

. . 2
In Wilmott (1998), we know that we should fix the ratio % to control the error of
finite difference method to stably decrease as At — 0.
Therefore, we try to narrow down AS and At at the same time at a reasonable time.

In Figure , we can see the comparison of different AS, Ar with the same ratio

As?

o = —10800. Finally we choose AS = ==, Ar = 1078 (the red one).

300°
Note that if we consider the tree model case, we have % = 20VAr We take

o = 0.3,5 = 50 for Figure case. Then, we have AA—SIZ = 900. That is close to

our choice.
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Figure A.1: Finite difference method AS, At choice

A.2 Convergence of the integral

For the convergence of the integration of (@), (@) and (@)

g(B(T), 7; B(u), u)

af() _rKe_r(T_”)n(d;) qe‘q(T_“)n(df) ~

ge” "IN (=d})

- OB(1t)

B(oyovr—u

oVT—u

=0((r-w)+0((-uF)+o()
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h(B(T),T;B(u), u) = 6?;_7(_) — _pKe "W

rN(—d;)+T_u > T —

gN(-d}) + n(dp) (‘ﬁ _ ln(%) )]
1

n(d) (d_; ~ In() )]

+ qB(T)e_q(T_”)

T-ul\2 o\T-u

= _rKe~ (T [rN(—d;) + kz(B(T), : B(u), u)]
+ qB(1)e 4T [qN(—df) +ky (B(T), 7. B(u), u)]

= 0((‘[’ - u)_%) as u—oT1

For the third equality, we know that

In (B(T)) —In (B(u)) g %2)

kz(B(T),T;B(M),M) = ”(dg)( - = + 2ot —u

= n(d})

0((T - u)_%) + 0((T - u)_%)) (similar technique in Lemmall)

= 0((T - u)_%) as u—>T1

Similarly, ki (B(x). 7: B(u).u) = O((r ~w)}) as u—

l(B(T), 7, B(u), u) = gg—((u))

0((T - u)_%) - 0((7‘ - u)_%)

0((7‘—1/!)_%) as u—>T1
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And we know the fact that

.
/ (r - u)_%du < 0
0

Therefore, the integrals all converge.

A.3  «a(7) regression

In Evans et.al. (2002) , it gives us an expression of B(7)

B(T) — KeXf(T) — ge—a(%zr)oﬂ/ﬁ
q

where a(-) is an unknown function.

Furthermore, it gives an approximation

o = lirg a(t) =0.4517... forg>r
7—0%

(A.1)

(A.2)

We wonder the relationship between «(7) and o, r, g, T and find a regression

a(r) = o+ 1 () + 82(S2) + 3 (=

v TR T ey

31

(A.3)

doi:10.6342/NTU202302497



OLS Regression Results

Dep. Variable: y  R-squared: 0.839
Model: 0OLS Adj. R-squared: 0.839
Method: Least Squares F-statistic: 2.169e+85
Date: Fri, @5 May 2023 Prob (F-statistic): 0.00
Time: 23:58:58 Log-Likelihood: 3.8344e+@5
No. Observations: 125000  AIC: -7.669e+85
Df Residuals: 124996  BIC: -7.668e+@5
Df Model: 3
Covariance Type: nonrobust

coef std err t P>t [8.825 0.975]
const @.4516 4.54e-05 9936.288 @.000 0.451 0.452
x1 4.823e-05 8.51e-07 56.695 @.000 4.66e-05 4.99e-85
X2 5.821e-06 7.72e-07 7.548 @.000 4.31e-06 7.33e-06
X3 1.217e-85 1.69e-07 71.898 0.000 1.18e-05 1.25e-85
Omnibus: 25548.626  Durbin-Watson: 0.082
Prob(Omnibus): 9.000 Jarque-Bera (JB): 917485.949
Skew: -9.131  Prob(JB): 0.00
Kurtosis: 16.270 Cond. No. 1.91e+@3

Figure A.2: a(7) regression result by the data of finite difference method

Each r, g, o with 5 different value, and 0 < 7 < 10~* with 1000 different value

The result is in Figure @ .

We can see the intercept By = 0.4516, which is really close to @ mentioned in
Evans et.al (2002). Also, all t-values are over 5. It means that all variables are

important and indispensable. Therefore, we can simply approximate the early ex-

ercise boundary near expiry using this regression formula.
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