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Abstract

First-passage percolation (FPP) is a widely recognized statistical physics model that
was originally proposed by Hammersley and Welsh in 1965. The model is defined as
follows. Let Z? be the d-dimensional integer lattice and £¢ be the collection of (non-

oriented) nearest-neighbour edges in Z¢. That is,

gd = {{X>y} ‘ X,y € Zd> HX - yHl = 1}

We assign to each edge e € £? a non-negative random variable 7., called the weight

(passage time) of e. For any lattice path v on Z, the passage time of  is defined b
g y g y

() =) 7

ecy

For two points x,y € Z%, we define I'(x,y) to be all lattice paths on Z? connecting x to
y. For a point x € R, we define the “floor” of x, | x| € Z, to be the unique vertex in Z?

such that x € [x] + [0, 1)%. Now, we define the first-passage time from x to y by

T(x,y) = inf{7(7) [y € T([x], [y])}-

Despite its apparent simplicity, numerous unresolved problems persist within this
model. Among these, determining the time constant and the limit shape are particularly
noteworthy. In this master thesis, we aim to investigate the asymptotic behavior of the

time constant as the dimension tends to infinity and subsequently reject several potential
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limit shapes in sufficiently high dimensions.

Keywords: First-passage percolation, time constant, limit shape.
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Chapter 1

Introduction

First-passage percolation (FPP) is a model of fluid flow through a random medium
introduced by Hammersley and Welsh (see [9]) in 1965. The model is defined as follows.
Let Z be the d-dimensional integer lattice and £ be the collection of (non-oriented)

nearest-neighbour edges in Z<. That is,

gd = {{X>y} ‘ X,y € Zd> HX - yHl = 1}

We assign to each edge e € £? a non-negative random variable 7., called the weight
(passage time) of e. We will assume throughout this thesis that the collection (7.).cga is

independent and identically distributed (i.i.d.) and denote the distribution function

F. (t) =P(r. < z).

For any lattice path v on Z¢, the passage time of v is defined by

T(7) = Z Te-

ecy

For two points X,y € Z?, we define I'(x,y) to be all lattice paths on Z¢ connecting x to

y. For a point x € R, we define the “floor” of x, |x| € Z%, to be the unique vertex in Z?

1 doi:10.6342/NTU202301745



such that x € [x| + [0, 1)%. Now, we define the first-passage time from x to y by

T(x,y) = inf{r(y) [y € T(|x], [y])}-

Fort > 0, define

By(t) = {x e R"| 7(0,x) < t}. (1.1)

By(t) is the set of vertices that can be reached from 0 by time ¢. We are interested in

studying the geometry of the random ball By(t).

1.1 Known results

One approach studying the ball By(t) is to ask whether it “converges” to some deter-
ministic set (under a proper normalization). Therefore, it will be convenient to study the

asymptotic behavior of passage times between points becoming gradually distant.

Theorem 1.1 ([9], Theorem 4.3.2). If 7, satisfies

E[min{r,...,72q}] < 00, ()

where 71, . . ., Toq are independent copies of 7., then there exists a constant yi4(e;) € [0, 00)

(called the time constant) such that

0
7(0,ne1) — pg(e;) almost surely and in £ (1.2)

The theorem above indicates that 7(0, ne;) ~ n - uq(e;) when n is large. We can in
fact extend jiq: RY — R to a semi-norm on RY; the details will be discussed in Section

3.1 later.

Note that if P(7, = 0) > 0, there are cost-free edges to cross. It is intuitive that as
P(7. = 0) increases, the probability for 0 to reach oo within zero time also increases. Let

2 doi:10.6342/NTU202301745



{0 > oo} be the event that there exists an infinite self-avoiding path  starting from 0

with 7. = 0 for all e € v, we define the critical threshold

pe(d) = sup{p € [0, 1] | P,({0 > oo}) = 0},

where PP, is the measure of the FPP model with weight 7, satisfying P(7. = 0) = p. It
is known that 0 < p.(d) < 1 for all d > 2 (see the standard text [7] for more details on
Bernoulli percolation) and we actually have the following theorem determining whether

a(eq) is positive or not.

Theorem 1.2 ([10], Theorem 6.1). If 7, satisfies the moment assumption (é), then yi4(e;) >

0 if and only if P(7, = 0) < p.(d).

Under the condition P(7, = 0) < p.(d), there is (almost surely) no cost-free path for
0 to reach co, we may then expect that By(t) won’t grow too fast on R?. The following
shape theorem indicates that B,(t) (under a proper normalization) does “converge” to a

deterministic set under this assumption.

Theorem 1.3 ([4], Theorem 4). If 7, satisfies
(S1) E [min {7, ..., 72q}%| < oo (where 71, ..., 7 are independent copies of 7.) and

(S2) P(1. = 0) < p.(a),

then there is a deterministic, convex, compact set B; C R¢ such that for all € > 0,

By(t)
t

P ((1 —¢e)B; C C(1+¢)B,; forallt large) = 1.

Moreover, the limit shape given by By = {x € R? | 114(x) < 1} has non-empty interior

and is symmetric about the axes of R%.

Observe that we may determine B, in Theorem 1.3 if we are able to compute the
time constant ;4. Unfortunately, the exact value of p, for non-degenerate edge weight
distributions remains an open problem. However, one can determine the asymptotic be-
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havior of y4 as d — oo and therefore investigate the geometry of B; when d is large. This
problem was first considered by Kesten in [10]. To state his result, we define, for p > 1

and a € [0, oo], the class of distributions

My (a) = {F: distribution on [0, 00)

/Oosch(a:) < ooand lim Ft) = a} . (W)
0

t—0+ P

Kesten showed that if ;. € M;(a) with a € (0, c0), then there is a universal constant

e > 0 (independent of the distribution of 7.) such that

d d 1
€ limint )9 i gyp Pale)d 1L
a = dsoo log dsoo  logd a

N

(1.3)

In fact, Kesten assumed a stronger condition (©) with C' = o(1) (defined in Section 4.2),
but this can be overcome by stochastically dominance, which will be shown in Corollary
4.10. Under the same condition (p = 1, a € (0,00)) and by using a similar argument (of
the lower bound), he also showed that the diagonal time constant (1) (which will be

defined in Section 3.1 and 1 = e; + - - - + ey) satisfies

1 1
— < liminfug(1) < limsup pg(1) < % (1.4)
a

Gea d—ro0 d—o0

The upper bound in (1.4) was due to Cox and Durrett [5], who actually showed that the
limit of 14(1) as d — oo exists if the edge weight distribution is exponential. With (1.3)

and (1.4), Kesten showed that 13, is not a Euclidean ball if d is sufficiently large.

Following Kesten, Dhar showed in [6] that if 7. ~ Exponential(a), then we have

d 1
fim Ha(e)d _ 1 (1.5)
d—oo logd 2a

However, his proof cannot be generalized to general distribution since it relies on the Eden

model, a random growth model related to FPP when 7, ~ Exponential(a).

For the diagonal time constant, Couronné, Enriquez and Gerin showed in [3] that if

. . . \/ oz% -1
T. ~ Exponential(a), then one can improve the lower bound in (1.4) to ~¥——, where

4 doi:10.6342/NTU202301745



a1 = 1.19968 is the positive solution of coth v = «.

Recently, Auffinger and Tang showed in [2] that if 7, satisfies (©) with parameter
p =1, a € [0, 1], then (1.5) still holds. However, we believe that some of the arguments
are incorrect in the paper [2], which will be discussed in Section 4.3. Nevertheless, their
methods (originated from [10]) remain valid to prove our main result (1.6) for the case

p > 1. They also proved (1.8) for p = 1 under the same assumption.

Last, Martinsson showed in [13] (using a completely different argument) that the
constant given in [3] is sharp for (1.4). That s,
a? —1

li 1) =
dl)rgoud< ) 2a

for all distributions F;,, € M, (a) with parameter a € [0, c0].

1.2 Main results

The main objective of this thesis is to study the limit shape I3, in high-dimensional
integer lattice by deriving the asymptotic behavior of y4(e1) as d — oo. The first main

result is stated as follows.

Theorem 1.4 (Asymptotic behavior of high-dimensional time constant z4(e;)). If the dis-

tribution F,, € M, (a) for some p > 1 and a € [0, o], then the time constant satisfies

fim M) _ L , (1.6)

d—»oo  logd (2al'(p +1))»

where I is the gamma function. For the case p = 1 and a € [0, 00|, one has

1 d d 6
1 iminePe®D i gy Pale)d 6 (1.7)
2a d—oo  log dsoo logd a

Remark 1.5. Note that the distributions in the class M, (a) are Gamma-like (or in the
case p = 1, exponential-like) near the passage time at 0. In fact, it contains a large class
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of distributions.

We also consider the asymptotic behavior of the diagonal time constant (recall 1 =

e; + - -+ + ey). The result is stated as follows.

Theorem 1.6 (Asymptotic behavior of high-dimensional time constant 4(1)). If the dis-

tribution F;, € M,(a) for some p > 1 and a € [0, 00|, then the time constant satisfies

ap~tyfop —1 1 1) 1
p [V i) g ) L (1.8)
2al'(p +1) R dsoo d'T  ar

where a;, > 0 is the positive solution of coth(pa) = a.
Last, note that by the convexity of B4, one always has ¢! C B; C (>, where
1= {x e R | ||x]l; < paler) ™'}
for ¢ € [1,00]. It has been conjectured that By # (2 if 7. ~ Exponential(1). This leads
to our second main result.
Theorem 1.7 (Limit shape). If the distribution F;, € M,(a) for some p > 1 and a €

(0, 00), then there exists dy € N such that for any d > d,

(P CBy;Cl™® and By# /(7 forall 1< q< oo.

1.3  Outline of the thesis

In Chapter 2, we will introduce some useful bounds of the numbers of various lattice

paths on Z?. This part is mainly based on [2, 3, 8, 10].

In Chapter 3, we gather and prove some classical results in FPP, such as the existence

of the time constant and the shape theorem. This part is mainly based on [1, 4, 9, 10].

In Chapter 4, we make use of the tools in the previous two chapters and prove our
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main results (serving as a generalization of the results in [2]).

The elementary calculation in Appendix A will be used in Section 2.3 and the ergodic
theorem introduced in Appendix B will be used in Section 3.1. In appendix C, we briefly
introduce the sharp upper bound of the diagonal time constant in the particular case p = 1

derived in [13].

1.4 Notations

The following notations will be utilized throughout the thesis; some of which will be

defined more rigorously in the content.

* Ordering. Let f, g: [0,00) — [0, 00).

1. f(x) = O(g(x)) as x — oo if and only if there are constants C; > 0,Cy > 0

independent of x such that f(z) < Cyg(z) forall x > Cs.

2. f(z) = o(g(x)) as = — oo if and only if lim &) = 0.

z—o0 9(@)

3. f(x) < g(x))asz — oo ifand only if f(z) = O(g(x)) and g(z) = O(f(x)).

4. f(x) ~ g(x) as & — oo if and only if lim L2 =1

zoo0 (@) T
Most of the asymptotic behavior we are interested is as d — oo, and we will omit

the “d — oo” part in the definition if there is no ambiguity.
* Sets and Coordinates.

1. N: set of positive integers; Ny: set of non-negative integers; Z: set of integers.

2. Forx = (11,...,74) € R% the 1-norm is defined by

Ix[ly = |21| + [za] + - - + [al.

3. Forx,y € Z¢ with ||x — y||; = 1, we denote by {x,y} the unique edge in £4
connecting x and y.

7 doi:10.6342/NTU202301745



4. eq,..., ey standard basis of R?.
5.0c Z%isthe originand 1 = e; + --- + e, € Z°.

6. Forall x € R% and d € N, the floor | x| € Z? is the unique vertex on Z¢ such

thatx € [x] + [0, 1)%.

7. H, = {(x1,...,24) € R | 21 = n}.

8. JV) = {(z1,...,249) € R* | &1 + -+ + 24 = [nd”] } where v > 0.

9. Ly = {te; | t € R} is the first coordinate axis.

10. Lgiag = {t1 | t € R} is the diagonal line.
* Paths.

1. I'(x,y): lattice paths from x € Z? toy € Z¢. We define in a similar way the
set of point-to-plane paths by I'(x, H,,) = ey, T'(x, ).

2. Mgy the set of self-avoiding paths of length k starting from 0 on Z.

3. Agq: number of self-avoiding paths of length k starting from 0 on Z<.

4. ¢4 connective constant of Z¢ (see Equation (2.4)).

5. Paxr: the set of self-avoiding paths of length k& from 0 to /7, on 7 whose

— first £ — 1 steps use only directions +e;, 2 < i < r+ 1and

— the last step is e;.
In practice, the constants k,» € N will be given in (4.15).

6. Dg"zM: the set of self-avoiding paths of length & starting from 0 on Z¢ and

arrive J\" for the first time at the k-th edge (see Section 2.3).
* First-Passage Percolation.

1. 7' the weight of edge e where F is the distribution function, that is,

We will omit F' if there is no ambiguity on the distribution.

8 doi:10.6342/NTU202301745



. 7F(x,y): passage time from x to y on R? if the edge weight have distribution

F. We will omit F' if there is no ambiguity on the distribution.

. pF(x): time constant in direction x where x € R? if the edge weight have

distribution F'. We will omit /' if there is no ambiguity on the distribution.
. By: limit shape in R%.

. Nagri =#{y € Par, | 7(7) <t} (see Section 4.2).

9 doi:10.6342/NTU202301745
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Chapter 2

Preliminaries: lattice paths

In this chapter, we will introduce some estimates on the numbers of various types
of lattice paths. These upper and lower bounds will be utilized in the proof in Chapter 4.

Most of these results can be found in [2, 3, 8, 10].
Definition 2.1 (Lattice path). A lattice path (Pélya walk) of length & € N on Z¢ is an

ordered sequence of k + 1 points in Z¢,

7:(S07"'7sk)7

where s;_; and s; are neighbors (that is, ||s; — s;_1||; = 1) forall 1 < ¢ < k. We denote

by #v the length of v and by A; the i-th (1 < ¢ < k) increments
Ai =8;,— 8,1 € {iel, tes, ..., i—ed}.

We will abbreviate “lattice path” by “path” throughout the thesis.
The following result proven by Kesten in [10] gives an upper bound on the number

of paths connecting 0 to H,,, that is,

r0,H,) = [ J I'(0,x) where H,={(z1,...,24) € R*| 2 =n}.

XGHn

11 doi:10.6342/NTU202301745



This result will be useful when we estimate the lower bound of (axis-direction) time con-

stant in Section 4.1.

Lemma 2.2 ([10], Equation (6.20)). The number of paths of length k on Z¢ from 0 to H,,

is bounded above by

#{y € T(0, H,) | #y = k} < (2d)* min {1, exp (—np + g (cosh p — 1))}

for any p > 0.

Proof. Note that there are exactly (2d)* paths of length £ starting from 0, hence the number

is bounded above by (2d)*. Moreover, we can bound the number of paths of length & on

74 from 0 to H,, by

#{’7 € F(OaHn) | #y = k}
o S -,

where {U;}*_, are independent random variables with distribution

1

1
P(U; =1) =PU; = 1) = 5 and P(U;=0)=1——.

d

The collection {U; }¥_, records the change of the first coordinates of the vertices of the path

(if the ¢-th increment of v is +e;, then U; = +£1; otherwise, the first coordinate remains

unchanged and U; = 0). Therefore, for any p > 0,

#{y €T(0, H,) | #7 =k} _
(2d)* h

< e E [ePUl}

P(U, + -+ Uy > n)

k

1 k
=e M [1 + P (coshp — 1)}

k
< exp <—,0n + a(coshp — 1)) :

2.1)

(2.2)

where (2.1) holds by Markov’s inequality and independence and (2.2) holds by the ele-

mentary inequality log(1 + z) < x forxz > 0.

12
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2.1 Self-avoiding paths

Definition 2.3 (Self-avoiding path). A path~y = (sg, 1, ..., Sx) is said to be self-avoiding
if's; # s; forall ¢ # j. We denote the set of all self-avoiding paths of length k& € N starting
from 0 on Z¢ by A, and denote

Ak = H#Ag .

For convenience, let Ay = {@} and Ay = 1.

In this section, we will prove the following bounds for A\g :
[2d — 1 —log(2d — 1)]* < A\gp < 2d(2d — 1) (2.3)

given by Hammersley in [8]. The upper bound is direct. The lower bound will be crucial
when it comes to estimating the passage time afterwards. In particular, we can treat the

passage time of a self-avoiding path as a sum of i.i.d. random variables.

Note that for any n,m € N, any path in Ag,,, can be decomposed into a path
in Ay, concatenating a path in Ag,,. Therefore, we have A\g,1m < Mgy - Mg for all
d,n,m € N. That is, \; is submultiplicative (in k) for all d € N. By Fekete’s lemma,

there is a constant {; € [0, o) (called connective constant) such that
1 1
= lim A%, = inf \%,. 2.4
a koo Gk gen Tk 24)

Observe that by the upper bound of \;;, in (2.3), we have §; < 2d — 1 for all d € N. Also,
since g, > 1, we have §; > 1 forall d € N. By (2.4), we can bound )\, by deriving a

lower bound for &,. First, we introduce a special type of restricted self-avoiding paths.

Definition 2.4. Fix 1 < r < d — 1. For a self-avoiding path v € A, let
L ={1<i<k|A €{te,...,Le}} (2.5)

be the indices of increments in ~ that lie in the first  coordinates (possibly empty). If

13 doi:10.6342/NTU202301745



#1, = m € Ny, order the set [, by I, = {i; < iy < --- < iy, }. Define, for 1 <r <d—1,
the set AEZ,)c C Agy to be the collection of self-avoiding paths of length k£ € N starting

from 0 on Z? such that #I,, = m and
r (0 AINA +A127"'7Ai1+”'+Aim)eAT,ﬁl?

where we treat v, as a path in Z". Define, forall 1 <r <d — 1,

For convenience, let Ag()) = {2}, )\gg =1.

Define, for d € N, the generating function

Py(r) = > Aqua®™ =1+ 2dz +2d(2d — 1)z + Y A,
k=0 k=2

which has radius of convergence &' by (2.4). Similarly, for 1 < r < d — 1, let

Z)\dkx

which has radius of convergence no smaller than £, since we have the obvious bound
)\g:,)c < Ag forall 1 < r < d— 1. The following proposition establishes the connection

between these generating functions.

Proposition 2.5 ([8], Theorem 11). Forz > 0Oand 1 <r < d — 1, one has
Oy (2)0, (2B, (2)) = B (2) < By(). (2.6)

Proof. The inequality is obvious since /\g,l < gy forall 1 < r < d—1. For the equality,

we claim that foralld € N, 1 <r < d — 1, one has

m+1

A = Z ST N [ M-ty 2.7)
j=1

m=01<i1 <---<tm<n

14 doi:10.6342/NTU202301745



where we treat io = 1 and ¢,,,1 = k + 1. Given a path y € Ag;,l and define A;,, ..., A,

m

as in Definition 2.4, we have the decomposition
Y=nUm Uy UmU- Uy Umy, U Yt

where 7; (1 < j < m) are paths of length 1 with direction A;; and v; (1 < j < m + 1)
are paths of length ¢; — 7;_; — 1 within them (located in the last d — r coordinates) which

is possibly empty. We may then count Ag,)g by considering the path
T=myU--Um, €Ay

and the m + 1 paths v;, € Ay_r;,—i,_,—1 (1 < j < m + 1). Such enumeration gives us
exactly the right hand side of (2.7). By expanding the left hand side of (2.6) in the power
series, we see that it coincides with the right hand side of (2.7) and therefore the identity

holds as asserted. O]

Proposition 2.6 ([8], Theorem 12). Forall a,b € N,

Satb = Ea + &b

Proof. Note that for all [z| < (&, + &)™, by (2.6) withd = a + b, s = a,

Gy ip() = Op(x) Dy (2Py (7)) (2.8)
> (i g{fﬁ) <i gi;(mb(m))k> (subadditivity (2.4))
k=0 k=0
1 1
1 -&x 1 EaDp(x)x
1 1 1

21_&’17.1_5“1)'@:1_(§a+§b)x' (2.9)

The radius of convergence of the right hand side of (2.9) is (&, + &) ™', which must be

greater than the one of the left hand side of (2.8), f;ib. Thus, {416 = &0 + &b O
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Proposition 2.7 ([8], Theorem 13). The function ¥, defined by

%(_1) , T > &g

\I/d(l‘) = T
0 y & S:fd
satisfies the functional inequality
Uoip(z) < Uo(Py(x)) forall x> E&,1p,a,b€N. (2.10)

Moreover, VU, is differentiable on (£;, 00) with
0<V)(x)<1 forall z>¢&,. (2.11)

Proof. (2.10) follows from (2.6) withd = a + b, s = a:

i i T

B (D) S B (D@ (R (D) (@—<>> - Pl

\I[aer(x) =

for all z > £,p. Moreover, ¥, () is differentiable on (£4, 00) since ®4(x) is analytic on
(0,&;"). For the lower bound in (2.11), observe that W 4(x) is a strictly increasing function
on (O, §d_1) (since it has positive integer coefficients). Therefore, the function W,(z) is

also strictly increasing on ({4, o0) and we have V/,(x) > 0. For the upper bound, note that

L-®a(5) =2 4 (5) (=52)
24 (3)’

1 1 1 1\?
= P, (—) + =P (—) < oy (—)
e e X X

Ui(r) <1 <

k=0 k=1 k=0

00 1 k 00 k 1 k
< Z(k + 1))\dk <—) < Z <Z )\dé)\d kg) (—)

k=0 k=0 (=0
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and the conclusion follows from A\;; < AgsAgr—¢ forall 0 < ¢ < k and

(2+ 1) A2 = 3 - 2d(2d — 1)

<2d(2d — 1) + (2d)* + 2d(2d — 1) = AgoAa2 + 31 + AazAdo

which gives the strict inequality (2.11) for x > &,. [

Remark 2.8. We believe that the derivative of W (x) in [8] is incorrect and therefore
we cannot deduce ¥/ () < 1 directly. However, the inequality (2.11) still holds by the

argument presented above.

Theorem 2.9 ([8], Theorem 14). For a,d € N,

Cad dx
——>d - 1. 2.12
/ga x— VY, (x) ( )

Proof. Observe that ®,(z) > (1 — @)™ — ocoasz — (£,1) and therefore ¥, (z) is

continuous at x = £;. Moreover, by integrating (2.11) from x = £, to x = y, we obtain

Va(y) — Valla) Sy — &

giving

Hence, the integrand in (2.12) is bounded, continuous and positive. Define, for z > &,,

_ (7 dy
Iw) = /g y— Vu(y)’

which is a strictly increasing function of . Observe that I (x) — oo as x — oo and hence

the indefinite integral

there exists an inverse function Z = ~1: [0, 00) — [,, 00) such that

xr = ———— forall z € 0,00). (2.13)
/&z Yy — \I/a(y) )

Since [ is differentiable on (&,, 00), = is differentiable on (0, co). By differentiating (2.13),
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we derive the identity

= (z) =

[1]

() = Va(E()), (2.14)

where the right hand side is differetiable on (0, co) since =(z) > &, for x > 0. Differen-

tiating both sides of (2.14), we obtain

E'(x) = E'(z)(1 - V. (E())),

which is strictly positive by (2.11) and the fact that = is strictly increasing. Therefore, for

allz > 1, thereis ¢ — 1 < 0, < x such that

E(x—1)=Z(z) —Z'(z) + :”(2935)
> Z(z) — E(x) = ¥ (E(2)) (2.15)

by the mean value theorem and (2.14). Note that for 1 < k& < d — 1, by (2.10) (with

a(d—k+1)=a(d—k)+ a)and (2.15) (with x = d — k > 1), we have
Va(a-k+1)(E(d = k) < Ya(a—k) (Va(E(d = k))) < V@i (E(d -k —1)).  (2.16)
Hence,
Vad(E(d — 1)) < Wa(E(0)) = Wa(&a) = 0.
Therefore, we must have =(d — 1) < &,4, which is exactly (2.12). [

Corollary 2.10. Forall d € N,
(i) 2d — 1 —log(2d — 1) < &§; < 2d — 1, and

(i) [2d — 1 — log(2d — 1)]* < Ay, < 2d(2d — 1)5~1,

Proof. For (i), we see when the dimension is 1 (that is, on Z),

1+z
1—2z

. + . 1 = -
& = lim \fy = lim 2 =0 and @ (z) = ;)\kak =1+ ;M =

k—o0
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and therefore ¥y () = ﬁ = ”gi:ll). Plugging these in (2.12) with a = 1, we have
Nz

&d 1 1
/ ld—x>d—1(:>§+—log(§d)——>d——l
1

_z(@=1l) 7 2 2 2

and hence one may deduce by &; < 2d — 1 that
€4>2d—1—1log(&) > 2d — 1 —log(2d — 1)

as asserted. (i1) follows directly from (i) and subadditivity of ;. O

2.2 Pairs of self-avoiding paths

In this section, we are going to estimate the number of pairs of self-avoiding paths.

This result will be crucial when we are deriving an upper bound for yz4(e;) in Section 4.2.

Definition 2.11. Ford,k,r € N (r < d — 1), define Py, to be the set of self-avoiding

paths of length k from 0 to H; on Z whose

* first £ — 1 steps use only directions +e;, 2 <7 < r + 1 and

* the last step is e;.

We may then define, for all 1 < ¢ < k (the number of intersections),

PO =10 ) |77 € Papr By N) = £} (2.17)

The following estimate can be trace back to Eq (8.14) - (8.17) in [10].

Proposition 2.12 ([2], Proposition 3.3). If k,r e N(r < d —1),1 < ¢ < k — 1 satisfy
r=r(d) ~dand k = k(d) = O(logd) as d — oo, then we have

Parr (1) !
< (o) (1o(5)) o
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Proof. Since last step of all paths in P, . ,. is e;, we may deduce that for all pairs (v,9') €
Pc(l?” where 7 = (sg,...,8;) and 7' = (s, ...,s}), there are two possible intersection

behaviors:

(i) sg—1 # s,_, and all of the ¢ intersections occur in the first £ — 1 steps.

(if) sx—1 = s},_, and there are exactly ¢ — 1 intersections in the first £ — 1 steps.

Therefore, by setting P to be the uniform measure on all pairs of paths of length £ — 1

starting from 0 on Z", we may bound the desired quantity by

Piks
W’(,;_l) <P(v,7 € Aoy and #(y NY) = 0)

+P (7,7 € Agp—1,86-1 =8 and #(yNo) =L —1),  (2.18)
where (v, ') is sampled from P. To estimate (2.18), we introduce the following notations:

* On the event {#(yN~) = ¢}, let € be the number of pieces where the ¢ overlapping

edges of v and ' are clustered in (1 < € < /).

* Ontheevent {€ = C'}, wedenote my, ..., mc (resp. mi, ..., mg) to be the indices

of their starting points in «y (resp. /).

’>/ -------- Sml_‘rz — s,/rn/
o D—l
Sy, =8, :
mi mi+¢ : ~
0 0
................ D

Figure 2.1: Pairs (v,7) € Pg,)w such that € = 1 (The left hand side is a positively
oriented match and the right hand side is a negatively oriented match)

For the first term in (2.18), we see that if € = 1, there are two possible matching
behaviors: one positively oriented (that is, s,,,4; = s/ (i forall 0 < ¢ < /) and one
negatively oriented (that is, §,,, +; = s’m,1 4o forall 0 < ¢ < /), see Figure 2.1. The
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probability of the occurrence of the positively oriented case is bounded by

k—1—¢ /-1
Z P (ﬂ {Sm1+z‘ = S;nw})

mi,m}=0 1=0
BULER
= (— Z P <sm1 = s’m,>
T,
1\ k—1—¢ k—1—¢
= <§> 142 ) P(Sy, =00+ Y P (Syim =0) (2.19)
m1=0 mi ml—l
¢
g(i> (1+2k+k2)
2r r

@) 0

where (S,,)men, in (2.19) is a standard symmetric random walk on Z" and (2.20) holds
by the fact that r ~ d and k = O(logd) as d — oo. For the negatively oriented case, by

a similar calculation we have,

m1,m}=0 =0

o
P (sm1 = sm,ﬁe)

m1=0 mi,mj=1

C ok 4 k2
T

(=)
= (Qi)g Qk_ZHP(sml =0)+ k_ZH P (Sinymi+e = 0) (2.21)
(=)

where (2.21) holds since in the negatively oriented case, it is not possible that m; = m/ =

0. Hence, we have now derived for the first term in (2.18),

¢
P(y,y € Avj—1,#(yN7) =Cand € = 1) < (QL) (1 +o0 (%)) : (2.22)

r

For the case 2 < € < {, we count first the total number of ways to matching ¢
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segments in vy with € segments in 7’.

1° First, we divide the ¢ overlapping edges into € (nonempty) clusters, which gives a

combinatorial factor

(L))

2° Next, we determine the positions of each clusters on v and +'. Note that there are at
most (kgl) ways to choose the starting points m; < --- < mg of these segments,
and once the starting points are chosen, there are at most ¢! ways to associate a

running length chosen in step 1°. The same idea works for +’.

3° Last, there are at most two possible ways to pair each of these clusters: positively
or negatively oriented (as demonstrated in the € = 1 case). Therefore, there is an

additional 2¢ factor in the counting of matching segments.

By our observations above, we see that the total number of ways to match € segments in

~ with € segments in ' is bounded above by

. k—1 . (2)*
£“~K ¢ )~¢!1 AR T (2.23)

Now, we will derive an upper bound for the probability of the occurrence of each

matching pattern discussed above. Fix 2 < € < /¢ and a matching pattern. That is, we

fix the cluster lengths ny, ..., ne (enumerated by the appearance in ~y starting from 0 for
convenience and set ny = 0), the starting points of the clusters my, ..., me, my, -+, mg
(set mp = 0) and the orientation of each matching. For all xy,...,x, € {£e;}/_; and

Vi,.-.,Ye € Z", let5 = (So,...,Sk_1) be a fixed path of length k£ — 1 starting from 0 on

7" such that

e forall 1 < i< &, 8,45 — Smy4+j—1 = Xngttn;_,+j f0oreach 1 < j < n; and

Sm; = Smi_14n,_1 = Yi-
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That is, we fix the intersecting paths and the increments between them. Letnj, ..., ng be
the cluster lengths enumerated by the appearance in ' starting from 0 (hence, a permuta-
tion of ny,...,n¢) and nj = m; = 0. On the event v = 7, we see that there is at most
one admissible X/, ..., x; € {e;}/_, (a permutation of x;,...,x,) and y}, ...,y € Z" (a

permutation of yy, ..., y¢) such that forall 1 <¢ < €,

foreachl1 < j < n/

1

. o ! _
Smiti — Smitj—1 = Xnfgen! 4

/ v/
Syt = Sml_ 4, =Y and

* ~' intersects ~y in the given pattern.
We may then derive

P(+' intersects v in the given pattern | v = 7)
¢
S H HP (s;nﬁj - s;n;ﬂ'fl - X;16+---+n;71+j)
i=1 j=1
¢
T
i=1
¢ ¢-1
1 1
<oz ) o , (2.24)
2r 2r

where the second factor is € — 1 but not € since there might only be € — 1 increments

within these € intersections. Combining (2.23) and (2.24), we then see

¢
ZP(%V €N p1,#(yNy)="Cand € = C)

(1) ()

.
0
0 (L) . (2.25)
T
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With (2.22) and (2.25), we may then bound the first term in (2.18) by

P (7,7 € App_s and #(yN~') = £) < (%)é (1 to (%)) .

The second term in (2.18) can be controlled by a similar argument, giving

1\ /1
P (%’Y’ €Ngjp1,8%-1=58,_;and#(yN~y') =1 — 1) - (Z) 0 (W)

More details can be found in Lemma 3.4 of [2]. [

2.3 Diagonal paths

In this section, we will consider the following type of paths.

Definition 2.13 (Diagonal Paths). Ford,n € N, v > 0, we define
JW = {(z1,...,2q) ER |21+ -+ + 24 = |nd"]}.
For k € N, let ng,;n be the set of self-avoiding paths of length k starting from 0 on Z?

and arrive J\” for the first time at the k-th edge.

We will estimate the number of these diagonal paths on Z¢ by treating them as simple
symmetric random walk on Z (see Appendix A). The following proposition (which is
essentially a modification of Lemma 3 of [3]) will be used later in Section 4.6 to bound

the passage time of diagonal direction.

Proposition 2.14. Forall v > 0 and k = o |nd”| € N for some o > 1,

k
2da
#Dy, < - =,
dhon = ((a + 1)%@ — 1)2al>

[nd”

where we set the right hand side to be d~1"¢") when o = 1 so that it is continuous at o = 1.
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Proof. Let (S,,)men, in (2.19) be the simple symmetric random walk on Z4 with Sy = 0.

Then o
#Ddl,/k,n
(2d)*

= P ((S)men, hits J¥) for the first time at m, = k).

Observe the orthogonal projection (T, )men, Of (Sin)men, (see Figure 2.2) on the diagonal
line Lging = {t1 | t € R} is a one-dimensional symmetric random walk with increment

d~7 and therefore

#Dy | .
(2d7)’7€ = P ((T,)men, hits [nd”| for the first time at m = k).
10 4, 10 4
9 1 . 9 1
g : 8 |
t. Ldiag
71 o 71
G I_‘ ; T N ,0'.’. 6 T
51 K 51
Al =~ & e 4
m=7 .
o o1 2|
21 s . 2
| 11 77’0’.1’ e T~% | ! 770 .
—2:.1” 1 345678910 =3]1V2 4 6 8101214161820 222426
"ol —o !

Figure 2.2: v € Dg}%& 5 and the corresponding one-dimensional random walk

Obviously, if a = 1, we have

#Dc(lylzn ]- o v nd?
= o aiving #D{], = df =",

since the only possibility is T,, = md "z for each 0 < m < |nd”|. For a > 1, by the

distribution of first hitting time (see Lemma A.3)

k k 1 k k! 1
2d) k4D = T )= = : .
(2d) dkn g | (—kﬂgd J) 2k |nd | <k+Lnd”J)| (k—Lnd”J>| ok
2 : 2 :
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Applying the non-asymptotic version of Stirling’s approximation
ny\" n\"
2mn (—) < n! < e2y2mn (—) ,
we may derive

(2d) 4Dy

k,n

k etz - \2rk (£)" 1
S [ndv] T (kelna]\ 5 T (k] 2k
V2T T ( 2e ) : \/277' 2 ( %e )

2e
m(a®?—=1)k

k
< «
“\e+ )% (@-1)% )]

where the last inequality holds by es < mand

o=
VR
Q
+
=
wl®
Q‘t
—~ | R
o}
|
=
HL
~__—

ol

(o — 1)k > [(%)—1} (Ind’] +1) > 2.

Hence, the proposition holds as asserted. ]
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Chapter 3

Preliminaries: first-passage percolation

In this chapter, we will introduce some known results in first-passage percolation.

Most of these classical results can be found in [1, 4, 9, 10].

3.1 Time constant and its properties

In this section, we will prove Theorem 1.1 and introduce some results and extensions

of the time constant /.

Proof. (of Theorem 1.1) We apply Kingman’s subadditive ergodic theorem (see Theorem
B.1). We need to show the random sequence X,,,, = 7(me;,ne,) satisfies conditions

(K1) - (K4).

* Note that for all paths ; € I'(0,me;) and o € I'(me;, ney), their concatenation

v =y U7y € I'(0, ney ). Therefore,

Xon = Inf < inf U
0 WEF(O,nel)T(V) y1€T(0,me1) T(% 72)
y2€T (me1,neq)

= inf 7 + inf T = Xom + Xmn
Y1 GF(O,mel) (/71) 'ygEF(mel,nel) (/72) 0, ’

which shows subadditivity (K1).
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* The conditions (K2), (K3) and ergodicity follows directly from that (7, )oega isi.i.d..

* Since X,,,, > 0, we have E[X,,] > —cn for ¢ = 1. The only remaining condition
to show is E[X(;] < oo. Build 2d disjoint self-avoiding paths {7;}2¢; from 0 to
e; in Z< (see Figure 3.1). If we order these paths so that +; is the longest path with

length L, then for all ¢ > 0,

2
P(Xo1 >1) < HP(T(%’) > t) (independence)

2d

— (U {Te > %}) (7-(’71) = 266’\/1 Te)
£\ 1% t

< [L]P’ <7‘6 > z)} = 2P (min{ﬁ, ceyTog) > z) (3.1)

and E[ X, 1] < oo holds by integrating both sides of (3.1) together with the moment

assumption (éb).

=
§é!
...... T
VY2
1 KX X ox
0 <€
-2 -1 73 ; 2 3
—1 > B B> A
V4
—9 1l

Figure 3.1: 2d paths from 0 to e; (d = 2)

Since the conditions (K1) - (K4) of Theorem B.1 are satisfied, we may deduce by (B.1)

and (B.2) that there exists a constant 1i4(e; ) such that

0 E[r(0
lim 7(0.ne1) = ng(e;) = inf El7(0,ne,)) almost surely and in £
n—r00 n neN n
as asserted. ]
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Remark 3.1.

1. One may apply the same argument in the proof above and show that for all £ € N,

x € R%, we have

E [{r,...,724}"] <00 <= E[7(0,x)"] < .

2. Note that having finite mean E[7,.] < oo (as in condition (#)) is a stronger assump-

tion in comparison to ().

In fact, one may extend the argument given in Theorem 1.1 to show that under the
assumption (&), we have for all z € Z< a constant y14(z) such that

lim 7(0,nz) E[7(0,nz)]

almost surely and in £
n—00 n neN n

Now, we extend the function zq: Z¢ — [0,00) to Q4. Let q € Q¥ and M € N be such

that Mq € Z¢, then we define

= lim 22 —
pal@) = lim == Monoe 7 M
which is independent of the choice of M, since one clearly sees p4(kz) = |k|uqa(z) if

k € Z and z € Z®. Note that (1.2) also holds if we replace e; by q € Q<. Indeed, let

M € N be as before. For nM < k < (n+ 1)M, we see that
E[|7(0, kq) — 7(0,nMq)|] < E[r(nMq, kq)| < [|(k —nM)qE[7(0, e1)].
We may then derive for 0 < ¢ < M — 1 that

ZIP’ |7(0, (nM + 1)q) — 7(0,nMq)| > ne)

E[|7(0, (nM + 1)q) — 7(0,nMq)l] _ |liq[LE[7(0,e))] _

< <
€ €
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Hence, by the (first) Borel-Cantelli lemma, we have

iy 7000 _ . 7(0.nMq)

n—o00 n n—00 nM = Hd (q)

as asserted. One may verify from the definition of the generalized time constant z1;,: Q¢ —
[0, 00) that for all » € Q, q,p € QF,
() pa(a+p) < pa(Q) + pa(p)-
(ii) pa(rq) = |rlpa(q).
(iii) pq is invariant under symmetries of Z? that fix the origin.

(iv) juq is Lipschitz on Q2. Indeed, by subadditivity,

|11a(@) = p1a(p)| < p1a(q — p) Z —pi)e;) = [lq — pllipaler).

Therefore, 114 admits a unique continuous extension to R,

We have now the time constant z14: RY — [0, 00) where the properties above can be
extended to real arguments, meaning that /14 is a semi-norm on R%. In fact, by Theorem

1.2 and the following proposition, it is a norm if and only if P(7. = 0) < p.(d).

Proposition 3.2 ([10], Equation (3.15)). If p4(x) = 0 for some x # 0, then 4(y) = 0 for
ally € R4,

Proof. Without loss of generality, assume 14(x) = 0 for some x # 0 with x; # 0. We
have by symmetry j4(x’) = 0, where X' = —x + 2z, €, is the reflection of x with respect

to the first coordinate axis L; = {te; | ¢ € R}. Then,

2|z1|paler) = pa(2x1er) = pa(x 4+ x') < pg(x) + pa(x’) =0

and therefore si4(e;) = 0. By symmetry, p4(e;) = 0 forall 1 < j < d and hence
1a(y) = 0 for all y € R? by subadditivity. O
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Now, we consider some other types of passage times which are mentioned in [9] and

[10]. Some of these will be used in the argument later.

Definition 3.3 (Other passage times). For all m < n, we define:
U = Inf{7(7) | v € ['(mey,ney)} and by, =inf{7(y) | v € I'(me, H,)}.
Forx € H,,,y € H,,, we define the cylinder path
Tei(x,y) = {7y € T(x,¥),7 C [m,n — 1) x R except for its final point}
and I'eyi(x, Hy,) = Uye ., Leyi(X,y). The cylinder passage times is defined by

tmn = Inf{7(7) | v € [eyi(mey, ney)} and sy, = inf{7(y) | v € T'eyi(mey, Hy,)}.

We have the obvious inequalities
bm,n g am,n < tm,n and bm,n g Sm,n < tm,n (32)

for all m < n. Note that a,, , and s,, ,, are not comparable.

Theorem 3.4 ([9], Theorem 4.3.7). If 7, satisfies E[7.] < oo, then

Proof. Similar to the idea in the proof of Theorem 1.1, we show that the random sequence
Xmn = tm,n satisfies conditions (K1) - (K4). The subadditivity condition (K1), station-
ary conditions (K2), (K3) and ergodicity follows directly from definition. We also have
E[Xo,] > —cn for ¢ = 1. Last, E[X, ;] < E[r.] < oo gives the condition (K4). Hence,
we may deduce from Theorem B.1 that there exists some constant /; such that tOT" — Uy

almost surely and in £!. It remains to show v3 = pg(e;).
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By (3.2), it suffices to show v; < pg(e;). Define q,’jm (m < n and k € N) to be the
first-passage time from me; to ne;, over paths v C [m — k,n + k) x R4 except for its
final point. One can also apply Theorem B.1 (by checking (K1) - (K4) immediately) and
deduce that there exists a constant v/} such that

a ., Eq,]
m —" nf ——"=
n

almost surely and in £'. (3.3)

By construction, one sees that for £ > 2, ag,, < q(’in < q(’i;l < ton. Therefore, we have

paler) < v < bt <y forall k> 2. (3.4)
5 -
4 1
Y2
3 1
i
' '
—491 ! i 0 891 1291
54 -3-2-1 | 1 2 4 5 ¢ 1 8 9 10 1 12 13
- —2 : '
= ;o I R e eefiene
_5 1

Figure 3.2: A depiction of 73 Uy, U y3 where k =4, n = 8

Observe that for all paths v, € I'eyi(—keq,0), 72 € I'(0,ne;) with the property
Yo C [—k,n+ k) x R¥! except for its final point and v3 € Teyi(ney, (n+ k)ep), we must
have y; U, Uy € [eyi(—keq, (n + k)e;) (see Figure 3.2). Therefore, we have

tkmir < Inf 7(y1 U Uns)
Y1,72,73

= inf7(y) +inf7(ye) +inf7r(vs) =t + q(’in + tontk-
st 72 73
Taking expectation on both sides, by stationarity we have that

Elton+ar] < 2E[to] + E [g5.,] - (3.5)
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Dividing (3.5) by n and taking n — oo, we may then deduce then v; < v¥. Combining
(3.4), we derive

vg=vk forall keN. (3.6)

Observe that g, ag, as k — oo and hence by the monotone convergence theorem,

E [¢},] /" Elagx). Therefore, by (3.3) and (3.6), we have

pa(er) = lim [0} = lim (lim [qo’ ]) > lim VZ; = Vs =1y
n—o00 n n—oo \ k—oo n n—oo
and our conclusion holds by (3.4). O

bO,n S0,n
Remark 3.5. In fact, =* and =>* also converge to j4(e;). However, we cannot apply

Theorem B.1 directly since these sequences do not satisfy the subadditivity condition (K1).

We will postpone the proof (of Corollary 3.9) after we introduce the shape theorem.

3.2 Cox-Durret shape theorem

Before proving Theorem 1.3, we need a lemma to estimate the difference of passage
times between different directions. The following lemma essentially comes from Lemma

3.6 of [10].

Lemma 3.6 ([1], Lemma 2.22). If the edge weight 7, satisfies (S1), then there is k < oo

such that for all x € Z¢, one has

P ( sup M < Ii) > 0. (3.7

2€7% z#x HX - Z||1

Proof. We will prove the lemma under the stronger assumption E [72] < oo which carries

the main idea. Details on weakening the condition to (S1) can be found in [4].

By translation invariance, we may assume X = 0. As in the proof of Theorem 1.1, we
may build 2d disjoint self-avoiding paths {7;}?%, from 0 to z (see Figure 3.3) with length
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at most ||z||; + 2d (with -, being the longest one). We have as usual

P(7(0,2) > 2E

T M) =2

[e](llzllx +2d)) < H]P’( 7(7:) = 2E[r](|lzll: + 2d))

El7.) (|12l +2d))*
Var(7(m1))

2E[7e]I( HZH1 +2d) -

] #m

E[r (%)])2)2d

(3.8)

!ZHl +2d) -

(
<
(e

[

o] #n)? )2d

1
) (llzll: +2d)%@"

where we apply Chebyshev’s inequality in (3.8). Therefore, we see that

0£z€Z4

M

— N W e gt O

7(0,2)
2 P( Ee

[%]) < (%) ’

0£z€Z4

XXX XXX XXX XXX XX XX XX @

Y2

0 Y3

1
T <
2 (llzlly + 2d)*

> > > > > D> > > D

Figure 3.3: 2d paths from 0 to z = (8,4) (d = 2 with #7y, =

9

> > > > > > > > D> > D> D> D> B> > > > > > > A

%12345678

Hence, by the (first) Borel-Cantelli lemma, we have

P (T(O,z)

][

and by enlarging x > 2[E[r.] if necessary, the lemma holds as asserted.
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If the event in (3.7) occurs for some x € Z¢, we will call x a good vertex (note that

being “good” is a random property).

Lemma 3.7 ([1], Proof of Theorem 2.17). Let 0 # z € Z<, if {n;}3°, is the (random)
sequence of natural numbers such that n;X is a good vertex, then {n; }72, is an infinite set

and

LA |
lim
k—o0 N

=1 almost surely.

Proof. By Birkhoff’s ergodic theorem and Lemma 3.6, we have almost surely

1 n
ﬁ Z IL{jzis good} — E [H{ZngOOd}} > 0.

j=1

Therefore, the set {n;}>, must be infinite almost surely. Moreover,
1 &
— = n—k Z L{jzis goody — E []l{z is good}} > (0 almost surely
=1

by Birkhoff’s ergodic theorem again. Therefore, nﬁk is positive almost surely for large k

and

Ng1 Mg kK+1 K
= . - — — 1 almost surel
N k +1 k N ey

as asserted. O]

Proof. (of Theorem 1.3) We will prove the theorem by claiming
Bd:{XERd|ud(x)<1},

which is convex (by convexity of 14), compact (by continuity of 1y and the fact that it
is bounded away from 0 on ||x|[; = 1 by Theorem 1.2 and Proposition 3.2). Hence, it

suffices to show

0 —
i sup [7(0:3) — 1a(x)

Ix|[1 —o0 HXH1

=0 almost surely. (3.9
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Suppose now there is € > 0 and an event D, with P(D,) > 0 such that for any outcome

in D,, there are infinitely many vertices x € Z9 such that
|7(0, %) — pa(x)] = 2e]|x]]1. (3.10)
Set the following events

0
I, = { lim 7(0.nq) = 1tq(q) almost surely for all q € Qd} and

n— oo n

II, = {the event in Lemma 3.7 holds for all z € Zd} .

Since both Q¢ and Z¢ are countable, we have by the discussion in Section 3.1 and Lemma
3.7 that P(I1;) = P(Ily) = 1. Therefore, there is some outcome w € II; N 11y N D,. For
such an outcome, there is a sequence {x,,}°°, C Z¢ such that (3.10) holds with x = x,,.

Moreover, by compactness of the ¢!-sphere, we may further assume that —X2— — y as
y p p y i y

l[xn

n — oo for some y with ||y||; = 1. Let 0 < 0 < 1 be arbitrary and choose N large enough

for n > N (this is valid by the continuity of ;). Together with (3.10), we see that the

such that

Nd(xn)
1% 11

Xn

% |1

<6 and
1

y

_'Md<Y)'<:€ (3.11)

second inequality in (3.11) implies

7(0,x,,)

HXnHl

,ud(y)’ >¢ forall n> N. (3.12)
Choose z € Q¢ with ||z||; = 1 such that
|z —yll, <0 (3.13)

and let M € N be the smallest positive integer such that Mz € Z?. Let {n;,}3°, be the

increasing sequence of integers such that n; Mz is good. We choose K large enough (by
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w € II; N 1l5) such that

Npt1 <1465 and 7(0,nx Mz)

— 6 forall k> K. 3.14
- B @) <5 fora (3.14)

Note that for any n € N, there is k¥ = k(n) such that
M < ||Xn|l1 < ng1 M. (3.15)

We choose n > N large enough such that k(n) > K. Now, we will derive a contradiction

by bounding the left hand side of (3.12) with a small number. Observe that

7(0,x,,) 7(0,x,) 7(0,n,Mz) 7(0,ngMz)  7(0,n,Mz)
— pa(y)| < - - i
[1Xnll1 [1Xn 11 [1Xn 11 X1 T
7(0,n Mz
4 [P0 )| ) — ] B.16)
nkM

First, we see that whenn > N and k = k(n) > K,

Xn
o =tz < sl (|7 3|+ =2l ) + sl = may el
1
< 28| %n |1 + (mosr — 1) M |22 (3.17)
< 20|%Xp| + 0np M - 1 (3.18)
< 301xn 1, (3.19)

where (3.17) holds by (3.11), (3.13), ||x,|l1 < nx+1M; (3.18) holds by (3.14), ||z|[; = 1

and (3.19) holds by n; M < ||x,||:- Then, we may bound the first term in (3.16) by

7(0,x,) 7(0,n,Mz)

% 11 % 11

T(Xp, ni:Mz)  K|x, — ngMz||

IXullh 1% |1

< 3K, (3.20)

~X

where the first inequality holds by subadditivity, the second holds since n; Mz is good and

the last holds by (3.19). For the second term in (3.16),

7(0,ngMz)  7(0,n,Mz)

% 11 np M

~ 7(0,nMz) (1 B nkM)
np M % 11
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< (ual®) +9) (1 - 1—i5> W)

where the inequality holds by (3.14) and ||x,||1 < nx1M. Moreover, we see directly
from (3.14) that the third term in (3.16) is bounded by §. Last, since y4 1S a semi-norm
on R%, the fourth term in (3.16) is bounded by c||z — y||; < ¢d where ¢ > 0 is a constant

depending only on 4. Combining these with (3.12), (3.16), (3.20) and (3.21), we obtain

1
€ < 3K0 + (pa(z) +6) (1—m) + 6+ cd.

Since the choice of 6 > 0 is arbitrary, we derive a contradiction and hence the intersection

I, N1, N D, = @. Therefore, (3.9) holds and so does the shape theorem. [

Remark 3.8. Note that having finite mean E[7.] < oo (as in condition (#)) is a stronger

assumption in comparison to (S1).

The uniform convergence characterized in the shape theorem allows us to find the
asymptotic behavior of passage time between two sets more easily. In fact, the following
corollary shows that the point-to-point passage time and the point-to-plane passage time

share the same asymptotics.

Corollary 3.9 ([10], Equation (1.13)). If (S1) and (S2) hold, then

bon : n :
lim =2 = ji4(e;) and  lim Som _ pa(er) almostsurely and in £'.  (3.22)

n—oo M n—oo 1

Proof. Since b ,, < ag, it suffices to show

.. bon
liminf 22 > yi4(e;).
n—oo N

Fix € > 0. Suppose on the contrary that there exists a configuration (in the intersection of
almost sure events {@ o ,ud(el)} and {(1 —€)By C BdT(t) C(1+e€)By, eventually})
such that

lim inf 20 > pq(ey) — 36

n—oo M
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. bo,n
for some § > 0. We may pick a sequence {ny}ren such that (;—k’“ — pa(er) — 39 as
k — oo. By the definition of by ,,, there exists a sequence of vertices X5, € Z® where the

first coordinate of each x, is ny and 7(0, x;) < by, + 0. Hence, for & large enough,
T(O, Xk) < bO,nk + 0 < nk(,ud(el) — 25) + ) < le(/ﬁd(el) — 5)

and hence x;, € B(ny(ua(er) —9)). Fix e > 0. By Theorem 1.3,

X
n(pa(er) — 9)

€ (1+¢)B,; forall k large enough.

Therefore, there isy = (y1, - . ., yq) € By with first coordinate satisfying

ik which gives = 1
ni(jia(er) — 0) SV T T O (ualer) — 0)

(I+e)y =

By symmetry and convexity of ,, we have

1 1
Y1€1 = (y1,0> .. 70) = 5(91;?927 e 7yd) + §(y17 —Y2,..., _yd) € Bd'

Again by Theorem 1.3, we have (1 — €)ty,e; € By(t) for all ¢ large enough. Therefore,

7(0,ney) 7(0, (1 — e)ty,e;)

e) = lim —— < |
Ha(er) = lim == o (1= Oty
< lim !
= imeo [(1 = )ty
1 _ l+e

-y 1-¢ (1aler) — 0).

Since € > 0 is arbitrary, we may take ¢ — 0" and derive a contradiction. The convergence
for SDT" follows from (3.2). Their £!-convergences simply follow from the dominated

convergence theorem. O
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3.3 Stochastic dominance

In this section, we will briefly compare different time constants y) (1) and u§ (e;)

of different edge weight distributions satisfying a certain stochastic order.
Definition 3.10 (Stochastic dominance). Let F', G be two distributions on R.
1. We say I stochastically dominates G if F'(t) < G(t) forallt € R.

2. We say F'is more variable than G if

[ e@F@) < [ o@)a6@

R

for every concave non-decreasing function ¢: R — R provided the integrals exist.

Lemma 3.11 (Characterization of stochastic dominance). Let F', G be two distributions

on R. Then F stochastically dominates G if and only if

/R o(2) dF(z) < / o) 4G ()

for all non-increasing functions ¢: R — R provided the integrals exist.

Proof. Sufficiency follows by taking ¢(x) = L{,<;. For necessity, we have

[ e ar@ = @ r@E, - [ Fe)daw) 329
R R

< — G(x)d = dG(x),

<) = [ Gl)dota) = [ ¢(a)a6(a)
where (3.23) holds since ¢ is non-increasing and F'(z) < G(x) forall z € R. O

Corollary 3.12. If F stochastically dominates G, then GG is more variable than F'.

Lemma 3.13 ([15], Theorem 2.13 (a)). If d > 2 and F, G are distributions on [0, c0) such
that /' is more variable than G, then u5 (e;) < u (ey).
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Proof. Note that by conditioning and induction, for all increasing concave function p: R* —

R (meaning p(x) > p(x + de;) forallx € R*, 6 > 0and 1 < j < d), we have
Elp(Xi, ..., Xi)] < E[p(W1, ..., Y3)], (3.24)

where Xy,..., Xy and Y7,..., Y} are i.i.d. copies of random variables with distribution
F and G, respectively. Denote the set of edges within the box [~ N, N]¢ by € ([-N, N]9)

and define the function ¢,, y: RE(NAN) R by

Pn,N <(7—e)eeg([_N’N}d)> = min {T'(7) | v is a path from 0 to ne, in [-N, N]?} .

Clearly, ¢, n 1s increasing on its domain. Moreover, it is concave since it is the minimum

of linear functions ¢, { (7. Cvoaa) | = T.. Therefore, by (3.24),
¥ e ([-N,N]4) e€y

E [%VN ((TeF)eeé'([—N,N}d)>] SE [%JV ((TeG)eeé'([—N,N}d)>] .

Taking N — oo, we have E [77(0,ne;)| < E [7¢(0,ne;)]. Dividing by n and taking

n — 0o, we obtain 2 (e;) < u§ (e;) from Theorem 1.1. O
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Chapter 4

Proof of Theorems 1.4, 1.6 and 1.7

First, we will prove Theorem 1.4 in Section 4.1 (treating the lower bound) and Section
4.2 (treating the upper bound) with parameter p > 1 and a € (0, 0o) (for the upper bound,
we leave the discussion for p = 1 to Section 4.3). The “boundary cases” a = cocanda = 0
in Theorem 1.4 will be proved in Section 4.4. We will also demonstrate an interesting

asymptotic scaling relationship between time constants in Section 4.5.

Next, we will prove Theorem 1.6 in Section 4.6 (treating the lower bound) and Sec-

tion 4.7 (treating the upper bound).

Last, we combine the results above and prove Theorem 1.7 in Section 4.8.

4.1 Proof of the lower bound

In this section, we will prove the lower bound in Theorem 1.4 holds for p > 1 and

a € (0,00). To be precise, we will prove the following proposition.

Proposition 4.1. If the distribution F;, € M, (a) for some p > 1 and a € (0, 00), then

the time constant satisfies

lim inf 4(€)%” L
d—oo  logd (2aT'(p+1))»
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Recall the point-to-plane passage time by ,, in Definition 3.3. Since by, < 7(0,ne;)
for all n € N, we may derive a lower bound for 1i,(e;) by bounding the passage time by,

below.

Lemma 4.2. If (&) holds and there exists ¢ > 0 such that
> P(bo < nt) < o0, (4.1)
n=1

then p14(eq) > t.

Proof. By the (first) Borel-Cantelli lemma, (4.1) implies
P(bo,n <nt 10) = 0.

Therefore, we have

P (liminf born > t) = 1.

n—oo n

Since by, < 7(0,ne;) for all n € N, we have uq(e;) > t. O

By Lemma 4.2, it suffices to bound P(by,, < nt) in order to derive a lower bound

for 114(e1). Using a union bound, we see that

P(by,, < nt) = P (there exist a self-avoiding path v € I'(0, H,,) with 7(7) < nt)

=P U {7(v) < nt}

~veI'(0,Hy), self-avoiding

< Y Pa<m

~€I'(0,Hy), self-avoiding

<Y #{y €T(0,H,) | #y =k} - P(S < nt), (4.2)
k=n

where Sj, is the sum of £ i.i.d. random variables with distribution 7.. Since we already
derive an upper bound the number of paths of length & on Z? from 0 to H,, in Lemma 2.2,
it suffices to bound P(S, < nt) from above.
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Lemma 4.3. If the distribution F;,, € M,(a) for some p > 1 and a € (0, 00), then for

any ¢ > 0, there exists ¢y > 0 small enough so that foralln € Nand k > n,

p1k
P(Sk < nt) < {(1 +8)al'(p+1) (6—7;:5> } forall 0 <t <{.
p

Proof. By condition (#), for any fixed 6 > 0, we may pick ¢; small enough such that
4]
P(r. <t) < 1+§ at? <1 forall 0<t<t.

Let Y be any non-negative random variable with density fy(y) = (1 + g) pay~1 on

[0, 1) (such a random variable exists since (1 + $) at} < 1). Fix € € [0, ;). Define
X = Te]l{76<6} + 6]1{7-625} and X, = Y]l{y<5} + €ﬂ{y>€}.
By construction, X stochastically dominates X5:
o
P(X; <t)=P(r. <t) < 1—1—5 att =P(Y <t) =P(Xy < 1)

ift € [0,e) and P(X; < t) = P(Xy < t) = 1ift > e. By taking p(t) = e " (where

~ > 0 is a constant that will be chosen later) and applying Lemma 3.11, we have

E e Iircq] + e P(1e > €)
= Elp(X1)]
< E[p(X3)]
=Ele " Liycq] +e " PY =)

¢ )
< / e . <1 + 5) pay? tdy +e "
0

142 .T 1+ 2)al 1
<( ra- L) o (+5)de+l) . 4.3)
P v
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Note that

P(Sy < nt) =P (e’”’sk > e’mt)

< OE [e7] (44)

< (B [e 7 Lprcq] + ¢ P12 )" (4.5)
s k

< et <(1 - 2)35(% S 6_%) : (4.6)

where (4.4) holds by Markov’s inequality, (4.5) holds since 7. > X; and (4.6) holds by

(4.3). Pick t small enough such that v/f < min{¢;, 1} and such that for all y > 1,

S >
y exp (—%) < }9 (5 ~al'(p+ 1)) t. 4.7)

(4.7) is possible by considering f(y) = y exp (—%) for y € [1, 00). Note that

f'(y) = exp <—%) (1 - %) < exp (—%) (1 - %) <0

if v/t < 1. Therefore, f(y) is decreasing on y € [1, 0o). It suffices to find ¢ small enough

such that 1 - exp (—\%) < ct, which can be simplified to

Viloge + 2vtlog vVt > —1, (4.8)

where ¢ = % (% ~al'(p+ 1)) % This is valid since the left hand side of (4.8) goes to 0 as

t — 0T. Settog < t; small enough such that (4.8) holds for all ¢ € [0, o) and pick v = ’;—k

t’

e =+/tfort € [0,t). Then

k p X k
P(S), < nt) < et Kl + g) al'(p+1) (n—t) + e—ﬁtw]

<o (14 D) e (1) 4 2are (1Y)

_ {(1 +8)al(p + 1) (e—”tﬂ .
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where the second inequality holds by (4.7) with y = % > 1. O
We can now prove Proposition 4.1 by combining Lemma 2.2, Lemma 4.3 and (4.2).

Proof. (of Proposition 4.1) Fix > 0 and set

1
1 logd M= (4adl'(p + 1))vent (1 —9)2renlogd

t= (1 - 5) 1 1
(2al(p+1))r  dv p p

where we choose d large enough such that 0 < ¢ < ¢ as in Lemma 2.2. By Lemma 2.2

(with p = log (2"‘1) and n < k < M) and Lemma 4.3, we have

> #{y: from 0 to H, | #y =k} - P(Sy < nt)

n<k<M
n<k<M
k" k (2nd k ent\*1"
B a -+ — -1 2ad(1 r Y i
n;M (2nd) P (d ( 2k +4nd )) { ad(1+0)I'(p+1) (pk) }

- () oo () preconon ()]
R;M (%)n [Qad(l +5I(p+1) (%Z)p] k :

where the last inequality holds since ;£ < AL

/N

— 0 as d — oo. Therefore, by (4.2), we

have

P(bon < Z <2nd) [2ad(1+5)r(p+1) <%>T
+) lQad +6D(p+ )(ZZ) r,

k>M

(4.9)

where we used the trivial bound (2d)* in Lemma 2.2 for k > M. By choosing § < 1, the

second term on the right hand side of (4.9) is bounded by

> lzad(l +0I(p+1) (Z—?)p} k

k>M
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1+0\" _ (1+56\" 1 3 O leed] ™
S5 (5 g )]

k>M 2

where the first inequality holds since £ > M. Note that the last term in (4.10) is indeed

summable in n. On the other hand, by taking z = % > 1, we see that the first term on the

right hand side of (4.9) is bounded above by

n;M (%)n [2ad(1 +0)l'(p+1) (%)p] k (4.11)
_ H;M (%)n {(1 + ) (;;—Z)p (1 6)(log d)p] k (definition of t)
< & () Jo-o () e
< (0(1> : %);M [((1 - &) (%)paogd)p)zr (k < M)

logd\" DY\~
< (om-*5%) s (5)

p z
where D = (1 — §?) ( > (logd)?. Consider the function f(z) = (£)" on z € [0,00)

I
p

(where we extend f(z) to z = 0 continuously). Observe that

- (&) (i)

and hence f'(z) = 0 if 2 = £%. The maximum of f(z) on z € [0, o¢) is then achieved by

max{f(z) ]z >0} = f (%) = exp (ple)p> . (4.12)

Therefore, we have by (4.12) that

D=

logd\" 1 "
4.11) < (0(1)%) .M - exp E (1— 0% ]E;logd]
_ (O(l) . losd)” M. d(l_aa)%n

Sl

= {O(l) L d(1=9%) 7 -1 log dr -O(1)nlogd,
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which is summable in n for d large enough. Hence, by Lemma 4.2, we have

1 logd
. ogl for d large enough.

paler) > ¢ =(1-9)- (2a0(p+ 1)) d»

logd " taking lign inf and letting 6 — 0T, we obtain the desired inequality in
dpr — 00

By dividing

Proposition 4.1. O

4.2 Proof of the upper bound

In this section, we will prove the upper bound in Theorem 1.4 holds for p > 1 and
a € (0,00). In order to do that, we will first consider the theorem under a slightly stronger
assumption, then overcome the restriction by approximation. To be precise, we will prove

the following proposition.

Proposition 4.4. If 7, satisfies

Q

< ©)

| log t|

forsomep > 1, C > 0and a € (0,00) fort € [0,%,) (for convenience, we assume

0 <t, <1),then
1
dr 1
lim sup paler) < T
dsoo logd " (24T (p 4 1))7

(4.13)

Remark 4.5. Note that the condition (O) is a stronger condition in comparison to the
conditions in (#) since we require the convergent rate to be at most |logt|~*. However,
we can show that (4.13) still holds under (#) by approximating distributions satisfying
(#) with the one satisfying (0); see Corollary 4.10. Also, the cases a = 0 and a = oo in

Proposition 4.4 will be proved later in Section 4.4.

The idea of the proof of Proposition 4.4 essentially follows from Chapter 8 of [10].

First, we bound the time constant above by E[s( 1] (introduced in Definition 3.2).

Lemma 4.6. If (&) holds, then z4(e;) < E [so.1].
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Proof. Observe that for all n > 2, if 7, € I'eyi(0, x) (recall the notation in Definition 3.3)
for some x € H,,_1, we can construct v, € I'eyi(X, H,,) giving v = 71 U 72 € T'eyi(0, H,,).
The infimum of 7(~2) over I'wyi(x, H,,) is independent of 7, and has the same distribution

as so1 by translation invariance. Consequently, we have

E[son] < E[son-1] + E[so1]-

By induction, we have E [sg ,] < nE[sq ;] for all n € N and we may deduce by Corollary

3.9 that

as asserted. O]

We are then motivated to bound the passage time s ;. Precisely, we will show that

there is a path (which is admissible for s( ;) with sufficiently small passage time.

Recall the sub-collection of paths Py, C I¢yi(0, Hy) given in Definition 2.11

(where d, k,r € N). We define, for ¢ > 0,

Nagrt =t#{7 € Pagr | T(7) <t}

Throughout the remaining section, we fix 0 < n < 1 small enough such that

p—1>3n, (4.14)
which is possible since p > 1. Fix
log dw 1 { d J
k:{— 0= ——, =d— | — 4.15
p | 0T g T Lloga 1)
and
po L ! Jogd (4.16)

(1-6)7 (2al(p+1))¢ d»
Note that 6, = o(1) and r ~ d as d — oo. In the remaining section, we will show that
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for the parameters (4.14), (4.15) and (4.16), one has

1
P (Nape = 1) 2 3 if d is sufficiently large. (4.17)
We will derive this by showing
E [Nipre] <2-E[Nagrd]” 4.18)

where (4.17) then follows directly from the Cauchy-Schwarz inequality.

First, we show how (4.18) implies Proposition 4.4.

Proof. (of Proposition 4.4) Suppose (4.18) holds (which, will be proved in Lemma 4.9),
then (4.17) holds consequently. Let £; (where r +2 < j < d) be the event { Ny, > 1}
translated by e;. That is, £; is the event such that there is a self-avoiding path « of length

k from e; to H; such that

* the first k — 1 steps of y use only directions +e;, 2 < i <7+ 1,

* the last step of v is e; and

* the passage time of y is less than .

We have P(E;) > % forall r + 2 < j < d by (4.17) and translation invariance. Let

5\ 7 logd
y:(_) o8 and E:Ejﬂ{7{07ej}<y} (r+2<j<a).

First, observe that forall 7 + 2 < j < d, the event F; and {T{()}ej} < y} are indepen-

dent, since F; is measurable relative to the o-algebra

o ({ T(e;+xe;4xte) | 1 <@ <7+ 1,x € spanfey, ... e }})
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whereas 79 ¢,} is independent of it. Hence, by condition (©), for all r +2 < j < d,

1 C 6 (log d)”
P(F}) = P(E;) - P (10es = y) > = -ay’ (1 — >
(£5) (E5) P (r10e,) > v) 5 W ( a]logtl) 4d

if d is large enough so that 1 — m > 1 (recall t = o(1)). Next, note that on U;l:r 4o I

the passage time satisfies

1 logd
Soq1 Sy -+t .

1 1
(2aF(p n 1)) % . {(25F(p + 1))17 + Té:| .

D=

Therefore, we have by Lemma 4.6,

pa(er) < E[so1] (4.19)

d

<(y+t)-P ( U FJ) o [T{"’“}ﬂﬂ?ﬂ” FJ'B]

j=r+2
d
<y+t+E] ] P(Ff)
j=r+2

1 logd ( 5(1ogd)p)d"”‘1
< =0 (14 0(1)+E[n] (1 - —=" . (420
) & (1+0(1)) + E[r] 1 (4.20)

The third inequality holds by independence. Note that

| dllogdy\* ' (1 S(logdy [ty ] 1
4d B 4d
d(logd)P e 1 3
< - = < __ p—3n
\2(1 P ) \2€Xp( 4(logd) ,

where the factor 2 appears to overcome the modification of exponent. Observe that

2exp (—1(logd)P=37)

1 _ logd
oz = 2exp (—Zﬂogd)p 3"+T—loglogd) — 0
d

3|

since p — 31 > 1 by assumption (4.14). Hence, by dividing 24 and taking lim sup on the
dp
left hand side of (4.19) and (4.20), we derive the the upper bound (4.13).

d—o0

]

Now, we start the proof of the inequality (4.18). Since the paths in Py, , are self-
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avoiding by construction, the first step of estimating moments of Ny, ,.; is to estimate the

sum of i.i.d. copies of 7, that satisfies the condition (©).

Lemma 4.7. Let {7;}3°, be i.i.d. copies of 7, satisfying (V) for some p > 1, C > 0 and
a € (0,00) fort € [0,¢,) and let S, = Zle 7; be the partial sum. Then, for n > 1 and

t€|0,t.),

¢ \1* ¢ \1*
App lat? (1= <SPS, <t) < App lat? (1 ,
o {a ( Ilogt\)l (5 S 1) < A [a ( +\logtl)}

where the constants Ay, , and C” are defined by

k
Lp+1) and (' = g

A = T(kp+1) a

Proof. We will only prove the upper bound (the case for lower bound is similar). We apply
induction on k£ > 1. The case & = 1 holds trivially by (). Suppose F'(t) = P(7. < t) is
the distribution function for 7. (note that '(0) = 0 since a < co) and the statement holds

for k — 1 for some k£ > 2. Then

P(S, <t) = / dF(ty) -+ dF(ty)
{t1++tp<t}

_ /0 t ( /{ A dF(tkl)) dF (1)

t ) ' k—1
< /0 Akfl,p [ (t — tl) (1 + —‘ log(t — t1)|>} dF(tl) (4.21)

C’ k=1t
<Ay {a (1 i t,)} [a—nrtnare, @)
0

where (4.21) follows from the induction hypothesis (t — t; € [0,t,)) and (4.22) follows

from the inequality | log(t — ¢;)| > | logt| (recall ¢ < 1). Observe that

/ t(t —t)P* VAR (1)
= [(t = t)PE V)], - / t —p(k — 1)(t — t;,)PE D1 R(t) dy
=pk—-1) /t(t - tl)p(kfl)le(tl) dt; (F(0) =0)
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t !
0

|logt|

O/ t
<A 1 tP(t — ¢ )PE-D-1 g
“ *\logﬂ)M Wt !

C’
= pk —_
A, [a <1 + llogt|)} **B(p+1,(k—1)p),

where B is the beta function. Combine these with (4.22), we see that the desired inequality

follows by taking Ay, = Ay ,Ay_1,B(p+ 1, (k— 1)p), which gives A, = EEZ;PS O

Next, we show E [Ndk’r,t]*l = 0(1) as d — oo, which will be useful on the estima-

tion of the second moment of Ny, ¢.

Lemma 4.8. The first moment of Ny, ., satisfies E [Ny ,.+] — 0o as d — 0.

Proof. By the definition of Ny ., the expectation equals

E [Nt = Z P(7(y) <t) = #Pap, - P(Sk <t) = A\rp—1 - P(Sk < 1),

YEPA,k,r

where Sy is the sum of £ i.i.d. random variable with distribution 7.. Applying Lemma 4.7

(applicable since t — 0 as d — oo) and Corollary 2.10, we have

/ k
E [Nd,lc,r,t] 2 (27’ —1- 10g(27“ — 1))k_1 . Ak,p [atp <1 — |1(it|):| . (423)

We will estimate the right hand side of (4.23) term by term. First, note that we may choose

d large enough such that § < % Then, for d large enough,

logd 1 1—9)-2al’ 1 logd
|10gt|:£—loglogd+ os(( )-2a0(p+ 1)) > ose
p p 2p

(4.24)

Therefore, we have

T \" ! logd /
(1 - L) < exp (—L . {£W> <e 29, (4.25)
| log t| [logt| | p

where the first inequality holds by the elementary inequality (1 —z)Y < exp(—xy) (z,y >
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0), (4.24) and the second holds by {%] > 105 ¢ Therefore, by (4.23) and (4.25),

B [Nygri) = (2r — 1 —log(2r — 1))*- Ay, (atp)k o—2C"
(at?(2r — 1 —log(2r —1)))" T(p+1)*

S 20"
> e 2r — 1 — log(2r — 1) I'(kp+1)
k
logd
— 20", [a ' l_ié ' 2a1‘(1p+1) : g - ((2r — 1~ log(2r 1))] . L(p + 1)k
2r — 1 —log(2r — 1) P(kp +1)
logd
—2c" 1 P(2r —1 —1log(2r —1))] » 1
. e ‘ {(ogd) (2r og(2r ))} ) - (4.26)
2 2(1—0)d 2y/2mkp (‘2)"
e T 1 oglr - 1))
~ 9d 2(1—9)d
d
. (logd logd | 4.27
(logd) 2,/27 - 2logd - (kp)+» 427
e {27" —1—log(2r — 1)] & (logd)*e (4.28)
8y/mlogd 2(1—4)d (kp)*r |

where (4.26) holds since the denominator (2r — 1 — log(2r — 1)) < 2d, the exponent

k= {%W > logd and we set d large enough so that we have I'(kp+1) < 24/27kp (%)kp'

logd logd d

(4.27) holds since e*? = el 51 > 5P — ologd — g and we set d large enough so that
/ lo d / logd

Now, we will bound the two latter terms of (4.28). First,

{27’—1—10g2r—11 4.29)
[logd (2r—1—log 27"—1))]
o d B l _ 14log(2d)
> exp loga d (log d) n 2d (4.30)
1 d 1-— é
> exp 0 - log (1 (25 (4.31)

where (4.30) holds since » < d and (4.31) holds since we can set d large enough such that

_ 1 4 1 d 1 + log(2d)
~ (logd)n > (log d)2n > 2 <E L(logd)QﬂJ + 9d ) : (4.32)
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Observe the exponent in (4.31) satisfies

log (t%) = log <1+ 2<15_5)>

2
logd)™™ 1 { (logd)™"
/(ng) _§<§?f—)l)> 0<d<h
2
— % [(log d)™" — (log d)72”]
> (logd)~", (4.33)

where the last inequality holds because we may set d large enough so that (logd)™" >

3(log d)~2". Therefore, the left hand side of (4.29) satisfies

5 d

2r — 1 —log(2r —1)] 7 (log d)L=2"
) e (M), @0

Now, for the last term in (4.28),

(log d)'oe4 (log d)'oed
(mp)™ 7 /1 (54+1)p
(24 1))
_ (10g d)logd
= Togd + pe

log d+p 1
1— :
logd +p) (logd)r

e~ (p+1)
4.35
> Tlogay” (439
. . . logd+p
where the last inequality holds for all d large enough since (1 — 10ng> — e Pas

d — 0.

Combining (4.28), (4.34) and (4.35), we then see that E [Ny, ] — 0o as d — oo,

since the right hand side of (4.34) obviously dominates the |/log d term in (4.28) and the

(log d)? term in (4.35).
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Finally, we are able to prove (4.18) by bounding the second moment of Ny, ,.; from
above. The main estimation will be on the numbers of pairs of paths in P, . ., which we

have already done in Section 2.2.

Lemma 4.9. For d large enough, the following holds.
E [Nik,r,t} < 2-E [Nd,k,r,t]Q .

Proof. By the definition of Ny, +,

=> Y Pr(y) <t T(Y) < 1) (4.36)

= £
=0 (y1ePi.,

(recall the definition of Pﬁ,r from Section 2.2). For the case ¢ = 0 (that is, 7y and /' are

disjoint), 7(+) and 7(+') are independent, so

Yo Pty <tr()<t) = > Pr(y) S HP(r(Y) < t)

(v")EPSL . (47 )EPL

= Y P(S<t)

0
W’V’GPé,Z,T

< #Paps)? P(Sy <1)? =E[Ngpoi?,  (4.37)

where S}, is the sum of n i.i.d. random variables with distribution 7,. For the case ¢ = k

(that is, v and 7/ are the same path),

Y PE(y) <)<t = > P(r(y) <) =E[Naggsd . (438)

k
(777’)67’5,;3,r VEPd ks

For the rest of the cases, 1 </ <k —1,if (7,7) € Péf,lw,

P(r(y) <t,7() < t)
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SP(r(v\ (vN9)) <t,7(7) <t) =P(Sp—e < OP(Sk < 1), (4.39)

where the equality holds by independence. By Lemma 4.7, we have

o ]k
P(Si—¢ < 1) < Av-tp [atp (1 i “ogt‘ﬂ
e )]

L+ ' PN
o TG00 | 1)( ' (1 L _2C"logt| )

= D(pt1)k _ (Y -1
F(Zp—i—l) (at? 1 — C"|logt]|

_ T(kp+1l 1 . 20"
TT(—Op+ D) (T4 Dawr) T {klog (H Nog ] c)]

op ' 1 20"
< (I o (4 gt o)

=1
kpr \* 2kC"
<(—2 ). ). 4.40
(F(p+1)atp P\ Tlogt| — ¢ (4.40)

Note that for d large enough,

2kCT 2'21;).#'0/ =20"(1 1 d 4.41
Togl| = O~ Tmd  meGonzarge) gy 20 (EHoll)) as d—oo. (441)
p p

Combining (4.39), (4.40), and (4.41), we have the upper bound

: kp)r '
P(r(7) < t,7(7) < ) Lppyny—n < 27 TDIP(S, < 1) (F(p(Jr—pi)aﬁ) . (4.42)

To bound (4.42) by the first moment of N, .+, we apply Corollary 2.10 and observe

2r)FP(S, <t)  (2r)F ! 2r kot
s ( 2 — 1))

E [Na ] B #P ko, S\2r—1-— log

_(y, Ltlog(r—1) -t
2r —1 —log(2r — 1)

(k—1)(1+1log(2r — 1)
2r — 1 —log(2r — 1) )

< exp ( (4.43)
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Recall the definitions of &, d, r in (4.15), we see

(k= 1)(1 + log(2r — 1)) _ 224 2log(2d)
2r — 1 —log(2r —1) ~ 2d(1 — (logd)=27) — 1 — log(2d)

=o(l) as d— oc.

Together with (4.36), (4.37) and (4.38), we have

E [Nogra]” ~ ElNagrd] @y (e p+ 1atr
VY IEP e
k—1 p l #'P(Z)
=1 1 1 2C/ d,k,r 4.44
toll)+ (1 +e()e™ 2 ( C(p+1) atp) oy G4
k—1 ¢ l
’ kp)p 1
<1 1 1 1))e*¢ _ () — . 4.45
Foll)+(1+o(l)e £ (F(p+1)atp> (2r> (4.49)

Note that (4.44) holds because E [Ndvk,r,t]fl = 0(1) as d — oo by Lemma 4.8. Also, by
the definition of Pg,)cyr (recall from (2.17)), (4.45) holds by Proposition 2.12 (applicable
since r ~ d and k = O(logr)) and combining the <1 +o0 (r‘%)) term with (1 + o(1)).
Recalling the definitions of k, §, r in (4.15) and ¢ in (4.16), we have

L (=)

E

E [N? :
Vs <1+o0(1)+ (1+o0(1))e*

2 log d)P
& Nty =\ (4 | ) - 5 08
[ logd rt
1 -6 | e
<14 0(1) + (14 o(1))e Z llogd) Ted (4.46)
p

Note that by (4.32) and (4.33), we have, for d large enough,

1-6 1-6 1-6
< = 1 < —(logd)™2"
[ llogd) ¥ <13 eXp[0g<1_g)] exp (—(logd) ")

and hence the summand in (4.46) satisfies

logd p
1-9¢ { P W 2 P\’
. < — —my .
1 — (logd)—2n lof,d < oxp (~(logd) ™) <1 * logd

< exp p2 — !
logd (logd)*1 )’
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which is less than 1 for all d large enough. Hence, the sum in (4.46) converges for d large

enough, giving

EN(N ) 2 / [eS) 22 J4
EWarrd ] 1 4 51y 4 (14 o(1))e > (6_“”) =1+ o(1).
E [Nd,k,r,t] /=1

Choosing d large enough such that the o(1) term in right hand side of the equation above

is less than 1, the lemma then holds as asserted. [

Lemma 4.9 concludes the proof of (4.18). Now, we will prove the upper bound holds

under the weaker condition ().

Corollary 4.10. If the distribution F,, € M,(a) for some p > 1 and a € (0, 00). Then,

the time constant satisfies

’ 1
lim sup Haer)d < -
i logd (2aT'(p + 1))7

Proof. Since the distribution F,, € M, (a), for all € > 0, there is § > 0 such that

P(re <t) = (a—¢€)t? forall 0<t <.

Fix ¢ > 0 and let 6 > 0 be given as above. Let F, be a distribution on [0, c0) such that

(i) F.(t) = (a— e)t? fory € [0,0),

(if) F.(t) <P(r. <t)forallt € R.

We may construct such a distribution F, by choosing a non-decreasing function F' on
[0, 00) with F'(t) — 1 ast — oo and F(t) < P(7. < t). Hence, using Lemma 3.13, we
have the dominance

pa(er) < phe(e)) forall d>2.
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Since F. satisfies () with parameter a — €, we have by Proposition 4.4 that

(e1)dr F-(e))dr 1
lim sup Hai:)qr < lim sup Fa 1°1 < .
dsoo  logd d—oo  logd (2(a — e)T(p+1))»
Taking € — 0T gives us the desired result. [

One can then derive Theorem 1.4 directly by Proposition 4.1 and Proposition 4.4 for

the case a € (0,00) and p > 1.

4.3 A discussion of the upper bound for p = 1

Unfortunately, the proof in Section 4.2 does not work for p = 1 due to the restriction
(4.14), which is introduced to balance the growth between ¢ and r. This is the problem in
[2] we mentioned briefly in the introduction (to be precise, it is not possible for both (3.2)
in [2] tending to oo and the last term in (3.4) tending to 0 as d — 00, § — 07). One might
argue non-rigorously that if the distribution F;, € M, (a) for p = 1 and some a € (0, c0),

then we have

d "
lim sup M = limsup lim ot
dsco logd dsco p—1+ logd
g dv 1

1
= lim limsup <lm —— = —| (4.47)
Pt dose l0gd T o1 (20T (p 4 1))r 20

where F, € M,,(a) with parameter p > 1 are distributions such that ), = F, asp — 17,
However, (4.47) does holds for the special case 7. ~ Exponential(a) as mentioned in

the introduction; see [6].

One can modify the proof in Section 4.2 to derive the bound given in (1.7). We will

sketch the critical steps in the following. Let

1 1 logd

k= [logd], 0= T35 90 4
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First, note that the middle term in (4.27) satisfies

o 2[%—| —(1+log(2d))
2r —1 —log(2r — 1) logd 1°g<2(13)d> __ slog(2—0(1))
>d =d :
2(1—19)d

which dominates the other terms in (4.27). Hence, we have E [N, ;ﬁd,m]*l =o(l)asd —

oo. For the second moment, we can still apply Proposition 2.12 since & = O(logr).
Moreover, the summand in (4.46) is bounded by

1—32 T[logd] 1

i Mogd] 1, )

1—1 logd 2

and hence the sum converges. In particular, the right hand side of (4.46) can then be

bounded above by the constant

1
14 0(1) + (14 o(1))e?" . ﬁ =1+ €29 (1 +v(d)),
2
where v(d) = o(1). Therefore, we have
E [Niari) 1
P(Nyart = 1) 2 Near] >

E[Nigp] ~ 1+ (L4 0(d)
Similar to the proof of Proposition 4.4, we choose

2 (1+e*" (14 v(d)) logd
y= 1 c’ . d
o (1~ )

Then, by the same argument, we have

[1fSW

E[SOJ] < Yy + t -+ E[Te] . 2 []. — ]P) (E] N {T{O,ej} < y})}

logd [4(1+ 2 (14 v(d))) 1 2logd 2
— 5) + 2E[7.] (1 — )

2ad c + 1— d

~ [logt]

4(1+e2" (1 +v(d
o logd (4 (14 ¢ (14 v(d))) N 1 5) - 9E[r] exp (_2logd ' gl)

=~ 2ad i 1— d 2
| log t]

logd (4 (14 (1+0v(d))) N 1 N 4aR[r,]
~ 2ad J—— 1—-90 logd |~

~ [logt]
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logd
d

Dividing and taking lim sup, we obtain

d—o0

d _4(1+e*)+4
lim sup fa(er) < ( )
dsoo  logd 2a
provided 7. satisfies (). Following the proof of Corollary 4.10, if 7. satisfies (#) with
parameters p = 1 and a, we can construct distributions F; satisfying (©) with parameters

p = 1and a — € (and for all C' > 0) and dominating F’. for all ¢ > 0. Therefore,

d Fled _4(1+e*")+4
limsupwglimsupﬂd (e1) < ( c )

dsoo  logd dseo logd T 2(a —¢)

Taking C" — 07 (that is, C' — 07) and ¢ — 0" shows that

4.4 Thecasesa =occanda =0

In this section, we will prove Theorem 1.4 for the cases a = oo or a = 0. First, we

consider the case a = oo.

Proof. Note that if P(7, = 0) > p.(d) > 0, then (#) holds with a = co. By Theorem 1.2,
we have p4(e;) = 0 in this case. Therefore,
, 1

fimeup 22O g1
i logd (24 (p + 1))

Te<t)

P S
as asserted. Suppose now P(7, = 0) < p,. Note that = == — ooast — 07 implies that

for any M > 0, there exists 6 > 0 such that
P(r. <t) > Mt? forall 0<t<d.

Fix M > 0 and let 6 > 0 be given as above. Let F; be a distribution on [0, co) such that
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(i) Fa(t) = Mtr+ for t € [0,6),

(il) Fuy(t) < P(r. <t)forallt € R.

Hence, using Lemma 3.13, we have

pa(er) < piM(e)) forall d>2
Since Fj; € M,(M), by Theorem 1.4,
praler)dv p (e1)dv 1
lim sup ~~—— < lim ~¢ = T
dsoe  logd T dsoo logd (2MT(p+1))7
Taking M — oo gives us the desired result. [

We now consider the case a = 0.

Te<1)

Proof. We must have P(, = 0) < p.(d) (otherwise a = c0). Note that = > — 0as

t — 07 implies that for all ¢ > 0 sufficiently small, there exists 6 > 0 such that
P(r. <t) <et?! forall 0<t<d.

Fix ¢ > 0 and let 6 > 0 be given as above. Let F, be a distribution on [0, c0) such that

(i) F.(t) = et? for t € [0,4),

(if) F.(t) > P(r. < t)forallt € R.

Again, by Lemma 3.13, z14(e;) > /i (e)) for d > 2. Since F. € M,(e), by Theorem 1.4,

; o))
fiminf 40" Sy Ha(e)dr L
d—oo  logd d—oo  logd (2¢0(p +1))»

Taking e — 0" gives us the desired result. [
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4.5 A scaling relation

In this section, we will derive an interesting asymptotic relationship between time
constants and the convolution of the underlying edge weight distribution. For two distri-

butions F', G on R, we define

PG - |

R

F(t—@dG(z)z/G(t—x)dF(m)

R
as usual. The main result follows from the following simple observation.

Lemma 4.11. If F € M,(a), G € M,(b) for some p,q > 1 and a,b € (0, 00), then

FxGeM,, (ab- Llp+ DI + 1)>

T(p+q+1)
Proof. This follows from direct computation. Fix ¢ > 0, and choose ¢ > 0 such that
|F(t) — at’| < et? and |G(t) — bt?] < et?
forall 0 < ¢ < 0. Fix 0 < ¢ < 0, then since F' and G are supported on [0, c0),
t
(F+G)(t) = / F(t — ) dG(z)
0
t
< / (a+e)(t—x)Pd(b+ e)x?
0
t
=(a+€)(b+ e)q/ (t —2)Pr? ' dx
0

Clp+ 1)I'(¢+1)
Fp+q+1) °

=(a+e)b+e)gB(p+1,9)=(a+e)(b+e)-

One can derive a similar lower bound by the same method. Therefore,

F t r nr 1
L (FAG)0) T+ D(g+1)
10+ tpra F(p+q+1)
as asserted in the lemma. O]
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Corollary 4.12. If F; € M,,(a;) for some p; > 1 and q; € (0, 00) forall 1 < ¢ < n, then

1
n p1+-+pn
pg T (eg) ~ [(Qd)nl HM?(%)“] as  d — 0o.
i=1
In particular, if F' € M, (a) for some a € (0,00) and p > 1, then
i () ~ (2d)073) il (ey) as d — oo

Proof. By Theorem 1.4, we have forall 1 < i < n,

) 1 logd , _ 1 (log d)P:
E F,
g’ (€1) ~ : or that ;" (eq)?" ~ .

‘ (2aT(p; + 1)) do ! 2al(p, +1) d

as d — oo. By applying Lemma 4.11 iteratively, we obtain

r 1)---I'(pn +1
Fl*"'*FnEMp1+---+pn (al"'an' (p1+ ) (p + ))

L(p1+-+p.+1)

Again, by Theorem 1.4, we then have

IF(pr+1)---Tpn+1) _ﬁ logd

N(Qal...an. .F(p1+...+pn+1>)

C(pr+ - +pn+1) AT
1 (log d)prttpn T
:(2a1"'an'F(p1+1)"'r(pn+1)' d )
~ [(Qd)”1 Hu?(el)’”]
=1
as asserted. The second assertion can be shown by taking F; = --- = F,. [

4.6 Lower bound in the diagonal direction

In this section, we will show an asymptotic lower bound for 14(1). The method is
quite similar to the one in Section 4.1. However, instead of considering passage time from
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0 to some fixed diagonal plane, we “rescale” the plane a bit to derive a better bound.

Recall J) from Section 2.3. Observe that d~'1 € Jl(l'), we may show as in the

proof of Corollary 3.9 that!

(v)
1 dufll T 0, Jn
pat)) _ oy 7(007)

dl_” n—o00 n n—o00 n

almost surely and in £'. (4.48)

Proposition 4.13. If the distribution F;;, € M, (a) for some p > 1 and a € (0, o), then

1 aP~t /a2 —1
liminp e 5 (% V&

doo =y P 2al'(p+ 1) ’

where o, > 0 is the positive solution of coth(pa) = .

Proof. Fix0 <v < ;andd = d=z, set

1
ozgflw/ag— 1\° )
- vV ° .d¥ b,

b= 0= P S+

Note that ¢ = o(1) as d — oo. By Proposition 2.14 and Lemma 4.3 (with k > |[nd”| > n

and choosing d large enough such that ¢t < #;), with a = > 1,

k
[nd7]
P (T (0, JTSV)) < mf)

<P (there exist k > |nd”| and € Dc(;:,zvn such that 7(v) < nt)

= Y #Dy), - P(S, < nt)

k=|nd |
k
> 2da [ ent \*1"
< o) Jasore e (S)]
k%;m (04—1—1);;(04—1)2«1) pk

r k

B i (1+0)(1 = d)Perar™ /a2 =1 v

a+1

k=|nd"| | (+1)2 (a— 1)%‘1041971 [nd”]

(4.49)

IThe definition of diagonal constant 4* in [10] is defined to be the right hand side of (4.48) for v = 0;
w* in [2] and [3] is defined to be the right hand side of (4.48) for v = % and p* in [13] is defined to be the
right hand side of (4.48) for v = 1.
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Consider the function f,(a) = (o + 1) (o — 1) % ! defined on o € [1,00) (where

we extend f,(a) to @ = 1 continuously). Observe that

= B o g (2] 20

po— a = coth(pa).

Let oy, > 0 be the positive solution of coth(pa)

= «, we see that f,(a) achieves its
minimum at o = ¢, with

folay) = epag_lw fa2 — 1.

Therefore, (4.49) is bounded by

k
(I=08)(1+d)Perar™ /a2 -1

k nd”
1=\ em-1) (1-02\""
) T =2 (12 ’

k=|nd" | n

n

T (0, J,S”)) el T\
liminf ——2 >t=(1-0)-p| —X"— Vr -1
n—oo

= 20T (p + 1) -d ~» almost surely

by the (first) Borel-Cantelli lemma. Thus, by (4.48),

aP~t /a2 —1 g )
fa(1) > (1-6)-p P VP e,

d-v 2al'(p+ 1)

By dividing d”~ » , taking li;n inf, we derive the desired inequality in Proposition 4.13
—00
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4.7 Upper bound in the diagonal direction

In the this section, we will prove a loose upper bound for the diagonal time constant.
The order for the lower bound actually matches the one for the upper bound, but finding

the exact limit seems to be challenging, and we will leave it to our future work.

In Appendix C, we will present the result from [13], which shows that the lower

bound given in Proposition 4.13 is in fact sharp for p = 1.

Proposition 4.14. If the distribution F;;, € M, (a) for some p > 1 and a € (0, o), then

1 1
lim sup Hal 1) < —
d—o0 dlfﬁ ar

Proof. Recall the definition of J) from the previous section, we will choose v = 1 in
this proof. Let v be a (random) path of length |nd” | = nd from 0 to J,(Ll), defined by the

following greedy algorithm:

* v=(S0,-.-,84), where sp = 0ands;,; —s; € {es,...,eq}, and

* the passage time after each s; is chosen to be the minimum one among the d direc-

tions in {ey, ..., e;}, thatis,

Tisisip} = MIN T g0y forall 0<i<nd—1

1<j<d
Define Y = min{r,..., 74}, where 7, ..., 7, are independent copies of 7.. We then have
E[7(7)] = nd - E[Y]. (4.50)

By our assumption (#), there are €, > 0 such that

P(¢e>t%):1—1@(¢e<t%)<1—at(1—e) forall 0<t<3d
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and P (Te > 5%) < 1. Choose M > 0 such that E[Y] < M?¥. Then

E[y?] :/OOOIP’<Y>tzl>) dt

</06[1—at(1—e)]ddt+/5MP<Y>5é>ddt+/Moo (Eg]ydt

_ 1 1 E[Y]\? pM
Sd+1 a(l—e)

<1 1+
Tad \1—¢ ¢

for d large enough. Using Holder’s inequality, (4.48) and (4.50), we can then deduce

w1) = lim E [7’ (0, qul))]

n—oo n

+(M—5)]P>(Y>5i)d+(

< tim 2O _ g my) <d By < dt F( L —l—e):|p.

n—oo n a 1—6

We can obtain the desired upper bound in Proposition 4.14 by dividing d' , , taking lim sup

d—00

and letting e — 0. O

One can then derive Theorem 1.6 directly by Proposition 4.13 and Proposition 4.14.

The cases for a = 0 and a = oo can be argued similarly as in Section 4.4.

4.8 Application to limit shape

By Theorem 1.4 (and the discussion in Section 4.3) and Theorem 1.6, we see that

logd 1
paler) < i; and pg(1) < d" v (4.51)

dr

if ;. € M,(a) forsome p > 1 and a € (0, 00). One can then use (4.51) to reject several

possible candidates for 3; when d is sufficiently large.

Proof. (of Theorem 1.7) By convexity of By, we have ¢! C B; C (*°. First, we show
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By # (1for 1 < q < oo ifdissufficiently large. Observe that the limit shape B, intersects

the first coordinate axis L; = {te; | t € R} at uy(e;) 'e;, which has ¢2-norm

for d large enough. Similarly, B, intersects the diagonal line Lgin, = {t1 | ¢ € R} at

1 dr
pa(er) ~ logd

€
pa(er)

(4.52)

q

q(1)711, which has ¢?-norm

. d i e
— Y1) == drta? 4.53
’ 1a(1) ( ) 11a(1) (4.33)

for d large enough. Comparing (4.52) and (4.53), we see that

for d large enough and therefore 5, # ¢9 for 1 < ¢ < oo (otherwise the quantities in

1
pa(1)

q

1
pa(1)

€
pa(er)

>
q

(4.54)

q

(4.54) should coincide).

For the case ¢ = oo, we have

' e | _ 1 d _‘ 1 H
pa(er) |l paler)  logd T opa(D) [ pa(1) ] o
for d large enough. Therefore, B, C (°°.

Finally, for the case ¢ = 1, we have

1 d» 1
€1 P -1
= = <d-dvr = =
' pa(er)|l;  paler)  logd pa(1) ‘ pa(1) ],

for d large enough. Therefore, ¢! C By and our conclusion holds. [

Figure 4.1 shows the relationship between B, and ¢9 for d large enough. The shape
of B, is probably not accurate but one should focus on the difference between the e;- and

1-direction.
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Figure 4.1: Relationship between limit shape B, (the colored one) and ¢ for d large enough
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Appendix A

Simple symmetric random walk

Let Xy = 0 and {X;}°, be i.i.d. Bernoulli (1) random variables. Define the

1
2

random walk
k

S = ZXZ- forall k€ Nj.

=0

First, we consider the distribution of the maximum of the random walk.
Lemma A.1 ([14], Theorem 2.4). For k,n € Ny and n < k,

k
P(Mk:n):?(v;nj) where M, = max S,.

5 0<ikk

Proof. Define ay,,, = P(M), = n) forall k,n € NU{0}. Then, for k,n > 1,

Qn = E[]P)(Mk =N | Sl)]
2
]P(Mk_l =n — 1) + ]P(Mk_l =n-+ 1)

= 5 = 5(%71,%1 + Qk—141)-

Similarly, for n = 0, we may compute

1
Ao = Q]PJ(Mk =0 | Sl - —1)

P(My_1 =0) +P(My_y =1) 1
_ (M1 )2 (M >:§(pk1,o+pk1,1)-
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Together with the initial condition ay, ;, = 2% for all k& € Ny and induction, we can prove

the desired formula. ]

Definition A.2 (First hitting time). The first hitting time of n € N by Sj is
¢, = inf{k € N | S =n},

where we use the convention inf @ = oo.

Lemma A.3 ([14], Theorem 9.1). For k,n € Nandn < k,
n{ k\1
6= (i)
ifk =n (mod 2) and P(7,, = k) = 0if k Zn (mod 2).

Proof. Note that foralln € Nandn < k&,

_é - > j(kﬁj)Jﬂ (j+1)<k+lj'+1>

j=k (mod 2)
_n(k)l
= —

k % ok

since Kk = n (mod 2). For k £ n (mod 2), the probability is obviously 0. O
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Appendix B

Kingman’s subadditve ergodic theorem

Theorem B.1 (Kingman’s subadditive ergodic theorem; [11]). Let (X, )o<m<n be @

family of random variables that satisfies the following conditions:

(K1) Xo, < Xom + X forall 0 <m < n.

(K2) Forall m € Ny, we have

d
(Xonmak)keN = (Xt 1,mk+1)ken-

(K3) Foreach k € N, the sequence ( X,k (n11)k)nen 18 stationary.

(K4) E [X;,] < oo and E[X,,] > —cn for some finite constant c.

Then

Xon . .
lim 2% exists almost surely and in £'. (B.1)
n—oo N

Furthermore, if the stationary sequences in (K3) are also ergodic, then the limit in (B.1) is

constant almost surely and is equal to

X E[X E[X
lim 200  fiy EX0n] _ i EXon] (B.2)

n—oo N n—00 n neN n

Proof. The proof provided here is modified from the one in [12]. Observe that by condi-
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tions (K1) and (K2), we have for allm € N,
E[X,,] < ZE )= iE[X({l] = nE[X{]. (B.3)
i=1
Therefore, for all n € N,
E[| Xon|] = 2E[X{,] — E[Xox] < 2nE[X{,] + cn < oco.

Hence, X,,,, € L forall 0 < m < n.

First, we show that

lim —E[Xo’n] — inf —E[XO’"]

_ _ , B.4
Jim — inf — v € (—00,00) (B4)

Note that by conditions (K1) and (K2), we have
E[Xo,m-l—n] < E[Xo,m] + E[Xm,m—i-n] = E[Xo,m] + E[Xo,n]

and hence the convergence in (B.4) follows directly from Fekete’s lemma. Moreover,

v < E[Xo1] < coand v > —c > —oo by condition (K4).

Next, we show that if X = lim sup XZ’", then E [X] < v and that if the sequence in

n—o0

(K3) is ergodic, then X < + almost surely. For all m € N, and n € N, there is a unique

¢n € Ng and 0 < r,, < m such that n = mg, + r,. By applying (K1) iteratively, we have
Xon < Xom + Xmmom + -+ Xg,mn (if g, = n, then we omit the last term). Dividing

by n and taking lim sup, we obtain

dn

X m,n
X < hmsup— E X(i—1)m,im + lim sup —2 (B.5)
n

n—oco 1 (Qn im1 n—00

Note that by (K3) and Birkoft’s ergodic theorem, we have

El(Xom | Zn
lim sup — Z X(i—D)myim = M almost surely,
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where Z,, is the (shift-) invariant o-algebra for the sequence (X,m, (n+1ym )nen (if the se-

quence is ergodic, then Z,, is trivial and E [ X ., | Z,,,] = E[X,])- By (K1) and (K2), we

have

m—1

> P(Xo, > ne)) < 00
1

r=

iP(anm,n > ne) = iP(XO,rn > ne) < i (
n=1 n=1

n=1

since £ [Xaf T} < ooforall 1 < r < m— 1. We may then deduce from (first-) Borel-
Cantelli lemma that the second term in (B.5) vanishes almost surely. Therefore, for all

m € N,

E[X] <E {E Hom | Im]} Ao

and our assertion follows by taking infimum over all m € N.

Thirdly, we show that if X = liminf Xfl’", then E [X] > 7. Let U, be a random
n—oo
variable that is uniformly distributed over {1,...,n} for each n € N and independent of

the sequence (X, . )o<m<n. Define, forall k € N, Y = Xo r10, — Xog+v,—1. Observe

that by (K2), we have <Ynk)neN 4 (Xo.n)nen for all k € N. Therefore,

. I
Jim E Yy = lim i ; E [Xok+e — Xoptr-1]
— pim Pk = ElXox] v (B.6)

n—o00 n

by the conclusion in 1°. Moreover, by (K2) again,
E[(Y)] <E[X{, ik 1,0,14) = EIXG] (B.7)
for all £ € N. Therefore, by (B.6) and (B.7), we have

Z‘EJIN)]E V] = Z‘EJIN) (2E [(Yi")"] - E[¥}]) < oo

and that the sequence { (Y} )ren},,cy 18 tight. We may extracta subsequence { (Y, Jren},, e

with weak limit (Y} )ren. That is, for all bounded continuous function f defined on RY
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which depends on only finitely many coordinates,

n

E[f (Yi)ken)] = lim i ZE [f (Xogte — Xog+e—1)ken)] - (B.8)

By (B.8), we see that (Y} )en is stationary. Moreover, by Fatou’s lemma, the expectation
E[Yi] > liTan_} Solip E[Y]"] = 7. By Birkoff’s ergodic theorem, we have Y = nlLrEO z kzn:l Yy
exists almost surely and that E[Y] = E[Y;] > ~. It remains to prove that E [ X]| > E[Y],
which can be shown by stochastic dominance (recall from Section 3.3). Observe that if f

is a non-increasing bounded continuous function function defined on RY which depends

on only finitely many coordinates, then

[ (Xowen] = lim =S B [f (Xos )] (B.9)
t=1

<lim SB[ (Xoper— Xoohe)]  (B10)
b =1

=E[f(Yi+ -+ Yi)ren)], (B.11)

where (B.9) holds by condition (K2), (B.10) holds by condition (K1) and (B.11) holds by

(B.8). Hence, (X ), dominates (Y; + - - - 4 Y}), . and we have

keN

S I
liminf > Y

Xom
E[X]=E [liminf %, 1 >E
k=1

n— 00 n

Last, utilizing the results in 2°, 3° and the fact that v is a finite constant, we have,

we have X = X almost surely (say, X) and hence (B.1) holds almost surely. For £!-

+
convergence, note that by (B.3), the sequence (%) is uniformly integrable. There-
neN

fore,
XO n
n

limE{

n—o0

+
—X} —0

and hence (B.1) holds in £!. O
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Appendix C

Diagonal direction for p = 1

Define the generating function of lattice paths connecting x,y € Z by

t"

(#7)!

mz(z,y,t) = Z

v€l (z,y)

and set t*(z, y) to be the critical value such that my, (x, y, t*(x,y)) = 1. Martinsson proved

the following result in [13].

Theorem C.1 ([13], Theorem 1.4). If the distribution F,, € M,(a) forp = land a €

(0,00), then for all n € N,

t*(0,n)

a

7(0,n1) — in probability and in £

as d — oo.

We will now apply Theorem C.1 to argue that the lower bound of the diagonal con-

stant given in Section 4.6 is sharp when p = 1.

Corollary C.2 ([13], Theorem 1.7). If the distribution F;, € M,(a) forp = land a €

(0, 00), then the time constant satisfies

2
1
limsup pra(1) < YL 2 (C.1)

d—o0 2a 7
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where o; > 0 (as before) is the positive solution of coth(a) = a.

Proof. Observe that for all n € N, there are ("***) paths from 0 to n that take & steps to

the left (k € Ny). Therefore, the generating function satisfies

& n—|—2k tn+2k o tn+2k
t — _— _
mz(0,n, 1) ;( k )(n+2k)! I;M(Hk)!

Let f1(o) = (a+1)% (—1)% (as in Section 4.6) and z), = nt2k - Applying Stirling’s

approximation, we have

g2k 1 2t "
= k — 0.
kl(n + k)! k(n + k) (nfl(xk)) as >

As discussed in Section 4.6, f(«) is defined on o € [1, 00) (where we extend fi(«) to
« = 1 continuously) and it achieves its minimum at &« = «; with fi(a1) = ey/a? — 1.
Hence we have

0 ,ift <jy/ai-1

mz(0,n,nt) — as n — oo,

oo ,ift>1\/af—1

which gives t*(0,n) ~ 21/a} —1-nasn — oo. Therefore, by subadditivity and the

convergence in Theorem C.1, for all n € N,

E[7(0,n1)] _ t*(0,m)

n an

pa(1) < +o(l) as d— oc.

Taking lim sup on both sides and letting n — oo, we see that

d—o0
: . Y0, Vai—1
limsup 4(1) < lim (0.n) - Va4
d—soo n—oo AN 2a
as asserted in the corollary. ]
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