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Abstract

In this thesis, we consider the interaction between an electron and a monopole. We
calculate the impulse in the classical picture and the cross section in quantum mechan-
ics. Additionally, we employ on-shell phase rotation to reproduce the same result and

demonstrate that the observables are independent of the Dirac string in the eikonal limit.

Keywords: Monopole, scattering amplitude, eikonal approximation
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Chapter 1 Introduction

Since Dirac’s first paper on the appearance of monopoles, researchers have been ac-
tively searching for experimental evidence and examining its consistency with contem-
porary theories. The concept of a monopole can be naturally extended from Maxwell’s

equations, implying a non-vanishing Bianchi identity

B, FH = J¥
0, F" = J! (1.1)

If we focus on the U(1) gauge symmetry for the monopole, the field strength automatically

satisfies the Bianchi identity and possesses zero magnetic charge

17 1 14
Fr = 56“ O‘ﬁFaﬂ
O FM = eP9,0,A5 = 0
To address this issue, Zwanziger proposed the two-potential formalism [37], which in-
volves non-local variables. Similarly, in order to construct the classical monopole, Dirac
introduced a magnetic point source with an attached infinite string. Undoubtedly, the

string breaks Lorentz symmetry and encodes its information in both the theory and ob-

servables.

There is another problematic issue known as Dirac quantization
eg=2tn, newz (1.2)

In [12], Dirac combined the gauge symmetry for the monopole with the single-valued
constraint on the wave function to argue for nontrivial quantization results. Furthermore,

according to Dirac quantization and electromagnetic duality, electric and magnetic charges

1 doi:10.6342/NTU202301618



must be quantized simultaneously. The electric part of this quantization was indicated
by Millikan’s oil experiment. This quantization also poses a challenge to perturbation
theory. In classical results for gravitational or electric forces, the leading order is based
on O(g?), and higher-order effects depend on loop corrections, which can be calculated
in quantum field theory (QFT). However, due to quantization, perturbing both types of
coupling constants is prohibited, rendering renormalization meaningless. In this thesis,

we aim to investigate whether physical observables depend on strings or not.

In our research, we follow the approach outlined in [ 1 §] to derive the tree-level ampli-
tude for the 2 — 2 charge-monopole system. We calculate the impulse using the KMOC
formalism [23]. Additionally, we extend our analysis to the 1-loop amplitude using the
unitary cut method and demonstrate that the results are consistent with classical compu-
tations. Furthermore, we provide a comprehensive review of calculations already known
in classical mechanics, quantum mechanics, and the eikonal approximation for charge-

monopole interactions.

This thesis is organized as follows. Chapter 2 provides a review of the classical point
source for the monopole. We combine the Lorentz force to calculate classical observables
such as impulse and deflection angle. Additionally, we explore the two vector potentials
for the monopole and examine gauge transformations.Chapter 3, we solve the Schrodinger
equation in the presence of a monopole background to obtain the wave function. We then
use this wave function to calculate the scattering amplitude. Chapter 4 focuses on using
the on-shell phase rotation technique to recover the propagator between the electron and
the monopole. From this propagator, we deduce the deflection angle and impulse, which
are consistent with classical results. We also explore the summation of all-order Feynman
diagrams in the eikonal limit, even considering Dirac quantization, to obtain the scattering
amplitude. The results are consistent with those obtained from quantum mechanics in
the small-angle limit. Finally, in Chapter 5, we conclude our findings and provide some

outlook for future research directions.
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Chapter 2  Classical Dynamics in
monopole background

In this chapter, we provide a brief review of the monopole in the abelian U(1) gauge
group. We solve the equation of motion for the electron-monopole system and examine

its dynamics.

Next, we introduce the vector potential for the monopole and demonstrate that the
transformation involving the string is actually a gauge transformation. Additionally, we

touch upon the duality between the electron and the monopole.

The content of this chapter is largely adapted from the works of [3 1] and [7].

2.1 Monopole as a point source

To construct the monopole, we can start from generalized Maxwell equation (1.1)

and static point source with magnetic charge at /. The magnetic field can be solved by

Fij = Eijk:Bka Fio = EZ
=0, F° =V -B(r) =g —r) (2.1)

The solution can be extended from the electric case by replacing the electric charge

e with the magnetic charge g.

g r-— r
B(r) = CEE (2.2)

To detect the magnetic field, we can consider a test particle that carries an electric charge.

3 doi:10.6342/NTU202301618



In this case, the equation of motion for the electrically charged particle in an electromag-

netic background is described by the Lorentz force equation.

1
dizeF/W%@d_p—

— ¢(E B 2.
dr dr g —¢(E+VXB) %)

The force experienced by a particle with an electric charge in a monopole background is

given by
d’r dr
eg .dr
:47”03[a X l'] (25)

with the monopole located at the origin and the position of the electric charge particle

denoted by the vector r

m dv? 1dr d°r

2 dt  mdt d?
= (2.6)

To determine the magnitude of radius, we observe that

2 2
%ﬁ = 2% (r : g) = 20° + 2r - % = 207 (2.7)

Taking into account time reversal symmetry, we can express

r = VuZt? + b2

r-a:r~v:v2t (2.8)

Here, we introduce the impact parameter b as the minimum distance between the electron
and the monopole. Before calculating the equation of motion for the electron-monopole
system, we need to consider some time-independent constants, in addition to the kinematic
energy, that describe the system’s properties. Furthermore, we are interested in studying

the orbital angular momentum associated with the motion of the particles.

~ dr
L=mlrx ] (2.9)

4 doi:10.6342/NTU202301618



In an electron-electron system, the orbital angular momentum is a constant of motion

dPr er

—_— = 2.10
mdt2 47 3 ( )
dL . €2
E:m[rXr] = 47Tr?)[rxr]:() (2.11)

but in the background field of monopole (4.1), the orbital angular momentum is no longer

constant
dL . eg dr
E—m[rx ]—47Tr3[r>< T X r]
_eg ldr B dr. r
N 47'('[7” dt (r dt)r3]
egd/r
=2 (= 2.12
4 dt <r) ( )

However, we can define angular momentum as a new constant of motion

L=I- %; (2.13)
which satisfy
dL
——0
dt
2 2 2 2

L2 = L2 — ZQ € g — b 2 € g

+ (im)? (mub)® + ()

The physical meaning of the additional angular momentum in the presence of a monopole
background field arises from the electromagnetic field itself. The angular momentum of

the electromagnetic field can be described by

g r
Lem:/d?)r/[r/x(EXB)]:E/diir/[r/x(EXﬁ)}
R TS S (S B N
= [ @ES - S (E r)]—“/d?“(E Vs
g r egr
= /d37“/ (V- E)F = Tl (2.14)

In last equation, we use integration by part and Gauss law for electric point source

V' -E=¢eé®r-r) (2.15)

5 doi:10.6342/NTU202301618



Figure 2.1: geometry of scattering of an electron by a monopole at the origin from [31]

2.2 Deflection angle and Impulse

In this section, we calculate the deflection angle for the electron-monopole system.
We consider an electron approaching the monopole at the origin from the asymptotic re-
gion, and the deflection angle is measured by the inner product of the unit vectors of
velocity at ¢ = 4-00. The trajectory of the probe particle in the background field of the

monopole can be observed by

L-f=—-—2 (2.16)

-7 (2.17)

where ;1 = 2. Since the trajectory lies on a cone, the system possesses only two de-
grees of freedom. We have already established that the magnitude of velocity v and the
angular momentum L are constants of motion. Therefore, the equation of motion can be

completely determined by these two variables. We can observe

LXr=mrXvXxr=mr’v—m(r-v)r

= mr?v — mvitr

Lxr %, N
=V = — +—r=wXr+ur (2.18)
mr T

6 doi:10.6342/NTU202301618



‘ — ‘ e ‘ b
0.5 1.0 1.5 2.0
Figure 2.2: Deflection angle ¥(b) with rescaling eg/muv = 1
where the angular and radial velocity are
L v
W=E—73p, U= ——m————
mr 1+ (b/vt)?
Then boundary condition will be
lim w= lim |w|=0, lim v, ==v
t—+oo t—=+oo t—+oo
Because the angular velocity w = d¢/dt, the azimuthal angle ¢ will be
|L| / dt 1 vt
t) = = = tan — 2.19
=" | vere = sing TG 219

Due to the boundary condition, we can parameterize the velocity in asymptotic form
V]imtoo = v(j: sin 6 cos %, sin 6 sin %, + cos 0> (2.20)
where A¢ = ¢(o0) — ¢(—o0) = 7/ sinf. The deflection angle ¥ is defined as
cost = Vimoo  Vi=oe _ 2 sin® § sin? <L> —1

v2 2sin @

)\ 2.21)

<= c0s — = sin f| sin
2 2sin 6

The deflection angle of electron-monopole scattering is not a monotonous function of

impact parameter b.The function ¥/(b) is ploted in Fig 2.2. In large impact parameter, We

7 doi:10.6342/NTU202301618



can consider O(3) of deflection angle

19:%—26%2—” (2.22)

mub
Another classical observable closely related to scattering is impulse. Impulse is a
classical observable from Newtonian mechanics that measures the difference in momen-
tum between the incoming and outgoing particles. In order to obtain a non-perturbative
result for impulse, we follow the approach outlined in [24]. In three dimensions, we can

expand the outgoing momentum in terms of a basis consisting of the incoming momentum

and the impact parameter.
kout =C kzn + CQ’kin’ f) + c3 (kzn X B) (223)

The coefficient can be determined by

~

lA(in : kout = 005797 (km + kout) L= 07 ‘km‘ = ’kout’

= ¢; =cost, ¢y =cosfsind [1 — coS (#)}, c3 = sind sin (ﬁ) (2.24)

Then the impulse of electron-monopole scattering can be read as

Ak =Kk, — ki, (2.25)
Perturbatively, We can expand the impulse order by order in .
eg ~
@) : 2——(Kk;, X b
(cg) i 212 (k  b)
2 2y . 22(_21(. Tk 6) 2.26

Another way to derive the impulse of order eg can be found in [17]. This approach in-
volves considering a probe charged particle with a velocity of (0, 0, v) being deflected by
a monopole located at the origin, as depicted in Figure 2.3. In large impact parameter, we
can consider O(3) of impulse, which can be easily calculate as

wm_ [ eghv [ dt . eg .
Ak = /— Fdi~ 4 ) (b2 + v22)3/2 y= 247Tb y (2.27)

[e.9]

the same as (2.26) with identify b = & and mvb = L

8 doi:10.6342/NTU202301618



Figure 2.3: Charged particle pass a monopole at large impact parameter from [19]

2.3 Vector Potential of Monopole

In the previous section, we discussed classical observables for electron-monopole
scattering. However, to extend the calculation to quantum physics, we need to consider
the Lagrangian that describes the dynamics of both electric and magnetic charges. The
standard Lagrangian for an electrically charged particle in the background of a vector

potential is given by
L 5
L= 5™V +ev-A (2.28)

Then equation of motion can be solved by Lagrangian equation

dafocy _oc
dt\ov) or

oL
= — A -
= o VL =eV(A-V)
d /ocC d
—| === A 2.29
dt(@v) g v eA) (2.29)
with the identity of vector analysis
V(A-B)=(A-V) B+ (B-V)A+B X (VX A)+A X (VXB) (2.30)
then Lagrangian equation will be
d
—(mv+eA)=e(v-V)A+ev X (V XA) (2.31)

dt

9 doi:10.6342/NTU202301618



The total differential, dA, contains two parts: the change with respect to time, d¢, and the

change with respect to displacement.dr.

dA  OA

- VA
a o VY
Then the equation of motion is just
dv O0A
= A 2.32
mo, at+ev><(V>< ) (2.32)

If vector potential is time-independent, the EOM is nothing but Lorentz fore equation (2.4)
with identify

B=VXxA (2.33)

However, there is a disaster for monopole. Since

~

r
B, = 95— = V-B=ygé%(r) (2.34)

To resolve the contradiction in equation (2.33) which implies V - B = 0, we introduce a
vector potential that does not cover R? globally but contains a singularity region repre-
senting the Dirac string. To achieve this, we assume the existence of two types of vector

potentials, Ay and Ag, as described in [36]. These vector potentials satisfy(2.33)

1 0Ay

9, . . r
VXA= g (%(1% sinf) — a—¢>r =B, = v (2.35)

To process azimuthal symmetry, we take Ay is zero '. The simplest solution is

—cosf +c

Ay = (2.36)

g 47r sin @

c is constant.To determine the constant ¢ for the two vector potentials Ay and Ag, we
assume that they coincide on the equatorial plane (or any other chosen closed curve). By

making this assumption, we can integrate the surface

j{dS . Bg = f(AN — As) -dl = %g(CN — Cs) =g (237)

!Since r.h.s only contain f(r),the solution for non-zero Ay is ¢ + g(r, #), which means A(¢ + 27) #
A(9)

10 doi:10.6342/NTU202301618



We can trivially choose ¢y = 1 and c¢g = —1. Then final result would be

g —cosf+1 -

Ay=—"——"—"

N4 rsind ¢
Ac — g —cosf —1 - (2.38)

" 4nr  rsinf ;

We combine these two expression into
X

Ary=-2 =1 (2.39)

:Er—(rn)

For the vector potential A, the normal vector is n = (0,0, —1), while for Ag, the normal
vector is m = (0,0,1). It is evident that each vector potential has its own singularity:
Ay diverges at the south pole, and Ag diverges at the north pole. These singularities
correspond to the existence of the Dirac string. In classical observables, the singularity can
be avoided due to the presence of the cone, on which the trajectory of the probe particle lies.
Since we have two vector potentials to cover each singularity, the next issue to consider
is their overlapping region, where the vector potential is not uniquely defined. However,
the curl of A remains the same in this region, and therefore the difference between the two
vector potentials must be a U(1) gauge transformation. This gauge transformation ensures
that the physical properties of the system are preserved despite the non-uniqueness in the
overlapping region

g
N ST onr sin 0 VA(r)

—Ar) = Lo (2.40)
2T
The general gauge transformation for arbitrary string is
An/(r) = An/<l') + VQn/vn(r) (241)

where €2, ,,(r) is solid angle under the surface between new string, old string and position
vector. We leave it to the reader to prove this nontrivial result. However, in the next
chapter, we will focus solely on equation (2.38) and consider the vector potentials Ay
and Ag derived from it. The significance of gauge transformations in quantum mechanics
will be explored and discussed in the subsequent chapter, where we will examine their

implications and the resulting effects.

1 doi:10.6342/NTU202301618
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Chapter 3 Quantum Daynamics in

monopole background

In this chapter, we provide a comprehensive review of gauge symmetry in quantum
mechanics, emphasizing its significance and implications. We particularly focus on one of
its most intriguing consequences, known as Dirac quantization. This phenomenon high-
lights the constraint placed on the allowed values of electric and magnetic charges in a

gauge theory.

Furthermore, we delve into solving the Schrodinger equation in the background of a
monopole, aiming to derive the scattering amplitude and cross section in the framework of
quantum mechanics. By considering the interaction between particles and the monopole,

we explore the quantum mechanical aspects of the scattering process.

The content of this chapter is primarily based on the research and findings presented

in the works of [7] and [31].

3.1 Quantum Mechanics in Monopole Background

Recall the Lagrangian with external vector potential

1
ﬁzimv2+eA-v

Then the generalized momentum is defined as

II=—=mv+eA
A%

13 doi:10.6342/NTU202301618



The corresponding Hamiltonian is

1 1
HEH-V—£=§mV2=—(H—€A)2

2m

In quantum mechanics, generalized momentum is replace by operator
II - —V
The time-independent Schrodinger equation with vector potential is

—L(V — ieA)Qw(r) = EY(r) (3.1)

2m

If we recall the gauge transformation
A(r) = A(r) + VA(r)

To guarantee the gauge invariant of Schrédinger equation, wave function must transform

as

(r) = ¢N(r)

Since wave function must be single-valued, the gauge transformation for monopole (2.40)

lead to dirac quantization
¢ =1=eg=2mn, ncZ (3.2)

If the wave function is symmetric under rotation ¢ — ¢ + 2, then eg = 27n, n € Z. Or

it is anti-symmetric , then eg = (2n + 1)7.

3.2 Schrodinger equation in the monopole background

The wave function in the background of a monopole can be solved using a similar
procedure as that for the hydrogen atom. We begin by substituting the vector potential

Ay, as given in equation (2.38), into the Schrodinger equation. This substitution allows

14 doi:10.6342/NTU202301618



us to express the Hamiltonian as follows

1 [0 ,0 ,
= W{a( ar)“ ”} & )

where ;1 = 72 and angular momentum in quantum mechanics can be derived from (2.13)

L=rxp—pur=rx (II—cA)—pui=L—e(rxA)—ut

1 0 0 -
= 1— —i— ¢ —pur 4
s1n9<8¢+u( cos9)>0 zaeqb J1%'s (3.4)
and
L2——L sm92 s1n9a + ﬁ—i (1 —cos¥) 2 + 1
= T sing? a0 a0 s M K
0
Lo — —f— —
3 Z@(ﬁ 12
with separation of variables
(r) = Fpp(r)Yum(0, 9) (3.5)
where
LQYulm(ea ¢) - l(l + 1) plms LSYulm - mYulm(97 ¢)
l=p,p+1,... m=—-l,—-l+1,...,+l (3.6)

Y,.im(0.¢) is generalized spherical harmonics [36] and some property list in appendix C.

The radial part of the wave function satisfy

1 (d® 2d ((0+1)—pu?
__{dr2+_5_—(+2) M}Fu() EF(r) (3.7)

r

It can be solved by spherical Bessel functions of the order

. 1\? 1
ez\/(l+§> —u2—§ (3.8)

k 1 /2
sz(T)Z\/;Jm/z(/ﬂ‘):ﬂ/;jz(/fﬂ? k=v2mE (3.9)

The solution is

15 doi:10.6342/NTU202301618



where Bessel function is defined as

jule) = (—)" (1i)n“ﬂ (3.10)

x dx T

3.3 Quantum Scattering in Electron-Monopole System

In scattering theory [30], we assume a time-independent Hamiltonian as
H=Ho+V (3.11)
where Hy = % is the kinetic-energy operator. In usual, we have two eigenstate

HIy) = EY)
Ho|o) = Eo )

The perturbation theory can guide us in obtaining the wave function |¢)) from an initial
state |¢). However, in the electron-monopole system, there is no free Hamiltonian that
can be used as a reference for perturbation theory. Consequently, alternative approaches

are needed.

To analyze the wave function in the absence of a free Hamiltonian, we adopt a partial
wave expansion technique. This involves expanding the wave function using a series of
partial waves, which correspond to different angular momentum states. By employing this

expansion, we can express the wave function as:
Wi(r) =D Se Ji(kr)Yiem (6, 0) (3.12)
{m
with the asymptotic form of radial Bessel function

. r>1 1 il 1 ikr—imd /2 —ikr+i Z/2>
_ _ _ ) = = | ptkr—im o tkr+im 1
Jilkr) — 7y, Sin (kzr ) Sikr (e e (3.13)

. 1 /. o
\I/(l') A Z S[,m ,—<62kr inl)2 e zkr+m€/2)YMm(97 ¢) (314)
T

16 doi:10.6342/NTU202301618



The plane wave can be expanded on ordinary spherical harmonics and Bessel function

= dm > i Gy(kr) Yo (K) Y, (F) (3.15)

lm

In asymptotic form with the completeness relation, plane wave can be expressed as

ikr —ikr
S N O A D T 3.16
¢ St O (1 k) — o 0°(—1 - k) (3.16)

The first term in equation (3.12) corresponds to the outgoing wave function, while the latter
term represents the incoming wave function. Considering the principle of causality, as the
scattering process is solely outgoing, the incoming part of the wave function in equation
(3.12) must match with the incoming part of the plane wave function. By ensuring this
match, we can determine the coefficients Sy, using the completeness of the generalized

spherical harmonics.

Z im0, 0)Y (0, ¢") = 0(cos 0 — cos 0')d(¢p — ¢)

= St = Vip(—K)e ™2 (3.17)

I

Thus, the outgoing part of (3.12) in asymptotic limit is
\IJOUt 7’ 221{?7” Z uém A u£m<A) (318)

With the relation between Wigner D matrix and spin-weighted spherical harmonics (ap-

pendix C), the additional theorem is [2 1]
> "Dl (a, o, 12) Dyt Br. ) = Dhylar, B,7) (3.19)
b

The angle o, 3, v can be expressed in terms of o, 81,71 and as, B2, 7o

sin (3,

cot (v — ag) = cos Py cot (g + +cotpy—mmm—
( 2) ﬁ2 ( 1 ’Vz) 618111(041—1-72)

cos 5 = cos 31 cos By — sin 31 sin Py cos (a1 + 72)

sin 3;

snfor ) O

cot (y — 72) = cos B cot (g + 2) + cot fs

17 doi:10.6342/NTU202301618



The outgoing part can be simplify as

ezkr

\Ijout(’f’) =~ . f(@,q))
. 20 + 1 l —inl
2ikf(0,0) =) = D@7 = 0, D)e (3.21)
l

where f(O, ®) is defined as scattering amplitude. O is the angle between k and ¥ and @
can be determined by (3.20)

cos © = cos b, cos ;. + sin O, sin b,. cos (¢, — ;) (3.22)

In eikonal limit © < 1, the main contribution for amplitude is from large ¢. Therefore,

we can approximate

- 1 1
= 1J(t+2)2—p2—=2h%
2 2
Then the amplitude become
2ikf(0,0) ~ Y (—1)"(2¢ + 1)d},, (7 — ©)e™*? (3.23)

14

To carry out this series, we utilize the generating function of characteristic function [21]

1

2 = 3.24
; X' () 1 —2tcosk + t2 ( )
where
m=£¢
X'(5)= > Dl (. 8,7)
m=—/
i 1/2
_sin(l+1/2)k (3.25)
sink/2
in which
cos - COS — COS aty (3.26)

2 2 2

However, we only need sum of /. Thus we take o = ~ and take Fourier transform v on
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both side.

oy @ 2m d’}/ 621’#7
t“D, (0,71 —0,0) = — 3.27
; s 0, 0) /0 27 1 — tO cosy + t2 {9

And times ¢, differentiating respect ¢ and substitute ¢ as ¢

T dy 0 te?iy
BRLY 0 Q) — b gl
;< 1) (204 1)d,,(m = ©) /0 21 Ot (1 — 1O cosy + t2) ‘t; (3:28)

This integral can be implemented in complex plane with 2 = €. It turn out to be

1 _oal42m g
— hd 3.29
2m’j€ T+ 2re (3:29)

The pole of integrand =i lie on the contour which is unit circle. To prevent the divergent,

we take the integral as principal value [ 1] and deform contour to

~

C_\$ 7/

Figure 3.1: Contour of the integral

C1,C5 are part of unit circle and C.. are half circle where center is 7. = =i. Principal

value of the integral is
Z2u+1

(z =74)%(z = 7-)?

There are two different contour for each C'., include the pole or exclude the pole. If we

P.V./f(z)dz:/0+c f(2)dz, where f(z)
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choose including the pole, residue theorem imply
ji f(z)dz = QWiZReS(f, k)
k
= P.V. / f(z)dz+im Z Res(f, ) = 2mi Z Res(f, k)
k k
=P.V. / f(z)dz —im > Res(f, ) =0 (3.30)
k
The same contribution for excluding the pole. Thus, the principal value will be

P.V./ f(z)dz =im ) Res(f, )

Olf(2) * (2 — 74)”]
0z

N LCLICEE Y

Z=Y+ Z="—

= —iun(—1)* (3.31)

=T

Restoring all the factor, the eikonal limit of the amplitude is

2ikf(0, ) ~ ;(—1)4(% + 1)d,,, (1 — ©)e® = (—1)#ge2wq’ (3.32)

Then the differential cross section can be easily computed as

do 4p?
— = D) ~
@~ |f(e.)

(O < 1) (3.33)

3.4 Electromagnetic Duality

In this section, we discuss the duality between electric charge and monopole charge.

We can start from a free Lagrangian
1 2 2
L= Z<F + F7) (3.34)
where F = %e”’”aﬁ F, 5. Apparently, the Lagrangian possesses an SO(2) symmetry.

F cosf —sind F
_>

F sinff cosd F
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If we consider an additional current source coupled to the gauge field in the Lagrangian,

the equation of motion would be

O, F" = J¥
O P = J¥ (3.35)
JY, JY represent the source of two type of current and Fw = LeweBE o Then the

corresponding transformation of current is

Je cosf —sinf Je
— (3.36)
Jy sinf cos@ Jy

If we consider only £}, without the dual part

L= %lFWF’“’ (3.37)
After dual transformation
L= E{FMVF“” cos® 0 + F,, " sin? 0 + F,, F* sin 29}
_ i o LY T (3.38)

Since the latter term is a total derivative as a boundary condition, the equation of motion
is still invariant under dual transformation. Although we won’t consider the boundary
term in this thesis, but the topological effect plays crucial role in SU(N) monopole and
instanton[33].

To simplify the situation, we consider a point source as classical particle. Then current

can be read as

dz* dz*

[ _ [ -

Since @ = [ pda?®, the dual transformation can be treated as the rotation of charge
e+ig — e?(e+ig) (3.40)

Therefore, if the Lagrangian is dual-invariant, the charge of a single particle is irrelevant.

Since we can always apply a dual transformation to obtain another charge, the only rele-
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vant factor is the phase of the charge difference between any two particles.

g @&7 Qz+\gl
be e |Q1]|Q2] cos O12 = eres + g1g2
— |Q1]|Q2| sin 13 = e192 — €291

For pure charge-monopole system, 615 = 7/2. The electric charge and magnetic charge
are exchanged, which means we have to treat the monopole and electron on equal footing.
However, from experiments, we already know the value of the unit electric charge. Com-
bined with Dirac quantization (3.2), there are two different couplings for this two-charge
system. In low energy, such as our daily life, the electric coupling is weak, while the
magnetic coupling is strong. This can explain why laboratories cannot find the existence
of'a monopole. However, in Grand Unified Theory (GUT), a solution for the monopole is
needed. Therefore, in high energy, perhaps experiments can tell us whether the monopole

exists or not.
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Chapter 4 On-Shell approach to
monopole scattering

In this chapter, we begin with the 2 — 2 tree-level scattering amplitude for the
electron-monopole system!. We then derive the impulse, scattering angle, and non-perturbative

amplitude using the eikonal approximation.

4.1 The on-shell phase rotation

The minimal coupling[2] for a spin .S particle to a photon is given by
18
A\VAVAVAVS qh
28

p (12)%

M5(1%,2%, ¢7) = V2Q(am)"

4.1)

The factor z is defined in (A.1.6.3), and () represents the coupling constant, which
serves as an effective charge. According to [&, 18], we can apply a complex phase shift to

the x factor in order to obtain the dyon-dyon amplitude.
z — ze'? 4.2)

This corresponds to an electromagnetic duality transformation (3.4) that rotates an electri-

'In this chapter, we consider the electron as an electric-charged scalar and the monopole as a magnetic-
charged scalar

23 doi:10.6342/NTU202301618



Figure 4.1: 4-point tree level in t channel

cally charged particle into a dyon, which carries both electric and magnetic charges. More

specifically

Q=e*+g° 0=arctan (g) (4.3)

We are interested in the tree-level 2 — 2 scattering amplitude, whose limit as ¢ — 0
is the product of the three-point amplitudes summed over all possible helicities. Combin-

ing (4.2) and (4.1),we have

Mg(qil?)) = \/§Q1m1x1ﬂeii61, Mg(qi24) = ﬁ@gmgxétlei% (4.4)

Therefore
M5(qt13)Ms(q=24) + M3s(q~13)M5(qt24
Ma(1,2 - 374)|q2_>0 _ 3(q713) Ms(q );; 3(¢"13)M3(q+24)
2 101 102
_ m1m22Q1Q2 (35160 xzele ) @5)
q Toe'2 xr1et
With the relation (4.3), we can write the above expression as
2mymy Ty @ . . T1 T
My(1,2 — 3,4)|q2H0 == {Q1Q; cos 912(x—2 + 56'_1) +10Q1Q2 sm912($—2 — 37_1)}
(4.6)
As we explicitly show in appendix (A.1.7), the ratio of x is
xz : { ) s Yy
o pepr €004 p2) @.7)
Ty mamg  mima(q-n)
ﬁ _ P1 P2 . 26(777171, Q7p2) (48)

x1 mims mlmz(q : 77)
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We have also defined

e(a,b,c,d) = " a,b,c,d,

Thus eq.(4.6) will be

. 4=Tn/17n2 P1 D2 . . 7:6(7'],]?1,(],]92)
M4(1, 2 =3, 4)‘(12%0 = T{QlQQ cos btz [m1m2]‘HQ1Q2 sin 615 [m]}

(4.9)
In this thesis, we focus on electron-monopole system , which means ), = e, )2 =
g,and 015 = m/2. Then
M. _ E(naplaQ7p2) 1
2—>2(€7g_>€7.g)’ 240 = 4de 2 (410)
1 q q-n

This exactly match with photon propagator[35, 37] between electric current and a mag-

netic current in ¢ — 0.

4.2 KMOC formalism

In this section, we will provide a brief overview of the relationship between impulse
and amplitude [23, 26]. We prepare the initial state as |);,), which consists of two incom-
ing particles with wave functions ¢;(p;). Since we are interested in classical point-like
particles, the wave function should have a a well-defined momentum and position. The

wave packet can be defined as follows

wmz/@mmwmmmwmmwﬁmm @.11)

where

n d”p
TP Gy
0 (p? —m?) = 210 (p°)(p? — m?) (4.12)

25 doi:10.6342/NTU202301618



and b is impact parameter, which is distance between two particle. In quantum physics,

the observable is the expectation value of operator. Then the outing momentum is

<pgut,1> — out <w’PT‘w>out
~in <¢‘U<007 _OO)T]P)llLU<Oov —OO)’"Wm

where U (0o, —00) is the time operator from the past to future in asymptotic state. In quan-
tum field theory, the time evolution operator is nothing but S-matrix. Impulse is defined

as the difference between incoming momentum and outgoing momentum. Therefore

(APY) = qu (UIPLI) o = in (LIPY 0D
= i (WISTPLS|¥);, — i (WP, (4.13)

We can write S-matrix in terms of transition matrix 7" via S = 1 + ¢7T and combine the

unitary condition STS = 1. Eq.(4.13) can reduce to

(Ap) = Iy + Iy,
Ity = (liPY, T )
Ity = (WIT' P, TY|9) (4.14)

Insert eq.(4.11) into eq.(4.13) and first part contribute to amplitude would be
Iy = / d®(p1)d®(p2)d®(py)dP(ph) d1(p1) @1 (1) P2(p2) 3(p5)
x e PP(pt — ) (P Tlpips) — (4.15)

where the matrix element is

(P05 | T|p1p2) = Ma(py, pa — Py, pa)0D (0 + ply — p1 — o) (4.16)

Here, we label the incoming state as p; » and their conjugate as p’ ,. And we introduce the

momentum mismathch ¢!' = p;“ — p!* and change the integral variable from p/, to ¢;

~ A

d®(q; + pi) = d4CIi5((pi + %)2 - m?)@(p? + Q?) (4.17)
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Then

Iﬁ) = /d@(m)dfb(pz)@(m + ¢1)d®(p2 + ¢2)
X e a0 d* (p1 + q1)dp(p2) D" (P + )

X iqi My(p1,p2 — 1+ @1, 02 + G2) (4.18)

We can integrate ¢, variable and relabel ¢; to ¢, then

Ity = /d@(pl)d¢>(p2)d4q5(2p1 g+ )0 +¢°)0(2p2 - 4 — )OS — ¢°)
x ="M p(p1) 6" (pr + @) d(p2)¢* (P2 — @)

X iq" My(p1,p2 — p1+ ¢, 02 — q) (4.19)

Now we shift our focus to the second part of the impulse and utilize the complete set
of intermediate states labeled by momentum ¢; and /5, along with an additional degree of

freedom denoted as X.

1%, = (T, 7))

- Z/ H do(6:) (| T" |01l X) (X | [P, T] [9) (4.20)

1=1,2

Here we adopt the normalization of momentum state as

(p'Ip) = 2E, 6% (p' - p) (4.21)

Insert the definition of incoming state and the matrix element,then

Ity =2 / [ dedem)dem)omow)e >/ (e - pf)

i=1,2
X 0@ (py 4 py — 01 — £o)0W (D, + phy — £y — £)

X M(plap2 — 51,52)M*(p/1ap/2 — 51,52) (4.22)

. . /
We introduce the momentum mismatch ¢! = p — p!" and momentum transfer w!' =
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¢! — pl'. Then we integrate out ¢y, w; and relabel ¢ — ¢ and wy — w

Ity = Z/ [T d®(pi)d'qd"wé(2ps - a+ ¢*)OW! + ¢°)0(2p2 - 4 — )OS — 0°)
— ]

1=1,2
X ¢(p1)d(p2)d" (p1 + Q)" (2 — )0 (2p1 - w + w)O (P} + w)d(2ps - w — WO (P — w°)
X e_ib'Q/ﬁqu(PbPz = p1 4w, pe—w) M (p1+q¢,p2—q— p1 +w,p2 —w)
(4.23)

Since our interest lies in classical observables, we need to extract the classical contribution
from the impulse. In practice, we rescale the momentum transfer as ¢ — hq, w — hw
and the coupling constant as g. — g./v/A, and then consider the terms up to O(%°) in the
impulse. The remaining part involves integrating over the wave function ¢(p;). From a
classical standpoint, the peak of the wave function corresponds to the classical value, and

the expectation of momentum coincides with the classical momentum.

<pﬂ> - /dq)(p>pﬂl¢(p)|2 = pglassical + O(EC) (424)

where /.. is Compton wavelength.

4.3 Impulse from tree amplitude

In this section, we derive the impulse formula for tree-level scattering. In the classical
scenario, we prepare particles with certain momenta and capture them after scattering. The
impulse formula can be simplified as

Ix(b) . dx(b)
no__ k(o
Apl = o, +ix*(=b) o, (4.25)

where x(b) is eikonal phase[25] and defined as

() = / BG620- p)S(20-p2) X I MA(1,2 5 1, D) e (426)

d"q A

d"q = d(z) =21 (x)

Since the mass of the monopole is assumed to be very heavy, we can consider particle 2
as the monopole and set it in the rest frame, where p, = (ms,0,0,0) acts as a classical

background. To simplify our calculations, we consider particle 1, the electron, moving
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along the z-axis, which gives p; = m1(~,0,0,~/3). The impact parameter b lies in the xy

plane as a two-dimensional vector, and 7 is represented as (0, n, 0). The eikonal phase is

then given by
€g 2 ibq Maly —MyGz 1
b= —2 [ d q 4.27
\0) = 5 [ agreva et @27)
To carry out this integral, we follow [6] to regulate the integral to
W) = o [ dgera et (L (4.28)
82 q> q-n+ic q-n—ic '

and use Schwinger parameters

1 o0
Ry
q 0

1 1 [ ,
sare1), d*e’“‘“‘”i Refc} > 0
1 -1

- - d)\ —IAam=As - Refel > 0
q-n—ze v Jo

Then integral become

1
87T2 / dA / ds / dq e (nagy — nyds)

|: iA(q:m) —z)\(q n)} —Xe qu
eg > 1 1 -
Nyby — nyby / ds( — >e ¢ 4.29
47T< o) 0 (b+sn)*  (b— sn)’ (+.29)
We also know that ¢ as regulator have to be small. Therefore, we can perturb ¢ to first
order
) =~ b )/st( L ) (1— 52+ 0()
S 1 (b+sn)* (b— sn)’
(4.30)
and decompose x = x(0) + £x(1) + O(?). If we change our variable as
u=s+n-b (4.31)
v=s—n-b (4.32)
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Then x () can be expressed as

eg( b b)</°° du /°° dv )
= — —“(ngyb, — nyb, -
XO 47 v Y nb U2+ 0% — (n-b)2 “nb 02+ b2 — (n-b)2

—nb
_eg du
= — E(nxby — nybw) /n.b u2 n b? ~ (n . b)2 (433)

move to polar coordinate n = (cos @, sinf), b = b(cos ¢, sin ¢)

—bcos(p—0) du

eq. .
=—) —0
X 4 sin(¢ — ) /bcos(¢_9) u? + b2 sin®(¢ — 0)

— _%[arctan(— cot(¢p — 6)) — arctan(cot(¢ — 0))]

— YT Ly
=2 (5+0-9) (4.34)

According (4.25),the leading order of impulse is

B 18X(0) B eg -
= %5 =Yg (4.35)

The result matches the classical result (2.27), and this correspondence has already been
demonstrated in [18, 24]. In the non-relativistic limit, the momentum of the incoming
particle is given by p;, = mv. The deflection angle is defined as

_ |Ap| _ 29
|pm| AL

(4.36)

the same formula with electron-monopole scattering (eq.2.22) in small angle.

4.4 One-loop amplitude to impulse

In this section, we consider the next leading order of the impulse. Therefore, we need
to compute the one-loop amplitude using the unitarity method [3]. Since the impulse is a
purely classical observable, we only consider the box and triangle diagrams. Hence, we

expand the amplitude using an integral basis.

M:lg:sing = caln + egly + ol + aali (4.37)
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where box and triangle integral are

df 1
o= / (2m) (€ = p1)* = mg](£ — )?[(€ + p2)* — my)

de |
b= | G AT T

dey 1
fo= / 2m)d (0 — q)[(€ — p1)? — m]

Vo) @m)de( = )?[(0+ po)? — mj)] '
we set the external momentum in center of momentum (COM) frame
b1 = (Eaaﬁ)7 P2 = (Eb7 _5)7 b3 = (Eba _]3/>7 Ps = (Ea;ﬁ/> (439)

where p’ = p —  and q is the momentum transfer between two particle. Expanding in |q|

variable and taking classical limit [5, 13], we have

i 1 o 10g |:O—\/U2—1] T
log |q]

1 S [ — 4
a classical 1672|Q|2 € mgmpV o2 — 1 |p|\/§
' 1 log [a —Vo? — 1]
| = | oeldl|
classical 16772|q‘ € mgmpV o2 — 1
1 ?
o, T 1al (4.40)
N classical 32m<l,b |q|

We calculate the integral coefficient in (4.37) using the unitarity cut methods provided in
[4, 9]. The unitarity cut of the one-loop amplitude can be obtained by sewing together
three-point and four-point tree amplitudes. For example, the box coefficient and triangle

coefficient can be generated by the quadruple and triple cut,respectively. We perform the

Figure 4.2: quadruple cut and triangle cut

sewing of the double cut C; with the Compton amplitudes [2] along with a phase rotation.
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(4.2)

2 23]2 )
M k—l—l k—l—l — m [ 2i¢p
4(p17 2 V3 7p4) (S—mQ)(u—m2)
- 2’p1’3>2
M k,—i—l k’ 1 - [
4(p1a 2 vy ap4) (s—mQ)( _mg)
2<23>2
Mi(py, k3t k3t py) = ———— ~2i¢ 4.41
4(p17 2 I3 7p4) (5—m2)(u—m2) ( )
The quadruple and triple cut can be generated by the basis C in [9]
CY2 = Z M4(p17 —D4, _£h07 g}lll)M4<p27 —Ps3, ghov _6}111> (442)
ho,h1==%1
Then triple cut Cs 4 can be extracted from Cy
Can = (=20-p1) Cy . Oy =(20-p2) Cy 5 (4.43)
£-p1=0 £-p2=0
The cut condition for triangle diagram is
P=U+qP=U—-p)>—m2=0 (4.44)
We adopt loop parametrization with one free variable as [4, 9]
H " I 7 a’yx 7
5 (2) = ag" + Bpy + zuli + T (4.45)
where =+ label the two solution of cut solution and
b b b b b q" b ¢
uf =(QLlo"|PL], vk =(PLlo"|QL], P =pi+— Qf=d¢"+——,
T+ my Y+
g ¢ ¢* £ \/¢*(¢* — 4m3)
— S S = _ a 4.46
4m2 — ¢?’ B 4m?2 — ¢?’ T 2m2 (4.46)

By substituting (4.45) into (4.43), we obtain the triple cut, and the corresponding triangle

coefficient can be generated as described in [14]

1
ca=75 > Inf.Csa(0) (4.47)
L=l4(2)

Here, Inf,C5 A (¢) represents the constant term in the Laurent expansion of C5 a at z = oo.

Another coefficient, c,, can be obtained by swapping m, and m,. The triangle contribu-
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tion to the one-loop amplitude is

To extract the classical contribution, we need to restore factors of /4 with the appropriate

scaling
Masy = Masp,  Prj2 — P12, 4 — qh (4.49)

and only the terms of order O(EO) survive. In the classical limit, the triangle contribution
is

Mg + My

Mpo = ——2
Y7 T 10|q)

(4.50)

Since the classical contribution from same helicity Compton amplitude is zero, there is no

phase rotation in triangle coefficient.

The box and crossed box coefficients can also be extracted from C as

C4}|:| = (-26 . pl)(2£ . pz) 02 s 04’|><] = <2€ p4)<2€ p2) C2 (451)

£-p1=£-p2=0 {-pg=L-po=0

The relation between box coefficient and crossed box coefficient is

Coq = €O (4.52)
P1—>—DP4,P4—>—P1
The cut condition is
C=U+q?=U—-p)?—m2={+p)?—m}= (4.53)
We adopt the four solutions in [4, 9]
E“ — q2n“
= 2q -0y
Nipt' + Noph + N, qg*
o, = f\fQ Nl (4.54)
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where

N1 = 2my(my + mao)q®, No = —2mg(m, + myo)q?

Ny — N
N, =4m2mi(c*> — 1), N =N, + %
ni = (kyi|o"|ks]
—0++vVo?2 -1
Ky = o +miphCe, Ko =pb+mppiCs, (o= (4.55)

MMy

By substituting the cut solution into C'5, we can obtain the box coefficient as

1
=120 Y Cinllsy) = dmimi(20* + cos 26 — 1) (4:56)

i=+ j=1,2 ¢=3

= dm>m3 (20% — 2) (4.57)

The contribution from box and cross box diagram is

. logg®> 1
Mpsq = imimy (2 — 20° ~ 4.58
O4pa Zmamb( o ) 4q2 |p’\/§ ( )
The pre-eikonal phase from one-loop amplitude with coupling constant is
— 22 Mg + My,
T Sl
ie2g®>m2m3 (1 — o?) log® b
XOtoa = — . (4.59)
p|"s 8w
The result is inconsistent with the eikonal approximation
oy
XOpa 7 5X(0) (4.60)

2

To bridge the gap, we can select another tree amplitude to perform an on-shell phase ro-

tation using the Gram determinant

e(n,p1, ¢ p2)* = mimi(q-n)*(1 — o?), (4.61)

where p1-q=p-q=¢=1n"=0

Then the tree amplitude, with the hotfix, is

mempV 1 — o2

q2

M

wee = T4eg (4.62)
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Then the eikonal phase is reduced to

- egmempv/' 1 — o2 logb
X0 = F (4.63)

Bl/s 2m

which satisfies the exponentiation of the hotfix eikonal phase, and the contributions to the

impulse in O(1/h) cancel each other out.

o aXD—HX](b)
8bu

X {0y (b)

+ix(0(—b) T (4.64)
1]

Therefore, the contribution of the impulse from the one-loop calculation only depends on

the triangle part

Ap — aXA—i—v o 6292(ma + mb) o
p e — —
b 327 [p[y/sb?
6292
~ T 3on|ple?

(4.65)

This satisfies the classical result in impact parameter space (2.26) with the identification
L = |p|b, and it is consistent with the electromagnetic case up to O(e?) [29]. In the last
equation, we make the approximations m, + m, ~ m, and v/s ~ m, due to the heavy

mass of the monopole.

4.5 From eikonal phase to all order amplitude

In standard quantum field theory, Feynman rules play a vital role in calculating am-
plitudes order by order. As the order of the coupling constant increases, the complexity
of constructing the amplitude also increases. However, in the eikonal limit (i <1, we

can obtain this infinite series in a simple formula [20, 25]
ME*(s,t) = 44/5|p| / dPhe~™a(eiX — 1) (4.66)

where y is defined in (4.26), and p; and p, are in the center-of-momentum (COM) frame
(4.39). There are two different eikonal phases depending on whether strings are involved
or not. We will start with the string-dependent eikonal phase. In order to ensure the con-

vergence of the integral, we need to introduce a regulator to the eikonal phase. Naturally,

"Here, s and t are the Mandelstam variables, where s = (p; + p2)? and t = (p; — p3)?
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we can compute the correction to the eikonal phase at O(¢) using a regularization scheme

(4.28).

W b b /Ood5< 58 ) 4.67
Tl SN R T Ni7¢

By changing variables according to (4.31), the equation becomes

X(l):_ﬁ<nxby_nybx)(/ o v+n-b 2_/ du u—mn-b 2)
4m —ab V2402 —(n-b) nb U2+ 0>—(n-b)

(4.68)
We need to evaluate two integrals
U 1

=-In(1+*

/ u+c 2 n(l+w)

1 arctan(ic)
/ = ve (4.69)

u?+c Ve

Both the first and second terms exhibit logarithmic divergence, but they can cancel each
other out. This is precisely why we employ two different regularization schemes. By

utilizing the same polar parameterization in x(), the final result will be

egb . u=b cos(¢p—0)
X = — “Zsin(¢ — 0)= In (b* + u® — beos (¢ — 0))
A 2 u=—bcos (¢p—0)
egb u h . )
_egb —0)( arctan | —————— e Wy —
i costo =0 awn( )| raren ()| )
egb
g B 4,
1 oS (p—0) (+79)

Combining the above calculations, the eikonal phase up to O(e) is

X(b) = _2%@5 —0— g) — %57rbcos (6 —0) + O(?)
-b
= 2 artan (5= 05) = pen(b-m) £ O() (4.71)

Since the integrand of -1 is just a two-fold delta function, the former term is our

target. We can substitute x from (4.71) with polar parametrization up to O(¢) and q =
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q(cos 1, sine)). Thus, we have
1 [ eq T
d¢ exp (Z2E(§ +6— gzﬁ))

27 Jo

o . _eg
/0 bdb exp (—qu cos (1 — 6) — izembeos (¢ 9)) (4.72)

Here, we assume Im(e) > 0 to ensure the convergence of the integral. After integrating

over the radial part, we obtain

2 _ 289 (T 0 —
R oxp (255 (5+0-9) (4.73)
27 Jo (goos (¢ — ¢) + mecos (¢ — 0))
To simplify integral, lety = ¢ — ¢,z = e~ % and p = eg/(47)
1 T 422,u,+l
S oexp (i2u(Z 10— d 474
omi P <Z Sk ¢)) 740 g+ Bz =)z =) (79

where a = pem, 8 = ¥~ and . are the two poles of the polynomial

.| a+8q
T ENGE T g

The contour of the integral is the unit circle, but unfortunately, both .. lie on the boundary.
Therefore, we evaluate this integral using its principal value. Due to Dirac quantization

(3.2), there are no branch cuts appearing in the integral region, and the contour is

~

-A (O
Fe L]
Covy

Figure 4.3: Contour of the integral

C1,C5 are part of unit circle and C'. are half circle where center is .. Principal value of
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the integral is

Z2,u+1

PV [ f@dz= [ pean where () = g,

Following the same technique as in the previous chapter, the principal value of the integral

is

P.V./ f(2) dz:z'ﬂZRes(f,%)

@ =l ) x (= 1))
0z S, 0z iy
_ inBuleftg) ([ v=a—Ba \ " =75\
~ 2(a+ fg) ( Blas + q)) " ( Blaf + q)) 47

Restoring all the prefactors and omitting the delta function, the non-perturbative amplitude

1S

BM (_ v—a—PBq >2H + ( v—a—fBq )2”
Ve — . B(aB+q) v/ BlaB+q) i231( 3+0—1) 176
S (ot BaB + 6 79

But this answer may not be accurate as we have only considered x up to O(e). Contri-
butions of O(£?) can also affect MS*. To account for the O(e?) effects from x, we can

perform a double Taylor expansion with respect to e.

X — ei(X(o)+€X(1)+62X(g)+"')

. ) 1 ) 1
= (14 ix) + ) (L +iexa) = 58" X0y + -+ )L+ = 58X + )
(4.77)

We can immediately observe that (4.76) is valid up to O(e). This is because part of the
O(e?) contribution from M§* depends on y(s). Performing a Taylor expansion of (4.76)

up to O(e) yields

_ _ 1M _1\# 2 _ 2 2
Mflk :4\/§|§|[ Qluq(Q 1) + 2( 1) (/L) 57T(;36/1’+5 +/vLB )

+0(e2)] e (5+0-v) (4.78)

If we take O(1) of amplitude to obtain differential cross section in COM (4.39), where
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aQ ~ 16s

1

cik()|?
¢ _

)
2p. sin” £

442
zﬁ¢w<w

1

(4.79)

This approximation reproduces the result of quantum mechanics (3.33) and agrees with

the findings in [15,

If we choose the string-independent eikonal phase given by equation (4.63) for ex-

ponentiation, the amplitude would recover as the Coulomb problem [20]. In this case, the

cross section of the hotfix approach coincides with the string-dependent one. Therefore,

there is no difference between the two eikonal phases for the cross section in the eikonal

approximation [27].
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Chapter 5 Conclusion

We have calculated the classical observables, such as the impulse and cross section,
using different approaches and have shown that their results are consistent with each other.
We summarize the results in Table (5.1) and Table (5.2). In this thesis, we have specifically
considered the case of phase rotation given by equation (4.2), where § = 7 /2. For arbitrary
values of 6, the impulse obtained from the one-loop amplitude remains the same since there
1s no phase factor in the triangle coefficient.Hence, the next leading order of the impulse
should also remain the same for arbitrary phase differences. We have already observed
the consequences for 615 = 0,7/2. In the case of gravitational dyons, the impulse only

consists of the I1PM term and disagrees with the 2PM term for general 6 [22].

When we extend the amplitude to include quantum corrections, the Dirac quantiza-
tion condition remains a significant challenge. In Zangwill’s formalism [37], fixed-order
calculations can be hindered by the presence of Dirac strings. In the on-shell method, there
are two different tree amplitudes that can be selected. Both of these amplitudes should be
taken into account in order to map the classical result and obtain the same cross section in
the eikonal limit. In the ¢> — 0 limit, these two amplitudes are consistent with each other.
However, for general kinematics, their behavior is completely different and can affect the

quantum behavior of observables.

Recently, a new formalism [11] has been proposed to construct pairwise states that
carry the phase of the string [10]. The partial wave analysis using pairwise helicity can
be used to construct spin-weighted spherical harmonics [36]. However, the coefficients of
these spin-weighted spherical harmonics are still unconfirmed. Additionally, there is hope
that the pairwise formalism can provide insights into the Montonen-Olive conjecture. This
conjecture suggests that in the Bogomol’nyi limit, all particles from the spectrum of the

Georgi-Glashow model can be composed as
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particle | mass | charge (q,g) | spin
Higgs 0 (0,0) 0
7y 0 (0,0) 1
Aq ve (e,0) 1
g vg (0.g) 0

According to Dirac quantization, there exist two distinct coupling regimes for magnetic
monopoles. Therefore, verifying the Montonen-Olive conjecture requires non-perturbative

results, which present a challenge similar to the string issue.

In this thesis, we have focused on magnetic monopoles within the U(1) gauge group.
To satisfy the Gauss law for magnetic charge, the field strength must include a string
variable. However, there is another approach that involves the SU(2) gauge group and
spontaneous symmetry breaking. Monopoles in the SU(2) group, as proposed by 't Hooft
and Polyakov [28, 32], allow for the existence of magnetic solutions and automatically
satisfy Dirac quantization. In the context of SU(2) symmetry, the singularity associated
with the string completely disappears. Instead, the magnetic charge is encoded in the
equation of motion as the winding number. The interaction between monopoles can be

described by geodesic motion on the moduli space [16]. In the future, we hope to establish

a connection between these results and the on-shell approach.

Amplitude M Eikonal phase x = [ dge "M
Tree My = 469Mq1n X(©) = 25 arctan(m)
fix __ mMam \/1702 fix __ egmaempV' 1—o? logb
M) = Hdeg™ s — X = T Ry o
1-Loop Mpyg = 4e’g m{%ﬁ” Xoty = —€°g 32?“,4”\}%
’l€ myg m2 g
Moo = ide2gPmimi(2 = 20%) 8 Lo |y = S0 mimi0oo ) )
Table 5.1: Amplitude and Eikonal phase
Tree 1-Loop
2.2 ma ~
Impulse Ap = —8X(b) +ix*(— b)a’g—bb) 247rbbl —Wb

Table 5.2: Impulse of charge-monopole scattering
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Appendix A — Spinor Helicity

Formalism

A.1 Spinor Helicity Formalism

A.1.1 Contraction and the Levi-Civita Tensor

We choose the convention of contracting the dotted and undotted spinors into square

and angle brackets as :

<)‘:U“> = Aaﬂa = 5a6)\a,uﬁ, [)\[L] = S\dﬂd = gdﬁj\dué

Same for massive spinors that carry SU(2) indicies.Here the Levi Civita tensor in matrix

form is given by:

such that

A.1.2 Pauli matrices and Gamma matrices

Space-time metric is four-dimension,Minkowski flat
n" = g" = Diag( +1,-1,-1,-1)

43

doi:10.6342/NTU202301618



The Paulu matrices are given by

with

Satisfying the following identities

(6")° = e (o) 55
(0")ac (o) gp = 22apeap
(075" + 0" 5") ! = 25

Tr(o"5") = Tr(0”5") = 2™

The gamma matrices in the Weyl representation with the SL(2, C')indices shown explictly

are

- 0 (0*)ad BAVY — 9 hV
= . , =21
CORI

and ~° which satisfy {7°,v*} =0

) -1 0
Y =iy =
1
and the chiral projectors are
1—+° 1445
P = Pr =
L 92 ) R 92
Some useful identities are
77“”77;11/ =4
’7“7}1 =4l
Yy = =297

VA Ay = A0

VA AN = =297y

44

doi:10.6342/NTU202301618



and trace identities

Tr[y°] = Tr[y"] = Tr[y*y*~"] = Tr[odd # of y-matrices] = 0
Tr[y"y"] = 4n™
Trly 9Py = A g™ —n®nt + 0yt
Trly"y"7Py7°) = — i’

A.1.3 Massive Momentum and Massless Momentum

The momentum of a massless particle can be written as as product of two two-

component spnior

kad

(0")aa = )‘aj‘d = ’k>a[k‘a

ot
k% =k (07)0 = XXE = k] (k[

Ky
Ky
and a massive momentum can be written as a product of two 2-by-2 matrices
Pac = Pu(0")ae = )\ij\ld = |/\I>a[)\1‘d
relation between spinor and gamma matrices
0 0 Pu(0")as B 0 Paa

p'u/y o Y TAYe%e" N (a7
pu(a*) 0 P 0

A.1.4 Vector Inner Product in Spinor Representation

We adopt convention that the inner product between two momentum to be:

» Massless-Massless
2k - ky = (ig)[gi] = (ji)[i]]
* Massless-Massive

2k; - p; = (i j)lgis) = (ji")[ir]
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* Massive-Massive
2p; - p; = ('57)[sir] = (571" irgs)

From above,we can see that for massless momentum sz =ki-ki=0

A.1.5 Determinant of Massive Spinor

The on-shell condition for massive momentum is given by
o L1y 2
P = 5()\ AV =m

J

Since e/e;; = 2 ,we are free to chooese

<)\I/\J> = nglJ, [/\J/\[] = Z_1m€J[

On the other hand,the on-shell condition are given bt det(p) = det(\)det(\) = m2. We
choose det(\) = m, which imply

det(N)eas = ersAL3
= —2det()\) = e77(A\T)

= (M) = —me!’

This fix z = 1. Summing up we have

<)\I)\J> = —ma”, [)\1)\]} = —Mmery

Other combinations of identical massive spinor are given by:

= +meygy, P\IAJ} = +mery

=+md’;, [N =-—md

(ArAs)
(A"As)
ANy = —mo, [AT] = +ms)
NA) =+2m . [NMA]=-2m
(ArA%)

MDY = —2m | [N] = 42m
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With these Conventions, we find that momentum contracting with the massive spinors are:

Paa N = +mAL, poX] = e

Mopos = —mAL,  Apd = —mle

In the bra-ket notation:

m|A) = +pN], mN] = +p|A)

m\ | = =[\p, m|=—(\]p

With SU(2) indices contracted:

&T[J)\é)\é = +MEug, 8[])\0{1)\6‘] = —me’

51JXij\ﬁJ = +meys, e NIV = et

A.1.6 Identities in Massive Amplitudes
A.1.6.1 Two Massless One Massive
We choose all three momenta to be incoming,so
ki 4+ ke +p3 =0
3-pt kinematics give the condition:

(12)[21] = m?

A.1.6.2 Two Massive:Unequal Mass

We choose all three momentum to be incoming,so
p1+p2t+ky=0

The basis of unequal 2-massive amplitude is
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Here are few useful spinor combinations:

(lu)y =(13), (2u) = (23), (lv) =[31], (2v) =
(12) = s (maf23](31) + mn[13)(32))
12) = —— (ma(@3)[31) + mx (13)[32)

A.1.6.3 Two Massive:Equal Mass

Definition and convention of xz-factor

We choose all three momenta to be incoming, so
p1+p2+k3 =0
The momentum conservation and the on-shell condition yields:

2py - ks = (3|p1|3) = /\é‘,“me?;‘ =0

23]

so that )3, is proportional to ple\d.This allow us to define the x-factor

ad:\d & o),
Il/\sa:pl 3, A%

m Ty m

The 1 in the subscript of x denote that we define the x-factor with respect to massive leg

1. Suppose we want to define the x-factor with respect to leg 2, then

x2/\3a _ p2ad/\gé7 )\_g _ pga)\3a
m T m
By momentum conservation, we find x; = —x,. Also:
_ @[3 1 Blpalnl
m(n3) " x mn3]
L= leef3] 1 (Blpaln)
m(n3) " x2  mn3]

So,under complex conjugation, the = factor becomes
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A.1.7 Explicit Kinematics

We can construct the corresponding spinors by finding the eigenvectors of pag.

* For massless spinor

sin 2 - sin 2
Ao = V2E > ], A=V2E ’
—cos Zei? —cos ge‘”’

* For massive spinor

VE+pcsing  /E—p.cosle

N =
—VE+pccosie®  /E—p.sint
N VE +pcsing VE = p.cos &e'?
&l =

—VE +pccosle®  /E—p.sin

with £/ is COM energy and p. is COM momentum. Note that for massive spinors, both A
and A have SL(2,C) indices in the front and SU(2) indices in the back.But SU(2) index

for \ is upstairs and SU(2) index for \ is downstairs.
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Appendix B — ratio of %

In this appendix we derive the express the little group invariant the ratio of 7 in
2

terms of momentum factors. From (A.1.6.3), we have

(mlp1lgl 1 {qlp2|7] (B.1)

1= —— - = = -

9

mi(ng)’ w2 mali]
where (1| and [n| are some auxiliary spinors such that(nq) and [nq] # 0 and we choose

Nac = M7

o L (nlpigp2|7]]
zo  mama (ng)[gi] ®.2)

With the relation between v matrice and Pauli matrice in (A.1.2), ratio can be read as

r 1 T[4 95" Yy b dapes B3
Ty Amyms q-mn .
_ (mep)a-p2) — (- @)p2-p1) + (- p2)(p1 - @) — i€(n, p1, ¢, p2) (BA)
mima(q - 1) '
_ (p2 - p1) i ie(n, p1, 4, p2) (B.5)
mymy - mymy(q - 1)

In last equation we used the on shell kinematics (¢ - p1) = (¢ - p2) =0
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Appendix C — The Generalized
Spherical Harmonics

In this appendix, we show the eigenfunction of the generalized momentum operator

_, 5, 0 d 1 /0 S v
LYuim(0,0) = —|(1 = 2%) 55 = 205 — 17— Za—¢+ﬂ(1—x) — 17| Yium (0, 0)
where x = cos 6. Then Separating the ¢ dependence from Y,
Y,um(0,0) = P(cos §)er+m? (C.7)
Then the remaining part is
2 2
S -2y g O MR sl by AP() (C.8)

o2 T ox 1— 22

Following the standard procedure.Separating the singularity + = 41, P(x) can be ex-

pressed as
Pz)=(1—2)"7"(1+2) 2" F(z) (C.9)
Then F'(z) satisfy differential equation
(1—xQ)(fTZ+2[m+(u—1)x]%+(u—,u2+)\)F:O (C.10)

With the new variable z = ”796

21 =2)F"+(m—p+1+22(u—))F + (p—p* + NF
= 2(1—2)F"+(c—(a+b+1)2)F' —abF =0 (C.11)
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F(z) is just standard hypergeometric function o F (a, b, ¢, z),identify c = m—p+1, ab =
p?—p—Xanda+b+1—2—2u. And we fix a = —n, n € Z, X can be read as

A=n(n+1)—2un+ u(p—1) (C.12)

identify [ = n — u.Then the full solution is

_ptm _p—m

Yﬂlm<07 ¢) - (1 - .flf) T(l + .73) 2 2Fl(_n7n +1— 2;“7m +1- 2 Z)ei(u-i-m)(b

There is more convenient to use another solution, which is related to Jacobi polynomial

n n

Péo"ﬂ)(:v) = —(2_7;)' (1—2) 1+ x)_ﬁdd? [(1 —x)*(1 - $)’8+"}

Then the solution and be rewrite as

Youm(0,6) = N(1 — 2) =7 (1 4 )~ = PLET™7™) () it m)e (C.13)
where
@+ D) =m)(+m)!
N=2 \/ Ar(l— )1 + p)! €19

The relation between general spherical harmonics and Wigner D-matrix is

47
Yiim
A+1 M

D _.(=6,0,¢) = (—1)™" (0, 9) (C.15)

where Wigner D matrix and little d matrix are defined as

! _ —iTea —idyB —i]s
Dum<a76a’7) = <Z7M| € e ¢ K |l7m>

e 0D {1 | |1 )

e~ g (3) (C.16)
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