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Abstract

In 2022, Steinerberger proposed a notion of curvature on graphs involving the graph dis-
tance matrix. In this thesis, we give a survey of his works [26, 27] and extend further
results. We characterize the distance matrices when certain graph operations are applied,
such as adding an edge between two graphs, merging two graphs at a vertex, or removing a
bridge from a graph. We show that positive curvatures are preserved except for one or two
vertices under these graph operations. Let D be the distance matrix of a graph. We pro-
vide a method to construct graphs with the property that Dz = 1 has no solution. Finally,
let v be the first eigenvector of the distance matrix of a tree with positive entries, as guar-
anteed by the Perron-Frobienius theorem. We provide a lower bound of (v, 1) involving

the number of leaves.

Keywords: Distance Matrix, Graph, Perron-Frobenius, Curvature
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Chapter 1 Introduction

Over the past two decades, curvature, a crucial concept in differential geometry, has been
introduced to the edges of graphs, [19, 22, 25]. In his paper [27], Steinerberger proposed a
potential notion of curvature on the vertices of graphs. He showed that the proposed notion
of curvature on graphs satisfies several properties that a curvature on a manifold would
satisfy. These include a Bonnet-Myers theorem, a Cheng theorem, and a Lichnerowicz
theorem. However, there has been little discussion on the behavior of curvature when we
make operations on graphs, such as adding an edge between two graphs, merging two
graphs at a vertex, or removing an edge from a graph. Let D be the distance matrix of
a graph. With his definition, a necessary condition for a graph to have a curvature with
these geometric properties is that the linear system Dx = 1 has a solution. He investigated
the graphs in Mathematica with fewer than 500 vertices and reported that there are only
5 graphs that Dx = 1 do not have a solution. This phenomenon leads to the intriguing
question: why does the linear system of equations Dz = 1 tend to have a solution for

most graphs?

In his subsequent work [26], Steinerberger gave a sufficient condition for the linear system
Dz = 1 to have a solution, in terms of the Perron-root \; (the largest positive eigenvalue)
and the Perron-eigenvector v (the eigenvector corresponding to A\; whose entries are pos-
itive) of D. A problem of this condition is that it degenerates to whether the matrix D is
singular or not. However, this condition motivates the investigation of the lower bound

of (v, 1) in [26].

The purpose of this thesis is to extend the results in [27] and [26]. The main contributions

are as follows.

1. We prove that positive curvatures are preserved except for one or two vertices when
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we add an edge between two graphs, merge two graphs at a vertex, or remove a
bridge from a graph.

2. We prove that if two graphs have the property that Dx = 1 does not have a solution,
then after merging them at a vertex, the resulting graph has the same property:

3. We provide an elementary linear algebraic proof of Proposition 3 in [27] (the in-
variance of total curvature) without invoking von Neumann’s Minimax theorem.

4. We provide a lower bound of (v, 1) involving the number of leaves when the graph
is a tree.

5. We show that if a graph has a universal vertex, then the minimum of the Perron-

eigenvector of the distance matrix occurs at that vertex.

This thesis consists of five chapters. Chapter 2 gives the preliminary background to graph
theory and von Neumann’s Minimax Theorem. The latter theorem is used for the geomet-
ric implications of the graph curvature. In Chapter 3, we introduce the curvature on graphs
and establish its properties. In Chapter 4, we provide new results on how the curvature
and distance matrices behave under certain graph operations. Finally, Chapter 5 focuses

on the Perron-eigenvector of graph distance matrices and lower bounds of (v, 1).

7 doi:10.6342/NTU202301030



Chapter 2 Background

In the first and second sections of this chapter, we give an overview of graph theory and
certain graph operations. These operations will be used in Chapters 3 and 4 when es-
tablishing properties of curvature on graphs. The third section introduces duality theo-
rems, which are used in proving von Neumann’s Minimax Theorem in the fourth section.
The minimax theorem is the foundation of geometric properties of curvature on graphs in

Chapter 3.

2.1 Graph Theory

A graph G = (V, E) consists of vertices V' and edges F. A vertex u is adjacent to v if
{u,v} € E. We denote it as u ~ v or uv € E, and call v a neighbor of u. The degree of
a vertex u is the number of neighbors of u. This is denoted as deg(u). We call a graph k-
regular if every vertex has degree k. We call a graph complete if there is an edge between

any pair of vertices.

A graph of the form V' = {vy, ..., v, }, B = {{vi, v;41} : 1 <1i < n — 1} is called a path
of length n — 1. This is denoted as P,. If the first vertex and the last vertex are the same,

the graph is called a cycle and denoted as C),.

A graph is connected if for every two vertices v and v, there is a path starting at « and
ending at v. A graph is disconnected if it is not connected. An edge e in a connected graph

is a bridge if the removal of e disconnects the graph.

A tree T is a connected graph without cycles. A vertex v € T is called a leaf if it has only

one neighbor, i.e., deg(v) = 1. The following properties of trees can be easily proved.

Lemma 2.1. [/0, p. 14] If'T is a tree with n vertices, then it has n—1 edges. Furthermore,
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Figure 2.1: Kj5: complete graph with 5 vertices

Figure 2.2: A path and a cycle.
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Figure 2.3: An example of a tree.

for any u,v € V(T), there is a unique path from u to v.

The distance between any two vertices v and v, denoted as d(u,v), is the length of a
shortest path from u to v. The diameter of G is the maximum distance between any two
vertices. Namely,

diam(G) = max d(u,v).

u, eV

The distance matrix D is defined as D;; = d(v;, v;) for all 7, j. Note that D is integral and
symmetric, with diagonal entries being 0. Since v; is adjacent to v; if and only if D;; = 1,
we can infer the adjacency of G by looking at the entries of D. We often denote d(v;, v;)

by dij or Dzy

The adjacency matrix A of a graph is defined as A;; = 1 ifv; is adjacent to v;, and A;; = 0,

otherwise. The matrix A is integral and symmetric, with diagonal entries being 0.

The Laplacian matrix L is defined as

;

deg(v;) ifi=j
Lij— —1 ifi;éjandviwvj

0 otherwise.

\

Itis a well-known fact that all eigenvalues of L are non-negative. Let A, (G) be the smallest

positive eigenvalue of L. Equivalently, following the arguments in [6], we have

M@= n e U0 JOF

ngﬁ]&:o ZUEV f(v)Q
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Given a graph G, an automorphism ¢ : G — G is a bijection so that u ~ v <= ¢(u)~
o(v), i.e., ¢ preserves the adjacency of the vertices. A graph G is vertex-transitive if for
any two vertices u, v € V(G), there is an automorphism ¢ : G — G so that ¢(u) = v.

Informally, this means that each vertex is indistinguishable from another.
Example. The complete graph and the cycle graph are vertex-transitive.

All vertex-transitive graphs are regular. To see this, let u, v be two vertices of a graph
G and let ¢ : G — G be an automorphism with ¢(u) = v. Since the automorphism
preserves adjacency, we have deg(u) = deg(v). However, not all k-regular graphs are

vertex-transitive. Examples are given in [12] and Figure 3.3.

Define the interval [u, v] from u to v to be the vertices lying on the shortest paths from u
to v. Namely,

[u,v] ={z €V :d(u, z) + d(z,v) = d(u,v)}.

A graph is called antipodal, as in [&], if for every vertex u there is another vertex u so that

[u,u] = V.
Example. The cycle graph (Y, on 2n vertices with n > 3 is an antipodal graph.

The following lemma can be proved by using the definition and the triangular inequality.

Its proof can be found in [28].

Lemma 2.2. Let G be an antipodal graph. The function - : G — G is an automorphism

and diam(G) = d(u, u) for every vertex u.

2.2 Operations on Graphs

Let G; and G5 be two connected graphs. We can bridge them by adding an edge between
a vertex v of GG; and a vertex u of GG5. We merge (G; and GG, at v and at u so that v and
u are viewed as identical vertex in the new graph. Equivalently, this new graph can be
obtained by bridging G; and G5 by an edge {v, u}, and performing an edge contraction
on the edge {v, u}.

Let G and H be two graphs. The Cartesian product graph GUIH is the graph whose
vertex set is V(G) x V(H), and two vertices gh, g’h’ form an edge if either g = ¢’ and

6 doi:10.6342/NTU202301030



hh' € E(H),or g¢' € E(G)and h = h/.

The projection map pg : E(GOH) — G is defined as

g ifg=g¢ and hh' € E(H)
pa(gh,g'h') =
g9 ifgy € E(G)and h = 1.

The projection map py : F(GOH) — H can be defined in a similar way.
Lemma 2.3 (Proposition 5.1, [15]). Let G and H be connected graphs. We have

deon((gh, g'R)) = da(g,d') + du(h, 1).

Proof. Let {g =: ay,as,...,a511 := ¢'} be a shortest path from ¢ to ¢’ in G, and let
{h =:b1,bs, ..., bprs1 := h'} be a shortest path from h to A’ in H. Then

P = {a1b1, asby, ..., ap1b1, apgba, ..y apgrbprgr
is a path in GOH from gh to ¢'h’, with length k + k' = d; (g, ¢') + du(h, h'). Thus,
dGDH(gh7 glh/) < dG(Q? g/) + dH(ha h‘/)

Conversely, suppose R is a shortest path from gh to ¢'h. If e = {g;h;, g/h} is an edge in
R, then one of {ps(e), pu(e)} is an edge and the other is a vertex. Furthermore, the edges
E(pc(R)) forms a path from g to ¢’ in G, and the edges E(py(R)) forms a path from A
to A’ in H. This implies that

deom(gg’, hh') = |E(R)|
= |E(pc(R))| + |E(pu(R))]
> da(g,9') + du(h, ')

The following corollary is stated in [5].

Corollary 2.4. diam(GOH) = diam(G) + diam(H ).

7 doi:10.6342/NTU202301030



Proof. Let gh and ¢'h’ be two vertices of GLIH so that doom(gh, ¢'h') = diam(GUH).
Then

diam(GUH) = dgou(gh,g'h') = da(g, ¢') + dg(h, h') < diam(G) + diam(H ).

Conversely, now assume g, ¢’ € V(G) with dg(g, g') = diam(G) and h, ' € V(H) with
dg(h,h') = diam(H). Then

diam(G) + diam(H) = da(g,9') + du(h, h') = daou(g9g’, hh') < diam(GOH).

Throughout this thesis, we assume G is connected and |V| is finite.

2.3 Duality Theorems

We introduce linear programming and duality theorems in this section. The main refer-

ences are [4] and [20].

We consider the problem

maximize 2x; — 39
subject to 3x; + bxy < 10
21‘1 — 2.CE2 S 7

x1, 19 > 0.

Let f : R? — R be the objective function f(xy,x3) = 2x; — 3x9. Let I C R? be the
region of the constraint. A feasible solution is a point x € F' so that f(z) is finite. For
example, (2,0) is a feasible solution. A feasible solution where the objective function
achieves a maximum is called an optimal solution. Note that any feasible solution gives
a lower bound of f. To find an upper bound of f, assume y;, yo > 0. By multiplying the

first constraint by y; and the second constraint by y,, we get

y1(3x1 + 5x2) 4+ y2 (221 — 29) < 10y; + Ty,

8 doi:10.6342/NTU202301030



that is,

(By1 + 2y2)z1 + (5y1 — 2y2) w2 < 101 + Tyo.

If we further require that 2 < 3y; + 2y, and —3 < 5y; — 2y, then we get
221 — 329 < 10y; + Tys.

Thus, 10y; + Ty is an upper bound for f(z1,xs), where (x1,25) € F. We want to

minimize this upper bound. Therefore we get the following problem:

minimize 10y, + 7y»
subject to 2 < 3y; + 2y
=3 < 5y1 — 2y9

y1,y2 > 0.

The original problem is called the primal problem and the latter problem is called the

dual problem.

In general, we consider the primal problem:

maximize ¢y + Coxy + - + Ty
subject to a1 + a1oxo + -+ - + a1, < by

A21T1 + Q22T + -+ + AgnTp < by

an1T1 + Ap2Z2 + -+ Apndn S bn

Ty ey Ty = 0.

9 doi:10.6342/NTU202301030



By similar arguments as above, the dual problem is:

minimize by, + boyo + -+ - + byn
subject to a11y1 + a21y2 + -+ + A1y > 1

12y1 + A2y + -+ ApalYyy > Co

A1pY1 + A2pY2 + -+ AppYn = Cp

Yiy ooy Y > 0.
In matrix form, let b, ¢ € R"™ and A € R™*" be given. The dual of the primal problem

maximize ¢ - x
subjectto Az < b

r>0xreR"”
1S

minimize b - y
subject to ATy > ¢

y >0,y €R",

where for w,u € R, w > u <= Vi,w; > u;. Since the objective function and the
constraint are linear, the primal problem is called the primal linear program, and the dual

problem is called the dual linear program.

John von Neumann first conjectured the following duality theorems. These theorems were
later proved by Gale, Kuhn, and Tucker. They give a relation between the primal and the
dual.

Theorem 2.5 (Weak Duality Theorem, [4, 20]). Let x,y € R" be feasible solutions to the
primal and the dual, respectively. Then c - x < b - y. If the equality holds, then x,y are

optimal solutions to the primal and the dual, respectively.

Theorem 2.6 (Strong Duality Theorem, [20]). If both the primal and the dual have a

feasible solution, then both problems have an optimal solution. Furthermore, the optimal

10 doi:10.6342/NTU202301030



values of the objective functions are identical.

The proof of the weak duality theorem is straightforward and the strong-duality theorem
can be proved by the simplex method. We omit the proofs here. The strong duality theorem

is used in proving von Neumann’s Minimax theorem.

2.4 Von Neumann’s Minimax Theorem

In this section, we present von Neumann’s Minimax theorem and its variants. This the-

orem will be used to prove the geometric theorems in Chapter 3. The main reference is

[14].

Player 1 and Player 2 are playing a game. Each player has n strategies to use, one at a
time. Let A € R™*" be a matrix, which represents the payoff matrix. Whenever Player
1 uses strategy ¢ and Player 2 uses strategy j, Player 2 gives A;; dollars to Player 1. We
say that Player 1 gains A;; dollars and Player 2 loses A;; dollars (even if A;; is negative).
The objective of Player 1 is to maximize the payoffs, while Player 2 aims to minimize the

payoffs.

Suppose that Player 1 uses strategy ¢ with probability x; and Player 2 uses strategy j with
probability y;, where z;,y; > 0for 1 <d,j < mnand Y z; = > 7 y; = 1. The

vectors x and y are called mixed strategies. The expected payoft is

Z z; Ay = (z, Ay).

1<i j<n

Let

X:{ZGR":ZzizlandzizOforalli}:Y

i=1
be the space of mixed strategy for Player 1 and Player 2. In this thesis, we consider the

special case that A is symmetric.
John von Neumann introduced the Minimax theorem in [29]. We prove this theorem by
using the strong duality theorem.

Theorem 2.7 (von Neumann’s Minimax theorem, [29]). Let A € R™*" be a symmetric

matrix and XY denoted the space of mixed strategy as defined above. Then there is a

11 doi:10.6342/NTU202301030



unique o € R so that

max gl’él}l;l@:, Ay) =a = 2%131/1121?16%){((95, Ay).

Proof. We follow the proof in [ 14]. Intuitively, for any given strategy of Player 2, Player
1 will select the strategy with the largest payoff. Mathematically, for any y € Y, we have

max(z, Ay) = max (Ay);.

rzeX 1<i<n

To see this, let z € X be given. Then

(x, Ay) = Z z;(Ay); < m;clx(Ay)i Z x; = m;clx(Ay)i.

=1 %

The other direction of the inequality is easy by considering the Euclidean coordinate vec-

tors.

Thus,

minmax{z, Ay) = min max (Ay)..

Similarly, given a strategy x € X of Player 1, Player 2 will choose a strategy that mini-
mizes the payoff. Thus, by the symmetry of A,

min(z, Ay) = min(y, Az) = min (Az);.

We get

TR et Av) = g, (A

Let v; = max,ex min;<;<,(Ax); and vo = minyey max;<;<,(Ay);. We aim to show that

v1 = vy by using the strong duality theorem.

Case 1. A;; > 0 forall i, j. Fix x € X. Note that min;<,;<,,(Az); is the maximum value

12 doi:10.6342/NTU202301030



w so that (Ax); > w for all i. Thus finding v; is equivalent to the problem

(
(Ax); >wforl <i<n,

max w subject to Siwi=1,

z; > 0forl <i<n.
\

Ty

Since A;; > 0 for all 4, j, we can only consider the case when w > 0. Put 2} = 7. The
problem is equivalent to

(

(Ax’); > 1forl <i<n,

max w subject to =1

w?

x> 0forl <i<n.

\

Since max w = min i, we can use the second constraint and the problem is equivalent to
min1 - 2’ subjectto Az’ > 1,2/ >0 (2.4.1)

where 1 € R" is the all-one vector and 0 € R" is the all-zero vector.

Similarly, finding v, is equivalent to the problem
max 1 -y subject to Ay’ <1,y > 0. (2.4.2)

We identify Problem 2.4.2 as the primal problem and Problem 2.4.1 as the dual problem.
Note that 0 is a feasible solution to the primal. In addition, a;; > 0 for all ¢, j implies
that the dual is feasible (for example, take 2’ to be very far from the origin). By the strong
duality theorem, both the primal and the dual have optimal solutions and the optimal value

coincides. Thus, v; = v,.

Case 2. General case. Find r > 0 so that A;; +r > 0 for all 4, j. Let I be the matrix
whose entries are 1. Consider the game with the payoff matrix A’ = A + rE. Given

r € X,y € Y, the expected payoff of this game is (x, A'y) = (x, Ay) + r. By the first

13 doi:10.6342/NTU202301030



case, we get

. . . / _
max min(z, Ay) = maxmin(z, A'y) —r

= minmax(z, A'y) — r
yeY xzeX

— mi A
minmax(z, Ay},

as desired. O]

We have the following corollary.

Corollary 2.8. /27, p. 428] Let A € R™ "™ be a symmetric matrix. There is a unique
a € Rso that for all (21, ,z,) € REywith ), z; = 1,

min (Az); < o < max (Az);.
1<i<n 1<i<n

Proof. By the Minimax theorem above, the first paragraph of its proof, and X =Y, there

exists « € R so that

D 8, (A = = i g (Av): = i o (Ao

Fix z € R"sothat z;, > 0and ) |, 2, = 1, i.e., fix z € X. Since

1 . < 1 .
i (A2); < max min (Ax);

min max (Az); < max (Az);
zeX 1<i<n 1<i<n

we get the desired result. O

14 doi:10.6342/NTU202301030



Chapter 3 Curvature on Graphs

In this chapter, we introduce the Steinerberger curvature on graphs. In the first two sec-
tions, we compute the curvature for certain graphs, show that vertex-transitive graphs have
constant curvature, and discuss the curvature of Cartesian product graphs. As shown in
the third section, the curvature satisfies three theorems that a curvature would satisfy in
differential geometry. In the last section, we discuss a sufficient condition for the graphs
to have a curvature and point out its limitation. The materials of this chapter are based on

[26, 27]. In this and the remaining chapters, G = (V, E) represents a connected graph.

3.1 Definition and Examples

Following the definition in [27], we define a curvature of GG as a measure i1 : V' — R so

that
Vo € V.3 d(v,u)pu(u) = V.
ueV
We view pi(v) as the curvature of v. Denote the vertices by V = {vq,...,v,}. Equiva-

lently, if we put w = (u(v1),. .., u(v,)) and consider the graph distance matrix D, then

the curvature of GG is a vector w € R" satisfying
Dw=n-1,

where 1 € R™ is the all-one vector. We interpret ||w||;; = ). |w;| as the total curvature
of the graph. We say the graph admits a nonnegative curvature if w € R%,. We say G

admits a constant curvature if w is a constant vector.

15 doi:10.6342/NTU202301030



Complete graph K,,. The complete graph K,, admits constant curvature

since for every vertex v € V(K,), we have n = > d(v,v;) K = K(n — 1).
Remark. The distance matrix of K, is D = J,, — I,,, where J,, is the all-one n by n matrix

and I, is the identity matrix. Note that D1 = (n — 1) - 1 implies D(-";)1 =n - 1.

In fact, as long as the sums of each row of the distance matrix are equal, the graph admits
a constant curvature. This is true for vertex-transitive graphs. See Theorem 3.1 for more

details.

Cycle graph C,,. The cycle graph C,, admits constant curvature

K=—r.
B
To see this, let v; € V' be arbitrary. Assume n is even. Then
n/2—1
Zd(vi,vj 22z+—:—
’UjEV
If n is odd then
(n—1)/2
n? — 1
Z V;, V) = 2 1=
v;eV i=1

Cocktail Party graph C P,. The cocktail party graph C' P, has vertices {vy, ..., Up, U1, ..., Up }

and edges {(v;, u;) : ¢ # j}. For any vertex v € V, we have
D dwu)=(2n—-2)-1+2-1=2n=V].

Thus, it has constant curvature 1.

Remark. The only eigenvalues of the distance matrix of C'P, are 2n,0, and —2, ([1]).

Therefore, it is possible for a graph to admit a constant curvature even if det(D) = 0.

Path graph P,,. We have the fact that for all ¢,

(t—1)+ (n—1i) =n.

n—1 n—1

16 doi:10.6342/NTU202301030



Define the curvature w as w(v;) = w(v,) = n/(n — 1) and w(v;) = 0 for 2'< i < n—1.

Therefore, the curvature of a path is n/(n — 1) on the two endpoints and 0, otherwise.

Trees 7,,. Let T be a tree with n vertices. Set 7 = 2 — (deg(v1), - - - , deg(v,,))". We claim
that D7 = (n — 1)1. Thus, T' admits a curvature.

Proof of claim, [3]. We prove this by induction. When n = 1, there is nothing to prove.
If n = 2, then

D=
1 0

and 7 = (1,1)". Then D7 = 1. Assume n > 3 and the claim holds for all smaller n.
Without loss of generality, assume that v,, is a leaf in 7" and adjacent to v,,_;. Let 7" =
T\ {v,}. Then T" is a tree with n — 1 vertices. Let D’ be the distance matrix of 7”. Write
7= (71,..., ) and put 7/ = (7,...,7,_1)" + €' _,, where e, 1 = (0,...,0,1) € R*"L.
Note that

deg; (v;) = degp(v;), forl1 <i<mn—2

degp (v,—1) = degy(v,—1) — L.

Thus,

7 =2 — (degp (v1), ..., degp (v,_1))".
By the induction hypothesis, D'’ = (n — 2)1. Let y be the last column of D’. Write

D=
0

Since d(v;,v,) = d(vi,vp—1) + 1 for1 <7 <n—1inT, we have x = y + 1. Note the

N

o/

(a) The complete graph K. (b) The cycle graph C (c) A cocktail party graph.

Figure 3.1: Examples of graphs that have a constant curvature.
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Figure 3.2: Path admits a nonnegative curvature

last entry of y is d(v,,_1,v,_1) = 0. Then

H D y+1| |7 —e, D7t —y+y+1 (n—1)1
T = = =
yt+1t 0 1 yir' + 17 — 1 n—3+ 17

since y'7' = n — 2. Note that

n—1
17 =2(n—1) =) degp(v) =2,
=1

since the sum of all degrees is equal to twice the number of edges, which is n — 2. Thus,

we get DT = (n — 1)1, as desired. O

Remark. Since the curvature at the vertex v; is proportional to 2 — deg(v;), every leaf has
positive curvature. In addition, every non-leaf has non-positive curvature, and all non-

leaves have zero curvature if and only if the tree is a path.

Remark. Graham and Pollack showed that the distance matrix of a tree with n vertices
has determinant (—1)"~'(n — 1)2"2 in [13]. Therefore, the distance matrix of a tree is

invertible if n > 1. This also implies a tree admits a curvature.

3.2 Properties of Curvature
In this section, we establish several properties of the curvature. The first theorem states

that vertex-transitive graphs, such as complete graphs and cycles, admit constant curva-

ture.
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Theorem 3.1 (Proposition 2, [27]). Let G be a vertex-transitive graph. Then G has con-

stant curvature K > 0 and

K = (% i d(v, U1>> _

for every v € V. If H is any graph with constant curvature Ky then

Ky = 1/(% > du(vi,vy)),

t,j=1

Informally, G is vertex-transitive means each vertex is indistinguishable from another.
Therefore, if we ask how curved a vertex is in a vertex-transitive graph, it is natural that

each vertex has the same curvature.

Proof, [27]. The idea is to show that the sums of each row of the distance matrix are the

same. Let u € V be a vertex and k be an integer. Let
SF={veV du,v) =k}

be the sphere centered at u with radius k. We claim that the size of S* depends only on k&
and is independent of the choice of w. To see this, let w € V. Since G is vertex-transitive,

there is an automorphism ¢ : G — G so that ¢(u) = w. Thus,

[Sul = {v € V2 d(é(u),v) = K}
=[{veV du,¢ " (v) =k}
=" eV :d(u,v") =k}
= |S,l.

This implies that each row of the distance matrix D is a permutation of another. Thus, for

every 7, the sum
R = Z d(’Ui, Uj)
j=1

is constant. Therefore, X' = n/R is a constant positive curvature of GG. For the second
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part of the theorem, assume that H has constant curvature K. Then
n
Z di(vi,v;))Kg =n
j=1
for all <. Summing over ¢, we obtain

KH Z dH(Ui,’Uj) = n2
i,j=1

as desired. O]

Remark. The converse of this theorem is not true. The graph in Figure 3.3 is 4-regular

and has constant curvature X = 7/8. However, it is not vertex-transitive ([ 1 7]).

=
Y

Figure 3.3: A graph that has constant curvature but not vertex-transitive.

Proof. The vertex 2 is contained in three triangles: 123,127, and 126. The vertex 3 is
contained in two triangles only: 123 and 345. Thus, there is no automorphism ¢ so that
¢(2) = 3. For if there is one, then ¢ will preserve adjacency. Thus, it preserves the number

of cycles of length 3, which leads to a contradiction. O

The next theorem states that the Cartesian product graphs preserve nonnegative curva-
tures. In particular, when the graphs have constant curvature, we can easily compute the

curvature of their Cartesian product graph.

Theorem 3.2 (Proposition 1, [27]). Suppose G and H are two graphs nonnegatively
curved. Then the Cartesian product graph GUH is nonnegatively curved. Suppose G
and H have constant curvatures K1, Ko > 0. Then the curvature of GUH is constant

K > 0 with
1 1 1

Furthermore, G = GO - - - OG has constant curvature K /n.

Example. The prism graph, defined as C,,[1P, has constant curvature.
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Figure 3.4: The prism graph C5L1P;.

Proof, [77]. Assume D and D, are the distance matrices of G and H, respectively. As-
sume |V (G)| = ny, |V (H)| = ny. There exists w; € RY; so that Dyw; = n,; - 1. Put
K; = min;(w;), for i = 1, 2. Consider the function i : V(G) x V(H) — R>( defined as

(g, h) = wi(g)wz(h)

for (g, h) € V(G) x V(H). Let (g1, h1) € V(GOH) be arbitrary. Then we get

Xi= > d(gi, ), (g2,h2))ial(g2, ha))

(g2,h2)€V(GOH)

— Z (d(g1, g2) + d(hq, ha))wi(g2)w2(hs)

= > dlgg)wi(g2)wa(hy)

(g2,h2)€V(GOH)

+ > d(h, ha)wi(g2)wa(he)

(g2,h2)€V(GOH)

The first term is equal to

Z ws(ha) Z d(g1, g2)w1(g2) = ||wa||in - n1.

ho €V (H) 92€V(Q)

Similarly, the second term is equal to ||w||;1 - no. Thus,

X = |Jwa||pn -y + |Jwi||pr -m2 >0
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is constant for any (g1, hy) € V(GOH). Define

VANAD)
w =
sl - 11+ [Jwr][s - 75"
willn  |Jwsln
= + )~
n

Then we get Donpw = ning - 1 = |V(GOH)| - 1, that is, GOH admits a nonnegative

curvature w. Suppose that G and H have constant curvatures K, K,. Then

K :=minw = (Kl + Kg)ilKlKQ,

1.e.,
1 N 1
K K& K
The curvature of the graph G™ can be proved easily by induction. [

The curvature satisfies a special version of von Neumann’s Minimax Theorem. The fol-

lowing theorem will be used to prove geometric properties in Section 3.3.

Theorem 3.3 (Minimax Theorem, [27]). If G admits a nonnegative curvature with total

curvature ||w|| and v is a probability measure on V', then

n

i < <
min d(a,v)v(v) < Tl = max d(b,v)v(v).

veV veV

Proof. We follow the proof in [27]. The idea is to apply von Neumann’s Minimax Theo-
rem 2.8 to the distance matrix D. Let v be a probability measure on V. We can view v as
a vector in R". By the Minimax Theorem 2.8, there is a unique o € R independent of v
so that

1r§ni1£n(Dy)i <a< 1r£ia§xn(Dy)i.

This is equivalent to
min » d(a,v)v(v) <o <max » d(b,v)v(v).

aceV beVv
veV veV

To determine the value of o, recall that Dw = n - 1and w € R%. Let
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be a probability measure. For every u € V,

_ (Dw), n
d(u,v)v(v) d(u,v) = :
2 ||w|!z1 Z ~ ol Tl

Taking the maximum and minimum for all © € V, we get

n
oa=—"",
[wl[n

It is possible that a graph admits two curvatures w; and ws, that is, Dw; = n - 1 = Dws,.
This does not imply w; = wy in general. However, the total curvatures are equal provided

the graph is nonnegatively curved.

Theorem 3.4 (Invariance of total curvature, [27]). Suppose G is a connected graph and

there are wy, wy € R such that Dwy = Dwy = n - 1. Then |Jwy || = |[wa]];.

The following is the original proof in [27] involving von Neumann’s Minimax theorem.

We will provide an elementary linear algebraic proof in Section 4.3.

Proof. Consider the probability measure

W;
Vi = +—F—.
’ ||7~Uz'||z1

By the argument in the proof of Theorem 3.3 above, we have for every vertex u,

Zd(u,v)mv Zduv W;)y = P _a
|w2Hp [

fori = 1,2. Thus, ||w:||r = ||wa||;. .

3.3 Geometric Implications

The discrete Bonnet-Myers theorem asserts that if a graph admits a nonnegative curvature,
then it cannot be too large, since its diameter is bounded. This theorem also provides an

upper bound to the total curvature.

23 doi:10.6342/NTU202301030



Theorem 3.5 (Discrete Bonnet-Myers, [27]). Suppose G has nonnegative curvature, namely,

Dw =n -1 for some w € RY,. Let K = min; w; > 0. We have

2n 2
S_
|lw|[n — K

diam(G) <

and diam(G) - K = 2 implies G admits constant curvature.

Proof, [27]. The second inequality follows by ||w||; = >, |w;| > Y. K = nkK.

To show the first inequality, let a,b € V with d(a,b) = diam(G). Define a probability
measure v : V' € [0,1] such that v(a) = v(b) = 1/2 and v(v) = 0ifv ¢ {a,b}. By

Theorem 3.3, there is ¢ € V' so that

n

S dfe,v)w(v) = 5 (d(a,e) + d(b, ) <

[wln
On the other hand, we have

S (dla,¢) +d(b,) > sda,b) = 3 diam(G).

N| —

Combining the two equations above, we get the desired result.

If diam(G) K = 2, then the equality ||w||p = nK implies w; = K for all ¢, that is, G has

constant curvature. 0

Examples of Bonnet-Myers sharpness. The cycle graph C,, with 2n vertices has con-
stant curvature 2/n and diameter n. The cocktail party graph C' P, has constant curvature

1 and diameter 2.
The Cartesian product graphs preserves the discrete Bonnet-Myers sharpness.

Corollary 3.6. Let G, H be connected graphs that are discrete Bonnet-Myers sharp, i.e.,
they satisfy the assumptions in Theorem 3.5 and diam(G)Ks = diam(H)Ky = 2. Then
the product graph GO H is discrete Bonnet-Myers sharp, that is, diam(GOH ) Kgoy = 2.

Proof. By Theorem 3.2, GL1H has a positive constant curvature and

1 1)‘1 KoKy

K = =+ — =
GOH (KG+KH

C Ko+ Kp'

24 doi:10.6342/NTU202301030



By Corollary 2.4, we have diam(GOH ) = diam(G) + diam(H ). Thus,

diam(GDH)KGDH = 2.

The next theorem provides a lower bound to the total curvature.

Theorem 3.7 (Reverse Bonnet-Myers, [27]). Suppose G is nonnegatively curved, namely,

Dw = n -1 for some w € RY,. We have

n? 1
> -
[lelln 2 n —1diamG’

where equality holds if and only if G is the complete graph.

Proof; [27]. Consider the uniform probability measure v : V' — [0, 1] defined as v(v) =

% for every vertex v. By the Minimax Theorem 3.3, there is a vertex b so that

n

< Z d(b,v)v(v)

Tl = 2

= %Zd(b,v)

veV

:% > db,v)

veVu#db

A
|
g
e.
o
=4
Q)

This gives the desired lower bound to ||w||;,.

The equality holds if and only if d(b, v) = diam(G) for all v # b. If G = K, is complete
then d(b,v) = 1 = diam(G) for all v # b. Conversely, suppose that d(b,v) = diam(G)
forall v # b. Let v be a neighbor of b, we get 1 = d(b,v) = diam(G). Thus, G = K,,. [

The above theorems imply the following.
Corollary 3.8 ([27]). If G admits a constant curvature K > 0, then

1 2
17 < diam(G) < 172
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The following theorem gives a bound on the smallest nontrivial eigenvalue A\;(G) of the

Laplacian matrix L, in terms of total curvature.

Theorem 3.9 (Discrete Lichnerowicz, [27]). Suppose G is positively curved, namely,
Dw = n -1 for some w € RY,. Let K = min;w; > 0 and A\ be the smallest posi-

tive eigenvalue of the Laplacian matrix. Then

s &
on?2 T 2n’

AL >

Proof, [27]. The second inequality follows by ||w]||;: > nK. We will show that

Ay > L L
' = ndiam(G)’

Then by the Discrete Bonnet-Myers theorem, we get

v oot el
"= ndiam(G) T 202

Recall that )
NG = Ztner (00

E'UQ;/HE):O Zvev f(v)?

Let f : V — R be a [*>-normalized function achieving the minimum, so f satisfies
>y f(v) = 0,and Y, f(v)? = 1. The first equality implies f will change sign

somewhere. The second equality implies

L= f@) <) Al = nllfll
veV veV
Therefore,

% < Il = max | f(0)] < max f(v) — min f(w).

Let a,b € V be vertices where f achieves the maximum and the minimum, respectively.

Let P be a path from a to b of length at most diam(G). Denote

P — {u1’UZ7 ...,uk,uk+1}7
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where u; = a, up.1 = b. Then

=
< Z | f(ui) — flui)]
N 1/2
< kM2 (Z | f(wi) — f(ui+1)|2>
1/2
< y/diam(G <Z |f(w;) — fluip)] ) )

where we used the Cauchy-Schwarz inequality. Thus,

The linear system of equations Dx = n - 1 does not always have a solution. (See Sections
3.4 and 4.4 for more on the solvability of Dx = 1.) In this case, we consider the pseudo-
inverse w = DT(n-1) as the curvature, which is the vector z that minimizes || Dz —n-1||2.
If there are multiple such vectors, we consider the one with the smallest /? norm. The

following theorem applies to such cases when w has positive entries.

Theorem 3.10 (Theorem 5, [27]). Suppose G is connected and w € RY is any vector

with positive entries. Let K = min; w; > 0. Then

. || Dw||;e 8
d < IPwle= ©
iam(G) < —
and
1
MG > —K
1(G) 2 8|| Dw|| 0
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Proof, [27]. Define the average distance between any two vertices by

avdiam(G) = iz Z d(vi, v;).
0,

n

We first show that
_ [IDwlli= 1

avdiam(G) —

Note that there is 7 so that

1
1 < — s,
avdiam(G) < - E d(v;, v;)

J
Otherwise, there will be a contradiction. Looking at the i-th row of Dw, we have
|| Dw||je = mkax(Dw)k
> Z d(viu Uj)wj
J
> K Z d(vi,v))
J
> Knavdiam(G),

as desired.

Choose 0 < 0 < 1 so that § diam(G) = avdiam(G). We have

|| Dw|li 1

diam(G) = %avdiam(G) < %TK

Case 1. § > £. We get the desired result.

Case2. 0 <6 < %. By the definition of avdiam(G) and a contradiction argument, there
1S 79 so that

1 n
- > d(viy, v5) < avdiam(G) = § diam(G).

j=1
Put
A= {j . d('UZ'O,Uj) < 2(5dlam(G)}

which represents the indices of the vertices close to v;,. We show that | A| is large. Note
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that

d diam(G) > 1 E d(viy, v;)
n
i=1

1 |Ae| ..
> = .
= Zd(vlo,v]) > " 2§ diam(G)
J¢A
n— |4

= =195 diam(G).
n

Therefore, |A| > 3.

Pick two vertices a,b € V so that d(a,b) = diam(G). Without loss of generality, assume
that d(a,v;,) < d(b,v;,). Then diam(G) = d(a,b) < d(a,v;,) + d(b,vi,) < 2d(b, vy,).

For any j € A, we have
1
d(vj7 b) = d<vi07 b) - d(vioa Uj) = (5 - 25) dlam(G)
Thus,

|1 Dwllie > d(b,v;)w;

j=1
> K> d(b,vy)
j=1
> K d(b,v))
JEA
> K Z(% — 26) diam(G)
JEA

= K|A|(% — 20) diam(G)

n, 1
> K- (= — i .
> K2 (2 20) diam(G)

This implies that

2 HD’IUHloc < ||Dw||loo 8

. < 8
diam(G) < (3-25n K ~— n K’

as desired.
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1

> %M proved in Theorem 3.9 implies

The eigenvalue estimate A (G)

1

MG) > —— K.
(@) = 8| | Dw||0

3.4 Existence of Curvature: A Sufficient Condition

In his paper [27], Steinerberger examined all graphs with 1 < n < 500 in Mathematica
12 and reported there are only 5 graphs that Dx = n - 1 does not have a solution. Figure

3.5 illustrates four of them. He raised the following problem.

Problem. It seems that for most graphs, the linear system of equation Dx = 1 tends to

have a solution. Why?

(a) The multipartite graph K7 11,13 (b) The multipartite graph K1 1 1 4.

(c) The Quartic-(11, 18) graph. (d) The Cubic-(14, 52) graph.

Figure 3.5: Four graphs that Dx = 1 does not have a solution.
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The following proposition is a sufficient condition for Dx = 1 to have a solution.

Proposition 3.11 (Proposition 1, [26]). Suppose that D € RLG" has eigenvalues N, >

0> Xy > --- > N\, and the first eigenvector Dv = \v. If

1\’ [ Aa]
1— —
<U’ \/ﬁ> = A=A

then Dx = 1 has a solution.

Proof, [26]. Define @ : R — R by
Q(v) = (v, Dv).
We aim to maximize the function () subject to the constraint
(v,1) = 1.

By the Perron-Frobenius Theorem, the eigenvector associated with the largest eigenvalue
A1 > 0 of D can be chosen to have nonnegative entries. Thus, sup, ,_; @(v) > 0. By

the Spectral Theorem,
v=(v,v1)v1 + Z (v, ;) v;.
i=2

Namely, we decompose the vector v into the eigenvectors of ). We now give an upper

bound for )(v) and show that the maximum is attained. Note that

Qv) = (v, v1)* M+ Y Ai (v,0)?
=2

< (v, U1>2 A1+ Ao Z (v, Ui>2

=2
= (v,01)* M+ A2 (J|v]]* = (v, 01)?)
= (A1 — Xa) (0,01)% + Ao v

Note that
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where v} is defined as the remainder. Then

S (LENYER )

_ (<v1, %> % + <v,v;>>2 since (v,1) = 1.

< (v,v*)* + O(||v||) since the first term is a constant

< [[olP*loil* + O(llvlD),
by the Cauchy-Schwarz inequality. Thus,
Q) < [\ =) [[oi[I* + o] - [Jo]* + O([[v])).-

Note that

1 2
1=l = (o7 )+ il

by the Pythagorean theorem. This and the assumption imply
(A1 — A2) [vf]]2 + A2 < 0.

Thus, Q(v) — —oo as ||v|| — oo in all directions of (v, 1) = 0.

Consider the problem of maximizing () subject to the constraint (v, 1) = 0 and ||v|| < M
for some M > 0. By compactness, () achieves a maximum by some vector, denoted by

U On the other hand, by the Lagrange multiplier theorem, there is A € R such that
VQ(vy) =2Dv,, = X- 1.

Note that (Dv,, v,,) = Q(vy,) > 0 implies Dv,, # 0 and A # 0. Therefore, the equation

D(3v,,,) = 1 implies that the linear system of equation Dz = 1 has a solution. O

Limitation.

When D is a graph distance matrix, this proposition implies that if there is a spectral gap

and (v, \/Lﬁ> is close to 1, then the graph admits a curvature. However, this condition

degenerates to whether D is singular or not. Since if Ay > 0 > Ay > ---)\,, then the
determinant of D is not zero, which implies that Dx = 1 has a unique solution. On the
| A2]

other hand, if Ay > 0 = Ay > --- )\, then Ty = 0, and the required inequality will
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never satisfy. This condition still motivates the study of (v, 1) in Chapter 5.
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Chapter 4 Behavior of Curvature
under Graph Operations

This chapter constitutes the main contribution of this thesis. We characterize distance
matrix after certain graph operations, such as adding an edge between two graphs, merging
two graphs at a vertex, or removing a bridge from a graph. This characterization enables us
to prove that non-negative curvature stays preserved except for at most two vertices under
these operations. In Sections 2 and 3, we characterize the null space of the distance matrix
when we add an edge between two graphs and provide an elementary proof of Theorem
3.4 (invariance of total curvature) that does not rely on von Neumann’s Minimax theorem.
In Section 4, we provide a method for constructing graphs so that the equation Dz = 1

does not have a solution.

4.1 Bridging, Merging and Cutting Graphs

In this section, we investigate the behavior of the curvature after adding an edge between

two graphs and after cutting a graph by an edge.

Given graphs admitting nonnegative curvatures, we can create a larger graph so that it

admits a curvature nonnegative everywhere except at one or two vertices.

Proposition 4.1 (Appending a pendant vertex). Assume G admits a nonnegative curvature
so that Dw = n - 1 for some w € R. Let v € V(G) and let G’ be the graph obtained by
adding an edge between v and an additional vertex v'. In other words, V(G') = V(G) U
{v'} and E(G") = E(G) U {(v,v")}. Then G' admits a curvature nonnegative on every

vertex except at the vertex v.
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Proof. Without loss of generality, assume v,, = v and let v, ; = v'. Let D’ be the distance

matrix of G’. To show that D’z = 1 has a solution, write

I D u
utO’

where u € R™. Let y be the last column of D, i.e.,

y = lda(vi,vn), ..., dg(vn, vp)]".

Since dg(vi,v,) + 1 = der(vi,vp41) for 1 < i < n, we have u = y + 1. Let e, =

(0,...,0,1)" € R™. Let w = w — se,, where s € R is to be chosen. Then

w Dw — sy + su nl + sl

s zn] zn]

Note that
u' = (y+ 1) (w — se,) = y'w+ 1'w — s =n — s + 1w,

by looking at the last row of Dw = n-1and y, = 0. If we set s = %ltw > ( then

n+ s =n— s+ 1'w. Consequently,

D' = (n+s)l.
s
Define
, n+1|w
w =
n+s | g
We obtain D'w’ = (n+1) - 1.
Since w € R%;, and s > 0, w’ is nonnegative at every vertex except at v,. [

Remark. From the above computations, the curvature at v,, is proportional to

Lol
w, — =||wll|;.
2 1

Similarly, we have a general result for adding an edge between two graphs. See Figure

4.1 for an illustration.
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Figure 4.1: Add an edge between K4 and Cs.

Theorem 4.2 (Bridging two graphs). Assume G, G5 are two connected graphs admitting
nonnegative curvatures wy and ws, respectively. Let v € V(G1),u € V(Gs) be two
vertices, and let G be the graph obtained by adding an edge between v and u. Then G

admits a curvature nonnegative everywhere except at the two vertices u, v.

Proof. Let Dy, Dy, D be the distance matrices of GG, Gy and G, respectively, so that
Diwi = Nn; - 1 for: = 1,2 Write V(Gl) = {U17 ...,Unl} and V(Gg) = {U,l, ...,UnQ}.
Without loss of generality, assume v = v, and © = wu;. Let y be the last column of D,

and z be the first row of D,. Namely,

dG1<vlavn1)
Yy = y L = [dGz(ulvul)"'dG2(u17un2)]'

dG1 (Um ’ Um)

Note that
dg(’Ui,Uj) = dGl(Ui7UTL1) + 1+ dG2(U1,Uj) for 1 S 1 S n1,1 S j S 9.

Namely,
da(vi,uj) =y; + 1+ x; forall 7, 5.

Thus, we can write

I D, yl' + 11" + 1x
1" + 118 + 2'1° Dy

Leta, s € Rtobechosen later. Lete,, = (0,...,0,1)" € R™ande; = (1,0, ...,0)" € R"2.
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Put

awy + Seép,
w =
wa + S€1
Then
an 1 + y1twy + 110w, + 1zw, sy s(y+1)
D’LU = + + ,
alytwy, + all'w; + az'1'w; + nal szt +1) st

since x1 = y,, = 0. Note that y'w; = n; and zw, = ny by looking at the corresponding

rows of D;w; = n; - 1. Thus,

(ang + 1'wq + ng + s)1 + (25 + 1'ws)y

Dw =
(any + ng + altw; + s)1 + (2s + allw; )zt
Put
—lt’wg lt’lUQ
= = > 0.
s 2 ' lt’l,Ul
Since 1'w; > 0, « is well defined. Then 2s = —1'w, = —al'w;. Then we get
¢ lth
Dw = (any + 1wy + ny + s)1 = (ang + ng + 5 ),

which implies that G’ admits a curvature by scaling. We have

tw2

> 0.
2

any +ng +

Therefore, G admits a curvature being nonnegative at every vertex except for at v,,, and

(AR O

We have a similar statement when the graph admits a positive curvature. The proof is the

same as above.

Proposition 4.3. Let G and G5 be two graphs admitting positive curvatures. Let G be
the graph obtained by adding an edge between G and G5. Then G admits a curvature

that is positive at every vertex except at the vertices belonging to the edge.

Remark. By the above computations, the curvature at v,,, and u; are

l[wal|1(n1 + o)

n||wa| |1 + nef|wi || + %||w1||1||w2||1

() — llnll)
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Figure 4.2: The 5-barbell graph.

and
w1 |1 (n1 + o)

n||we| |1 + naf|wi ||y + %||w1||1||w2||1

(w2~ 3 lhull)

respectively.

It is possible for the vertices being bridged to have negative curvatures. Consider two

copies of the 3-cycle ('3, and connect them by an edge. It has a unique curvature

12 12 -6 —6 12 12
w=(—,— —,—,—, — ).

117117117 117117 11
It remains unclear whether the two vertices belonging to the bridge always have negative
curvatures. We do not know if there are graphs with positive curvature w such that w; >

1|Jwl|; for some .

Remark. Following the proof in the above theorem, as long as G, G5 admit curvatures
and 1%wy # 0 (so that « is well-defined), then the resulting graph G admits a curvature. It

is unclear whether a graph that admits a curvature w implies 1w # 0.

Example. By adding an edge between two copies of K,,, we get the n-barbell graph. See
Figure 4.2. Since K, has a constant curvature K = —*5 > 0, and a = 1, the n-barbell
graph admits a curvature that is constant and positive everywhere except at the vertices

belonging to the bridge.
We have the following corollary by following the proof in the above theorem.

Corollary 4.4. Assume G admits a constant curvature K > 0, and let G' be two copies of

(2—n)2K

4+K <0

G with an edge connecting them. Then G' admits a curvature whose value is
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Figure 4.3: Merging K, and Cj at one vertex.

AK (0 at all the other vertices.

at the vertices belonging to the edge and -

We next show that non-negative curvature stays preserved when we merge two graphs at
a vertex, that is, add an edge between two graphs then perform an edge contraction on this

edge. See Figure 4.3.

Theorem 4.5 (Merging two graphs at a vertex). Let G, G5 be graphs admitting nonneg-
ative curvatures. Let G be the graph obtained by merging a vertex v in G| and a vertex
u in Go. Then G admits a curvature nonnegative everywhere except at the vertex that is

merged.

Proof. Write V(G1) = {v1, ..., v, } and V(Gs) = {uy, ..., u,, }. Without loss of general-
ity, assume that the vertices that are merged are v,,, and u;. Let D; be the distance matrix
of G; with Dyw = ny-1and Dyg = no - 1. Let D be the distance matrix of G. Let y € R™
be the last column of D; and # € R™~! be the first row of D, without the first entry.
Namely,

dg, (v1,v,,)

Y= : = [dg, (U1, ug) - - dg, (ug, up,)).

de,(Vny s Uny)
Let § = (g2, ..., 9n, ), and Dy be the matrix obtained by removing the first column and the
first row of D5. Thus,
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The equation Dyg = n, - 1 gives Do§ = nyl — g12! and £ = n,. Note that

da(vi, uj) = da, (Vi, Un,) + day (w1, uy) = ys + 251

forall 1 <i <njand2 < j < ny. Also, we have
de(vi,vj) = da, (vi, v))

da(ui, uz) = da, (u, uy)

for all 7, j. Thus, we can write

D, ylt + 1z
1yt + 21t D,

D=

Let a, s € R be chosen later. Define

ow 0,,

w = + +(s+g1)en, € R”1+”2_1,

011271 g

where e, € R™*"271 s the n;-th coordinate vector. Then

ang1 yl'g + 129

Du' = + +(s+ag1)

aly'w + az'1'w nel — gt

(anqg + xg)1 N (1'g+s+aq1)y

(ay'w + ny)1 (al'w + )zt

c R(nl—i-ng—l) ><(n1+n2—1)

Note that g = no and y'w = ny. Also, G; admits a nonnegative curvature implies

1w > 0. Set

s=-gq—1'g=-1yg

—s 1y

T 1w 1w
Then Dw' = (an; + ny)1. Thus, we have

ny+ny—1
D(————— = — 1)1
( p—— w') = (ny + ng ),

and G admits a curvature. Since w € R and g € R}, we have o > 0. Thus, by the
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construction, G admits a curvature that is nonnegative everywhere except at the vertex

U, - [
Remark. By the computations above, the curvature at v, is

gl (w)ny = [lwllalgl]s
[lglfiny + [[w[[ins

: (Tll + Ng — 1)

We have a version when the graph admits a positive curvature. The proof'is same as above.

Proposition 4.6. Let G, Gy be two graphs admitting positive curvatures. Let G be the
graph obtained by merging G and G4 at a vertex. Then G admits a curvature positive

everywhere except at this vertex.

If a graph contains a bridge that admits a nonnegative curvature, then after removing the
bridge from the graph, the two connected components also have nonnegative curvatures.
To give an intuition of the proof, we first consider the simple case when there is a pendant

vertex.

Proposition 4.7 (Removing a pendant vertex.). Let G be a connected graph and suppose
there is a vertex v with degree 1. Let G' = G\ {v}. If G admits a nonnegative curvature
then G'" admits a nonnegative curvature. If G admits a constant curvature then G' admits

a constant curvature except at one vertex.

Proof. Assume v = v,,. Let D be the distance matrix of G, and w be its curvature. Thus,
Dw = n - 1. Let D’ be the distance matrix of G’. Then D’ is the matrix obtained by

removing the last row and the last column of D. Write

Let y be the last column of D', i.e.,
Yy = [d(vh vn71>7 ) d(vnfh Unfl)}t-

Thenu =y + 1. Let

w = (w17 ) wn71>t7
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en1=(0,...,0,1)" € R"
w=w+ Wn€n—1,

where w; is the ith entry of w. Then Dw = n -1 implies D'w + w,u = n - Land u‘w =n.
Thus,

D' = D'w + D'(wpen_1) = nl — wyu + wpy = (n— wy,)1.

Note that Dw = nl and w € R" implies w,, < n. Put

o(n—1
1)
n — w,
We get D'’ = (n — 1)1 and w’ € RZ;".
Ifw = K > 0, then w’ is constant everywhere except possibly at vertex v,, 1. [

We now consider the general case when we remove a bridge from a graph.

Proposition 4.8 (Removing a bridge from a graph). Let G be a connected graph con-
taining a bridge e. Let G, Gy be the two connected components obtained by removing e
from G. If G admits a nonnegative curvature, then G; admits a nonnegative curvature
for i = 1,2, If G admits a constant curvature, then G; admits a constant curvature for

1 = 1,2 except at the vertices belonging to e.

Proof. Let D; be the distance matrix of G; for i = 1,2 and V(Gy) = {v1,...,0n, },

V(Gq) = {uq, ..., upn, }. Assume that e = {v,,,, u1 } without loss of generality. Write

wy
Dw = (n1 + ng)l,w =

Wa

where w; € RYj. Let y be the last column of D; and let = be the first row of Dy, as in the

proof of Theorem 4.2. Then

H D, ylt + 11" + 12
1yt + 110 + 21t D,

Since Dw = (n; + n2)1, we get

D1w1 + yltwg + llth + ll’wg = (n1 + ng)l
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1y'w; + 11w, + 21wy + Dyws = (ng + no)1.
Furthermore, by looking at the n,-th and the n; + 1-th rows of Dw = (n;+n2)1, we have

y'w, + (z + 1wy = ny + ny

(14 y)wy + zwy = ny + 1y
Define
w, = wy + ltwgenl
Wy = Wy + ltwlel.

Then

Dlwl = D1w1 -+ ltwgy = (n1 + ng — ltw2 — l’wg)l = ytwll
Doty = Dowy + 1wzt = (ny + ny — y'w; — 1'wi)1 = (zwy)1.

Since w; € RY, are nonnegative curvatures for i = 1,2, we have y'w;, zw, > 0. Consider

/ wn
wl — L
Yy wn
r_ Wa
w2 —_— n27
TWy

then D;w! = n; for i = 1, 2. Thus, GG; admits a nonnegative curvature for i = 1, 2.

If both wy, wy are constant, then by construction, w} is constant everywhere except at

vertex v, and wy is constant everywhere except at vertex . ]

4.2 The Null Space of Graph Distance Matrix

In this section, we study the null space of the graph distance matrix after we connect two

nonnegatively curved graphs via an edge. We first need a lemma.

Lemma 4.9. If G admits a nonnegative curvature w € R%, and Dg = 1, then 1tg > 0.

Proof. Since G admits a nonnegative curvature, Dw = n - 1. If the null space of D is

empty, then g = 2w € R%. Therefore, 1°g > 0. Otherwise, let z1, ..., z, € null(D). Then
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we can write g =  + ¢121 + - - - + ¢,2; for some coefficients ¢;. Thus,
1'g = 112+ ellz) + -+ opllzy = G 0,
n n
where we used the fact that 1 € Im(D) = null(D)*. O

Proposition 4.10. Let G|, Gy be two nonnegatively curved graphs, and let G be the
graph obtained by adding an edge between a vertex in GGy and another vertex in Go. Let

D, Dy, Dy be the distance matrices of G, G, G, respectively. Then we have
null(D) = null(D;) & null(D,)

and

dim(null(D)) = dim(null(D;)) 4+ dim(null(Ds)),

where we canonically embed null(D;) C R™ into R™ "2, Note this implies

rank(D) = rank(D;) + rank(Ds).

Proof. As in the proof of Theorem 4.2, we write

D, yl' + 11" + 12
1yt + 11 + 21t D,

D=

where y is the last column of D;, and z is the first row of D,. Since G; and G4 are
nonnegatively curved, 1 € Im(D;) = null(D;)~. This implies 1 is perpendicular to
null(D;). In addition, by Theorem 4.2, G admits a curvature. This implies 1 € Im(D) =

u
null(D)+. If Dyu = 0 then we have D = 0, since y'u = 1'u = 0. If Dyv = 0,

0,,
then D | | = 0, since 1'v = zv = 0. Therefore if Uy, ..Uk, is a basis of null(D;) and
v
U1, ..., Uk, 18 a basis of null(Ds), then
(51 Uy 0., 0,
0n2 0712 U1 Ukz

is linearly independent in null(D). Thus, dimnull(D) > k; + ke = dimnull(D;) +
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u
dimnull(Dy). On the other hand, if € null D, then we have
(%

0,, =Dyu+ y1'v + 1zv + 11%

0,, = 1y'u + 2'1'u + 11'u + Dyv
0=1'
By looking at the n,-th row of the first equation and using y,,, = 0, we get
0=y'u+ v+ 1.
The first row of the second equation and x; = 0 give
0 = y'u + 1'u + zv.

Combining these with the third equation, we conclude that

1'u = 1'v = 0.
Therefore, we get

Diu = —zvl

Dyv = —ytul.

Suppose that zv # 0. Since G; admits a nonnegative curvature, by Lemma 4.9, we have
0< lt%m = 0, a contradiction. Thus, zv = 0 and D,u = 0. Similarly, we have Dyv = 0.

Therefore, v € null D; and v € null Dy. We can thus write © = cjuy + - - - + cxug, and

v = dyvy + - - - + dy, Uk, Where ¢; and d; are not all zeroes. This means that

u Ui ukl 0”1
= oy +dy + o+ dy,
(% 0n2 077,2 Ul UkZ

ni
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form a basis of null D. This implies dim(null D) = dim null D; + dim null D5, as desired.
[

4.3 New Proof of Invariance of Total Curvature

In this section, we provide an elementary linear algebraic proof of Theorem 3.4, without

using von Neumann’s Minimax Theorem.

Theorem 4.11 (Invariance of Total Curvature, [27]). Suppose G is a connected graph and

there are wy, wy € R so that Dwy = Dwy = n - 1. Then ||lwi|[n = [|wa][p.

New Proof. Since Dw; = n -1, we have 1 € Im(D) = (null(D?))* = (null(D))*+.
Since D(w; — wq) = 0, we have (wy — wo, 1) = 0. Thus, ||w:||p = (w1, 1) = (we, 1) =

||U]2Hll. O]

Remark. Suppose we only know the graph admits curvature, that is, Dw; = Dws =n -1
for wy, wy, € R™ that possibly have negative entries. The above proof implies that 1'w; =

ltwg.

4.4 Nonexistence of Curvature

Recall that in Section 3.4, there seem to be much fewer graphs that the equation Dz = 1
does not have a solution. Figure 4.4 are four such graphs. In these cases, the curvature
is defined as D'(n - 1), where DT is the pseudo-inverse of D. We discover the following
theorem, which provides a way to create infinitely many graphs that Dz = 1 does not

have a solution.

Theorem 4.12. Let G| and Gy be two connected graphs so that for D;x = 1 does not
have a solution for i = 1,2, where D; is the distance matrix of G;. Let G be the graph
obtained by adding an edge between G| and G4 then perform an edge contraction on this

edge. Then Dx = 1 does not have a solution, where D is the distance matrix of G.

Proof. As in the proof of Theorem 4.5, without loss of generality, we assume that the last

vertex of Gy is merged with the first vertex of G5 in G.
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Note that Dy = n; - 1 has no solution is equivalent to 1 ¢ (null(D;))* = Itn(D;), which
is equivalent to the condition that there is u € null(D;) with (u, 1) # 0. Similarly, we can
find a vector v € null(Dy) with (v,1) # 0. Our goal is to find a vector z € null(D) so
that (z,1) # 0.

Consider the vector

u 0,,
Z=a + + (s 4 v1)en,,

0n2,1 (%

where 0 = (vg, ..., Up,), €y, is the ni-th coordinate vector, and s € R is to be chosen. As
in the proof of Theorem 4.5, let 4y € R™ be the last column of D; and € R™2~! be the

first row of D, without the first entry. Write

t
D_ D, yl* +1n c R(ni+n2=1)x(n1+n2—1)

1yt + n'1t D,

I

where
0 n
7]t D2

DQI

Then Dyv = 0 implies 7o = 0 and Dy + n'v; = 0,,,_1. Therefore,

0, yl'o
Dz = + + (s +v1)
alylu + anf1tu —vnt nt

Note that Dyu = 0,,, gives y'u = 0. Thus,

1'v +s
o | ¢ )y

(T'ua + s)n'
Sets = —1'vand o = }:—Z Note that « is well defined since 1'u # 0. Then
Dz = 0n1+n2—1'

In addition, we have

(2,1) = al'u + 1"v + s = 1'v #£ 0.

Therefore,

1 ¢ (null(D))* = Im(D)
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implies that Dx = 1 does not have a solution. 0

Example. The graph obtained by merging K7 ;4 and the Quartic-(11; 18) graph at a

vertex has no solution to Dz = 1. See Figure 4.5.

4.5 Further Remarks

To explain why for most graphs, the linear system of equations Dx = n - 1 tends to have
a solution, we consider the Erdds-Rényi random graph. The Erdos-Rényi random graph
G(n,p) on n vertices is the graph that the vertices v; and v; are adjacent with probability
p. If p is a constant, then with high probability, the random graph G(n, p) has diameter 2,
[31, Theorem 8.5.18]. Note that if a graph G has diameter 2, then its distance matrix has

entries d;; = 1 if v; 1s adjacent to v;, and d;; = 2 otherwise. Thus, there is a connection

(a) The multipartite graph K7 11,13 (b) The multipartite graph K1 11 4.

(c) The Quartic-(11, 18) graph. (d) The Cubic-(14, 52) graph.
Figure 4.4: Four graphs that Dz = 1 has no solution.
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Figure 4.5: Merging K ;1 4 and Quartic-(11, 18) at a vertex, the resulting graph has no
solution to Dz = 1.

between the distance matrix D and the adjacency matrix A, that is,
D=2J,—A-2I, (4.5.1)

where .J,, is the all-one matrix, and 7,, is the identity matrix.

We use Matlab to generate Erdos-Rényi random graphs G(n, p), withn = 50 and p = 1/2.
We generate 10000 random graphs and find that for every graph we generate, both the
adjacency matrix and the distance matrix have full rank. This suggests the following

conjecture.

Conjecture. If p is constant, then with high probability, the distance matrix of G(n, p) is

nonsingular.

If this is true, then it can be used to explain why for most graphs, Dz = 1 tends to have a

solution.

Let (), be a random symmetric matrix of size n whose upper triangular entries ¢;;(1 < ¢ <
j < n) are independent Bernoulli random variables. We can view (),, as the adjacency
matrix of G(n, 1/2) if self-loops are allowed. Costello, Tao, and Vu showed the probabil-
ity that @), is singular is O(n~'/3+%) for any constant § > 0 in [7]. In other words, with
probability 1, the matrix (), is invertible as n — oo. Can we use this result and equation
4.5.1 to show that with probability 1, the distance matrix D of G(n, 1/2) is invertible as

n — 0o?
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Chapter 5 The Perron Eigenvector of
Graph Distance Matrix

Recall in Section 3.4, we presented a sufficient condition for the equation Dx = n - 1
to have a solution. This condition requires (v, 1) to be close to \/n, where v denotes the
normalized Perron eigenvector of the distance matrix. In this chapter, we further explore
the term (v, 1) by providing its lower bound. The first section gives an introduction to
the Perron-Frobenius theorem, which states that the first eigenvector of graph distance
matrices can be chosen to have positive entries. In the second section, a lower bound
of (v, 1) given in [20] is introduced. The third and fourth sections are original results.
We provide lower bounds for (v, 1) when the graph is a tree or antipodal and explore the
minimum entry of v when the graph has a universal vertex. Further remarks are provided

in the final section.

5.1 Background: The Perron-Frobenius Theorem

The Perron-Frobenius theorem was proved by Oskar Perron in 1907 [23]. This theorem
guarantees the existence of a positive eigenvalue of a positive matrix and guarantees that
the corresponding eigenvector has positive entries. Georg Frobenius generalized this the-

orem for nonnegative matrices in 1912 [11].

Recall that the distance matrix of a graph is a real, nonnegative, and symmetric matrix.
Therefore, its eigenvalues are real numbers. The following theorem is a special version
of the Perron-Frobenius theorem for distance matrices. Readers interested in the Perron-

Frobenius theory can consult [ 16, Chapter 8].

Theorem 5.1 (Perron-Frobenius Theorem for Graph Distance Matrix). Let D = (d,;) be
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a graph distance matrix so that d;; > 0 for i # j and d;; = 0 for all i. Let X be'its largest
eigenvalue. Then \ > 0, and there is an eigenvector (x;) corresponding to X with positive

entries.

The largest eigenvalue A > 0 of D is called the Perron root, and the corresponding eigen-

vector x with positive entries is called the Perron eigenvector.

We modify the proof in [21], in which Ninio proves a version of this theorem for positive

symmetric matrices.

Proof. By the spectral theorem, we can diagonalize D = QAQ?, where A is areal diagonal
matrix and () is an orthogonal matrix. Since the trace of D is 0 and D # 0, there is a largest

positive eigenvalue. Thus A > 0. Suppose Du = Au and ||u||; = 1. Then

Au; = Zdijuj fort=1,...,n.
J

Set z; = [u;| > 0. Then |[z|[> = 1. Recall that A = sup,,._;(Dv, v). Then
0< A= Zdijuiuj = |ZdzguzU]’ < ZdiinIj <A
1,3 (% ij

Since the equality holds, we have A\ = (Dz, z) with ||z||; = 1. Note that we have Dz =
Az. Indeed, consider the problem of maximizing R(v) = (Dv,v) subject to the constraint
|[v]] = 1. Then x is an extremum. Let £(v,n) = (Dv,v) — n(||v||> — 1) be a Lagrange
multiplier. We have

0=V,L(v,n)|p=e = 2(Dx — )

implies Dz = nx. Therefore, A = (Dx, z) = n{x,z) = n implies Dx = Az. Thus,
)\IEZ‘ = Z dijxj
J
for all 7. Suppose that there is some ¢ with x; = 0. We have

0= Z dijxj
J#i
Since d;; > 0 and x; > 0 for all j # 4, we get x; = 0 for all j # 7. This implies v = 0, a

contradiction.
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Thus, all entries in x are positive. 0

Remark. We can also use Perron’s theorem to show the above special case. Perron’s the-
orem states that if M is a positive matrix then its largest eigenvalue is positive (in fact;
equal to its spectral radius) and the corresponding eigenvector can be chosen to have pos-
itive entries ([ 16, Theorem 8.2.8]). Let A be the largest eigenvalue of D. Note that D + [
is a positive matrix whose largest eigenvalue is A + 1. By Perron’s Theorem, there is a
positive eigenvector x so that (D + 1)z = (A+1)z. Then Dz = Az implies x is a positive

eigenvector of D corresponding to \.

We have a bound for the Perron root of graph distance matrices.

Lemma 5.2 ([9, 33]). Let D be the distance matrix of a graph G and \ be its largest pos-
itive eigenvalue. Let Dy, D oy be the smallest and largest row sum of D, respectively.

Then

Dma:ﬂZ)\thDmmzn_l
n

Proof. We have

ItDJI > ltDl . ZiJ Dz

J
stz T 111 2 Dinin 21 = 1.

A = max

On the other hand, let = be the eigenvector with positive entries corresponding to A, as
guaranteed in the Perron-Frobenius theorem. Let ¢ be the index of the maximum entries

of z, that is, x; > x; for every j. Then

n n
)\.%i = ZDUZ’]‘ S .CL'@ZDU
j=1 j=1

Since z; > 0, we can eliminate it and get

A S iDU S Dma:r-

j=1
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5.2 'The Perron Eigenvector and the Constant Vector

In his paper [26], Steinerberger found that for most graphs in the Mathematica 12 database;
the Perron eigenvector v of the distance matrix seems to be parallel to the constant vector,

in the sense that (v, f> is close to 1. He raised the following problem.

Problem. Let GG be a connected graph with n vertices. Let D be its distance matrix and v
be the Perron eigenvector of D. It seems that | (v, f>| is close to 1 for most graphs. Can

we quantify this or make this precise?
The following theorem provides a lower bound of (v, 1)2.

Theorem 5.3 (Proposition 2, [26]). Let D € R™ ™ be the distance matrix of a graph
G. Let \ be the Perron root of D and let v € RY be the Perron eigenvector of D with
l|v]|2 = 1. Then

and

Proof. Fix k. Then

(Dv,v) Z dijvv; < Z ik + di;)viv;

i,7=1 i,7=1
n n
=2 E (% E d]ﬂl]z
j=1 =1

We have
Z diiv; = Ay,
i=1

by looking at the k-th row of Dv = Av. Thus,
0< A< 2\ (v,1).

Therefore,

(5.2.1)
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By the Cauchy-Schwarz inequality, we get

1 1
(e = :
200l -1l 2v/n

By taking the minimum overall %k, we get the first bound. On the other hand, if we sum

over 1 < k < ninequation 5.2.1 we obtain

(v,1) >

2 (v, 1)’

which implies (v,1)? > n/2. The bound (v,1)? < n follows by the Cauchy-Schwarz

inequality. ]

Remark. By more careful and similar arguments, the second bound can be slightly im-

proved:
n—1

A

@szg+

Proof. Fix k. Then

A= i dijvivj

i,j=1

= Z dz‘j’Uin
i#£]

< Z(dzk + dyj )viv;
1#]

= Z(dm + dkj>Uin - Z dikZU?.
1,3 1=1

Thus, i
A+2 Z dipv? < 2(v, 1) Avy,.
i=1
Note that .
ZdikU? = Zdz‘kvf > va = ||v||? —vi=1-v}
i=1 itk i#k
Thus, we get

A+ 2 — 207 <2(v, 1) M. (5.2.2)

Sum over k and use the fact that ||v||3 = 1 we get

nA+2n — 2 < 2(v, 1)2\
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and thus,

@

Vertex-transitive graphs. Recall from the proof of Theorem 3.1, a vertex-transitive
graph, such as the cycle, has the property that the sums of each row of its distance matrix
are equal. Therefore, together with the bound in Lemma 5.2, we have D1 = A1, that is,

v := 1 is a Perron eigenvector, and ) is the Perron root of D. Then ( 1)2 =n.

_v_
[[v]l2”

5.3 Special Cases: Trees and Antipodal Graphs

We consider the special case when the graph is a tree. We provide a lower bound of (v, 1)?

involving the number of leaves.
Proposition 5.4. Let T be a tree with n vertices and l leaves. Let D be its distance matrix,
A be its Perron root, and v be its Perron eigenvector with ||v||;2 = 1. Then

n A n—1_1—1
1)2 > — .
(v, 1) >2(/\—l+2)+/\—l+2

Proof. LetV = {uy,...,u,} be the vertices of T. Let L. C V be the leaves of T. Fix k.
Let u, € L be a leaf. Note that if 7, 7 # k then

dij < dig + dpj — 2.

To see this, assume that u,, is adjacent to wy. Then d;, = djpy + 1,d;;, = djiy + 1. Thus,

dij < d;y + djk’ =d;. + djk — 2. Then we have

A= E Uivjdij
i?j

S Z Uﬂ)j (dzk‘ —f- dkj — 2) + 2 Z vivkdik + v]zdkk
i,j7#k i#k
=2((v,1) — vp) vy, — 2({v, 1) — v)? + 2\07}

= 2\ +4)vp(v, 1) — 2(v,1)* — 207,
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By summing k over all leaves, we get

NS @A), 1) Y o =20, 1)°1-2 ) v}, (53.3)

k:up€L k:u€L
If uy, 1s not a leaf then d;; < d;i, + dj;. By equation 5.2.2, we get
A < 2(v, 1) Ay, + 207 — 2.
Summing k over all non-leaves we get,

An =0 <20, DX Y v +2 > v —2n—1). (5.3.4)

kup &L kup &L

Thus, adding equations 5.3.3 and 5.3.4, we get

A< (23 =20 (0, 1)+ 400, 1) Y e +2( Y i — > vf) —2n—1).

kiugp€L kup &L kugp €L
Since
§ 2 § 2 E 2 § 2
kiup &L kug €L kiup L kug€L
E Vg < <U7 1>7
kug€eL
we get

A< (2A =20 +4) (v, 1) +2 —2(n —1).
By Lemma 5.2, we have A > n — 1. Note that | < n — 1 since 7' is a tree. Therefore, the

term A\ — [ + 2 is positive. Thus,

L A n—I_1—1
W) > T) T

]

Example. The star graph with n vertices is the graph S,, = (V, E'), where V' = {uy, ..., u, }, E =
{(uj,up) : 1 <i<mn—1} ByLemma5.2,

Zi,j dij . Q(n — 1)2

n n

n—2>A>
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Figure 5.1: The star graph with 8 vertices

There are [ = n — 1 leaves in .S,,. Thus, the bound above gives

(n—1)?
n+1

(v,1)* >

~n

when n is sufficiently large.

We have the following lower bound of (v, 1) in terms of the diameter of the graph and the

Perron root of the distance matrix.

Proposition 5.5. Let G be a connected graph, A > 0 be the Perron root of the distance

matrix D, and v be the Perron eigenvector. Then

A 2
mg@,l} )

Proof. The idea is similar to the arguments above. However, we will bound d,; by diam(G)

this time. We have

A= Z dz‘jUz'Uj
1]
< diam(G) Y v
1,

= diam(G) (v, 1)%.

Thus, we have

We consider the case when the graph is antipodal. See Chapter 2 for its definition and
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properties. Though the following bounds of (v, 1)? is not better than the bound above, its

proof may be helpful for future improvements.
Proposition 5.6. Let G be a connected antipodal graph. Let \ be the largest eigenvalue
of the distance matrix D and v be the Perron eigenvector with ||v||s = 1. Then

A
diam G

2
<)< diam G~

Proof. Since the graph is antipodal, for each v; € V, we have d(v;,v;) = d(v;,v;) —
d(Uj, '172) Thus,

A= Zdijvivj
_ZUZZ u_ 'i j

= Z vidi (v, 1) — U4 Z djv;
=1 =1 j=
= Z v; diam G (v Z Vi AU;
= diam G (v - A Z V5,
where we use the fact that d; = diam(G) from Lemma 2.2. Denote v = (vg,...,Us).
Since - is an automorphism (Lemma 2.2), we get ||0|| = ||v|| = 1. Applying the bounds

1
0< va < [oll3|[oll} =

we get the desired result. [

Example. The cycle graph C5,, with 2n vertices has diameter n and the Perron root of its

distance matrix is n2. Thus, we get

;
Mo <par<om=m
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5.4 Minimum Entries of the Perron eigenvector

We next study the entries of the Perron eigenvector of graph distance matrices. Ruzieh
and Powers showed that for a tree, the minimum value among the entries of the Perron
eigenvector cannot occur at a leaf [24]. Inspired by the techniques in their proof, we have

the following proposition.

Proposition 5.7. Suppose that the graph G has a vertex v,, with degreen — 1. Let D be
the distance matrix, \ be its Perron root, and x be the Perron eigenvector with all positive

entries. Then x, = min{z; : 1 <i < n}.

In other words, if a graph has a universal vertex, then the minimum among all entries of

the Perron eigenvector occurs at this vertex.

Proof. Note that d;,, = 1 for i # n. Then Dz = \x gives
n—1 n—1
Ax, = ij = ij + z;.
j=1 j#i

and

n n—1
/\l’i = Zdijxj = Zdijl’j + Tn

J# J#i

fori =1,...,n — 1. Thus, for ¢ # n, we have

n—1
M= 20) = 2 — 2+ Y _(dij — 1)1

i
which implies
n—1
A+ (s — ) = Y (dij — D)z > 0
J#
Thus, z; > x,, for all <. ]

Remark. If deg(v;) < n — 1, then there is a vertex v; nonadjacent to v;. This indicates
d;; > 1. Therefore, by the last inequality in the proof above, x; > z,,. On the other hand,
if deg(v;) = n — 1, then d;; = 1 for all j implies that z; = z,,.

Remark. It is in general not true that the minimum among the entries of the Perron eigen-

vector occurs at the vertex with the maximum degree. Figure 5.2 is a counterexample.
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Figure 5.2: The minimum entry of the Perron eigenvector of the graph distance matrix
does not occur at the vertex with maximum degree.

Vertex 1 has the maximum degree. However, a numerical computation shows that the

minimum entry of the Perron eigenvector occurs at vertex 3.

5.5 Further Remarks

The Davis-Kahan theorem may be helpful in improving the lower bound of (v, 1).

Theorem 5.8 (Corollary 3, [32]). Let D, T € R"™" be symmetric. Let \1, Ao be the largest
and the second largest eigenvalues of D. Let 1, be the largest eigenvalue of T. Assume

that \y > Xo. If Dv = A\jv and T'uw = nyu. Then

_ 2D =Tl

sinf(v,u) < o
2 — A1

Let D be the distance matrix of a graph and v be its Perron eigenvector with ||v||; = 1.
To show that (v, Lﬂ) is close to 1, that is, the angle between v and \/Lﬁ is small, we shall
find a symmetric matrix 7' to approximate D), so that 1 is the first eigenvector of 7" and

the operator norm of D — 7' is as small as possible.

For example, let a; = E?:l D;; be the sum of the ¢-th row of D, and let 1 = ZTa be the

average of the sums of rows. Take T;; = D;; ifi # j, and T}; = ;1 — a;. We have
T1 = pul.

By [16, Theorem 8.3.4], 1 is the Perron root of 7" and 1 is a Perron eigenvector. Therefore,

we get

2 i | —
sinf(v,1) < mi: ‘_a)\l ,u|

Another question is how the Perron root and the Perron eigenvector behave when we add
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an edge between two graphs.
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