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Abstract

Stochastic Chemical Reaction Networks(CRNs) are widely used to describe how
molecules interact with each other by scientists. CRNs can be viewed as a language for
describing the reaction between molecules. If the CRNs can compute the function f, so
do the molecules in nature. We assume that the rate of each reaction is one because it
doesn’t affect the output under the stable computation. In this thesis, we only consider
one special type of CRNs called output oblivious CRN. These CRNs can concatenate to
other CRNs directly. Chugg et al. [3] first define the CRN whose output species never
being a reactant of reaction in CRN as output oblivious CRN. They have characterized all
functions f : N2 — N which can be stably computed by output oblivious CRNs with
a leader. However, the CRNs they designed may require an extremely long time to con-
verge to the correct output. We modify the original reactions and reduce the time needed

for output oblivious CRN from O(N") to O(N log N).

Keywords: Molecular Computation, Chemical Reaction Network, output oblivious
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Chapter 1 Introdution

Stochastic Chemical Reaction Networks(CRNs) are a system of reactions involv-
ing chemical species. CRNs are described as finite sets of chemical reactions such as
A+ B+ C — D. Stochastic Chemical Reaction Networks are widely used to describe
how molecules interact with each other by scientists. Molecules interact with a stochastic

process in reality, so we study the computational power of the stochastic CRNs.

Soloveichik et al. [6] designed an implementation that finds a set of DNA molecules
corresponding to the species of any arbitrary set of reactions. That is, CRNs can be viewed
as a language for describing the reaction between molecules. If the CRNs can compute the
function f, so do the molecules in nature. The model is described as a continuous time,
discrete state, Markov process [2, 7, 10]. A configuration represents the integer count of
the species. A reaction can occur only when the current configuration has enough count

of each species.

CRNs can be used to perform various computations, but we only focus on function
computation in this thesis. We only consider the type of computation that the input of a
function is represented by the number of specific species, and the output of the function
is also represented by the number of specific species [3, &, 11]. For instance, the CRN,

X — 2V, stably compute the function fi(z) = 2z. X is the input species and Y is
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the output species. Population Protocols [1, 4] are closely related to thiscemputation,
but the number of reactants and products are two in Population Protocols.| These models
can simulate Turing machines with a small probability of error. In order to:have a.stable
computation (i.e., without any error), the ability of computation has been affected. Angluin
et al. [5] show that the class of semilinear predicates can be stably computed in population
protocols. Chen et al. [9] show that the function can be computed by CRN if and only if

it 1s a semilinear function.

In this thesis, we assume that the rate of each reaction is 1, because it is difficult for
the implementation from [6] to precisely control the rate of the reactions. The second point
is that we focus on functions that can be stably computed by CRNs. The rate of reactions
in the stable computation only affects the execution sequence, not the output. Thus, we

don’t care about the rate of reactions.

We can sometimes concatenate two CRNs directly without any error, but sometimes
not. We will show two examples for the two cases. We have two CRNs, X — 2Y
computes fi(z) = 2z, and Y — 3Z compute fo(z) = 3x. If we want to compute the
function f = fa(f1(x)), we can directly concatenate the two CRNs without any error. We
give another two systems which can’t concatenate directly. The first system begins with
n copies of X and a leader L. The first CRN has two reactions, X — Y andY + L — (.
The second CRN has one reaction, Y — 27. The first CRN produces n — 1 output species
Y. If the second CRN consumes the output of the first CRN before it is eliminated, then
we will get a wrong answer like 2n instead of 2n — 2. We don’t know what time the first

CRN eliminates the Y. Thus, composability is an important issue for CRNs.

In this thesis, we only consider one special type of CRNs called output oblivious
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CRN. These CRNs can concatenate to other CRNs directly. Chugg et al. [¥] first'define the
CRN whose output species never being a reactant of reaction in CRN as output oblivious
CRN. Output oblivious CRN can be the upstream CRN of other CRNs or concatenate
to other output oblivious CRN directly without any error. Meanwhile, they specify all
functions f : N2 — N, which can be stably computed by output oblivious CRN with
a leader. They also left an open problem about the time complexity of output oblivious
CRNs. This motivates us to study the work in this thesis. Severson et al. [11] specify
all functions f : N¢ — N can be stably computed by output oblivious CRN with a
leader. Hashemi et al. [8] specify all functions f : N — N can be stably computed by
output oblivious CRN without a leader. The future work for us is to deal with these two

conditions.

Our work : we construct new reactions to replace the original reactions in [3], which
are not single-molecular or bi-molecular reactions and are very slow. Meanwhile, we
make sure that the racing conditions between different reactions do not affect the speed
of computation. We have a big improvement compared to the speed of original reactions
in [3]. We reduce the time from O(N") to O(NN log N). Chen et al. [9] imply that it is
always possible to reach a state (speed fault), which needs (V) time to finish, during the
process of the computation. Hence, maybe the optimal speed of output oblivious CRN

could be §(N).

In chapter 2, we provide some definitions and background knowledge. In chapter 3,
we list all the constrictions that come from [3] and explain every single chemical reaction
network. This helps us to design new reactions that have the same function as the original
reactions. In chapter 4, we modify the reaction with many reactants to single-molecular

or bi-molecular reactions because it could be the speed bottleneck.
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Chapter 2 Preliminaries

In this chapter, we provide some definitions and background knowledge. We use the
same notation and definition defined in [3]. The definitions are stated again in this chapter.
A chemical reaction network (CRN) is defined as a pair C = (S, R). S = {51, 52, ..., S }
is the finite set of species and R is the finite set of reactions. A reaction is defined as a
pair (R,P) € N™ x N™. R specifies the counts of consumed species that the reaction
need. P specifies the counts of product species that the reaction produces. For instance,
let S = {X,Y} and the pair = ((1, 1), (2,2)). The reaction consumes one copy of X and
one copy of Y, then produces two copies of X and two copies of Y. We also describe this

as X +Y — 2X 4+ 2Y.

A configuration c¢ specifies the count of all species s € S. When any reactionr € R
occurs, ¢ changes. We defined a reaction is applicable if the current configuration ¢ > R
which means the number of species 5; of ¢ is greater than or equal to the number of species
S; of R, 1 <4 < m. The new configuration ¢ = ¢ — R + P when a reaction occurs. We
say ¢ is reachable from ¢. Moreover, we say a configuration d is reachable from c if there

exists a execution sequence ¢ — ¢; — ... — d.

Let the f : N' — N be a function and the input n = (ny,7ns,...,n;). The com-

putation starts at an initial configuration ¢y which only has n; copies of X;, 1 < i < [,
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and a leader L. To compute the function, the CRN computer with a leaderis defined
as C = (§,R,Z,0,L). S is a finite set of species. R is a finite set of reactions.
T = {X1,Xs,...,X;} and O = {Y'} are the ordered set of input species andwoutput
species, respectively. L is the leader species. A leader is a molecule that is present in
the system initially. A computation is an execution of C from an initial configuration ¢,
to a stable configuration. A configuration c is stable if ¢(Y') = d(Y) where d is all con-
figurations reachable from ¢. ¢(Y') and d(Y") represent the number of output species Y in

configuration ¢ and d respectively.

For all configurations a reachable from ¢y, if there exists a stable configuration a

reachable from a and a'(Y) = f(n), we call this is a stable computation.

definition 1. /f'a CRN never consumes its output species, then we call it output oblivious

CRN.

Here we show two CRNSs for the function f(z1, X3) = max(z, x2) and the function
f(z) = 3x. The CRNs for the function f(n) = f(z1,22) = max(zy, z5) given from [11]
is showing below. Input n = (1, z5) represents we have n; copies of X and n, copies of
X, initially. X, and X, are the input species. Y is the output species. As we can see, Y is
the reactant of reaction 2.4. Thus, the CRN is not an output-oblivious CRN. The function
is computed as z7 + x2 — min(xy, z3). The reaction 2.1 and 2.2 transfers all X; and X,
into Y + Z; and Y + Z; respectively. The reaction 2.3 transfers one copy of Z; and one
copy of Z, into one copy of K. We use K to eliminate the over-produced output Y by

6 doi:10.6342/NTU202300354
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reaction 2.4.

X, =Y+ 27, (2°1)
Xy =Y + Zy, (2.2)
Zi+ 7y = K, (2.3)
K+Y = 0. (2.4)

The CRN for the function f(n) = f(z) = 3z is shown below. Input n = z represents
we have z copies of Y species. In this CRN, Y is the input species, and Z is the output
species. The output species doesn’t be the reactant of any reaction, so the CRN is output

oblivious CRN. The CRN transfers every single Y into 3Z.

Y — 37 (2.5)

Here we start to talk about the composability of CRN. The two CRNs described in

definition 1 stably compute the two functions separately. If we concatenate these two

CRNs together to compute the function f(z1,x5) = w, it may lead to a wrong
answer and not be stable.
For example, we want to compute f(5,4) = % = 1. The up-stream CRN for

the function f(z1,z9) = max(z;,x2) may produce nine copies of Y, five copies of Z;
and four copies of Z,. The downstream CRN for the function f(z) = 3z may consume
the output species Y of the upstream CRN before the over-produced Y's are eliminated.

At this condition, we can obtain the answer 3, which is wrong.

The output-oblivious CRN handles the condition. The downstream CRN can directly

7 doi:10.6342/NTU202300354
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use the output of the upstream CRNs without any error, even if the output of the upsteeam
CRN has not been stable. As the output of the upstream CRN wouldn’t be consumed,
it can be used directly as the input of the downstream CRN. [3] proves that a semilinear
function f : N? — N is stably computable by an output-oblivious CRN with a leader if
and only if it is both increasing and either grid-affine or the minimum of a finite set of

fissure functions.

We define what grid is before defining the grid-affine function.

definition 2. 4 gridis A = {(p,0)a; + (0,q9)as : a; € N} + o where p and q € N and

0 N2

p and ¢ are the periods of the grid. o is the offset of grid. (p,0) and (0, q) are
the base vectors of the grid. Grids could be one-dimensional, two-dimensional, or zero-
dimensional. A one-dimensional grid means either p = 0 or ¢ = 0 on the grid. Precisely,
we can say the grid lacks of one base vector. If p > 0 and ¢ = 0, the grid is a line along
the x-axis with period p. If p = 0 and ¢ > 0, the grid is a line along the y-axis with period
q. Similarly, zero-dimensional gird means the grid lacks of the two base vectors, so we
can view a zero-dimensional grid as a point which is the offset 0. A two-dimensional grid

means the grid has two base vectors.

Next, we define increasing because all functions in this thesis are increasing.

definition 3. Let n; = {x1, Xy, ..., X1} and ny = {ay, a,, ..., a}, A function f : N' — N is

increasing if for all ny > no, then f(ng) > f(ny).

definition 4. An affine function f : N™ — N is defined as below. Let input n =

(21, %, ooy ) € N™, f(m) = D17 ax; wherea; € Q, 1 <1 <m.

8 doi:10.6342/NTU202300354
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definition 5. A4 function is a grid-affine function if and only if f is a combination of affine

functions on grids of period p, for somep € NT.

definition 6. Let G be a two-dimensional grid. o is the offset of the grid. An increasing
semilinear function f : G — N is a partial fissure function if it can be represented as the

following form for allm € G > o.

p

pa(n) Jif pa(n) — pp(n) < -k,
p-i(n) = pam) —d_; ,ifpa(n) —ppn)=—i,1<i<k,

(,0,-(11) = @A(n) - dz ’lfSDA(n> - @B(n) =1,0<1< k’

vp(n) yif pa(n) —pp(n) > k.
where p 4(n) = Ag+A1n1+Asng and pp(n) = By+Bini+Bang. Ao, By, A1, By, Ay
and By are nonnegative. k € NT. We call the line ps(n) — pp(n) = i is fissure line if

—k <1 < k. d; is a nonnegative integer if i is on the fissure line, otherwise d; = 0.

A (complete) fissure function f : N> — N is a combination of partial fissure func-

tions on the grid.

2.1 Kinetic model

The kinetic model is described the same as [9]. The kinetic model defines the time
of a reaction by probability. In this thesis, all reactions have the same rate constants. This
model allows us to study the computational complexity of CRN computation in section 4.
Given a volume v and current configuration ¢. The volume is proportional to the maximum
number of molecules during the process of computation in our thesis [7]. That is, the

density is bounded. The propensity of areactiona : X — ... in configuration ¢ is p(¢,a) =

9 doi:10.6342/NTU202300354
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#X. #X is the number of X. The propensity of a reaction a : X +Y — ., where XY,

; _ O gy s : : =
is p(e,a) = ===, #_ is the number of Y. The propensity of a reactiona :| X4 X =
.., where X # Y, is p(c,a) = %. The time for the reaction oceurs is.inversely

proportional to its propensity in configuration c.

10 doi:10.6342/NTU202300354
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Chapter 3 Construction analysis

In this chapter, we will list all the constrictions below come from [3] and explain
every single chemical reaction network, which will be reconstructed in Section 4. We
have to analyze the following reactions because they may have a race condition, making

it hard to estimate the speed of computation of reactions.

The result from [3] proves that a semilinear function f : N?— N is stably computable
by an output-oblivious CRN with a leader if and only if it is both increasing and either
grid-affine (intuitively, its domains are congruence classes), or the minimum of a finite set
of fissure functions (intuitively, functions behaving like the min function). Hence, three
parts remain to be analyzed in this construction: partial grid-affine function, partial fissure
functions, and combining either partial grid-affine function or partial fissure functions to
a complete function whose domains are completely two-dimensional. It is just a roughly

classified with more detailed chemical reaction networks.

In section 3.1, we will describe CRN which computes the partial grid affine function.
In section 3.2, we will handle the part about the partial fissure function. In section 3.3, we

will describe CRN which combines partial functions into a single function.

11 doi:10.6342/NTU202300354
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3.1 Partial affine function

In this section, we restate reactions of partial grid affine CRNs more derailed.. [7]
proves Lemma 1 by giving a construction and showing it can stably compute any increas-

ing affine function. Because they give the construction, we show the lemma 1 here.

Lemma 1. ([3]/lemma 8) Let G be a grid. Any increasing affine function f: G — N is

output-oblivious.

All affine functions have the form f(n) = ayn; + asns + a, as an example of a
partial increasing affine function where ay,a; € Q" and ag € ), then we explain how to
construct an output oblivious CRNs that computes it. Since all the functions in this paper
are increasing, a;, a; must be greater than or equal to 0. Let G = {(p,0)b; + (0,¢)bs :
b; € N} +oisagrid € N2 (p,0) and (0, q) are base vectors of G. o is offset of G. We
also can view o as the start point of the grid. we will show how the constructions given

from [3] below compute the function:

L+ 01X1 -+ OQXQ — L/ + (G101 “+ a909 + GQ)Y
L' +pX: = L' +apY

L' +qXs — L' + ayqY

On input n = (ny,ns) € G, i.e., we have n; copies of X; and ny copies of X, the
reactions above can correctly produce f(n) copies of Y. There are only three reactions
here to compute the increasing affine function. The first reaction produces the base case
of output which means the input n = (0,0). The second reaction produces Y when p
number of X gets together. Since the base vector of G in the x-axis is (p, 0), it says that

12 doi:10.6342/NTU202300354
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every p X; can execute the second reaction once, then transfer every single<X| into-a;
Y. Similarly, the third reaction transfers every X5 into a; Y when every-¢ number of JX;
gets together. These three reactions will not have any race condition because weshave a
leader L in the first reaction, so the n; copies of X; and ny copies of X, aren’t available
for the second and third reaction until the first reaction occurs. Moreover, the second and
third reactions deal with the X; and X respectively. The reactions don’t have any racing
conditions, so if we want to estimate the speed of the reactions, we can handle the reactions

one by one directly.

3.2 Partial fissure functions

In this section, we concentrate on the construction given from lemma 2 in this section.
In section 3.2.1, we handles the case the input n = (0, 0). In section 3.2.2, we describe the
Z-producing reactions which consume the input species, X; and X5, and produce the Z;
and Z,. In section 3.2.3, we describe the Z-consuming reactions which consume the 7
and Z, then change the value of state component d we will introduce later. In section 3.2.4,

we describe the Y-producing reactions which transfer the d into output species Y.

Lemma 2. (/3] lemma 10) Any partial fissure function f: G — N is output-oblivious.

For convenience, we assume that G' is N2, i.e., the base vectors of the grid are (1, 0)
and (0,1). simultaneously, the offset o is (0,0). It can easily generalize to larger grid
periods which means that the base vectors can be (p,0) (0,¢) and p,q € N. There are
a few parts in the constructions and we can roughly classify the constructions into three

parts, Z-producing reactions, Z-consuming reactions, and Y-producing reactions.

Partial fissure functions described by the definition 6 seem a bit complicated, so we

13 doi:10.6342/NTU202300354
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view it in another way mentioned in [1]. The partial fissure function can be represented as
f(n) = min{pa(n)—pp(n)}—d;, where d; is determined by the line Lipa(n) -+ @5(n) on
which the input n resides. If d; is not on the fissure line, then d; is zero. The formulation

above seems different from the definition 6, but they are equivalent.

We know that the partial fissure function is a function on a grid that is two-way-
infinite. For all points p on the grid, there exists a line L; which contains the point. In
other words, L; is the line where p4(n) — pp(n) = i, wheren € N? and i € N, resides
on. All of the lines have the same slope. At the same time, the partial fissure function
includes 2k—1 “fissure lines” L;, —k < ¢ < k. Furthermore, there are two other lines
called the lower boundary line and the upper boundary line in this construction. The
lower boundary line is the line L; for i in range [k, ..., K — 1],where K = k + d,4z-

Similarly, the upper boundary line is the line L; foriin range [-K + 1, ..., —k].

In section 3.2.1, we describe which reactions handle the case that inputn = (0, 0) and
explain some notions about the system here. In section 3.2.2, we explain the Z-producing
reactions which consume X; and X5, and produce Z; and Z,. In section 3.2.3, we explain
the Z-consuming reactions which consume Z; and Z,, then change the value of state com-
ponent d we will introduce later. In section 3.2.4, we explain the Y-producing reactions

which transfer the d into output species Y.

3.2.1 Base case

In this section, we describe the case that input n = (0, 0). First, we introduce some
notations. Forn € G,M(n) = (¢a(n), pp(n)). M~ (pa(n),pp(n)) = n. We have a
state component [/, [, d] with three state component values. [[,, [,, d] is a species.

14 doi:10.6342/NTU202300354
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1. [, represents the line L; where the current x = (X7, X5) resides, X would change
arbitrarily before all the input has been consumed out and /, is in therange =& +1 <

[, <K-1

2. 1, represents the line L; where M ~'(z) resides, and [, is inrange —K + 1 < [, <

K —1.

3. d = f(M~%(z) — y is the deficit in the number of y’ s produced. f(M~!(z) is the
”true” output and the y is the number of outputs that have been produced so far, so
we still have to produce the d copies of species Y. In brief, we can consider d as the
number of output that we have to produce and it would be consumed in the process
of the reactions that occur and transfer to the output species Y. d is in the finite

range —dyae < d < 2d,00 + 1, where dpo = max(d;| — k <i < k).

Lets consider inputn = (0, 0), we have the construction below to handle (¢ 4(0,0), ¢5(0,0))

= (A(), B0>

L — L/ + AOZ1 + ByZs

The constructions of the partial fissure function compute the output backward from the
quantities ¢ 4(X) and ¢ p(x) instead of computing the output directly because the partial
fissure function is a min-like function which can be described as f(n) = min{pa(n) —
vp(n)} — d; and the min is easy to compute. Thus, we have to transfer all X; and X5 into

7, and Z, respectively.

Definition 6 tell us that ¢ 4 (n) = Ao+ A1ny + Aang and p(n) = By+ Bing + Bana,
so when n; = 0 and ny, = 0, we only have to produce A, copies of Z;, B, copies of Z,

and L. This is the first Z-producing reaction, but the reaction only occurs once. We can
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view L' as a trigger which will tell us that the system is ready for a Z-produting reaetion.
When the L’ is present, Z-producing reactions can be executed, but other reactions are
not necessarily disabled. Although it is ready for a Z-producing reaction, it doesn’t.mean
that the other reactions will be unable. That is, the Z-producing reactions, Z-consuming
reactions, and Y-producing reactions have a race condition. We will explain how their
interaction could be and how it could guarantee that after all the reactions finish, the d is
not a negative number, which means that we didn’t overproduce the output species Y, in

the rest of the subsections.

3.2.2 Z-producing reactions

Z-producing reactions consume the input species, X; and X5, and produce the Z;
and Z;. We have two Z-producing reactions here shown below, where * represents that

the value of the state component doesn’t change when the following response executes.

[lx, *, *] + X1 — [lw + (Al - Bl) mod 2K — 1, *, *] + A1Z1 + Blzz

[lx; *, *] + X2 — [lw + (AQ — BQ) mod 2K — 1, *, *] + A2Z1 + BQZQ

When we have a X; and the first reaction occurs, we consume one copy of X, then pro-
duce A7, and B, Z, for the n; coefficient part of ¢ 4(x) and ¢ p(x) respectively. Mean-
while, we change the state value [, to the correct value. That is to say, the component
state [, moves between lower boundary line, upper boundary line, and the fissure line.
Similarly, the second reaction does the same thing for X5. The state species is not initially
present. It will be produced in the first reaction in the Z-consuming reactions section, and
we only have a state specie. The state component is shared with all the reactions in this
state specie.
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3.2.3 Z-consuming reactions

Z-consuming reactions consume the Z; and Z; and change the value of state compo-
nent d. The first Z-consuming reaction below is the starting point of the output oblivious

CRNSs. It produces the state species, the reactant of almost all reactions here.

L'+ AgZy + ByZy — [Ay — By, Ay — By, min{Ag, By} — da,_p,]

In fact, we can view Z; as the value of ¢ A(x'),where x is the number of X; and X, that
have been consumed. Similarly, we also can view Z, as the quantities of ¢ B(X/). Thus,
it initially consumes the AqZ; and ByZ; to produce the state specie by updating the state
component values. Once we obtain the state specie, we can start to consume the Z; and

Z9 in other reactions involved.

Now, we introduce the remaining two Z-consuming reactions.

lo, Loyd] + Zy = [l 1.+ 1L, d+df ], —K < 1. < k,d < dnao

o Loy d] + Zy = [l e — Ld+d77), —k < 1. < K,d < dypaa,

di, — di+1, [, >0 dy, — dp, 1, [,>0

where dlt = and d;_ =

dlz - dlz+1 + ]-; lz <0 dlz - dlz—‘rl + 17 lz S 0

When any one of the two reactions above occurs, we update the remaining two state
components, [, and d, to keep track of which fissure line or boundary line contains the
M~1(z), where z = (21, 2o) is the number of Z; and Z, that have been consumed so far.
As described above, Z; can be viewed as the quantities of ¢ 4. Intuitively, when one Z;
is consumed, [, plus 1. It means the amount of ¢4 — ¢p plus 1, so the line [, contains
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the M ~1(z) also plus 1. The second reaction handles the work like the first'reactiony The

only thing different is Z; represents the quantities of ¢ 3.

The last component to be explained is dt, which appears only when Z; is‘consumed
in advance. ’d;, — d;. 1> means that when the line [, contains M ! (z) movetol, + 1, we
should plus d;, and minus d;_., because the d; also changes to different value when the
[, changes. We focus on the two functions ¢4 and ¢p in the partial fissure function. For
the constant part ”+1” in dlt, [, < Omeans p4 < pp. And we are computing the function
f(m) = min{ps(n) — pp(n)} — d;, so when we increase the 4 and p4 < @p, then the
number of d should increase by 1. Similarly, the d;_ almost do the same thing but for Z,.
Precisely, the value of d, which will be transferred into output specie Y, should increase

by 1 when we increase the small one between ¢ 4 and .

3.2.4 Y-producing reactions

Y-producing reactions transfer the d into output species Y. The first Y-producing
reaction handles the condition that d is strictly greater than d,,,,. If the condition occurs,
we can just consume the part beyond the d,,.,.. That is to say, we have d,,., specie of d
which is reversed for handling the line /, moves between the fissure lines. Otherwise, we

may overproduce the output Y.

[*7 *, d] — [*a *, dmax] + (d - dmax)Ya ifd > dmaa:

Before describing the last three Y-producing reactions, we describe what Z-stalls
means. [3] says that Z-consumption stalls if none of the Z-consuming reactions are ever

applicable again. The first Y-producing reaction ensures that d is too large and can never be
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a condition so that the Z-consuming reaction stalls. Hence, there are only threecases,that
result in stalling the Z-consuming reaction. We will show this below. Let Z, =121, 224)

be the count of (£,75) consumed when Z-consuming reactions stall.

1. The first condition is straightforward. All copies of Z; and Z, have been consumed
directly. At the same time, all X; and X, have been consumed, so no more (2, Z5)

will be produced.Thus, z; = (¢a(n), pp(n)).

2. All copies of Z; have been consumed and no more Z> will be produced. In this
case, if the Z-consuming reactions stall, M ~*(z,) must be on the lower boundary
lines. Meanwhile, zo; = @p(n) but z;; < pa(n). This information tells us that
f(M~Y(z)) = f(n) because [, is on the lower boundary lines which means that
Z1s > Z9s. S0 no matter how many Z; will be consumed in the future, it didn’t

influence f(n) at all.

3. All copies of Z; have been consumed and no more Z; will be produced. In this
case, if the Z-consuming reactions stall, M ~!(z,) must be on the upper boundary
lines.So z15 = pa(n) but 205 < wp(n).Meanwhile zo5 > 215. So it is like case 2.

No matter how many Z, will be consumed, it didn’t influence the output f(n).

According to the three cases above, we can know f(M~!(z,)) = f(n).

Now we can describe the last three Y-producing reactions. The next reaction con-
sumes the positive d and produces the output when the lines [, and [, lie on the same
fissure line. It means the function minus the correct d;, so we can just consume the re-

maining positive d.

oyl d] = (I, 1,0 +dY,if —k <1, =1, <k
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The last two Y-producing reactions play an important role in these CRNs: When Y-
producing reactions stalls and we have a positive d in the state component, weneed the
two reactions to help us clear all the positive d to ensure that the output produced.equals
f(n). The next Y-producing reactions handles the cases M ~'(z) is on the lower boundary
line and m~'(z + (r,0)), r > 0,lies on the line L; where [ = [, mod 2K — 1,d > 0. Let

r1 be the smallest such integer.

ey, d) + 1120 — [le, 1,0 + 72y +dY, 1, >=k,l,+r =1, mod2K —1,d > 0.

The last reaction does the same thing as the previous one. 75 also has a similar definition

to r;. It handles the case that M ~!(z) lies on the upper boundary line.

(o, Loy d) + 197 — [lp, 1, 0] + 1925 + dY, 1, >=k, 1, + 15 = I, mod 2K — 1,d > 0.

The state component d may be negative at certain moments because of the random-
ness of CRNs. All the reactions above handle the case when d is positive. Hence, it seems
to have a problem in the case that d is negative, then the system may be stopped. All the
function in this paper is increasing. Thus, even if there is a certain moment that d < 0,
d will be positive during the execution process of other CRNs because there must have
some Z; or Z; left in this case. The Z-consuming reactions will increase the d. At the

end, d must be greater than or equal to 0 and be consumed.

3.3 Stitching

Stitching is to combine either the partial grid affine function or the partial fissure
function into a single function whose domain is N2. In this section, let the output oblivious
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function be composed of either finite partial grid affine functions or finite partial fissure
functions, says fi, fa, ..., fm, whose domains are grids. All the Dom,; of f; are grids that
are one of the one-dimensional, two-dimensional, or finite points, for 1 < j.<maletthe
offset of the j-th grid is 0; = (0;1,0,2). On the input n, n; = nif n € Dom,, otherwise
n; > n. If we can produce the point n; which is the smallest one that is greater than or
equal to n, then the function can be merged easily. If n ¢ n;, then n; > n. If n € n;, then
n; = n. Let y; = f;(n;). Our construction produces m “output” for every input n;, for
1 < j < m. All the function in this paper are increasing, y; = f;(n;) = f;(n) = f(n)
if n € Dom;, otherwise f(n;) > f(n) because n; > n. We only need to compute
min{y1, Yo, ..., Ym} = y = f(n).

Let the (a},0) and (0, ay) be the base case of dom;, and let o' = (0}, 0,) be its offset.

The following nine reaction produce the nj = n' = (n;, n,) copies of (X, X,) where n’

is the smallest one of Dom; such that n < n’ from a leader.

L' = Ly + 01X, 4 0,X,
Ly + (0, + )X, — Ly, +a, X, forb=0andb=1
Ly + (05 + 1) Xy — Ly, + ayX,, forb=0andb=1
Ly, +a, X, — L), +a,X,, forb=0andb=1

Ly, + ayXy — Ly, + ayX,, forb=0and b=1

Because we have m functions, we first copy m “input” for every partial grid affine

function in order to produce all inputs n!, n?, ..., n™. Three additional reactions is needed
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here.

!

L—ILi+Ly+..+L

X = X{ + X7+ .+ X

Xo— Xo + X5+ ..+ X

Everything is fine if all the grids are two-dimensional. The partial fissure function satisfies

the condition so that we can merge all the partial fissure functions by the reaction below.

Yi+Ye+..4Y, >Y

However, we have the partial grid affine function whose domain may be a point, line or
wedge on the grid. Input n may be out of the domain of a partial grid function f;.This is
possible to lead to a wrong output. So we have to detect if the input n is in the domain of

f; or not. Meanwhile, modifying part of the construction.

We add additional reactions to the partial grid affine function and generate the new
specie S* when input n is not in Domj. Dom; is a line or point which means it contains

no one or two of base vectors of (a},0) and (0, a,).

If Dom; contains no (a;,0).We add

L, — S, forb=0andb=1

. . . . !’
and remove the reaction involving in a,.
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If Dom; contains no (0, a,).We add

L, — S forb=0andb=1

. . . . / .
and remove the reaction involving in a,. Moreover, S’ is produced <= Dom,; has no

point n’ such thatn' > n.

We can make sure that y; is min of Dom; if Dom; contains n’/. Otherwise, it will
produce the specie S’. To merge all the partial grid affine functions, we replace Y; + Y5 +
... +Y,, — Y to 2™ new reactions. One for each subset / of {1,2, ..., m}, which means

there is some ¢ missed. The new reaction corresponding to / is described below.

Y+ Yy 4+ Y Y Y, Y, 4+ 4

where Y}' =Y;ifj € I and Y}/ =5; otherwise.Y" is inactive specie if j € I.Otherwise

}/}II — S].

In fact, we can view .S} as an infinite element. If Dom; didn’t contains the n; such
that n; > n. The partial grid affine CRNs may have an unpredictable output y" which may
lead to a wrong output of the complete function. Let y' be the output of f; whose domain
contains input n. Ify" is less than ¢, then the true” output is changed to the unpredictable
output 3y . When this condition occurs, the specie S; can be the alternative output specie

for the unpredictable output 4" that should be consumed, but didn’t consume.
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Chapter 4 Output oblivious CRNs

which compute efficiently

This chapter is the main result of this thesis. In this chapter, we will list the construc-
tion from [3] in section 3 again, then show how to design new reactions which compute the
same functions of the original reactions but converges to the correct output much faster.
In section 4.1 we construct CRNs that compute partial affine functions. In section 4.2 and

section 4.3, we do the same on partial fissure functions and stitching parts respectively.

The slow part of previous constructions is the reactions with many reactants. For
instance, if we have a tri-molecular reaction A + A + A — Y. When we only have the

number of4
N2

constant number of molecule A left, the propensity is , where N is the volume.

Hence, the last execution needs O(N?) time.

We convert all previous reactions to single-molecular and bi-molecular reactions and
make sure that the racing conditions between different reactions do not affect the speed of

computation.
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4.1 Partial affine function

First, we will show the construction in section 3.1, then modify the CRNs if they
need to be modified to make sure that the speed wouldn’t too slow. Precisely, the reaction

should be modified when it is not a bi-molecular or single-molecular reaction.

Lemma 3. Partial affine function can be computed by output oblivious CRNs in O(N log

N ) time.

Proof. The constructions from section 3.1 are shown below.

L+ 01X+ 0, Xy — L, -+ (Cl101 + as09 + CL())Y (41)
L' +pX) = L' +apY (4.2)
L' +qXs — L + axqY (4.3)

For the reaction 4.1, we have to deal with the 0; X and 0, X5 respectively. Because
we want to make the construction not too slow, we can’t have any reaction which is not
a bi-molecular reaction. Hence, we have to divide the part ”0; X;” of reaction 4.1 into a
few reactions shown below. X ; plays the same role as i copies of X, but it is a single

molecule.

Before we handle the 0, X;” part of reaction 4.1, We prove lemma 4 and 5 which

are frequently used afterward first.

Lemma 4. [fwe have a reaction with a leader L and N copies of the molecule X to be the
reactant and produce the Z and the leader, which is not identical to X, then it can finish
in O(N log N) time, where N is the volume. The reaction would not be stopped by other
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reactions, and other reactions would not produce X.

Proof. When the reaction occurs once, the number of the molecular X decrease by 1.
Hence, the time it needs can be calculated by the following equation 31 | X = O(NlogN)

because the propensity is > ﬁ and the time of reaction occurs is < %

Lemma 5. [f'we have the form of reactions shown below, where ¢ € N, then the time to
finish these reactions is O(N log N'), where N is the volume. The reactions would not be

stopped by other reactions, and other reactions would not produce X;. 1 and j is less than

(

lec + Xl_(i—l—j—c)a lfl +j5>c

X+ X — X1 (i) fi+j<c (4.4)

X1707 l]pl—i-j:C
\

Proof. The proof is the same as lemma 4. When the reaction occurs once, the number of
the molecular X decrease by 1. Hence, the time it needs can be calculated by the following
equation vazl & = O(N log N) because the propensity is > + and the time of reaction
occurs is < % O
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For all i and j less than o;, we have reactions below.

(

X1 oy + X1 (i4j—0r), Wi+7>o01

Xl,i + XlJ - Xl_(i—‘rj); if ¢ +] < 01

X1 o5 ifi+j=0
\

We merge every single X to alarge X ; in order to get X; ,, which means we have 0, X;.
No matter which one of the reactions above occurs, the quantities of X; must be decreased
by 1. So we will get X ,, in expected time O(N log N) by lemma 5. For the part 70, X5”
of reaction 4.1, we also do the same thing on 0, X,. X ; has a similar definition like X ;.
We separate the part ”0, X5” of reaction 4.1 into a few reactions. For all i and j less than
09, we have reactions below.

.

X2_02 + X2_(i+j702)7 if +J > 02

Xz_i + X2_.7 - X27(i+j)7 if +j < 02

X2 093 1fZ+]:02
L _

The reactions above have the same time complexity as the part ”0; X;”. All the reactions
finish in the expected time O(N log N). After X; ,, and X ,, are produced, we add the

last reaction to make the CRNs above equivalent to the reaction 4.1.

L+X,, —L",

LN + X2702 — Lir; + (a101 + aq09 + CL())Y.

Ly is used to transfer X, ; and X, ; into X 1_1‘ and X, ; respectively, 1 <4 < 0 and

1 < j < 09, in order to enables the reaction 4.2 and reaction 4.3. X {_i and X, ; will be
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consumed in the reaction 4.2 and 4.3 respectively. We have the reaction below:

Xii+Ly—Ly+ X, 1<i<o
Xojt+ Ly = Ly+ X, 1<j <o
X, —iX, 1<i<o

Xy, =Xy 1< 5 < 0s.

The time complexity of the two reactions above is O(N log N) by lemma 4.

Now, we reconstruct the reaction 4.2 into the following reactions. We have to produce
an output species Y when we get pX| together.

;

apY + X iy i >D
Xl_i + X1_j — XL(H‘J')’ ifi+7<p
a1pyY, ifi+j=p

\

And for reaction 4.3, we have similar reactions like reaction 4.2. The only thing different
is that p turns into q.

(

aqu+Xé_(i+j_q), ifi4+j5>q
Xy i+ Xy, — Xéi(iﬂ.), ifi+j<gq
asqY, ifi+7=q

\

Reaction 4.2 and reaction 4.3 have the same time complexity as the "0, X" part of reac-

tion4.1.
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We have reconstructed all the reactions in section 3.1 and make sur¢ all theytime
complexity of the reactions we reconstructed is O(N log V), so we have proven that the

speed of computation of partial affine function is O(N log V). U

The time complexity of original construction from [3]is O(N"~!) where r is a con-
stant value which could be p or ¢. p and q are the periods of the base vectors. We get a

significant improvement from reconstructing the construction.

4.2 Partial fissure function

In this section, we focus on constructing CRNs to compute the partial fissure func-
tion and analyze the time to compute the target functions. We don’t divide the construc-
tions into three parts, which are Z-producing reactions, Z-consuming reactions, and Y-
producing reactions, like section 3. Z-producing reactions transfer the input molecules
X; and X into Z; and Z, respectively. Z-consuming reactions transfer the molecules 7
and Z, into the state component d. Y-producing reactions transfer the state component d

into the output species Y.

Lemma 6. A4 partial fissure function can be computed by output oblivious CRNs in O(N log N)

time.

Proof. We handle the reactions described in section 3 one by one. First, our system only
has a leader L initially. We don’t need to modify the Reaction 4.5 because it is a single

molecular reaction. The propensity of reaction 4.5 is 1 and no race condition, so we only
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need constant time to finish it.

L— L'+ AyZ, + ByZ» (4:5)

L/ + AOZ1 + B()ZQ — [AO — Bo, AO — Bo, min{AO, Bo} — dAO,BO] (46)

The reaction 4.6 is a high-order reaction. We have to modify it to be bi-molecular reactions

which are shown below.

For the Ay Z,” part, we want to get the species Z 4, which plays the same role as A,
copies of Z;. For all 7 and j less than A,, we have reactions below.

(

Z1 Ay + 24 (i4j-ny), i+ 7> Ag

21yt 217 2y gy ifi+j < A

\Zl*AO, lfl—|—j:A0

For the ”ByZ,” part, we do the same thing as the ”AyZ;” part. For all 7 and j less than
By, we have reactions below.

(
Zy By + L2 (i+j-Ay), i+ j > By
Zyi+ 2257\ Zy i4s), ifi 4+ j < By

ZQ_AO, le+]:BO

\
By the lemma 5, the ” AyZ;,” partand” ByZ,” part can be finished in O(N log N), the
N is the volume of current state. In order to make the reactions equivalent to reaction 4.6,
we have reactions below to make them have the same function. The first two reactions

can finish in O(N) because their propensities both are % and they only occur once. The
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last two reactions can finish in O(N log N) time by lemma 4.

L'+ 24— L,

L" + Zy g, — [Ao — Bo, Ag — By, min{Ag, By} — da,_p,] + L,
L'+Z ;=L +2,,; forl <i< A,
L' +Zy;— L +2,,;, forl <i< By,

7, —iZ,, forl <i< A,

Zy ;= jZy, for1 < j < By,

We merge all the molecules of Z; and Z, into ZL2 1 and Z;,z 1 by the following
reactions respectively. The molecules comprised will be the reactant of the latter reaction.

K is described in the section 3.2. For all 7 and 5 less than 2K — 1, we have reactions

below.
.
Zi_QK—l + Zi_(i+j—2K—1)7 lfl +] > 2K — ]_
AR Ui DA ifi+j < 2K —1
7y ax1> ifi+j=2K—1
[ 7L
and

Z;_QKfl + Z;f(prj,g}(,l)? if ¢ +7> 2K —1

ZyiF 2257\ Zy iy ifi+j<2K -1
Zy o1 ifi+j=2K—1
| <2

By the lemma 5, these reaction can finish in O(N log N).
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Next, we will analyze the time complexity of Z-producing, Z-consuming and Y-

producing reactions from [3] at the same time. We list them all first.

Loy %, %] + X1 = [lo + (A1 — By) mod 2K — 1,%,%| + A1 Z1 + B1Z, 4.7)
Loy %, %] + Xo = [lp + (A2 — By) mod 2K — 1,%,%| + Ay Zy + By Zs (4.8)
o b d) + Zy = [l b+ 1, d + ), —K < L < by d < dipgs 4.9)
lesloyd] + Zy = [lp, 1. = Ld+d ], —k <. < K,d < dppae (4.10)

[lx, lz,d] +rZ — [lm,lz70] +riZ1+ dY, l, > I{Z, l,+r =1, mod2K — ].,d >0

(4.11)

oy Loy d] + 1275 — [lo,12,0] + 1920+ dY, 1, > k1. + 15 =1, mod2K —1,d > 0

(4.12)
[l d] = [le, 1, 0] + dYif —k <, =1, <k (4.13)
[*, %, d] = [*,%, dimaz] + (d — dinaz) Y, 1f d > dppas (4.14)

For the Z-producing reactions 4.7, 4.8, it finish in O(N log N) originally by the
lemma 4. For the reaction 4.8, it is completely the same as the reaction 4.7. That is,

the Z-producing reactions can finish in O(N log N).

Here we construct new reaction which is equivalent to the reaction 4.9, 4.10, 4.11

and 4.12. Because they are equivalent, so the execution sequence must be the same. For
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all + < 2K — 1, we have reactions below which is equivalent to the reaction 449.

/ lol. + L d+df )+ Zy .y, ifix1
PR AT )

ool +1,d + ], ifi=1

Forall+ < 2K — 1, we have reactions below which is equivalent to the reaction 4.10.

, lole + L d+d )+ Zy ;y, ifi>1
Loy lovd) + Zy ; — -

ool +1,d + d; ], ifi =1

Foralli < 2K —1, we have reactions below which are equivalent to the reaction 4.11.

The reactions subject to the condition that [, > k,[, +ry =1, mod 2K — 1,d > 0.

[ls,0.,0] + Z ifi >

’
1i—r1

Loy loyd) + Zy ; —
[y, 1., 0], ifi =r

Foralli < 2K —1, we have reactions below which are equivalent to the reaction 4.12.

The reactions subject to the condition that [, > k, [, +r, =1, mod 2K — 1,d > 0.

o)1, 0] + Z, ifi >ry

_i—T2)

Loy Loy d) + Zy ; —
(2, 1.,0], ifi = ry

we start to analyze the time complexity. In this part, we assume that the reaction 4.7
and 4.8 have finished and the time is O(V log N) by the lemma 4. This would not make
the speed of the system slow because the reaction 4.7 and 4.8 consume the molecular X

and X, only and no other reactions produce X; and X,. No matter how many reactions
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occur in the process of the execution of the reaction 4.7 and 4.8, it only Speeds up. the
execution of the system. By the assumption, we only have species of Z; -; and \Z5 ;left in

the system. That is, we only consider the reaction 4.9, 4.10, 4.11 and 4.12 now.

The reaction 4.11 and 4.12 is used to avoid the condition that the Z-consuming reac-
tion stalls. Hence, the reaction 4.11 and 4.12 either occurs once or didn’t happen under
the assumption. For the reaction 4.11, at the worst case, we have 7 copies of Z; ; and the
time to merge them into Z; ,, is O(r;N).The reaction 4.12 has similar analysis and the

same time.

We only have the reaction 4.9, 4.10 left now. Let N be the current number of
molecules in the system. Without loss of generality, we assume that n; < ny where n;
and ny are numbers of Z; and Z; respectively. When the reaction 4.9 occurs, the number
of molecular Z; decreases by 1. Hence the time it needs can be computed as the equation
Zi]\il (2K —1)% = O(N log N) if the reaction 4.9 would not be stopped by the constraint.
If the reaction 4.9 is stopped by the constraint which means it stalls on the lower boundary
line, then it is enabled after the reaction 4.10 occurs once. The number of 7 is larger than
the number of Z;, so the time for the reaction 4.10 occurs once, must be faster or equal to
the reaction 4.9 at any moment. Once the n; = 0, then the reaction 4.9 and 4.10 finish.
That is, the time of the reaction 4.9 at most two times the speed of the O(N log V). In the
process of the reaction 4.9, 4.10 execution, d may be larger than d,,,,,.. This condition may
stall the system. The reaction 4.14 handles the condition and only needs constant time be-
cause it is a single molecular reaction. The system at most stalls /V times, so the total cost
of the reaction 4.14 is O(NN). The reaction 4.13 is also a single molecular reaction and
occurs at most N time, so the total time of the reaction 4.13 is also O(N). We have proved

all the reactions of the partial fissure function can be computed in O(N log N) time so
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far. £

4.3 Stitching

In this section, we construct the CRNs to combine the output of either the partial
grid affine function or the partial fissure function into a proper output. We focus on the
construction in the section. The correctness of the reactions is guaranteed by [3], and the
details are shown in section3. The new reactions we create are equivalent to the original

reaction in [3], so the two CRNs have the same execution sequence.
Lemma 7. Stitching part of output oblivious CRNs can finish in O(NlogN) time.
Proof. First, the following reactions from [3] are listed in section 3.3, we will reconstruct

the reactions one by one. The detection part is used to produce the S’ species when the

partial fissure function lacks one of the base vectors of the x-axis or the y-axis.

L' = Ly + 0, X, + 0,X, (4.15)

Ly, + (o) + )X, — L, +a, X, forb=0and b=1 (4.16)
Ly 4 (0y + 1) Xy — Ly, + ayX,, forb=0andb=1 (4.17)
Ly +a, Xy — L, +a, X, forb=0andb=1 (4.18)

Ly, + ayXs — Ly, + ayX,, forb=0andb=1 (4.19)

Reaction 4.16 and reaction 4.17 occur once at most. And reaction 4.18 will start to work
after the reaction 4.16 occurs and produces the species L;,. Also reaction 4.19 will start
to work after the reaction 4.17 occurs and produces the species L,,. Thus, we handles

reaction 4.16 and reaction 4.17 first.
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Letn’ = (n}, n,) is the smallest point greater than input n in Dom; ifit éxists. For the
reaction 4.16, let w; = 0'1 + 1, then we have the reaction below to produce n’l, 0 << wy,
0< 7 <w.

(

X1 wy + X1 (ijmwn), i+ 7>w

Xl,i + XlJ - Xl_(i+j)7 if ¢ +] < w1y

X1 wis ifi+ 7 =w,
\

We can get the species X ,,, after expected time O(/N log N) by lemma 5. Once we
get the species X; ,,,, we have another reaction below to make these reactions equal to
reaction 4.16 and enable reaction 4.18 with L,. The reaction also finishes in expected

time O(N log V).

Loy + X1 wy, = Ly +a, X, + L, forb=0andb =1
Llll +X17’£ — Xf_l, for 1 S { S wy,

X, ;= iX| forl <i<uw,

For the reaction 4.18, the reconstruct constructions is showing below, 0 < i < a;

and 0 < j < aj.

Xl_a,1 + Xl_(z’+j—a’1)’ ifi+j5>a
X+ X = Xi’_(iﬂ.), ifi+j <a,
\Xl_a,l, ifi+j=a
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and
Ly+ X, , = Ly +a; Xy, forb=0and b= 1,
_aq

The total time complexity of the reconstructed reactions above for reaction 4.16 and 4.18

is O(N log N) by lemma 5 and 4.

Now, we have the reaction 4.17 and reaction 4.19 left. they are almost the same as
reaction 4.16 and reaction 4.18. Hence,we show the construction below. The reconstructed
reaction for reaction 4.17 is showing below and produce n.,. Let wy = 0, +1, 0 < i < w,
and 0 < 7 < ws.

.

Xg_w2 + XQ_(iJrj,wQ), if ¢ —f-j > Wo

X2_7; + X2_.7 - X27(i+j)7 if ¢ +] < W2

X2 wa 1fl—|—j:w2
L _

and

Ly + X2 wy — Ly, + ayXy+ Ly, forb=0andb=1,
Ly+ Xa; — Xy, for 1 < i < w,,

X, , —iX,. forl <i< w,,
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The reconstructed reaction for reaction 4.19 is showing below.

" "
Xy i+ Xy =

and

X2_ ' + 2 (ihimdl)’ ifi 47 > ay
Xé’_(iﬂ.), ifi +j < aj
X", ifi +j = a,

Ly + X, o= Ly, + ayX,, forb=0and b= 1

The time complexity of reaction 4.17 and reaction 4.19 are equal to reaction 4.16 and

reaction 4.18.

If the function f; lacks one of the base vectors, we replace the reaction 4.17 and 4.19

with the reaction shown below respectively.

L, — S, forb=0andb=1

Ly, — S, forb=0andb=1

The two reactions are single molecular reactions. So they only need constant time to finish.

By this, we show that the detection part from section 3.3 is O(NV log N).

By the result from section 4.1 and section 4.2, we can stably compute the partial grid

affine function or partial fissure function in expected time O(/N log V). The remaining

work is to merge the solution Y; which is the output of function f;.

For the partial fissure function, we need to modify the construction below in sec-
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tion 3.1 to make sure they are bi-molecular.

Vi+Yo+ .. +Y, =Y

The reconstructed construction is shown below. The species Y93 ; is the “true” output
species. It means that we consume one output species from each function f, fo,..., f,, and

get a "true” output species.

Yi+Y, =Y

Yio + Y3 — Yigs

YVIZS...m—l + Ym —Y

Without loss of generality, we assume that the ¢, number of Y7, is smaller than others output
species. Here the number of Y5 is greater than 1, so the time complexity of the first reaction
is O(N log N) by lemma 4. The time complexity of these reactions is O(mN log N),

where m is the number of functions because we have m functions.

For the partial grid affine function, we transfer all the Y; to .S; if S; exists. And the

reaction can finish in the expected time O (N log N) by lemma 4.

Y; +5; = 5;, forl <i<m

Asdescribed in section 3.3, we have 2™ new function, one for each subset / of {1, 2, ..., m}.

The reaction corresponding with [ is described below.

Y, +Yy 4. +Y, Y +Y +Y, +..+Y,
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where Y}/ = Y;ifj € I and Y;«/ = 5 otherwise.Y" is inactive species if j € I.

Otherwise Yj" =5;.

The reconstructed reaction is shown below and it can finish in the expected time

O(mN log N), m is the number of functions.

(

Yi+Y,
Y1+ 5,
S1+ Y,

S1 4 S
\

(

Yio+Y;5
Yia + 55
Si2+Ys

Sia + 53

— }/127

— }/12—’_527

— Y19 + 51,

— 5127

— 3/1237

— Y93 + 53,

— Y93 + S12,

— S123,
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Yiog.m—1+Yn —Y,

Yv123...mfl + Sm — Y + Sma

Si23.m—1+Yn —Y 4+ S5 m-1,

S123.m—1+ Sm = S123..m;

\

We have m — 1 similar case above, so we take the first case which has four reactions
as an example to analyze the time complexity. The reaction Y; + Y5 — Y, can finish in
O(N log N) time by lemma 4. Because the number of Y] or Y5 is greater than a constant
value, the propensity is greater than the condition in lemma 4. Hence the speed is faster

than lemma 4.

The reaction Y7 + Sy — Y15+ Sy and S; + Yo — Y15 + 5] finish also in O(N log N)

time can finish by lemma 4.

The reaction S; + Sy — Si2 needs O(N) time to occur, but the reactions of all the

cases only occur once. The total time of this reaction of all cases is O(mN).

Every reaction except for the fourth reaction in cases above can finish in (N log N)
and the total time for all the fourth reactions in cases above is O(mN), so the time com-
plexity of the CRN is O(mN log N) = O(N log N). We finished the proof for the stitch-
ing part that it can finish in the expected time O(N log N). By the lemma 3, 6 and 7, we

show that the output oblivious CRNs can finish in expected time O (N log N). N
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Chapter S Conclusion

We have proved that all functions f : N2> — N can be stably computed by output
oblivious chemical reaction networks(CRNs) with a leader in O(N log V) time. Com-
pared to the original construction in [3], it is a significant improvement that reduces the

time from O(N") to O(N log N).

The ability of computation of output oblivious CRNs has been completely proven.
Severson et al. [1 1] prove all functions f : N — N can be computed by output oblivious
CRNs with a leader. Hashemi et al. [8] prove all functions f : N — N can be computed

by output oblivious CRNs without a leader.

The future work for us is to prove how fast the function f : N — N can be computed

by an output oblivious CRNs in these two cases.

f

X1 p+ X (i4j-p), Hi+j>p

X+ X = 1 Xy 44, ifi+j<p (5.1)
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