
Graduate Institute of Finance 

College of Management 

National Taiwan University 

Master Thesis 

Heath-Jarrow-Morton

Pricing Interest Rate Derivatives in 

Heath-Jarrow-Morton Model with Stochastic Volatility 

Lap Fai, Tam 

Advisor: Shyan Yuan, Lee, Ph.D., Pai Ta, Shih, Ph.D. 

June, 2010



i

Heath-Jarrow-Morton

Pricing Interest Rate Derivatives in  
Heath-Jarrow-Morton Model with Stochastic 

Volatility 

R97723058



ii 



iii 

 

Amy



iv 

 

Heath–Jarrow–Morton

N

N ( ) Trolle and 

Schwartz (2009) (short rate)

(finite number of state variables)

(Markov representation)

Heath–Jarrow–Morton



v

Abstract 

This article provides a flexible stochastic volatility multi-factor 

Heath–Jarrow–Morton term structure model, which allows forward rate correlative with 

its volatility, and there are N random factors affect the interest rate structure, while 

additional N random factors would affect volatilities (and also interest rate 

derivatives). This model improves the Trolle and Schwartz (2009) model, so that 

interest rate volatility is proportional to the short rate. This model can be converted into 

a finite-state variables Markov representation system, so under this model, Monte Carlo 

simulation can be easily used to evaluate the various interest rate derivatives, such as 

interest rate cap, swaption, etc.. Finally, we will analyze the impact of various 

parameters on the pricing result. 

Keywords: Heath–Jarrow–Morton model, Stochastic volatility, State dependent 

volatility, Monte Carlo simulation, Caps 
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1.  

Heath, Jarrow and Morton (1992) ( HJM)

(forward rate curve model)

(no arbitrage condition)

Vasicek 

(1977) Cox-Ingersoll-Ross (1985) Ho and Lee (1986) Hull and White (1990)

HJM

HJM (no arbitrage condition) (drift term)

(volatility term) HJM

HJM

Bhar and Chiarella (1997)

Mercurio and Moraleda (2000) (2001)

Collin-Dufresne and Goldstein (2003) Trolle and Schwartz 

(2009) Duffie, Pan and Singleton (2000) Affine 

Jump-Diffusions

Collin-Dufresne and Goldstein (2002) Heidari and Wu (2003) Li and 

Zhao (2006)

(unspanned stochastic volatility 

factor; USV factor) Andersen and Benzoni (2008) USV
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2.  

1

(unconditional)

(hump-shaped)

Andersen and Lund (1997) Ball and Torous (1999)

Chan et al. (1992)

� � � �� � � � � � � �1 1 1dr t r t dt t r t dW t�� � 	
 � �  (1) 

� � � �� � � �2 2 2log logd t t dt dW t	 � � 	 �
 � �  (2) 

� �1W t � �2W t

Andersen and Lund (1997) 0.544� 


Ball and Torous (1999) 0.754� 
 Chan et al. (1992)

Trolle and Schwartz (2009) HJM

USV

� � � � � � � � � �,
1

, , ,
N

Q
f f i i i

i
df t T t T dt t T t dW t� � 	





 �  (3) 

� � � �� � � � � � � �� �21Q Q
i i i i i i i i i id t t dt t dW t dZ t	 � � 	 � 	 � �
 � � � �  (4) 

1, ,i N
 � � � � �� � � �
, 0, 1,, i T t

f i i it T T t e �� � � � �
 � � � �Q
idW t � �Q

idZ t

(i) (ii) USV (iii)

(  1

) Bhar and Chiarella 

(1997) Duffie, Pan and Singleton (2000) ( DPS)

1 Collin-Dufresne and Goldstein (2002) Heidari and Wu (2003) Casassus, Collin-Dufresne, 

and Goldstein (2005) Li and Zhao (2006)
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Affine Jump-Diffusions ( AJD)

(closed form solution) AJD Trolle and Schwartz (2009)

r(t)

� � � �� �, , ,t T t r t� � 	
 USV r(t)

(state dependent volatility)

 1     

Trolle and Schwartz (2009) HJM

(diffusion)

 

1.  

� �,f t T t T ( ) (instantaneous

forward interest rate)

� � � � � � � � � � � �,
1

, , ,
N

Q
f f i i i

i
df t T t T dt t T t r t dW t� � 	





 �  (5) 

T t�
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� � � �� � � � � � � �� �21Q Q
i i i i i i i i i id t t dt t dW t dZ t	 � � 	 � 	 � �
 � � � �  (6) 

1, ,i N
 � � �Q
idW t � �Q

idZ t (risk neutral measure)Q

� � � �,r t f t t
 (short rate instantaneous spot 

rate) HJM � �i t	 2

(i) (ii) N ( � �Q
idW t )

N ( � �Q
idZ t ) (

) (iii) � �r t

(iv) � �,f t T � �i t	

HJM (1992) (1)

� � � � � � � � � �, ,
1

, , ,� 	 � �




 �
N T

f i f i f it
i

t T t r t t T t u du (7)

f(t,T) r(t) (Markovian)

HJM

Carverhill (1994) Jeffrey (1995) Ritchken and 

Sankarasubramanian (1995) Bhar and Chiarella (1997) Bhar, Chiarella, El-Hassan and 

Zheng (2000) Chiarella and Kwon (2001) Björk and Svensson (2001) Björk, Landén 

and Svensson (2004) HJM Bhar and Chiarella 

(1997) � � � � � �
, , i T t

f i nt T p T t e �� � �
 �  ( � �np � n

) HJM (finite number of state variables)

(time-homogeneous) 2n 


� � � �� � � �
, 0 1, i T t

f i i it T T t e �� � � � �
 � �   (8) 

2 � �i t	 Cox-Ingersoll-Ross (mean reverting) Heston (1993)
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1

0

i
i

i

� �
�

� (8) (5)

� �, ,� f i t T

1. (5) (7) (8) � �,f t T

� � � � � � � � � �
,

6

,
1 1 1

, 0, ( )
j i

N N

x i j i
i i j

f t T f T T t x t T t t�� � �

 
 



 � � � �   (9) 

� � � �0 1+ i i

ix i i e e� � � �� � � � � � �
  (10) 

� �
1, 1

i

i ie
� �

�� � � �
  (11) 

� � � �
2,

1 0
( ) 0 1

1

1= + i

i

i i
t i i

i i i

e � �
�

� �� � � � �
� � �

�� �
�� �

� �
 (12) 

� �
3,

2
220 1 0 1 1 1

( ) 0
1

1= + +2 i

i

i i i i i i
t i

i i i i i i

e � �
�

� � � � � �� � � � �
� � � � � �

�� �� � � �
� � �� �� � � �
� �� � � ��  

 (13) 

� �
4,

2
1 0

1

1= i

i

i i

i i i

e � �
�

� �� �
� � �

�� �
�� �

� �
 (14) 

5,

21 1
( ) 0 1( )= 2 +2  i

i

i i
t i i

i i

e � �
�

� �� � � � �
� �

�� �
� �� �

� �
 (15) 

6,

2
21

( ) ( )=   i

i

i
t

i

e � �
�

�� �
�

��
 (16) 

� � � �( ) ( ) ( ) Q
i i i i idx t x t dt t r t dW t� 	
 � �  (17) 

� �1, 1,( ) ( ) ( )i i i id t x t t dt� � �
 �  (18) 

� �� �2, 2,( ) ( ) ( )i i i id t t r t t dt� 	 � �
 �  (19) 

� �� �3, 3,( ) ( ) 2 ( )i i i id t t r t t dt� 	 � �
 �  (20) 

� �4, 2, 4,( ) ( ) ( )i i i id t t t dt� � � �
 �  (21) 
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� �5, 3, 5,( ) ( ) 2 ( )i i i id t t t dt� � � �
 �  (22) 

� �6, 5, 6,( ) 2 ( ) 2 ( )i i i id t t t dt� � � �
 �  (23) 

1, 2, 3, 4, 5, 6,(0) (0) (0) (0) (0) (0) (0) 0i i i i i i ix � � � � � �
 
 
 
 
 
 


A

1. 7 N! (Markov

representation) � � � �1, 6,, ,� ��i it t (locally deterministic)

( )ix t ( )	i t

(Monte Carlo simulation method)

2.  

(5) � �r t � �,f t T � �r t

2.  t � �r t

� � � � � � � � � � � �

� � � � � �

6

1 , ,
1 1

0
1

0, 0,� � � �

� 	


 





� �� �"

 � � � �� �� �"� �� ��  

�

 



N

i i i j i j i
i j

N
Q

i i i
i

dr t f t f t r t x t D t dt
t

t r t dW t

 (24) 

1, 0
iD  (25) 

2
1 0 1

2, 2
i i i i

i
i

D � � � �
�

�

  (26) 

2 2 2
0 1 0 1

3, 2
i i i i i i

i
i

D � � � � � �
�

� �

  (27) 
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2 2 2
0 1 1 1 0 1

4, 2
i i i i i i i i i

i
i

D � � � � � � � � �
�

� � �

  (28) 

2
1

5, 0 12 i
i i i

i

D �� �
�


 �  (29) 

2
6, 1i iD �
  (30) 

B

(24) � �r t � �r t

Cox-Ingersoll-Ross

(1985)

3.  

� �,P t T t T

� � � �# $
� �
� � � � � � � � � �

,

6

,
1 1 1

, exp ,

0,
exp +

0, i j i

T

t

N N

x i j i
i i j

P t T f t u du

P T
T t x t T t t

P t � �

 
 


% �

& '

 ( � ( �) *

+ ,

�

 
 (31) 

� � � �1 0

1

1 1i i

i

i i
x

i i i

e e� � � �� �� �
� � �

� �� �� �
( 
 � � �� �� �� �� �� �

 (32) 

� � � �1,

1 1i

i

i

i

e � �
�

��
�

�( 
 �  (33) 

� � � �2,

2

1 0 0

1, 1

1 1= 1i i

i

i i i

i i i i i

e e� � � �
�

� � �� �
� � � � �

� �� �� �� � � �
( � � � �� �� �� � � �� �� �� � � �� �� �

 (34) 

� � � �3,

2
2 2 221 1 0 0 1 1

02 2
1

1
2 2 2

i i i

i

i i i i i i
i

i i i i i

e e e� � � � � �
�

� � � � � �� � � �
� � � � �

� � �� �� � � �
( 
 � � � � � � �� �� � � �� �� � � �� �

 (35) 

� � � �4,

2

1 0

1

1= 1i

i

i i

i i i

e � �
�

� ��
� � �

�� � � �
( � �� � � �

� � � �
 (36) 
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� � � �5,

2 21 1
0 12= 1i i

i

i i
i i

i i

e e� � � �
�

� �� � � �
� �

� �� �� �
( � � � �� �� �� �� �� �

 (37) 

� � � �6,

2
211= 1

2
i

i

i

i

e � �
�

��
�

�� �
( � �� �

� �
 (38) 

Itô Lemma � �,P t T

� �
� � � � � � � � � � � �

1

,
, i

N
Q

x i i
i

dP t T
r t dt T t t r t dW t

P t T
	





 � ( �  (39) 

4.  (Interest Rate Cap) 

(caplets)

3 LIBOR

1 t t0 t1 x

1 0t t t- % � L t0 3 LIBOR t1

# $max ,0L x t� !- � � � �0 1, 1 1P t t L t
 � -

# $ � �
� �

� � � �

� �

0 1

0 1

0 1

0 1

1 ,
max ,0 max ,0

,

1max 1 ,0
,

1max ,0
,

& '�. .� !- 
 � !-) *-. .+ ,
& '. .
 � � -) *
. .+ ,
& '. .
 �) *
. .+ ,

P t t
L x t x t

P t t t

x t
P t t

k
P t t

1k x t% � - t
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� � # $

� �

� �
� � � �

1

1

0

0 1

0 1

max ,0

1max ,0
,

1max , ,0

t

t

t

t

t

t

r s dsQ
t

r s dsQ
t

r s dsQ
t

E e L x t

E e k
P t t

k E e P t t
k

�

�

�

� �� � !-� �
�  
� �& '. .�
 �� �) *

. .� �+ ,�  
� �& '�
 ! �) *� �

+ ,�  

k � �1,P t t 1
k

t0

C (SDE system) (6) (17) – (23) (39)

3 DPS Affine Jump-Diffusion model( AJD)

Leippold and Wu (2002) Cheng and Scaillet (2007) Linear-Quadratic 

Jump-Diffusion model( LQJD)

 

(31)

( 1N 
 )

1.  

Chiarella, Clewlow and Musti (2005) Q

� �,P t T CT 0 CT T/ /

                                                
3 Trolle and Schwartz (2009) Proposition 2.
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K t

� � � �� � � �# $Put , , exp max , ,0� �
 � 0 �� ��  �
C

t

TQ
C Ct

t T T E r s ds K P T T  (40) 

CT CN C
C

C

Tt
N

- 
 1

� � � � � �# $
1

MC
1 0

1Put , , exp max , ,0
1 �


 


� �� �

 � - - 0 � -� �� �1 � �� ��  

 
n

C i C C i C C
i j

t T T r j t t K P n t T (41)

1. Antithetic-variates

2. Milstein scheme SDE ( Glasserman (2004) p.343)

2.  

100 1T 


0.5CT 
 98.5K 


0 10.0302, =0.0879, 0.3341, 0.4615, 2.1476,  0.3325� � � � � �
 
 
 
 


� �0 0.7542,  0.7542	 �
 


Nelson and Siegel (1989)

� � � � � � � �1 2
0 1 2, T t T tf t T e T t e� �� � �� � � �
 � � �  (42) 

0 1 2 1 20.0053, 0.0169, 0.0079, 0.0585, 0.0585� � � � �
 
 
 
 


� �,P t T 10000 100001 


i� 0,1, ,10� 
 �i

4  2  1 i�

                                                
4 i 0i� 
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 3 0i� 
 5i� 


� �,CP T T ( ) i�

� �,CP T T � �,CP T T (<98.5)

Black-Scholes �

 

 2    � i  

 1    i�  

� i

0 2 4 6 8 10 
Put Price <10-5 0.0055 0.0211 0.0316 0.0418 0.0488 

<10-4 0.0003 0.0008 0.0011 0.0014 0.0017 
 



12 

 3    10000 � �,CP T T  

3.  

(Tenor = 1/4 ) 2% ( (42)

x%) 5000

 4  2

(i) x (ii) x( )

(iii)



13 

 4     

 2     

x
-2% -1% 0% 1% 2% 3% 4% 

Cap Price 
(Basis points) 

6.93 71.36 301.28 560.04 809.26 1053.97 1289.46

0.04 0.26 0.31 0.44 0.50 0.54 0.56 

� �

Cap = 2% 3% 4% 5000  3  5

�

�



14 

 

 5    �  

 

 3    �  

Cap = 2% 
�

 -1 -0.6 -0.2 0.2 0.6 1 
Cap Price(bps) 309.2 307.0 303.0 301.3 300.1 297.9

0.403 0.414 0.403 0.398 0.386 0.366
Cap = 3% 

�

 -1 -0.6 -0.2 0.2 0.6 1 
Cap Price(bps) 85.88 84.94 82.83 80.60 78.14 74.71

0.304 0.317 0.327 0.336 0.333 0.341
Cap = 4% 

�

 -1 -0.6 -0.2 0.2 0.6 1 
Cap Price(bps) 6.176 6.529 6.810 7.042 7.326 7.494

0.087 0.101 0.114 0.125 0.130 0.142

 

(5) � �r t � �r t 2 � �t	
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� �t 3	  ( , 02 3 � ) 2 3

� � � � � � � � � � � �,
1

, , ,
N

Q
f f i i i

i
df t T t T dt t T t r t dW t3 2� � 	





 �  (43) 

1
2

3 
 02 
 Trolle and Schwartz (2009) 03 
 1N 


Bhar and Chiarella (1997) HJM

 

HJM (i)

( ) (ii)

1. HJM

2. N N

3. 4.

5.

Chan et al. 

(1992) DSP (2000)

AJD Cheng and Scaillet (2007) LQJD

( )

(

)
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A.   1.  

(8) (7)

� � � � � � � �� � � � � �

� � � � � �� � � � � �

2 20, 1,0 1 0

1 1

2 2
22 21 0 1

1

1( , )

1

i i i

i i i

N
T t T t T ti ii i i

f i
i ii i i

T t T t T ti i i

i i i i

t T t r t e e T t e

T t e e T t e

� � �

� � �

� �� � �� 	
� � � �

� � �
� � � �

� � � � � �




� � � � � �

� � � � �

 � � � �� � � � �

� � � � ��
�� � � �

� � � � � � �� � � �
�� � � �  



� � � � � � � � � � � �

� � � � � � � � � �
,

,0 0
1

6

,
1 1 1

( , ) 0, , ,

0,
i j i

Nt t Q
f f i i i

i
N N

x i j i
i i j

f t T f T s T ds s T t r t dW s

f T T t x t T t t�

� � 	

� � �





 
 



 � �


 � � � �

� �

 

� � � � � � � � � �
0

i
t t s Q

i i ix t t r t e dW s�	 � �
 �

� � � � � � � � � � � �1, 0
i

t t s Q
i i it t r t t s e dW s�� 	 � �
 ��

� � � � � � � �
2, 0

i
t t s

i it t r t e ds�� 	 � �
 �

� � � � � � � �2
3, 0

i
t t s

i it t r t e ds�� 	 � �
 �

� � � � � � � � � �
4, 0

i
t t s

i it t r t t s e ds�� 	 � �
 ��

� � � � � � � � � �2
5, 0

i
t t s

i it t r t t s e ds�� 	 � �
 ��

� � � � � � � �2 2
6, 0

( ) i
t t s

i it t r t t s e ds�� 	 � �
 ��
Itô’s Lemma (17) – (23)
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B. 2.  

Bhar and Chiarella (1997) Appendix 3. (9)

� � � � � � � � � � � �
,

6

,
1 1 1

, 0, 0 0 ( )
j i

N N

x i j i
i i j

r t f t t f t x t t�� � �

 
 



 
 � � 

Itô’s Lemma

� � � � � � � � � �

� � � � � � � � � � � �

� � � � � � � �

� � � � � � � � � �

0
1

0
1 1

0
1

0
1

0, ( ) , ,

, ( ) ( , )

0, ( ) , ,

, ( )

	 � �

	 � 	 �

	 � �

	 � 	





 








" "�

 ��" "�

" �
� ��"  

" "� � �
 �� � ��  " "�
" �

� ��"  

 � �

 �

� �

�

N t t

i i iu
i

N Nt Q Q
i i i i i i

i i

N t t

i i iu
i

N t Q
i i i i

i
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C. AJD LQJD  

Linear-Quadratic Jump-Diffusion  

Cheng and Scaillet (2007) n � �tX ( n )

Linear-Quadratic Jump-Diffusion (LQJD)

� � � �� � � �� � � � � �, ,d t t t dt t t dW t d t� �
 � �X X X J

(i) � �tW n

(ii) � �tJ � �d tJ (independent increments)

� �,dy t1 (arrival intensity) � �� �,t t2 X

(iii) � �, ,F P4 � �,W J  (adapt to) (filtration)# $ 0t t
F

5

� �� �,t t� X � �,t t� X � �� � � �� � � �� �, , ,
T

t t t t t t� �6 
X X X � �� �,t t2 X

regularity conditions ( DPS (2000))

� �� � � � � � � �1,
2

T Tt t t b t c t7 7 77 
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7A (quadratic form)

� �tX b7

� �
� �
t
t

� �

 � �

� ��  

X
X

X
k

b
l
7

7
7

� �

 � �

�  

� �� �,t t7 X

� �� � � � � � � � � �1,
2

TT Tt t l t t k t c t7 7 7 77 
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Linear-Quadratic (LQ) ( � �tX � �tX

)

� �LQq
m n n LQJD q � �tX ( )

( � �tX q) m � �tX 2 6 � �tX

(extended transform)

� � � �� �� � � �� �,; , , exp , |
T g t t

tt
g t T E R s s ds e F� � �
 �� ��  � XX X

� �LQq
m n

� �� � � � � � � � � �1,
2

TTg t t l t t k t c t
 � � �X X X A X X

� �tA rank q
 q n


Leippold and Wu (2002) Quadratic Gaussian (QG) 0q 


DPS (2000) ADJ

Linear-Quadratic Jump-Diffusion  

� �� �,g t tX � �� �,R t tX � �tX LQ � �LQq
m n

1. � �tJ q

2. � �tX

� �
� �� �

� � � �� �
1

,
,

, ,
n

t t
t

t t t

�
�

�
!

� �
� �

� �
� ��  

X
X

X X

(a) � �� �,t t� X � �tX (b) � � � �� �, ,t t t� X X � �tX LQ

3.
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(a) � �t6 t (deterministic function) (b) � �,t6 X X LQ
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