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Abstract
This survey article introduces the Positive Mass Theorem in General Relativity. It
includes three parts. The first two sections are the introduction and the preliminaries.
The third section is the proof of the paper of S. T. Yau and R. Schoen in 1979. In the
fourth section, we outline the proof of the paper in 1981.
Keyword: General Relativity, Positive Mass Theorem, differential geometry, S. T.
Yau, R. Schoen.
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The Positive Mass Theorem in General
Relativity

Yu-Yuan Chen
June, 2010

Abstract The positive mass theorem states that for an isolated system,
the total mass is nonnegative. This assertion was discussed by many physi-
cians and mathematicians and finally completely proved by R. Schoen and
S.T. Yau. This survey article includes three parts. In the first two sections,
we introduce the theorem and some preliminaries. In the third section, we
discuss the proof in the first paper of Yau and Schoen [?]. In the fourth
section, we outline the proof of the second paper of Yau and Schoen [7].

1 Introduction

In this survey article, we will discuss the Positive Mass Theorem in General
Relativity. In general relativity, the positive mass theorem states that, as-
suming the dominant energy condition, the mass of an asymptotically flat
spacetime is non-negative; furthermore, the mass is zero only for Minkowski
spacetime. The problem of mass in gravitational field has been a difficult
problem in general relativity. One of the aims in the early research was to
understand how the energy of the gravitational fields is distributed. The
final conclusion is that the energy of the gravitational field is nonlocalized.
Therefore, the goal of trying to find the localized energy in the gravitational
fields is impossible to attain. However, we are certain that the gravitational
field has energy in it. Therefore, the problem is that how much we can know
about the energy in the gravitational field. The mathematicians finally came
to the conclusion that the total energy in an isolated system is well-defined.
The definition of this energy was proposed by Richard Arnowitt, Stanley
Deser and Charles Misner in 1960’s. It is called ADM mass and is the mass
in the positive mass theorem.
First, we give the definition of spacetime.



Definition 1. 1. The spacetime is a connected, 4-dimensional Lorentz man-
ifold (M, g) together with the Levi-Civita connection. It must satisfy the
FEinstein equation Ry, — %Rgab = T where Ty, is the energy-momentum ten-
sor describing matters.

2. A nonzero tangent vector v is timelike (or spacelike,nonspacelike respec-
tively) if g(v,v) <0 (or >0,<0).

Note The difference between a Lorentz manifold and a Riemannian man-

ifold is that g, : T,(M) x T,,(M) — R has signature (—, +, +, +) in a Lorentz
manifold.
When we want to define the mass in an isolated system, we must understand
what an isolated system is. In physics, an isolated system is a system far from
other systems. We define it by letting the metric g;; tends to the Minkowski
metric J;; in an appropriate way. Since in physics the metric should tend
to be flat when we are far from an isolate system, the spacetime of an iso-
lated system is defined to be asymptotically flat. People usually define an
asymptotically flat spacetime to satisfy the following conditions

gij - (51‘]‘ + O(l/r),@kg,] - 0(1/7’2)

2 Preliminaries

2.1 Initial Data Set

When we have the definition of isolated systems, we now discuss the total
mass of an isolated system. Since the mass is a physical quantities to describe
the dynamical behavior of systems, we have to understand the dynamics in
general relativity before defining the mass. As we know, Einstein equation
is Rap — %Rgab = Tu. The left hand side is the metric g, and its first and
second derivatives while the right hand side is the energy momentum tensor
T, which describes the distribution of matter. The form of the equation leads
to a misunderstanding that solving the Einstein equation means that to find
the g,, when we are given T,,. However, it is not true since the spacetime
manifold is 4-dimensional and when we are given T,;,, we have known the
matter distribution as a function of time. But if we have known the motion
of the matters as a function of time, we don’t need to solve the equation at
all.

Hence, when solving the Einstein equation, we are given the initial data
set rather than T,,. First, we need to decompose the spacetime M into
N xR where N is a 3-dimensional spacelike hypersurface. This is called ADM
decomposition. Second, since Einstein equation is a second-order PDE, we



need to know the data of some dynamical variable and its time derivatives.
In fact, we choose g to be the dynamical variable and hence its induced
metric g;; in IV is the initial value and the second fundamental form of N is
its derivative. Hence, we have the following definition.

Definition 2. Let M be a 4-dimensional spacetime, N C M be a spacelike
hypersurface, g be the induced metric on N and h be the second fundamental
form. Then (N, g, h) is called an initial data set.

Hence, solving Einstein equation means that when we are given an initial
data set, we try to solve the metric g on the whole spacetime M. This is
similar to Cauchy problem.If we are concerned with an isolated system, we
need that N is an asymptotically flat hypersurface. Next, we introduce the
dominant energy condition.

There are some natural conditions from a physical point of view on the
stress-energy tensor 1,;,. First, it is symmetric. It must satisfy the dominant
energy condition:

For any timelike vector V , T,;V°V?® > 0, and T,,;V° is nonspacelike.

T,,VV? > 0 means that the energy density observed by any observer is
nonnegative.

When we use the Lorentz basis and let V = (1,0,0,0) , then
TabV“Vb = TOO Z 0

Further, T,V = (Too, To1, Toz, Tos) is nonspacelike.

It means — <T00)2 -+ (T01)2 + (T02)2 + <T03)2 < 0. Hence TOO Z

2.2 Constraint equations

We can combine the Einstein equation and the Gauss and Codazzi equations
to give some constraint equations on the initial data set (IV, g, h). Given a
basis (Ey, E1, Es, E3) such that Ey is a unit timelike vector field normal to
N and E, B, E5 are tangent to N. Let h;; be the second fundamental form,
i.e, (Dg,E;)* = hijEy. The Gauss equation says that

Rijr = Rijig + highjp — hahji, 1 <4, 5,k,1 < 3.



where R is the curvature on M and R is the curvature on N. Note that
the signs differ from the usual ones in Riemannian geometry since M is a
Lorentz manifold. Taking trace in the equation we obtain

ZRUU = R —+ (t?“h)2 — (tT’hQ).

0,3
Using Einstein equation we obtain Z” Riji; = 16Ty where Ty is the
observed mass density. Hence the equation becomes

R+ (trh)? — (trh?®) = 167 Tyo. (1)

This is the first constraint equation. Similarly, from the Codazzi equation
we can obtain .

This is the second constraint equation.

Remark 1. In the paper of Yau and Schoen, they assume that trh = 0
si.e, N is a minimal surface. The assumption means that there exists an
asymptotically flat maximal surface.

Since Yau and Schoen used rigorous math to prove this positive mass
theorem, they needed to express the dominant condition as conditions on
N. This can be done by the first constraint equation. Since the dominant

condition asks that Ty > \/Z?:1 T3 | the first constraint equation becomes
R+ (trh)? — (trh?®) = 1671y > 0.

Since trh = 0,tr(h*) >0, we have R > 0.

Hence, from the dominant energy condition, we know that R > 0 on N.

2.3 Asymptotical flatness and ADM mass

The following are the two definitions of asymptotically flat initial data set.
The former is the definition in the beginning and the latter is the one which
people started to use after a period of time.

Definition 3. Asymptotically flat initial data set

An initial data set (N, g,h) is said to be asymptotically flat if 3 compact
subset K of N s.t. N\ K = Uj_, Ny, where each Ny, ,which is called an end
of N, is diffeomorphic to R*\ B,(0) and in each Ny, g and h satisfy



1 1 1 1 1
1'9ij = 5ij+0(_)a 8k9ij = O(_Q)a alakgij = O(—g), hij = O(_2>’ akhij = O(_s)
r r r r r
Mk 4 kl kﬁg k’3
2.9i5 = (L+ —=) 05 + hij, [hij| < 7, (0] < ———,100h;| <
9ij = ( +27") i+ higs Pl 1+ 12 |Ohyj| 1+ 13 |00h;| 114

(3)

for some constant ki, ko, ks > 0.

The 1in 1472, 14173,1+r* are added in order to bound the value when
r is small.
Now we give the definition of the ADM mass.

Definition 4. ADM mass
If (N, gi;, hij) is an asymptotically flat initial data set, then the ADM mass
of it is

1

™= Tor A p (093 — 0igi)dS;.

In the following theorem, we only consider that /N consists of one end.

Theorem 2.1. (Bartnik, [?])

If (N, g,h) is an asymptotically flat initial data set( in definition (1)), then
the ADM mass M 1is independent of the choice of asymptotically flat coordi-
nates.

Remark 2. 1. We can see that (2) = (1), but the g;; satisfying (1) cannot
be written in the form of (2). Hence, definition (2) seems to be just a special
case of definition (1). However, we can use a coordinate transformation to
let the metric g satisfying (1) becomes the form of (2).

2. Yau and Shoen proved that according to definition (2), the ADM mass are
nonnegative. However, under the definition (1), the positivity of ADM mass
has not jet been proved untill the paper of Bartnik in 1986. Since the general
case in definition (1) can be transformed to definition (2) under a coordinate
transformation and the ADM mass under the two coordinate systems are the
same. Hence, the papers of Yau and Schoen and Bartnik ensures that the
ADM mass of the definition (1) is nonnegative.

3. The proof of positive mass theorem uses only the definition of asymptoti-
cally flatness and R > 0. Hence we only need that T, satisfies the dominant
enerqy condition and don’t need to solve the Finstein equation.



3 Positive mass theorem

In this section we discuss the proof of the positive mass theorem. It comes
from the paper of S.T.Yau and R. Schoen [7].

Assumption There exists a maximal spacelike hypersurface N in the
spacetime M and the dominant energy condition holds.

Theorem 3.1. Let ds? be an asymptotically flat metric on the hypersurface
N. If R >0 on N, the the total mass of each end is nonnegative.

proof. In the proof, we work on a fixed end Nj,. Suppose that z!, 22, 2% are

asymptotically flat coordinates describing Ny on R3 \ By(0). We denote
the total mass of N, by M. We suppose that M < 0 and will reach a
contradiction.

Stepl. 3 a.f. metric dS? conformally equivalent to ds?. Under
the new metric, R >0 on N , R > 0 outside a compact subset of N;.
M < 0.

proof. We want to find a function ¢ such that the new metric ds* = p*ds?
satisfies the requirement.

- i M 1
dst = st Gy = ¢ = @l(L+ 52)"05 + O(5)]
To let d3? be a.f and M < 0 also, we let ¢ = 1 — % when r is large. Then
M

] 1 M 1
G = (1 — Z5V)4(1 + )45, Bl © a6 45, ).
G = (1= T (L4 505+ 0(5) = (1+ 308 + O()

Therefore, ds? is a.f and M = % < 0. Furthermore, we note that

d3? = p*ds®> = R = ¢ °[—-8A¢ + Ry].

= ox? 2’ Oxi ré

and AT =37 (14 T (1) +0(5) = oy +O().

1
c.do >0y st. A— <0 forr>o.
r

-M 1
= Ap = TA— < 0 when r is large
T
. R >0 when r is large. To let R >0 on N , we need that Ay < 0 on N.
To define the precise ¢ , we first let ¢y = —% and define ((t) to be a C°
function which satisfies

[t for t<t
C(t)_{?’% for t > 2ty,



C'(t) = 0,¢"(t) <0 for t € (0,00).
Define ¢ : N — R be a C% function by

3t
30:1+700nN\Nk

My on B3\ By, (0) = N

ple) =1+ (-7

Then on Ny, we have

()_ 1—% Whenr>—%
i) = 1+3% when r < —g=.
0

S Ap <0on N and Ap < 0 for r > 20. This completes the proof of stepl.

Step2 3 a complete area minimizing( relative to ds*) surface S
properly imbedded in N s.t. SN (N \ Ny) is compact, and SN N, lies
between two parallel Euclidean 2-planes in the 3-spaces defined by
xt 2?23,

proof. Let o > 20 , C, be the circle of Euclidean radius o centered at
0 in z' — 22 plane. Let S, be the smooth imbedded oriented surface of least
ds? area with boundary C,. We want to find o; — oo s.t. S,, converges to
the required surface S.

(1)Claim 3 compact subset Kj s.t.
SJ N (N \ Nk) C Ky Vo > 200. (4)

proof. Let Njs be another end with a.f coordinates y', y?, y* in R*\ B, (0),
ds? = Zij:l gi;dy'dy’, gi; satisfying (3). Calculate the hessian of [y|?

PP, 0

Di' 2 = - -
ilyl oy oy’ ot Oyl

1
(ly?) = 265 + O(—).

]
- 31 > 10 .t Dyilyl? is positive definite, i.e, |y|* is a convex function.
Now see |y|? on S,.

0S8y = C, C Ny .. by maximum principle,|y|? is bounded on S, N Ny

= S, N Ny C Bﬁ (0)
" N # Ny, is arbitrary .-. (4) holds.



(2)Now analyze the behavior of S, N Ni. In fact, we bound the height of
S, N Ny in the 2 direction.

Claim
Jh > 0y s.t. Ny NS, C E}, Yo > 20 (5)

proof.For any h > 0, we define

E,={zeR’:|2°| <h}.

To accomplish this, use the maximum principle for 2* on S, N N;. First
compute the asymptotic behavior of the covariant hessian of 2® on N,. Then

Maz? Mzt Maz3
3 (52'3 + 3 5j —
r r

1

3
Let h be the maximum for 2 on S, N Ny. Suppose h > oy is very large, we
can use (6) to obtain a contradiction. Similarly, let & be the minimum of z*
on S, N Ni. If h < —0, is very small, then we can obtain a contradiction.
Hence the claim is proved.

Now, let p > 20 and define
A, = (N\ Ny) U{z: |z| > 09, (z")* + (2°)* < p*}.
For any ¢ > p, (4) and (5) implies
Sy NA, C(KgUE,)NA, (7)

which is a compact subset of N. We now quote a local interior regularity
estimate for area minimizing surfaces.

Regularity estimate Let U,(z) denote the geodesic ball of redius r
about x € N. Then Jry > 0 s.t. for any xy € S, with U,,(zo) N C, = &,
S, NU,,(z0) can be written as the graph of a C® function f, over the tangent
plane to S, in a normal coordinate system on U,,(x). Moreover, there is a
constant ¢; depending only on (N, ds?) which bound all the derivatives of f,

up to order three in U, (o).

By (7) and the Regularity Estimate we can choose a sequence a§” ) 5 00 st

S,e N A, converges in C? topology. Since this can be done for any p > 20y,
we can take a sequence p; — 0o and by extracting the diagonal sequence we
find a sequence o; — oo s.t. S,, — S, an imbedded C*-surface, uniformly



in C? norm on compact subsets of N. The surface S is properly imbedded
by (7), and area-minimizing on any compact subset of N. From (4) we have
SN(N\ N;) C Ky and hence SN (N\ Nyi) is compact. From (5), SNNy C Ej,
which is a region between two parallel 2-planes in R3.

Step3. [(K >0
proof. We use the second variation inequality for S. This expresses the fact
that up to second order S has smallest area in a one-parameter compactly
supported deformation of S.

Let ey, 3, 3 be orthonormal(with respect to ds?) vector fields defined locally
on N. Let

K;; = sectional curvature of the section {e;, e;}

The Ricci tensor can be written
3

Ric(e;) = ZKU

j=1
where we let K,;; = 0. The scalar curvature is
R =Ko+ K3+ Ko

Let v be the unit normal vector field of S, and choose a frame eq, es, e3 = v
on S. Let A be the second fundamental form of S, i.e, the matrix in terms
of eq, ey is

hij = (De,v, €5)
Let || A = 3272, b3

ig=1"j-

S is a minimal surface .. Trace(A) = hy1 + hoo =0 (8)

The second variation inequality for S is
[ 187+ (Rictw) + A1) < 0
S

for any C? function f with compact support on S. By integration by parts,
we get

/ (Ric(v) + [ AIP)f? < / IV 7] (9)
S S

By approximation, the inequality folds for any Lipschitz function f with
compact support on S. The Gauss equation expresses the Gauss curvature
K of S as

K = Ky + hiihay — hi,

9



Applying (8) and the symmetry of A gives
Lo
SIAlT = K — K
Putting this into (9) gives

: 1
[ @ictv) + Kz = K+ S1A12 < [ 19112
S S
RZC(I/) + K12 = Klg + K23 + K12 =R
1
R xS < e
S S

Choose appropriate f and we can get

1
/(R—K+ “JJAI?) <0
g 2

Since R > 0, and R > 0 outside a compact subset of S, we get

/K>O.
5

Remark Since S is not compact, we cannot use the Gauss-Bonnet theorem.
Instead, the Cohn-Vossen inequality is suitable for this case. It says that if
S is a complete, open, 2-dim. surface and K is absolutely integrable on it,
then [ K < 2mx(S), where x(S) is the Euler characteristic of S. Hence, we
can get that S is homeomorphic to R2.

Step 4. |, JK <0
proof. By a result of A. Huber [?] and the previous remark, we can know
that S is conformally equivalent to the complex plane.That is,

Jecomformal diffeomorphism F' : C — S.

Let C, be the circle of radius o. For i = 1,2, ..., let L; = length(F(C;)) and
7]

A; = Area(F(D;)). By the results of R. Finn [?] and A. Huber [?], we have
L?
Thus to show f s K <0, it suffices to show that
2
li >1 10
Ry (10)

10



For large i, let L; be the Euclidean length of F(C;). By (3),
Li < (14 0(1))L? as i — oo. (11)

For the immersed disk 3}; of least Euclidean area with boundary curve F(C;),
from [?] we have the isoperimetric inequality

AD) <L (12)

where A() is Euclidean area. Let ¥; be an oriented surface of least Euclidean
area among all the surfaces of boundary F'(C;) regardless of topological type.
- - . L2

= 4n

(13)

We want to compare the ds?-area of %; with the Euclidean area, but we
cannot do it directly since 3; N B,,(0) may be nonempty, and ds® is not
defined in it. Hence we modify 3; near 0 in the following way.
Let ¢ € |09, 00 + 1] be such that >, NdB; # @. Then find a domain €; on
0B5(0) s.t.

dQ; = X;NdB5(0).

Now define

Let A; = A(3;). Then * i
A; < (T4 o(1)A(Z).
which combines with (2.22) to gives

N 2

A < (1+ 0(1))% (14)

By asymptotically flatness, we have
A < (14 0(1)4; as i — oo (15)

Using the area minimizing property of S and the above inequality, we have

. . L2 L2
A <AX) <(1+40(1)A; < (1+ 0(1))4—1 <1+ 0(1))4—Z as i — oo (16)
7r m
2
i >1

This completes the proof.

11



4 General Theorem

In the previous section, we state that Schoen and Yau proved the positive
mass theorem under the assumption that /N is a maximal slice in M. How-
ever, they proved that this assumption can be removed in the paper of [?].

Theorem 4.1. Let (N, gi;,pij) be an initial data set. Assume the dominant
energy condition holds on N. Then My > 0 for every k.

Sketch of proof. In section 2.2, we see that the assumption that /N is a mini-
mal surface means that R > 0 on N. Hence, the removement of the assump-
tion that IV is a minimal surface means the removement of the condition
R>0on N.

However, we still need the dominant energy condition. In the preliminary,

we say that is Ty > \/2?21 T2 when we use the Lorentz fram. By the two

constraint equations, it can be written as
p= (Z BAZA
i

where

i %[R - Zp”pij + (Zp§)2]
T =3 Dilp— () ph)g"]
i k

We deform the metric g;; and p;; in two steps. First, we consider the product
manifold NV x R with the product metric and extend p;; trivially to be a tensor
defined on N x R. We want to find a hypersurface N in N x R which projects
one to one onto N and whose mean curvature is the same as the trace of p;;
on N. Second, if such a hypersurface exists, then the induced metric on this
hypersurface can be deformed conformally to one with R = 0. Moreover, the
positivity of the mass of N can imply the positivity of the mass of N. Since
R >0 on N, we know the positivity of the mass of N. Hence, the positivity
of the mass of N is proved.

Stepl. Consider the product manifold N x R. Suppose > C N x R is a
hypersurface. Consider the case that ¥ is the graph of a function f defined
on N. Now we want X satisfies the equation

12



More precisely, it is the equation

(14 Df?)" Zg”D D,f = Zg“pw (18)

where g;; is the induced metric on X
Gij = Gij + fuifui
T
1+ |DfP?

fio= Zg“‘ij

Now we study a slightly more general equation than (18). Let F'(x) be a
given C? function on N and suppose iy, ji2, 13 are constants s.t.

G g
g =

sup [F| < pu,sup [DF| < pia,sup [DDF| < pig (19)
N N N

Suppose f is a given C? solution of

3 ! J
i e IS DD et _
Z(Qy 1+|Df|2)(1—|—(’Df’2)% pij) = F (20)

1,j=1
We add some assumption on F.

TGN ()+G() on N (21)

1G(z)] < pa(14+73)7110G(2)] < ps(14+74H"" on Ny (22)
We have the following proposition.

Proposition Suppose f is a C? solution of (20) with fuction F satisfying

(19),(21),(22). Suppose also that lim, ,o f(z) = 0 for each Ng. For any

B € (0.1), there is a constant c33 = Cs3(5) depending only on [, the initial
data (NN, g, pij), and the constants puy, po, pig, fta, ft5 S.t.

@)+ [2|0f (@)] + 2200 ()] + |2*|000 f (x)] < c53(B) 2|

for any x € Ni, any k.

Remark Since X is the graph of f, this means that g;; on ¥ satisfies the
asymptotically flat condition (3).

M k
g g’b] + fx’fmﬁ - (1 + )451] +hlj + fx’fzfv |h'z]| =~ 1 +17"2

13



Ky c33(B)? < ky

+ 72 r2+28 = 1 4 2
Step2 In this step, we prove the existence of solutions of (18), asymptotic
to zero at infinity, and defined on the exterior of a finite family of apparent
horizons.

To solve (18), we want to introduce an auxiliary equation for s € [0,1],t €

0,1].

H(f) = sP(f)=tf (23)
where H(f), P(f) are given by
_ ij flfj Dz‘Djf

P(f) = Z(gij - %)FU

1,J

We want to find the solution for s = 1, = 0. We first solve it for ¢t > 0.
Then by the continuity method, we can prove that it has a solution f for
s = 1. We now study the limit of the solutions as ¢ — 0. Although it is
not generally true that the solutions of the perturbed equation converge as t
approaches 0, we have the following proposition.

Proposition There is a sequence {t;} converges to zero and open sets
O, Q Qg s.t. if f; satisfies H(f;) — P(f;) = tif;, we have
(1) The sequence f; converges uniformly to +oo (respectively, —oco) on €
(respectively, £2_), and f; converges to a smooth function fy; on Q satisfying
(18).
(2) The sets Q; and Q_ have compact closure, and N = Q, U Q_ U Q.
Each boundary component ¥ of Q, (respectively Q_) is a smooth embedded
two-sphere.
(3) The graphs G; of f; converge smoothly to a properly embedded limit
submanifold My C N xR. Each connected component of Mj is either a com-
ponent of the graph of fy or the cylinder ¥ x R C N x R over a boundary
component Y of 2, or Q_.

Step3 We use the function fy to prove the theorem. We want to prove
that M, > 0, so we consider only that component of €2y which contains Ny.
For simplicity we also denote that component of Gy as Gg. We now remove
the infinities of Gy except that asymptotic to Ni. This can be done by a
conformal change of metric. Let GY = Go U (N; x R). For each [ # k, let 1
be a positive solution of A — %R = (0 on N, where R is the scalar curvature

14



of Gy to ds?, the induced metric on Gy. Then let ) be a positive smooth
function on Gy satisfying

1 onG§

p={ ¢ onGli#k
Y on GoU (X x R)

where ¢’ is some special function satisfying A — %R = 0. Now define a
new metric ds2 = ¢4ds’. The new manifold (N, ds?) has Ry = 1~5(Rip —
8A1)). 1 is chosen s.t. the new manifold has no infinity. Note that Ry = 0
outside GE. Using the dominant energy condition, we can find these solutions
satisfying the requirements.

Now choose a positive function u on Ny satisfying Au — %Rou = 0. It has
the form

u:1+%+0(7‘2)

on N} where Ay < 0. The proof of the existence uses the dominant energy
condition. Then the metric u*ds? on N, has zero scalar curvature, and is
asymptotically flat. We have M) = M, + 2A;. By the result of Section 3,
we have M > 0. Hence My > 0. This completes the proof.

O
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