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摘要 

  此文章主要介紹廣義相對論中的正質量定理,共分三部分,前兩節為介紹此定

理及預備知識,第三節為邱成桐及孫理查在 1979 論文的證明,第四節為他們在

1981 年的文章的證明大概. 

  關鍵字: 正質量定理,廣義相對論,微分幾何,邱成桐,孫理查. 
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Abstract 
  This survey article introduces the Positive Mass Theorem in General Relativity. It 
includes three parts. The first two sections are the introduction and the preliminaries. 
The third section is the proof of the paper of S. T. Yau and R. Schoen in 1979. In the 
fourth section, we outline the proof of the paper in 1981. 
  Keyword: General Relativity, Positive Mass Theorem, differential geometry, S. T. 
Yau, R. Schoen. 
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The Positive Mass Theorem in General
Relativity

Yu-Yuan Chen

June, 2010

Abstract The positive mass theorem states that for an isolated system,
the total mass is nonnegative. This assertion was discussed by many physi-
cians and mathematicians and finally completely proved by R. Schoen and
S.T. Yau. This survey article includes three parts. In the first two sections,
we introduce the theorem and some preliminaries. In the third section, we
discuss the proof in the first paper of Yau and Schoen [?]. In the fourth
section, we outline the proof of the second paper of Yau and Schoen [?].

1 Introduction

In this survey article, we will discuss the Positive Mass Theorem in General
Relativity. In general relativity, the positive mass theorem states that, as-
suming the dominant energy condition, the mass of an asymptotically flat
spacetime is non-negative; furthermore, the mass is zero only for Minkowski
spacetime. The problem of mass in gravitational field has been a difficult
problem in general relativity. One of the aims in the early research was to
understand how the energy of the gravitational fields is distributed. The
final conclusion is that the energy of the gravitational field is nonlocalized.
Therefore, the goal of trying to find the localized energy in the gravitational
fields is impossible to attain. However, we are certain that the gravitational
field has energy in it. Therefore, the problem is that how much we can know
about the energy in the gravitational field. The mathematicians finally came
to the conclusion that the total energy in an isolated system is well-defined.
The definition of this energy was proposed by Richard Arnowitt, Stanley
Deser and Charles Misner in 1960’s. It is called ADM mass and is the mass
in the positive mass theorem.

First, we give the definition of spacetime.
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Definition 1. 1. The spacetime is a connected, 4-dimensional Lorentz man-
ifold (M, g̃) together with the Levi-Civita connection. It must satisfy the
Einstein equation Rab− 1

2
Rgab = Tab where Tab is the energy-momentum ten-

sor describing matters.
2. A nonzero tangent vector v is timelike (or spacelike,nonspacelike respec-
tively) if g̃(v, v) < 0 (or > 0,6 0).

Note The difference between a Lorentz manifold and a Riemannian man-
ifold is that gp : Tp(M)×Tp(M)→ R has signature (−,+,+,+) in a Lorentz
manifold.
When we want to define the mass in an isolated system, we must understand
what an isolated system is. In physics, an isolated system is a system far from
other systems. We define it by letting the metric gij tends to the Minkowski
metric δij in an appropriate way. Since in physics the metric should tend
to be flat when we are far from an isolate system, the spacetime of an iso-
lated system is defined to be asymptotically flat. People usually define an
asymptotically flat spacetime to satisfy the following conditions

gij = δij +O(1/r), ∂kgij = O(1/r2).

2 Preliminaries

2.1 Initial Data Set

When we have the definition of isolated systems, we now discuss the total
mass of an isolated system. Since the mass is a physical quantities to describe
the dynamical behavior of systems, we have to understand the dynamics in
general relativity before defining the mass. As we know, Einstein equation
is Rab − 1

2
Rgab = Tab. The left hand side is the metric gab and its first and

second derivatives while the right hand side is the energy momentum tensor
Tab which describes the distribution of matter. The form of the equation leads
to a misunderstanding that solving the Einstein equation means that to find
the gab when we are given Tab. However, it is not true since the spacetime
manifold is 4-dimensional and when we are given Tab, we have known the
matter distribution as a function of time. But if we have known the motion
of the matters as a function of time, we don’t need to solve the equation at
all.

Hence, when solving the Einstein equation, we are given the initial data
set rather than Tab. First, we need to decompose the spacetime M into
N×R where N is a 3-dimensional spacelike hypersurface. This is called ADM
decomposition. Second, since Einstein equation is a second-order PDE, we
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need to know the data of some dynamical variable and its time derivatives.
In fact, we choose g to be the dynamical variable and hence its induced
metric gij in N is the initial value and the second fundamental form of N is
its derivative. Hence, we have the following definition.

Definition 2. Let M be a 4-dimensional spacetime, N ⊂ M be a spacelike
hypersurface, g be the induced metric on N and h be the second fundamental
form. Then (N, g, h) is called an initial data set.

Hence, solving Einstein equation means that when we are given an initial
data set, we try to solve the metric g̃ on the whole spacetime M . This is
similar to Cauchy problem.If we are concerned with an isolated system, we
need that N is an asymptotically flat hypersurface. Next, we introduce the
dominant energy condition.

There are some natural conditions from a physical point of view on the
stress-energy tensor Tab. First, it is symmetric. It must satisfy the dominant
energy condition:

For any timelike vector V , TabV
aV b ≥ 0 , and TabV

b is nonspacelike.

TabV
aV b ≥ 0 means that the energy density observed by any observer is

nonnegative.

When we use the Lorentz basis and let V = (1, 0, 0, 0) , then

TabV
aV b = T00 ≥ 0.

Further, TabV
b = (T00, T01, T02, T03) is nonspacelike.

It means − (T00)2 + (T01)2 + (T02)2 + (T03)2 6 0. Hence T00 ≥

√√√√ 3∑
i=1

T 2
0i.

2.2 Constraint equations

We can combine the Einstein equation and the Gauss and Codazzi equations
to give some constraint equations on the initial data set (N, g, h). Given a
basis (E0, E1, E2, E3) such that E0 is a unit timelike vector field normal to
N and E1, E2, E3 are tangent to N . Let hij be the second fundamental form,
i.e, (DEiEj)

⊥ = hijE0. The Gauss equation says that

Rijkl = Rijkl + hikhjl − hilhjk, 1 ≤ i, j, k, l ≤ 3.
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where R is the curvature on M and R is the curvature on N . Note that
the signs differ from the usual ones in Riemannian geometry since M is a
Lorentz manifold. Taking trace in the equation we obtain∑

i,j

Rijij = R + (trh)2 − (trh2).

Using Einstein equation we obtain
∑

i,jRijij = 16πT00 where T00 is the
observed mass density. Hence the equation becomes

R + (trh)2 − (trh2) = 16πT00. (1)

This is the first constraint equation. Similarly, from the Codazzi equation
we can obtain

∇i(h
i
k − (trh)δik) = −8πT0k. (2)

This is the second constraint equation.

Remark 1. In the paper of Yau and Schoen, they assume that trh = 0
,i.e, N is a minimal surface. The assumption means that there exists an
asymptotically flat maximal surface.

Since Yau and Schoen used rigorous math to prove this positive mass
theorem, they needed to express the dominant condition as conditions on
N . This can be done by the first constraint equation. Since the dominant

condition asks that T00 ≥
√∑3

i=1 T
2
0i , the first constraint equation becomes

R + (trh)2 − (trh2) = 16πT00 ≥ 0.

Since trh = 0, tr(h2) ≥ 0, we have R ≥ 0.

Hence, from the dominant energy condition, we know that R ≥ 0 on N .

2.3 Asymptotical flatness and ADM mass

The following are the two definitions of asymptotically flat initial data set.
The former is the definition in the beginning and the latter is the one which
people started to use after a period of time.

Definition 3. Asymptotically flat initial data set
An initial data set (N, g, h) is said to be asymptotically flat if ∃ compact
subset K of N s.t. N \K = ∪rk=1Nk, where each Nk ,which is called an end
of N , is diffeomorphic to R3 \Bρ(0) and in each Nk, g and h satisfy
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1.gij = δij+O(
1

r
), ∂kgij = O(

1

r2
), ∂l∂kgij = O(

1

r3
), hij = O(

1

r2
), ∂khij = O(

1

r3
).

2.gij = (1 +
Mk

2r
)4δij + hij, |hij| 6

k1

1 + r2
, |∂hij| 6

k2

1 + r3
, |∂∂hij| 6

k3

1 + r4
.

(3)
for some constant k1, k2, k3 
 0.

The 1 in 1 + r2, 1 + r3, 1 + r4 are added in order to bound the value when
r is small.

Now we give the definition of the ADM mass.

Definition 4. ADM mass
If (N, gij, hij) is an asymptotically flat initial data set, then the ADM mass
of it is

m =
1

16π
lim
r→∞

∮
Sr

(∂igij − ∂jgii)dSj.

In the following theorem, we only consider that N consists of one end.

Theorem 2.1. (Bartnik, [?])
If (N, g, h) is an asymptotically flat initial data set( in definition (1)), then
the ADM mass M is independent of the choice of asymptotically flat coordi-
nates.

Remark 2. 1. We can see that (2) ⇒ (1), but the gij satisfying (1) cannot
be written in the form of (2). Hence, definition (2) seems to be just a special
case of definition (1). However, we can use a coordinate transformation to
let the metric g satisfying (1) becomes the form of (2).
2. Yau and Shoen proved that according to definition (2), the ADM mass are
nonnegative. However, under the definition (1), the positivity of ADM mass
has not jet been proved untill the paper of Bartnik in 1986. Since the general
case in definition (1) can be transformed to definition (2) under a coordinate
transformation and the ADM mass under the two coordinate systems are the
same. Hence, the papers of Yau and Schoen and Bartnik ensures that the
ADM mass of the definition (1) is nonnegative.
3. The proof of positive mass theorem uses only the definition of asymptoti-
cally flatness and R > 0. Hence we only need that Tab satisfies the dominant
energy condition and don’t need to solve the Einstein equation.
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3 Positive mass theorem

In this section we discuss the proof of the positive mass theorem. It comes
from the paper of S.T.Yau and R. Schoen [?].

Assumption There exists a maximal spacelike hypersurface N in the
spacetime M and the dominant energy condition holds.

Theorem 3.1. Let ds2 be an asymptotically flat metric on the hypersurface
N . If R > 0 on N , the the total mass of each end is nonnegative.

proof. In the proof, we work on a fixed end Nk. Suppose that x1, x2, x3 are
asymptotically flat coordinates describing Nk on R3 \ Bσ0(0). We denote
the total mass of Nk by M . We suppose that M < 0 and will reach a
contradiction.

Step1. ∃ a.f. metric dS̃2 conformally equivalent to ds2. Under
the new metric, R̃ ≥ 0 on N , R̃ > 0 outside a compact subset of Nk.
M̃ < 0.

proof. We want to find a function ϕ such that the new metric ds̃4 = ϕ4ds2

satisfies the requirement.

∵ ds̃4 = ϕ4ds2 ∴ g̃ij = ϕ4gij = ϕ4[(1 +
M

2r
)4δij +O(

1

r2
)]

To let ds̃2 be a.f and M̃ < 0 also, we let ϕ = 1− M
4r

when r is large. Then

g̃ij = (1− M

4r
)4(1 +

1

2r
)4δij +O(

1

r2
) = (1 +

M

4r
)4δij +O(

1

r2
).

Therefore, ds̃2 is a.f and M̃ = M
2
< 0. Furthermore, we note that

ds̃2 = ϕ4ds2 ⇒ R̃ = ϕ−5[−8∆ϕ+Rϕ].

and ∆
1

r
=

3∑
i=1

∂

∂xi
((1 +

M

2r
)2 ∂

∂xi
(
1

r
)) +O(

1

r5
) =

M

r4
+O(

1

r5
).

∴ ∃σ > σ0 s.t. ∆
1

r
< 0 for r ≥ σ.

⇒ ∆ϕ =
−M

4
∆

1

r
< 0 when r is large

∴ R̃ > 0 when r is large. To let R̃ ≥ 0 on N , we need that ∆ϕ ≤ 0 on N .
To define the precise ϕ , we first let t0 = − M

8σ0
and define ζ(t) to be a C5

function which satisfies

ζ(t) =

{
t for t < t0
3t0
2

for t > 2t0,
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ζ ′(t) > 0, ζ ′′(t) 6 0 for t ∈ (0,∞).

Define ϕ : N → R be a C5 function by

ϕ = 1 +
3t0
2

on N \Nk

ϕ(x) = 1 + ζ(−M
4r

) on R3 \Bσ0(0) = Nk.

Then on Nk, we have

ϕ(x) =

{
1− M

4r
when r > −M

4t0

1 + 3t0
2

when r < −M
8t0
.

∴ ∆ϕ ≤ 0 on N and ∆ϕ < 0 for r > 2σ. This completes the proof of step1.
Step2 ∃ a complete area minimizing( relative to ds2) surface S

properly imbedded in N s.t. S ∩ (N \Nk) is compact, and S ∩Nk lies
between two parallel Euclidean 2-planes in the 3-spaces defined by
x1, x2, x3.

proof. Let σ > 2σ0 , Cσ be the circle of Euclidean radius σ centered at
0 in x1 − x2 plane. Let Sσ be the smooth imbedded oriented surface of least
ds2 area with boundary Cσ. We want to find σi → ∞ s.t. Sσi converges to
the required surface S.

(1)Claim ∃ compact subset K0 s.t.

Sσ ∩ (N \Nk) ⊂ K0 ∀σ > 2σ0. (4)

proof. Let Nk′ be another end with a.f coordinates y1, y2, y3 in R3\Bτ0(0),
ds2 =

∑3
i,j=1 g

′
ijdy

idyj, g′ij satisfying (3). Calculate the hessian of |y|2

Dij|y|2 =
∂2|y|2

∂yi∂yj
−D ∂

∂yi

∂

∂yj
(|y|2) = 2δij +O(

1

|y|
).

∴ ∃τ1 > τ0 s.t. Dij|y|2 is positive definite, i.e, |y|2 is a convex function.
Now see |y|2 on Sσ.

∵ ∂Sσ = Cσ ⊂ Nk ∴ by maximum principle,|y|2 is bounded on Sσ ∩Nk′

=⇒ Sσ ∩Nk′ ⊂ Bτ1(0)

∵ Nk′ 6= Nk is arbitrary ∴ (4) holds.
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(2)Now analyze the behavior of Sσ ∩Nk. In fact, we bound the height of
Sσ ∩Nk in the x3 direction.

Claim
∃h > σ0 s.t. Nk ∩ Sσ ⊂ Eh ∀σ > 2σ0 (5)

proof.For any h > 0, we define

Eh =
{
x ∈ R3 : |x3| ≤ h

}
.

To accomplish this, use the maximum principle for x3 on Sσ ∩ Nk. First
compute the asymptotic behavior of the covariant hessian of x3 on Nk. Then

Dijx
3 =

Mxj

r3
δi3 +

Mxi

r3
δj3 −

Mx3

r3
δij +O(

1

r3
). (6)

Let h̄ be the maximum for x3 on Sσ ∩Nk. Suppose h̄ > σ0 is very large, we
can use (6) to obtain a contradiction. Similarly, let h be the minimum of x3

on Sσ ∩ Nk. If h < −σo is very small, then we can obtain a contradiction.
Hence the claim is proved.

Now, let ρ > 2σ0 and define

Aρ = (N \Nk) ∪
{
x : |x| ≥ σ0, (x

1)2 + (x2)2 ≤ ρ2
}
.

For any σ > ρ, (4) and (5) implies

Sσ ∩ Aρ ⊂ (K0 ∪ Eh) ∩ Aρ (7)

which is a compact subset of N . We now quote a local interior regularity
estimate for area minimizing surfaces.

Regularity estimate Let Ur(x) denote the geodesic ball of redius r
about x ∈ N . Then ∃r0 > 0 s.t. for any x0 ∈ Sσ with Ur0(x0) ∩ Cσ = ∅,
Sσ∩Ur0(x0) can be written as the graph of a C3 function fσ over the tangent
plane to Sσ in a normal coordinate system on Ur0(x0). Moreover, there is a
constant c1 depending only on (N, ds2) which bound all the derivatives of fσ
up to order three in Ur0(x0).

By (7) and the Regularity Estimate we can choose a sequence σ
(ρ)
i →∞ s.t.

Sσρσi ∩ Aρ converges in C2 topology. Since this can be done for any ρ > 2σ0,
we can take a sequence ρj →∞ and by extracting the diagonal sequence we
find a sequence σi → ∞ s.t. Sσi → S, an imbedded C2-surface, uniformly
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in C2 norm on compact subsets of N . The surface S is properly imbedded
by (7), and area-minimizing on any compact subset of N . From (4) we have
S∩(N \Nk) ⊂ K0 and hence S∩(N \Nk) is compact. From (5), S∩Nk ⊂ Eh
which is a region between two parallel 2-planes in R3.

Step3.
∫
S
K > 0

proof. We use the second variation inequality for S. This expresses the fact
that up to second order S has smallest area in a one-parameter compactly
supported deformation of S.
Let e1, e2, e3 be orthonormal(with respect to ds2) vector fields defined locally
on N . Let

Kij = sectional curvature of the section {ei, ej}

The Ricci tensor can be written

Ric(ei) =
3∑
j=1

Kij

where we let Kii = 0. The scalar curvature is

R = K12 +K13 +K23

Let ν be the unit normal vector field of S, and choose a frame e1, e2, e3 = ν
on S. Let A be the second fundamental form of S, i.e, the matrix in terms
of e1, e2 is

hij = 〈Deiν, ej〉
Let ‖A‖2 =

∑2
i,j=1 h

2
ij.

∵ S is a minimal surface ∴ Trace(A) = h11 + h22 = 0 (8)

The second variation inequality for S is∫
S

f [∆f + (Ric(ν) + ‖A‖2)f ] ≤ 0

for any C2 function f with compact support on S. By integration by parts,
we get ∫

S

(Ric(ν) + ‖A‖2)f 2 ≤
∫
S

‖∇f‖2. (9)

By approximation, the inequality folds for any Lipschitz function f with
compact support on S. The Gauss equation expresses the Gauss curvature
K of S as

K = K12 + h11h22 − h2
12

9



Applying (8) and the symmetry of A gives

1

2
‖A‖2 = K12 −K

Putting this into (9) gives∫
S

(Ric(ν) +K12 −K +
1

2
‖A‖2)f 2 ≤

∫
S

‖∇f‖2.

∵ Ric(ν) +K12 = K13 +K23 +K12 = R

∴
∫
S

(R−K +
1

2
‖A‖2)f 2 ≤

∫
S

‖∇f‖2.

Choose appropriate f and we can get∫
S

(R−K +
1

2
‖A‖2) ≤ 0.

Since R ≥ 0, and R > 0 outside a compact subset of S, we get∫
S

K > 0.

Remark Since S is not compact, we cannot use the Gauss-Bonnet theorem.
Instead, the Cohn-Vossen inequality is suitable for this case. It says that if
S is a complete, open, 2-dim. surface and K is absolutely integrable on it,
then

∫
S
K ≤ 2πχ(S), where χ(S) is the Euler characteristic of S. Hence, we

can get that S is homeomorphic to R2.

Step 4.
∫
S
K ≤ 0

proof. By a result of A. Huber [?] and the previous remark, we can know
that S is conformally equivalent to the complex plane.That is,

∃comformal diffeomorphism F : C→ S.

Let Cσ be the circle of radius σ. For i = 1, 2, ..., let Li = length(F (Ci)) and
Ai = Area(F (Di)). By the results of R. Finn [?] and A. Huber [?], we have∫

S

K = 2π − lim
i→∞

L2
i

2Ai

Thus to show
∫
S
K ≤ 0, it suffices to show that

lim
i→∞

L2
i

4πAi
≥ 1 (10)
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For large i, let L̃i be the Euclidean length of F (Ci). By (3),

L̃i ≤ (1 + o(1))L2
i as i→∞. (11)

For the immersed disk Σi of least Euclidean area with boundary curve F (Ci),
from [?] we have the isoperimetric inequality

Ã(Σi) ≤
L̃2
i

4π
(12)

where Ã() is Euclidean area. Let Σ̃i be an oriented surface of least Euclidean
area among all the surfaces of boundary F (Ci) regardless of topological type.

∵ Ã(Σ̃i) ≤ Ã(Σi) ∴ Ã(Σ̃i) ≤
L̃2
i

4π
(13)

We want to compare the ds2-area of Σ̃i with the Euclidean area, but we
cannot do it directly since Σ̃i ∩ Bσ0(0) may be nonempty, and ds2 is not
defined in it. Hence we modify Σ̃i near 0 in the following way.
Let σ̄ ∈ [σ0, σ0 + 1] be such that Σ̃i ∩ ∂Bσ̄ 6= ∅. Then find a domain Ωi on
∂Bσ̄(0) s.t.

∂Ωi = Σ̃i ∩ ∂Bσ̄(0).

Now define
Σ̂i = (Σ̃i \Bσ̄(0)) ∪ Ωi.

Let Ãi = Ã(Σ̂i). Then
Ãi ≤ (1 + o(1))Ã(Σ̃i).

which combines with (2.22) to gives

Ãi ≤ (1 + o(1))
L̃2
i

4π
(14)

By asymptotically flatness, we have

A(Σ̂i) ≤ (1 + o(1))Ãi as i→∞ (15)

Using the area minimizing property of S and the above inequality, we have

Ai ≤ A(Σ̂i) ≤ (1 + o(1))Ãi ≤ (1 + o(1))
L̃2
i

4π
≤ (1 + o(1))

L2
i

4π
as i→∞ (16)

∴ lim
i→∞

L2
i

4πAi
≥ 1

This completes the proof.
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4 General Theorem

In the previous section, we state that Schoen and Yau proved the positive
mass theorem under the assumption that N is a maximal slice in M . How-
ever, they proved that this assumption can be removed in the paper of [?].

Theorem 4.1. Let (N, gij, pij) be an initial data set. Assume the dominant
energy condition holds on N . Then Mk ≥ 0 for every k.

Sketch of proof. In section 2.2, we see that the assumption that N is a mini-
mal surface means that R ≥ 0 on N . Hence, the removement of the assump-
tion that N is a minimal surface means the removement of the condition
R ≥ 0 on N .
However, we still need the dominant energy condition. In the preliminary,

we say that is T00 ≥
√∑3

i=1 T
2
0i when we use the Lorentz fram. By the two

constraint equations, it can be written as

µ ≥ (
∑
i

J iJi)

where

µ =
1

2
[R−

∑
i,j

pijpij + (
∑
i

pii)
2]

J i =
∑
j

Dj[p
ij − (

∑
k

pkk)g
ij].

We deform the metric gij and pij in two steps. First, we consider the product
manifold N×R with the product metric and extend pij trivially to be a tensor
defined on N×R. We want to find a hypersurface N̄ in N×R which projects
one to one onto N and whose mean curvature is the same as the trace of pij
on N̄ . Second, if such a hypersurface exists, then the induced metric on this
hypersurface can be deformed conformally to one with R = 0. Moreover, the
positivity of the mass of N̄ can imply the positivity of the mass of N . Since
R ≥ 0 on N̄ , we know the positivity of the mass of N̄ . Hence, the positivity
of the mass of N is proved.
Step1. Consider the product manifold N × R. Suppose Σ ⊂ N × R is a
hypersurface. Consider the case that Σ is the graph of a function f defined
on N . Now we want Σ satisfies the equation

H =
∑
i

pii (17)
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More precisely, it is the equation

(1 +Df 2)−
1
2

∑
i,j

ḡijDiDjf =
∑
i,j

ḡijpij (18)

where ḡij is the induced metric on Σ

ḡij = gij + fxifxj

ḡij = gij − f if j

1 + |Df |2

f i =
∑
j

gijfxj

Now we study a slightly more general equation than (18). Let F (x) be a
given C2 function on N and suppose µ1, µ2, µ3 are constants s.t.

sup
N
|F | ≤ µ1, sup

N
|DF | ≤ µ2, sup

N
|DDF | ≤ µ3 (19)

Suppose f is a given C3 solution of

3∑
i,j=1

(gij − f if j

1 + |Df |2
)(

DiDjf

1 + (|Df |2)
1
2

− pij) = F (20)

We add some assumption on F .

F (x) = tf(x) +G(x) on N (21)

|G(x)| ≤ µ4(1 + r3)−1, |∂G(x)| ≤ µ5(1 + r4)−1 on Nk (22)

We have the following proposition.
Proposition Suppose f is a C3 solution of (20) with fuction F satisfying
(19),(21),(22). Suppose also that limx→∞ f(x) = 0 for each Nk. For any
β ∈ (0.1), there is a constant c33 = C33(β) depending only on β, the initial
data (N, gij, pij), and the constants µ1, µ2, µ3, µ4, µ5 s.t.

|f(x)|+ |x||∂f(x)|+ |x|2|∂∂f(x)|+ |x|3|∂∂∂f(x)| ≤ c33(β)|x|−β

for any x ∈ Nk, any k.

Remark Since Σ is the graph of f , this means that ḡij on Σ satisfies the
asymptotically flat condition (3).

ḡij = gij + fxifxj = (1 +
M

2r
)4δij + hij + fxifxj , |hij| ≤

k1

1 + r2
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⇒ |hij + fxifxj | ≤ |hij|+ |fxi||fxj | ≤
k1

1 + r2
+
c33(β)2

r2+2β
≤ k′1

1 + r2

Step2 In this step, we prove the existence of solutions of (18), asymptotic
to zero at infinity, and defined on the exterior of a finite family of apparent
horizons.
To solve (18), we want to introduce an auxiliary equation for s ∈ [0, 1], t ∈
[0, 1].

H(f)− sP (f) = tf (23)

where H(f), P (f) are given by

H(f) =
∑
i,j

(gi,j − f if j

1 + |Df |2
)

DiDjf√
1 + |Df |2

P (f) =
∑
i,j

(gij − f if j

1 + |Df |2
)pij

We want to find the solution for s = 1, t = 0. We first solve it for t > 0.
Then by the continuity method, we can prove that it has a solution f for
s = 1. We now study the limit of the solutions as t → 0. Although it is
not generally true that the solutions of the perturbed equation converge as t
approaches 0, we have the following proposition.

Proposition There is a sequence {ti} converges to zero and open sets
Ω+,Ω−,Ω0 s.t. if fi satisfies H(fi)− P (fi) = tifi, we have
(1) The sequence fi converges uniformly to +∞ (respectively, −∞) on Ω+

(respectively, Ω−), and fi converges to a smooth function f0 on Ω0 satisfying
(18).
(2) The sets Ω+ and Ω− have compact closure, and N = Ω̄+ ∪ Ω̄− ∪ Ω̄0.
Each boundary component Σ of Ω+ (respectively Ω−) is a smooth embedded
two-sphere.
(3) The graphs Gi of fi converge smoothly to a properly embedded limit
submanifold M0 ⊂ N×R. Each connected component of M0 is either a com-
ponent of the graph of f0 or the cylinder Σ × R ⊂ N × R over a boundary
component Σ of Ω+ or Ω−.

Step3 We use the function f0 to prove the theorem. We want to prove
that Mk ≥ 0, so we consider only that component of Ω0 which contains Nk.
For simplicity we also denote that component of G0 as G0. We now remove
the infinities of G0 except that asymptotic to Nk. This can be done by a
conformal change of metric. Let Gl

0 = G0 ∪ (Nl × R). For each l 6= k, let ψl
be a positive solution of ∆ − 1

8
R̄ = 0 on Nl where R̄ is the scalar curvature

14



of G0 to ds̄2, the induced metric on G0. Then let ψ be a positive smooth
function on G0 satisfying

ψ =


1 on Gk

0

ψl on Gl
0, l 6= k

ψ′ on G0 ∪ (Σ× R)

where ψ′ is some special function satisfying ∆ − 1
8
R̄ = 0. Now define a

new metric ds2
0 = ψ4d̄s

2
. The new manifold (N0, ds

2
0) has R0 = ψ−5(R̄ψ −

8∆ψ). ψ′ is chosen s.t. the new manifold has no infinity. Note that R0 = 0
outside Gk

0. Using the dominant energy condition, we can find these solutions
satisfying the requirements.
Now choose a positive function u on N0 satisfying ∆u − 1

8
R0u = 0. It has

the form

u = 1 +
Ak
r

+O(r−2)

on Nk
0 where Ak < 0. The proof of the existence uses the dominant energy

condition. Then the metric u4ds2
0 on N0 has zero scalar curvature, and is

asymptotically flat. We have M0
k = Mk + 2Ak. By the result of Section 3,

we have M0
k ≥ 0. Hence Mk > 0. This completes the proof.
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