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Abstract

In this thesis, we derived the equation of self-similar solutions to mean curvature flow
based on the Lawson-Osserman cone and proved the existence of self-expander. The main
point is to use the symmetry to transform the PDE into a system of ODEs and analyze
such analogous autonomous system. In particular, the self-expander is unique form the

viewpoint of Dirichlet problem.

Keywords: Geometric Analysis, Mean Curvature Flow in Higher Codimensions, Self-

Similar Solution, Lawson-Osserman Cone, Dirichlet Problem
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1 Introduction

In [10], Lawson and Osserman found the minimal cone of higher codimensions in R*" 1,

H(x n
Cu= A% ) [ e o = ),

where n = 2,4,8, k, = / 42(21“}) and H : R** — R""! is the Hopf map. Later, Harvey and
Lawson [5] proved that ) is in fact coassociative when equipping R” a G,-structure, therefore
area-minimizing. Recently, Xu, Yang and Zhang [12] showed that the rest Cy, C are also area-

minimizing by using Lawlor’s curvature criterion [9].

Ding and Yuan resolved the singularities in [2]. They found that there exists an unique function

g : R>p — R and a family of minimal graphs

MO, e R r = x> 0

G = {1 glpr)=

which is asymptotic to C,, yet smooth at the origin.

On the other hand, geometric flows, especially Ricci flow and the mean curvature flow, have
arrested much attention over the past half-century. Hamilton [4] is the first one developing the
theory of Ricci flow. In addition, Brakke [ | ] created the notion of the mean curvature flow from the
viewpoint of geometric measure theory. Then Huisken [ 7] studied it from the classical point of view.
There are many important breakthroughs in the mean curvature flow in codimension one; however,
the complexity of the quasi-linear PDE system is one of the difficulties for understanding the mean
curvature flow in higher codimensions. Without imposing extra condition, such as Lagrangian
mean curvature flow, there are still very few ways to deal with the mean curvature flow in higher

codimensions.

In this note, we consider the self-similar solutions to the mean curvature flow based on the
Lawson-Osserman cone, i.e. the self-similar solutions in higher codimensions. In section 4, we
provide a stable curve theorem for an analogous autonomous system. Using it, we are able to show

our main result:

Main Theorem. There exist 0 < & < k,, 79 > 0 and an unique smooth self-expander in R>" ™ of
the form

S = {0 1)) x e R r = ]}

r2
forn = 2,4, 8 such that
f : [Rzo — R

1
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satisfies the condition

f(ro) = ero.
Moreover, [ has the following property:

1.
0< f(r) <kur, 0 f'(r).
2. Asr — 0,
feoE™), feor)
for any 6 > 0.
3.
fim £(7)
r—00 T

exists. In other words, X, is asymptotic to a cone

H(x)

{(x, LT) |x € R*"},

f(r)

where L = lim, o, ==, as r — oo.

2 Background materials

We first recall the definition of the Hopf map
H: R*™ — R,

where n = 2,4, 8.

Definition. We identify R” with the normed algebra, complex numbers C, quaternions H and oc-
tonions O for n = 2,4, 8, repectively. Let x = (p,q) € R" x R", then the Hopf map is defined
by

H(x) = (IpII* — ll4ll*, 24p).

We also note that the Hopf map H is equivariant.

Proposition 2.1. For any fixed x € R*", there is an orthogonal transformation M € O(2n) and
an induced orthogonal transformation M € O(2n) such that

x = M([|x[|,0,---,0)

2
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and

H(M(y)) = M(H(y))Vy € R*".

[cf- [2], Appendix, Prop. 4.1]

We also recall the definition of mean curvature flow here.

Definition. Let X be a smooth submanifold in a Riemannian manifold M. If there exists a family
of smooth immersions F; : 3 — M satisfying

OF,
(o 0 = Bz ().
FO = ld
where OF
o ijol 91t
HZt T (gt) v% 8Ij
denotes the mean curvature vector of >J; and
0F, OF;,

(gt)ij = <%» %>M7

then F; is called a mean curvature flow of 2.

In geometric flows, such as the mean curvature flow or Ricci flow, singularities are often
locally modelled on soliton solutions. For the mean curvature flow case, there are two types of
soliton solutions in Euclidean space that are particularly interested. One is the solitons moved
by scaling, and the other one is that moved by translation. We now recall the solitons moved by
scaling:

Definition. A submanifold ¥ in Euclidean space R” is called a self-similar solution if
Hy, = CF*

on Y for some constant C' € R, where '+ denotes the projection of the position vector £ in R to
the normal bundle N3 of ¥ and Hy is the mean curvature vector of > C R”. Moreover, it is called
a self-shrinker if C' < 0 and a self-expander if C' > 0.

Notice that if X is a self-similar solution and F' : > — [R" is the position vector, then F;
defined by
F,=+vV1+2CtF

doi:doi:10.6342/NTU202200888
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is moved by the mean curvature flow. It follows from Huisken’ s monotonicity formula [¥] that any
central blow-up of a finite-time singularity of the mean curvature flow is a self-similar solution.

When C' = 0, the submanifold is minimal.
Remark 2.2. The only crucial part of C' is its sign since its absolute value can be shifted to 1 after
a scaling of 3. That is to say, it suffices to consider C' = 1,0, —1.

On the other hand, the submanifolds that are moved by translation along the mean curvature

flow are of the following form:

Definition. A submanifold ¥ in Euclidean space R" is called a translating soliton if there exists a
constant vector 7" € R" such that
Hy =T+

on X..

We also note that if X is a translating soliton and F' : ¥ — R" is the position vector, then F;
defined by

is a mean curvature flow of . Such 7 is called the translating vector.

Remark 2.3. In this note, we do not consider the translating solitons. Since we are assuming the
symmetric condition and considering a submanifold of codimension higher than 1, the non-zero

translating vector does not exist in this case.

3 The desired ODE of self-similar solutions

Due to the equivariance of Hopf map,
Hy, = CF*

holds if and only if it holds at x = F(r,0,--- ,0) € ¥,.. We now calculate Hsx, (x) and CF*(x).

doi:doi:10.6342/NTU202200888


http://dx.doi.org/doi:10.6342/NTU202200888

Note that at x, 7,2, has an induced basis

(e = F*(%) = (1,0, 0,10, ,0),
which values only at the first and the (2n + 1)-th components.
e; :F*(aii) =(0,---,0,1,0,---,0), 2<i<n,
which values only at the i-th component.
e; :F*(%) =(0,---,0,1,0,--- ,o,%,o,m ,0), n+1<j<2n,
which values only at the j-th and the (n + j + 1)-th components.

We first observe that

C
1 o f!
CF+ = —1 = (f’)Q( rf 4+ f)771,

where
1

is an unit normal vector in Ny>,,.

<_f/707”' 7071707"' 70)

Moreover, at x, the induced metric g;; is of the form

(g =1+ (f)?

Af?

)
712

(9ij =0, Vi#j

and

(— 0?F
Ve = 73 1\ 0a"'707 ”aov'”aoa
161 (8:['1)2 ( f )
which values only at the first and the (2n + 1)-th components.
= 0*F f

eiei:W:(Of"vOa?aOa"'7O)a 2§Z§n7

which values only at the first and the (2n + 1)-th components.
. aQF r 4
vejejzmz(ofn7077717,—2.]0707'”70)7 n+1§]§2n,

which values only at the first and the (2n + 1)-th components.
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Now,
oL
Hy, =g ]VEiej

B 1 f” fronlrf =4f), -
a \/TU'P(H e (=Dt =g
Therefore, we obtain a second order ODE
1" / I _ Y
%W—F(n—l)f?—Fn(;;f_i_—éva) :C(—Tf,—i—f)

which is equivalent to the equation of self-similar solutions.

4 An analogous autonomous system

We consider the following system of ODEs

Y

{X'(t) = —AX(t) + f1(X (), Y () + e "1 (X (1), Y(2))
Y/(t) = pY (1) + f2(X (), Y (#)) + e " g2(X (), Y(2))

where i > 0 > —\, j)% —0as (X,Y) — (0,0)and g; € O(VX2+Y?)as (X,Y) — (0,0)

Vi,j = 1, 2. In this case, (0, 0) is a equilibrium point.

If we omit the exponential term, then it is a classical planar autonomous system. Under that
situation, (0, 0) is in fact a saddle equilibrium point. There is a stable curve theorem for such case
[cf. [6], Chap. 8.3, p.169], which states that we can find an € > 0 and an unique local stable curve
of the form Y = A(X) that is defined for |X| < e and satisfies 2(0) = 0. Moreover, this curve
is tangent to the X -axis and all solutions with initial conditions that lies on this curve tend to the

origin as t — oo.

In this section, the goal is to provide a similar stable curve theorem. We first give some
notations to clarify the meaning of “local”. Let S be the square bounded by X = +eand Y = +e.
Let £ be the left and right boundaries (X = —¢ and X = ¢ respectively) of S.. We also define
Ry to be the region given by |Y| < M|X]| inside S..

Now, we state two lemmas about the behavior of the vector field inside Ry .

Lemma 4.1. Given M > 0, there exists € > 0 and T > 0 such that X'(t) < 0in Ry N{X > 0}
whenevert > T.
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Proof. Since % — 0as (X,Y) — (0,0), we may choose €; > 0 so that

(XY < VXZHY? VY(X,Y)eS.,.

A
3vM?2+1
Moreover, since g; € O(v/ X2 + Y?), there exist €5 > 0 such that

(X, V)] < CvX?2+Y?2 V(X,Y)eS,

for some positive constant C'. Let £ = min{e1,e2}. Now, we set 7' > 0 so that

A
el ——— o Wt >T.
3CVM? +1

Note thatin Ry, . N {X > 0}, |Y| < MX = VX?2+Y?2 < V/M?+ 1X. Therefore,

X’(t) =-AX+ f1i(X,Y) —|—e’tg1(X, Y)

S_)\X+|f1(X7Y)|+€_t|gl(X7Y)|
A A

< AN+ —m VX2 Y2 ———— (CVX2+ Y2

o 3vVM?+1 30\/M2—|—1( )
A A

<X+ — VM2 + 1 X+ ——F—(CvVM?2+1X

o 3vVM?+1 30\/M2—|—1( )

- 2X(¢ 0

SX(1) <
whenever ¢t > T L]

Lemma 4.2. Given M > 0, there exists ¢ > 0 and T > 0 such that Y'(t) > 0 on {(X,Y) €
Rye|Y = MX, X >0} andY'(t) <0on {(X,Y) € Ry |Y = —MX, X > 0}.

Proof. Since 228XL 5 0 as (X,Y) — (0,0), we may choose &; > 0 so that

,/XQ )/2
‘72( )|< M,LL ~3 T v ( ) SE.
’ 3\/M2+1 ’ !

Furthermore, since g, € O(v/ X2 4 Y?2), there exist e, > 0 such that
192(X,Y)| < CVX24+Y? V(X,Y) €S,

for some positive constant C'. Let € = min{e, 2} and choose 7" > 0 so that

e <—1 vt > T.

doi:doi:10.6342/NTU202200888
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Thenon {(X,Y) € Ry |Y = MX, X > 0},

Y/(t) = WY + f2(X,Y) + e 's(X, V)
> /vLY - |f2(X7 Y)‘ - 6_t|92(X7 Y)'

Mup Mp
>pY — ——— VX2 V2 - ——_(CVXZ Y2
SN VR SOV T )
Mu Mu
>y — —VM2+4+1Y — ———(CvVM2+1Y
M VAE 1 SOV T )
= %Y(t) >0

whenever ¢ > T'. Similarly, on {(X,Y) € Ry.|Y = —MX, X > 0},

Y'(t) = uY + fo(X,Y) + e fga(X,Y)
S MY + ‘f2<X7 Y)’ + eit‘92(X7 Y)|
<y ——Mt ey - M evareEy)
3VM?2 +1 30vVM? +1

= gY(zﬁ) <0

whenever ¢ > T O

With the above two lemmas, we are ready to show the existence of the stable curve for our
analogous system; however, unlike the autonomous case, it depends on the initial time.

Note that by Lemma 4.1, the solutions with initial conditions (X (7"),Y(T")) € Ry N {X >
0} N EZ strictly decrease in the X -direction when they remain in Ry, . N {X > 0}. In particular,
the solution can remain in Ry, N {X > 0} forall ¢ > T only if it tends to (0, 0).

According to Lemma 4.2, there is a set of initial conditions { (X (7),Y (7))} C Ry -N{X >
0}NEX with solutions that eventually exit Ry, .N{X > 0}NEZ to the top. There also exist another
set of initial conditions { (X (7),Y (7))} C Ry .N{X > 0}NEZ with solutions that eventually exit
Ry -N{X > 0} N EZ to the below. Due to the smooth dependence of initial conditions, these two
set are single open intervals. Note that Ry, . N {X > 0} N EZ is connected. We therefore conclude
that there exists a nonempty set of initial conditions {(X(7),Y (7))} C Ry N{X > 0} N ET
such that the solutions never leave Ry N {X > 0}. That is to say, the solutions tend to (0, 0) as
t — oo.

Moreover, since X'(t) < Z*X(t), the Gronwall’s inequality shows that X (¢) < Ce~3! for
some constant C. That is to say, X () € O(e~3') ast — oo. Since |Y| < M|X|, we also conclude
that Y (t) € O(e~3%) as t — oc.

doi:doi:10.6342/NTU202200888
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Hence, we proved the following theorem.

Theorem 4.3. Given a system of ODEs

{X'(t) —AX(t) + A(X(1),Y (1) + e g1 (X (1), Y (1))
Y/(t) = pY (1) + f2(X (), Y (#)) + e "g2(X (8), Y(2))

where 1 > 0 > —\, j}% —0as (X,Y) = (0,0)andg; € O(VX2+Y?)as (X,Y) — (0,0)

Vi,j = 1,2. Then for all M > 0, there is an € > 0, an initial time T" > 0 and a solution
curve (X(t),Y(t)) defined on t € [T,00) such that X(T) = ¢, —Me < Y(T) < Me and
(X,Y) — (0,0) as t — oo. Furthermore, X(t),Y (t) € O(e~3%) as t — oo.

Remark 4.4. Fix any 6 > 0. Shrinking ¢ small enough, we in fact derive
X'(t) < =A1—-9)X(¢)
in Lemma 4.1. Therefore, we can improve the limiting behavior to
X(t),Y(t) € O(e 2179

ast — oo

S The existence of self-expander

Given a constant C' = 1 or — 1, the self-similar solution (C' = 1 is self-expander and C' = —1

is self-shrinker) is characterized by

/" [ on(rf —4f) /
—_— 1) =4+ — >~ =0C(— .
Define t = logr, p = { and ¢ = ¢;. Then f' = ¢ +1pand [ = L( + ) = e (P +¢). We
can therefore convert the second order equation to the following system of first order ODEs:

oy =1

b= —p—(n—1+ on |

+Ce*)p+(n—1-— m)@(l + (o +¢)?)

n
1+ 4¢?

Note that this system has a saddle equilibrium point (0, 0) and a sink equilibrium point (%, 0),

doi:doi:10.6342/NTU202200888
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where k, = 34/ At (0,0), the linearized system looks like
0 2n+1
1 —2n
. . .. . 2n+1
with eigenvalues Ay = 1, Ay = —2n — 1 and associative eigenvector V; = ) Vo =

(5)

Proposition 5.1. For the self-expander case, i.e., C' = 1, the closed region A enclosed by ¢ = 0,
Y = 0 and ny + Y = nk, is a positive invariant set of the system of ODEs.

Proof. 1t suffices to check the following three conditions.

L. ¢ >00n{(0,¢)0 < ¢ < nk,}.
2. ¢ > 00n{(p,0)[0 < ¢ < kn}
3. (¢, ), (n,1)) < 0on {(p,nk, —np)l0 < ¢ < K,}, where (-, -) denotes the standard

inner product in R?.

The first two ones are clear. For the third one, we first notice that ¢y = n(x, — ¢) > 0 and
e?® > 0. Then

((",4), (n, 1)) =nap — )

~ (= 1 T 0+ (0= 1= )R+ (p+0))
<= = (0= 1+ 550+ (0= 1= )R+ G+ 0))

=n(n —1)(kn, — @)
(=D (nkn = (n = Dp)(1 + 4¢*) + 0k, — 3ng))
1+ 4¢?
X (L4 (nk, — (n = 1)p)?)

Define

h(p) =n(n —1)(kn — ) (1 +4¢*)((n — 1) (nk, — (0 = 1)) (1 +4¢®) + n’k, — 3np))
X (L+ (ns, — (n = 1)p)?)

10
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on [0, k,,|. Note that

W (p) =—n(n—1)(1 +4¢) + 8n(n — 1)p(kn — )
+2(n — 1)*(1 + 4¢?) (nk, — (n — D) + 2(n — 1)(n*k, — 3ne)(nr, —(n —1)p)
+ ((n — 1)*(1 + 4¢?) — 8p(nk, — (n — 1)) + 3n)(1 + (nk, — (R = 1)p)?) ’
>h(yp)
where
h(p) = —n(n — 1)(1+ 4¢%) + 8n(n — 1)k, — )

+2(n — 1)?(1 + 4¢*) (nkn, — (n — 1)@)? +2(n — 1)(nky, — 3n9)(nk, — (n — 1))
+ (n — 1)*(1 + 49*) — 8p(nk, — (n — 1)) + 3n

and ¢ € [0, k,,]. We further compute

71/(g0) =8n(n — 1)(kn — 2¢) — 8(nk, — (n — 1)) + 16(n — 1)*p(nk, — (n — 1)p)?
—4(n — 1)*(1 4+ 4¢*) (nk, — (n — 1)) — 6n(n — 1)(nk, — (n — 1))
(n —1)*(n*k, — 3nyp)

and
() =4(n — 1)(24(n — 1)*¢* — 24(n — 1)*nk,0 + 3n° +n? — dn + 1)

6n(n—1)knty/(n—1)(n2+8n—2)
12(n_1)2

6n(n—1)knty/(n—1)(n2+8n—2)

12(n—1)2

, the maximum point of 2’() can only

Since 1 () = 0 only when ¢ =

possibly occur at 0, ¢ = or k,. Plugging each point and checking its

value show that
W(p) <0 Yeel0,k],n=24,58.

Hence,

h(g) > h(ka) >0 Yo € [0, ).

Recall that
W(p) > N1(p) >0

by construction. We therefore conclude that
h() < h(kn) =0

and

11
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as desired.

From now on, we only consider the self-expander case C' = 1.

Let X = Z21o + 10, Y = ;1o6 — 2Llodb, where ¢(t) = (—t), ¢(t) = ¢(—t). Then
the system of ODEs changes into the form

(= g BT S L D - v
[ 2
o5 (X = @n A DY) (14X = nY)?)
Y'=(2n+1)Y — 4(nY<X . (711124)(}/)()?;)_2 ey Z 1 1(X —m)

1
\ 2n—|—2

e (X — (20 + DY) (1 +4(X —nY)?)

which satisfies all the assumptions in the Section 4.

Hence, we simply choose M = 1 and apply Theorem 4.3, then there is an € > 0, an ini-
tial time 7' > 0 and a solution curve (X (¢),Y(¢)) defined on ¢ € [T, 00) such that X(T') = &,
—Mé <Y(T) < Méand (X,Y) — (0,0) as t — oo. Furthermore, for any § > 0, X (¢),Y(¢) €
O(e~ =% as t — oo.

1)Y'(—t), we conclude that there is an
)) defined on ¢ € (—oo, —7] such that
(t)) — (0,0) as t — —oo. Moreover,

Since () = X(=t) +Y(=1), ¢(t) = X (1) = (2n+
e > 0, an initial time —7" < 0 and a solution curve (p(t), ¥ (t
(

)
p(=T) =&, (p(1),9(t)) € AVt € (o0, =TT and (4(t), ¢
forany 6 > 0, o(t),¥(t) € O(e=9) as t — —oo.

Now, Proposition 5.1 shows that A is a compact positive invariant set. It follows that we can
actually extend (i, 1) to be a global solution [cf. [6], Chap. 7.2, p.146-147]. That is to say, there
is a solution curve (p(t), 1 (t)) defined on t € (—oo, 00) such that p(T') = €, (p(t),1(t)) € AVt.

Recall that f = rpand f' = ¢ +. Then f > 0, f > 0 follows from (¢, 1)) € A. Moreover,
for any § > 0, since p(t),9(t) € O(e=(1=9*) as t — —o0, we also conclude that

as v — 0. Therefore,
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is C! near the origin. Applying the classical bootstrapping argument [cf. [11], Theorem 6.8.1 or
[2], Theorem 9.13], which follows from elliptic regularity and Sobolev embedding, F'(x) is actually

smooth near the origin.

Note that f(r) is smooth for all » > 0. It follows that F'(x) is smooth everywhere.
¥, = {F(x)|x € R}

is a smooth self-expander.

6 The uniqueness of self-expander from the perspective of

Dirichlet problem

Recall that we already have several equivalent expressions of the self-expander equation.

1. The geometric one:

Hy, = F*.
2. The graphical one:
%&,,)2—1—(71—1)‘};—1—%——7"]”—1—]".
3. The analogous autonomous one:
or =1
3n .

Fe 4 (n—1— )o)(L+ (¢ + ¥)?)

n
=—Y— -1
e e 1+ 42
Now, fixing the initial conditions 7" << 0 and ¢(7') = ¢ of the analogous autonomous ver-
sion, we can also interpret the self-expander equation as a Dirichlet problem for the minimal map
equation
g:B(0;e") C R — R* x R**!

with boundary condition
9|aB(o;eT) = (idgen, 66_TH)a
where H : R*™ — R"! denotes the Hopf map. Here, the word “minimal” is with respect to the

PN 1
conformal metric e » ¢;;.

13
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In this regard, we have the following uniqueness property.

T in the discussions above

(shrink T such that T is small enough). Then there is only one f(r) defined onr € [0, 1| satisfying

the ODE I r (rf — 4f)
n\r —
e VTt e

Proposition 6.1. Fix boundary condition f(ry) = ero, where o = e

=—rf'+f

and f(0) = 0.

Proof. Suppose that both f1, fj satisfy the conditions. Let g(r) = fi(r) — fo(r). We first notice
that g is continuous in [0, 7). Moreover, it is at least C?, in fact smooth, in (0, 7).

Now,

LR O R R
P TR A0+
R

T T
(Tf{ - fi) — (Tfé - fo) =rg —g,
n(rfi=4f)  nlrfo—4f) _ nlg'(" +4rf5) — g(4r* — 16fo /i +4rfo(f1 + fo)))

r? 4 Af? r? 4 4f3 (r2 +4f7)(r? + 415)
We therefore conclude that g satisfies the following ODE

9"+ (f0)?) — g fo(fi + fo) n (n—1)g'
(T4 (1)) +(f5)?)

+n(g’(r3 +4rf3) — g(4r® — 16 f1 fo + 4r fo(f1 + fo)))
(r? +4f7)(r? + 4f3)

+rg —g

=0

Suppose that 71 € (0,79) is a local maximum point of g. Then ¢/(r1) = 0 and ¢"(r) < 0. Atry,
the ODE above becomes

1+ (fp)?

g n(4r? — 16 f1 fo + 4r fi(fr + fo))
(L4 (f)) A+ (f5)%)

BN CEETHIEETE

+1)g=0.

Notice that fo, f; € O(r?=°) asr — 0. Then 4r2 — 16 f, fo > 0 if r is small enough, i.e. T is
small enough. Combining with fo, f1, f}, fi > 0 and C > 0, we conclude that

1+ (fp)? > 0and n(4r? — 1611 fo +4r fo(f1 + fo))
T+ (D)HA+(f)?2) — (r2 +4f7)(r* +4f3)

It follows from the ODE of ¢ that g(r) must not exceed 0.

+1>0.

14
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If ro € (0,7p) is a local minimum point of g, then similar argument shows that ¢(r5) can
not be less than 0. Combining with g(0) = g(ro) = 0, we concludes that g.=0. That is to say,

f1 = fo. ]

In other words, the property above shows that given the initial conditions 7' << 0 and (T =
g, there is only one choice of ¢)(7") such that (i, 1) is the solution to the analogous autonomous
system and satisfies (p,%) — 0 ast — oo. This is equivalent to say that the solution to the
Dirichlet problem mentioned above must be unique.

7 The behavior of the self-expander at infinity

In this section, we investigate the behavior of self-expander we construct at infinity. We first
back to the system of ODEs

o =1

Y=t~ ((n-1+ - |

T 4902)90)(1 + (p+v)?)

1+ 42

Note that in the region A, we have

or
3n

2
1
+eNY+(n T

(n—1+

n
<0
1+ 402 )¢

In other words,
e < p((2n + 1) — 4(n — 1)p*).

The critical point of ¢((2n + 1) — 4(n — 1)p?) is ¢ = &, /2xtl. = +%%. Therefore,

12(n—1)
K K> (2n+ 1)k
2n+1) —4(n — D) < —=(2n+ 1) —4(n — 1)-2) = — =",
o(( ) —4( )90)_\/5(( ) —4n— 1)) Wi

We conclude that ¢, > 0 only if

Y < Ce ™,

5N (2n41)kn

where C' = 37

Now, we observe that lim;_,, ¢ exists since A is compact and ; = 1) > 0 in A.

Proposition 7.1. lim; ., ¢ also exists and equal to 0.

15
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Proof. We split into two cases.

1. Suppose that 37" > 0 such that 1)(t) # Ce=2* ¥t > T.. Therefore, either

(@) (t) > Ce 2Vt > T or

(b) ¥(t) < Ce 2Vt > T

happens.

For (a), note that ¢,(t) < 0Vt > T. Since A is compact, it implies that lim;_,, 1 exists.

Moreover, since lim;_, ., ¢ exists and ¢; = 9, lim,_, ., ¥ must equal to 0.

For (b), note that 0 < ¢(t) < Ce Vt > T Then by the squeeze lemma,

lim 1 = 0.

t—o00

2. Suppose that VT > 0, 3T > T such that ¢(T) = Ce 2. We first claim that if ¢)(T) =
Ce=2T, then 1(t) < Ce=?T V't > T. We argue it by contradiction.

Assume that the statement is false, say 3¢, > T such that 1(t) > Ce™2" > Ce~2" Let

g(t) == 1p(t) — Ce™™.

Define
S={te[T,t]|g(t) =0}

Since S is bounded, sup S exists. Moreover, the continuity of /" and the fact that g(¢,) > 0
show that ty := sup S < t;. Now, by the Intermediate Value Theorem,

Y(t) > Ce ™ Vit e (to,t].

Furthermore, by the Mean Value Theorem, 3¢5 € (¢¢, 1) such that

P(ty) — (ko)

Yi(ts) = —

> 0,

which contradicts to the fact that 1, > 0 only if ) < Cee™ 2.

Now, according to the claim, we have a sequence of {7;}°, such that 7; < T} Vi < j,
T; — oo as i — oo and 1 (t) < Ce~2 V¥t > T;. By the squeeze lemma, we conclude that

lim ¢ = 0.

t—00

16
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O

Let L := lim;_,, ¢. Recall that f = r¢, then the aforementioned discussion shows that the
self-expander

H
2, = {F(x) = (x £1) ") [x € )
is asymptotic to a cone
(.22 [y e 2y
asr = [|x]| — oc.
17
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Appendix — A brief view from power series
expansion

In this appendix, we provide some observations about the power series expansion of f, the
function we found, near the origin. It gives a glimpse of the smoothness and uniqueness (as a

Dirichlet problem).

Recall that f satisfies the following ODE

pop A

! —
1—1—(f’)2+7° 1+%2 +rf —f=0.

We consider the power series expansion of f near the origin

o0

f= E a;rt = ag + arr + asr? 4+ -+
i=0

Since (p = £, 1) = %f) — (0,0) as t :== logr — —o0, ap = a; = 0. Then

(=) an"

n>2

= Z(n + 1)apqr"

n>1

"= Z(n +2)(n + 1)appor™

\ ’I’LZO

Note that given G = 1 + Enz , bpr™, there is a closed form of the multiplicative inverse of G,

Bi)!
_1+Z Z Z>lﬁz z>1 Hbﬁl ),
n>1 BB, Z>1 pil i>1
Zi21i,3i:n

19
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Therefore, when we replace each part of the ODE with power series, it becomes

1.
=
s = 2_(n+2)(n+ Dagor”
2
L+ (/)2 =
+ Z(n +2)(n 4 1)ayor™™
n>0
m>2 J
x ( Z (_1)21_2251. (Ei22 B5i)! ( Z 2Hj21((j + 1)aj+1)aj)ﬁi>
o i I 0!
B2, B35 2270 59 o, ag,.. G>1
D iso iBi=n 2oi>1Joy=t
- 2j21‘1j:2
2.
f/
== Z(n + 2)a, 101",
r n>0
3.
2L - 4)
—— =2 n — 2)a,12r"
EriE 2 2
+ 2 Z(n — 2)Apyior™ ™"
n>0
m>2 )
S Qiza Bi) 21144541
T DR
B2,03, 12270 i>9 0 a0, j>1%9"
2iz2iBi=n 2 j>1doy=i
- Zj21 a;=2
4.
rf —f= Z(n 4+ 1) ay,0r™ 2.
n>0
Combining the aforementioned calculations together, we can derived the following two prop-
erties.

Proposition A.1. a1 = 0Vk € N.

Proof. We argue it by induction. The £ = 1 case has been discussed at the beginning of this section.
For k£ = 3 case, we only need to consider the coefficient of r, which must satisfies

6(13 + 3&3 — 2@3 =0.

20
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It follows that a3 = 0. Now, we suppose that this property holds for 1,2, ---  k and consider

2k—1

the k& + 1 case. Note that we have to see the coefficient of r . It follows, from the induction

hypothesis that
=(2k(2k +1) 4+ (2k + 1) + 2(2k — 3))azkt1

k—2
—{—Z (m+2)(m + 1)agmo
=0

x [ Z (—1) i i Zizg' H Z o |H j+ 1)aj1)™)%)

B2,83, i>2 _a1,00; i>1 j>1
S isg iBi=2k—1—2m 2> o=t
a 2321 a;j=2
k—2
+2 (2m — 2)aznio
m=0
(D _is2 Bi)!
x| Z (- 1) e 25! H Z H a;! H 2a41)" 5
B2,83, Z>2 Yo>2 a0 j>1 % i>1
s iBi=2k—1—2m 2321 jaj=i
B 2]210‘]':2

We claim that both of the bracket terms above contain as, ; for some n < k. Then the equation
becomes
(2k(2k + 1) 4+ (2k 4+ 1) + 2(2k — 3))agk+1 = 0,

and agx 1 = 0 as desired.

Therefore, it suffices to justify the claim now. Since the idea is the same, we only show the

case of
. i>2 5% o
> (—1)212251 2 . I = |H (G + Dajp)™)"
B2,B3, Z>2 i>2 _onany g>1 %57 35y
s iBi=2k—1-2m 2321]% —

ZjZl a;=2

here. Let us argue it by contradiction. Suppose that

Z I IH (7 + Dajs)™

1,002, ]>1 7j>1
2]21 Joj=i
ZjZl ;=2

dose not contain as, 1 V0 < n < k. That is to say, it contains either

(71 + Daj,41(J2 + 1)aj,41

21
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for some different odd 7, jo or
(G + Dag, 1)

for some odd j;. For the first case, © = j; + j» is even. For the second case, ¢ = 27, is also even.
Hence, ) .., i5; must be even, which contradicts to

> B =2k —1-2m.

i>2

]

Recall that r = ||x|| in the previous discussions. Therefore, this proposition is the necessary

condition for that

is smooth at the origin.

Proposition A.2. ay completely determines aq, Yk € IN.

Proof. Consider the coefficient of 72*, it must satisfy the equation
4<k2 -+ 3k)a2k+2 -+ (2]€ — 1)a2k + h(CLQ, (7P ,a/2k> = 0,

where h is a polynomial. This observation follows from Proposition A.1 that as,_ = 0 for all k.

Now, induction on k leads to the ideal result. O

This property shows that F'(x) is uniquely determined by as, which provides a glimpse that
F(x) is unique under some boundary conditions.

22
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