
doi:10.6342/NTU202104312

國立臺灣大學工學院工程科學及海洋工程學系 

碩士論文 
Department of Engineering Science and Ocean Engineering 

College of Engineering 

National Taiwan University 

Master Thesis 

 

 

三維暫態直流電漿火炬模擬 

Three-Dimensional Unsteady Simulation of 

Direct Current Plasma Torch 

 

 

邱勝瑄 

Sheng-Hsuan Chiu 

 
指導教授：趙修武 博士 

Advisor: Dr.-Ing. Shiu-Wu Chau 

 
 

中華民國 110 年 9 月 

 



doi:10.6342/NTU202104312

i 
 

Abstract 
 This study develops a numerical framework where a finite volume method is used 

to discretize the MHD equations consisting of the continuity, momentum, energy, 

Maxwell’s equations and the SST 𝑘𝑘 − 𝜔𝜔  turbulence model. A three-dimensional 

unsteady model is established to simulate a non-transferred direct-current plasma torch 

equipped with well-type cathode. The investigated torch has a length of 690 mm and   

a radius of 11 mm. The plasma torch flow is calculated at an inlet flow rate ranging 

from 100 SLM to 200 SLM and a working current ranging from 100 A to 200 A. The 

working pressure is 1 atm where the cathode spot is assumed to have a circulation 

frequency of 1000 Hz. With the help of a regression analysis, the arc length is predicted 

to grow with 𝐼𝐼−1.008 and 𝑄𝑄0.295; the mean axial velocity at the outlet is predicted to 

grow with 𝐼𝐼−0.754 and 𝑄𝑄1.691; the mean tangential velocity at the outlet is predicted 

to grow with 𝐼𝐼−2.061 and 𝑄𝑄3.491; the mean temperature at the outlet is predicted to 

grow with 𝐼𝐼−0.415 and 𝑄𝑄0.427.  

Keywords: DC Plasma Torch, WTC, Air Plasma, Magnetohydrodynamic Model, 

Three-dimensional, Unsteady 
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摘要 

 本研究使用有限體積法離散基於連續方程式、動量方程式、能量方程式、電

磁場方程式及 SST 𝑘𝑘 − 𝜔𝜔紊流模型的磁流體動力方程組，建立非傳輸型井式直流

電漿火炬的三維暫態數學模型，並開發流場分析程式碼。本研究的火炬長 690 mm，

火炬半徑 11 mm，模擬分析工作壓力為 1 大氣壓條件下，流量範圍為 100 SLM

至 200 SLM 間以及工作電流為 100 A 至 200 A 間的空氣電漿火炬特性，並假定

陰極弧根以 1000 Hz 頻率環繞火炬內壁移動。本研究利用迴歸分析計算結果顯示

電弧長度正比於工作電流的-1.008 次方以及入流流量的 0.295 次方；出口平均軸

向速度正比於工作電流的-0.754 次方以及入流流量的 1.691 次方；出口平均旋向

速度正比於工作電流的-2.061 次方以及入流流量的 3.491 次方；出口平均溫度正

比於工作電流的-0.415 次方以及入流流量的 0.427 次方。 

關鍵詞：直流電漿火炬、井式陰極、空氣電漿、磁流體模型、三維、暫態 
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𝐴𝐴 surface area of a control volume [m2] 

𝐴𝐴𝑡𝑡 tangential component of 𝐀𝐀  [T ∙ m] 

𝐀𝐀 magnetic vector potential [T ∙ m] 

𝑎𝑎𝑛𝑛 equation coefficient of the neighboring cell 𝑛𝑛 [−] 

𝑎𝑎𝑝𝑝 equation coefficient of the cell 𝑝𝑝 [−] 

𝐚𝐚𝑓𝑓 surface area vector of the face 𝑓𝑓 [m2] 

𝑏𝑏 current density constant [−] 

𝑏𝑏𝑝𝑝 source term of the cell 𝑝𝑝 [−] 

𝐛𝐛𝑝𝑝 source term of the cell 𝑝𝑝 in momentum equations [N m3⁄ ] 

𝐵𝐵𝑡𝑡 tangential component of magnetic flux density [T] 

𝐁𝐁 magnetic flux density [T] 

𝐶𝐶𝑓𝑓 convective flux [−] 

𝐶𝐶𝑝𝑝 specific heat capacity [J kg ∙ K⁄ ] 

𝐶𝐶𝜇𝜇 turbulence model constant [−] 

CD𝑘𝑘𝑘𝑘 cross-diffusion constant of turbulence model [1 s2⁄ ] 

𝐷𝐷𝑓𝑓 diffusive flux [−] 

𝑑𝑑 wall distance [m] 

𝑑𝑑𝐚𝐚 surface area vector [m2] 

𝐝𝐝𝐝𝐝 displacement vector [m] 

𝐸𝐸 total energy [J kg⁄ ] 

𝐸𝐸′ logarithmic law offset of turbulence model [−] 

𝐸𝐸∗ ideal error [−] 

𝐸𝐸𝐽𝐽 Joule heat [W m3⁄ ] 
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𝐸𝐸𝑅𝑅 radiation loss [W m3⁄ ] 

𝐸𝐸𝜓𝜓 discretization error [−] 

𝐸𝐸𝜓𝜓𝑛𝑛 discretization error of nth grid level [−] 

𝐄𝐄 electric field [V m⁄ ] 

𝑒𝑒 natural logarithm [−] 

𝐹𝐹1 blending function of SST 𝑘𝑘 − 𝜔𝜔 turbulence model [−] 

𝐹𝐹𝑡𝑡 transient term [−] 

𝐅𝐅𝜓𝜓 flux of 𝜓𝜓 [−] 

𝑓𝑓𝛽𝛽 vortex-stretching modification factor [−] 

𝑓𝑓𝛽𝛽∗ free-shear modification factor [−] 

𝐟𝐟𝐿𝐿 Lorenz force  [N m3⁄ ] 

𝐼𝐼 working current [A] 

𝐼𝐼𝑡𝑡 specified turbulence intensity [−] 

𝐽𝐽 current density [A m2⁄ ] 

𝐽𝐽𝑚𝑚𝑚𝑚𝑚𝑚 maximum current density at the cathode [A m2⁄ ] 

𝐉𝐉 current density vector [A m2⁄ ] 

𝑘𝑘 kinetic energy [J kg⁄ ] 

𝑘𝑘in kinetic energy at the inlet [J kg⁄ ] 

𝐿𝐿arc arc length [m] 

𝑚̇𝑚𝑓𝑓 mass flow rate at the face 𝑓𝑓 [kg s⁄ ] 

𝑚̇𝑚𝑓𝑓
′  correction of mass flow rate at the face 𝑓𝑓 [kg s⁄ ] 

𝑚̇𝑚𝑓𝑓
∗ updated mass flow rate at the face 𝑓𝑓 [kg s⁄ ] 

𝑚𝑚�̇𝑓𝑓′  mass flow rate calculated from 𝐯𝐯�𝑓𝑓′  [kg s⁄ ] 

𝑚̇𝑚𝑖𝑖𝑖𝑖 mass flow rate at the inlet [kg s⁄ ] 

𝑚̇𝑚𝑜𝑜𝑜𝑜𝑜𝑜 mass flow rate at the outlet [kg s⁄ ] 
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𝑛𝑛𝑖𝑖 outer iteration number [−] 

𝐧𝐧 unit normal vector of the surface [−] 

𝑃𝑃𝑘𝑘 production term of 𝑘𝑘 [W m3⁄ ] 

𝑃𝑃𝜔𝜔 production term of 𝜔𝜔 [kg m3 ∙ s2⁄ ] 

𝑃𝑃𝑃𝑃𝑡𝑡 turbulent Prandtl number [−] 

𝑝𝑝 pressure  [Pa] 

𝑝𝑝∗ pressure from the previous iteration [Pa] 

𝑝𝑝𝑓𝑓∗  pressure of the face 𝑓𝑓 from the previous iteration [Pa] 

𝑝𝑝𝑝𝑝 corrected pressure of the cell 𝑝𝑝 [Pa] 

𝑝𝑝𝑝𝑝′  pressure correction of the cell 𝑝𝑝 [Pa] 

𝑝𝑝𝑝𝑝∗  pressure of the cell 𝑝𝑝 from the previous iteration [Pa] 

𝑝𝑝𝑛𝑛′  pressure correction of the neighboring cell 𝑛𝑛 [Pa] 

𝑄𝑄 inlet flow rate [m3 s⁄ ] 

𝑄𝑄𝑓𝑓 coefficient for Rhie-and-Chow interpolation [m ∙ s] 
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𝑟𝑟 distance from the centerline of the torch [m] 

𝑟𝑟𝑐𝑐 distance from the center of cathode spot [m] 

𝑆𝑆 mean strain rate  [1 s⁄ ] 

𝑆𝑆𝐸𝐸 source term in the energy equation [W m3⁄ ] 

𝑆𝑆𝜓𝜓 source term in the transport equation for 𝜓𝜓 [−] 

𝑆𝑆𝜓𝜓𝑝𝑝 source term of the cell 𝑝𝑝 in the transport equation for 𝜓𝜓 [−] 

𝑇𝑇a anode temperature [K] 

𝑇𝑇c cathode temperature [K] 

𝑇𝑇in inlet temperature [K] 

𝑇𝑇𝑡𝑡 turbulent time scale [s] 
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𝑇𝑇𝑚𝑚 mean temperature at the outlet [K] 

𝑇𝑇w wall temperature [K] 

𝑡𝑡 time  [s] 

𝑢𝑢 velocity parallel to wall [m s⁄ ] 

𝑢𝑢+ non-dimensional velocity [−] 

𝑢𝑢𝜏𝜏 friction velocity [m s⁄ ] 

𝑉𝑉 volume [m3] 

𝑉𝑉𝑎𝑎 axial velocity [m s⁄ ] 

𝑉𝑉𝐶𝐶 cathode fall [V] 

𝑉𝑉𝑛𝑛 volume of the neighboring cell 𝑛𝑛 [m3] 

𝑉𝑉𝑝𝑝 volume of the cell 𝑝𝑝 [m3] 

𝑉𝑉𝑡𝑡 tangential velocity [m s⁄ ] 

𝑉𝑉𝑎𝑎𝑚𝑚 mean axial velocity at the outlet [m s⁄ ] 

𝑉𝑉𝑡𝑡𝑚𝑚 mean tangential velocity at the outlet [m s⁄ ] 

𝐯𝐯 velocity vector [m s⁄ ] 

𝐯𝐯∗ updated velocity vector [m s⁄ ] 

𝐯𝐯𝑓𝑓 velocity at the face 𝑓𝑓 [m s⁄ ] 

𝐯𝐯𝑓𝑓′  velocity correction at the face 𝑓𝑓 [m s⁄ ] 

𝐯𝐯𝑓𝑓∗ updated velocity at the face 𝑓𝑓 [m s⁄ ] 

𝐯𝐯�𝑓𝑓′  velocity correction at the face 𝑓𝑓 [m s⁄ ] 

𝐯𝐯in velocity at the inlet [m s⁄ ] 

𝐯𝐯𝑝𝑝′  velocity correction of the cell 𝑝𝑝 [m s⁄ ] 

𝐯𝐯𝑝𝑝∗ updated velocity of the cell 𝑝𝑝 [m s⁄ ] 

𝑥𝑥 Cartesian coordinate in the axial direction [m] 

𝐱𝐱𝑓𝑓 position vector of the face 𝑓𝑓 [m] 
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𝐱𝐱𝑝𝑝 position vector of the cell 𝑝𝑝 [m] 

𝑦𝑦 Cartesian coordinate in the horizontal direction [m] 

𝑦𝑦+ non-dimensional wall distance [−] 

𝑧𝑧 Cartesian coordinate in the vertical direction [m] 
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Greek Symbols  

𝛼𝛼𝑓𝑓 linear interpolation factor for the face 𝑓𝑓 [−] 

𝛂𝛂𝑓𝑓 reciprocal of normalized displacement vector [1 m⁄ ] 

𝛽𝛽 constant of turbulence model [−] 

𝛽𝛽∗ constant of turbulence model [−] 

𝛤𝛤 diffusion coefficient [−] 

𝛤𝛤𝑓𝑓 diffusion coefficient at the face 𝑓𝑓 [−] 

𝛾𝛾 blending function for wall treatment [−] 

𝛾𝛾𝑓𝑓 Rhie-and-Chow dissipation [kg s⁄ ] 

∆𝑡𝑡 time step size [s] 

𝛿𝛿𝛿𝛿 normalized grid size [−] 

𝛅𝛅 Kronecker delta [−] 

𝜀𝜀 turbulent dissipation rate [m2 s3⁄ ] 

𝜅𝜅 von Kármán constant [−] 

𝜆𝜆 thermal conductivity [W m ∙ K⁄ ] 

𝜆𝜆𝑒𝑒 effective thermal conductivity [W m ∙ K⁄ ] 

𝜇𝜇0 magnetic permeability in vacuum  [H m⁄ ] 

𝜇𝜇𝑚𝑚 viscosity [Pa s⁄ ] 

𝜇𝜇𝑡𝑡 turbulent viscosity [Pa s⁄ ] 

𝜈𝜈 kinematic viscosity [m2 s⁄ ] 

𝜌𝜌 density [kg m3⁄ ] 

𝜌𝜌𝑓𝑓 density at the face 𝑓𝑓 [kg m3⁄ ] 

𝜌𝜌𝑝𝑝 density of the cell 𝑝𝑝 [kg m3⁄ ] 

∑ 𝑚̇𝑚�
∗
  normalized mass imbalance [−] 
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𝜎𝜎 electrical conductivity [S m⁄ ] 

𝜎𝜎𝑘𝑘 constant of turbulence model [−] 

𝜎𝜎𝜔𝜔 constant of turbulence model [−] 

𝛕𝛕 viscous stress tensor [Pa] 

𝜙𝜙 electric potential [V] 

𝜙𝜙ref target voltage drop [V] 

𝜓𝜓 scalar quantity [−] 

𝜓𝜓𝑓𝑓 scalar quantity at the face 𝑓𝑓 [−] 

𝜓𝜓𝑝𝑝 scalar quantity of the cell 𝑝𝑝 [−] 

𝜓𝜓𝑚𝑚 mean of scalar quantity [−] 

𝜓𝜓∞ grid-independent solution of scalar quantity [−] 

𝜑𝜑 generic function [−] 

𝜔𝜔 specific dissipation rate [1 s⁄ ] 

𝜔𝜔0 specific dissipation rate specified at the nearest wall cell [1 s⁄ ] 

𝜔𝜔𝐀𝐀 under-relaxation factor for the magnetic vector potential 

equations 

[−] 

𝜔𝜔𝐸𝐸 under-relaxation factor for the energy equation [−] 

𝜔𝜔𝑝𝑝 under-relaxation factor for the pressure correction equation [−] 

𝜔𝜔𝑡𝑡 under-relaxation factor for the turbulence model [−] 

𝜔𝜔𝐯𝐯 under-relaxation factor for the momentum equation [−] 

𝜔𝜔𝜙𝜙 under-relaxation factor for the electric potential equation [−] 

𝜔𝜔in specific dissipation rate at the inlet [1 s⁄ ] 
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Chapter 1  Introduction 

Direct current (DC) plasma torch is one of thermal plasma devices, and there are 

several parameters, such as working gas, flow rate, torch design and electrode materials 

affecting the torch performance. According to the anode position, the DC plasma 

torches are categorized into the transferred and non-transferred ones. As shown in 

Figure 1.1, the electrode positions of the non-transferred plasma torch are inside the 

torch, whereas one electrode position of the transferred one is outside the torch. The 

cathode design is divided into rod-type cathode (RTC) and well-type cathode (WTC) 

which are also shown in Figure 1.1. In general, DC plasma torch uses electric arc as the 

main energy source to accelerate the flow and elevate the temperature. Via the 

interaction between arc columns and the working gas, high-temperature plasma jets are 

created for some industrial applications, such as plasma spraying and plasma cutting, 

which mostly take place in atmospheric condition. However, a closed environment is 

required to prevent gaseous products in waste destruction from leaking, and the working 

pressure may extremely alter in the application process. Therefore, the related flow 

characteristics that influence the efficiency of the torch are difficult to be observed and 

measured because of a closed environment featured with high temperature [1]. The 

numerical simulation becomes a feasible method to investigate different designs of DC 

plasma torches for enhancing the performance. 
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During the past few decades, computational fluid dynamics (CFD) has been 

applied to the modeling of thermal plasma. Numerical simulation serves as a powerful 

approach in analyzing complicated thermal fluid phenomena in the arc discharge zone. 

In studying DC plasma torch, numerous works have been conducted with two-

dimensional (2D) axisymmetric modeling in order to simplify the three-dimensional 

(3D) problems [2-9], and the axisymmetric assumption usually results in 

circumferentially uniform arc attachment at the electrodes. However, the experimental 

observations indicated that the arc root is only attached on a small region of the 

electrode surface [10]. To simulate this behavior, a method using fictitious anode to 

modify 2D modeling was developed [6], but it was unable to predict the 3D flow within 

the torch. Recently, owing to the rapid development of computing power, 3D modeling 

has been used for capturing the dynamics of the arc inside DC plasma torch where the 

interaction of the electromagnetic force and the flow drag was studied [1, 4, 11-15]. 

Based on the observations of the anode attachment movement and the voltage drop 

signal over time, there are three distinctive operating modes of the arc in the plasma 

torch equipped with RTC: the steady mode, the takeover mode and the restrike mode 

[16, 17] which are shown in Figure 1.2. The arc in the steady mode has a fixed length, 

and the jet has a laminar-like appearance rather than a turbulent one [16]. In the restrike 

mode, the major restrikes labelled 1 in Figure 1.2 indicate the diffused arc root near a 
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boundary layer with higher temperature that contributes to the lower voltage. Besides, 

the major restrikes labelled 2 in Figure 1.2 indicate the sharp attachment of the arc 

throughout a thicker boundary layer [16]. Compared to the instability of the restrike 

mode, the takeover mode delivers a more stable behavior via the well-defined arc 

fluctuations and the heat is adequately distributed in anode [17].  

In the numerical simulation, there were several magnetohydrodynamic (MHD) 

models proposed to study the thermal and flow characteristics of the DC plasma torch 

[15, 18]. A steady 3D model was developed to simulate the temperature and velocity 

fields in the DC plasma torch equipped with RTC, and the arc length and arc core radius 

are adjusted to match the torch power corresponding to the given working current and 

gas flow [11]. This method has a disadvantage that the arc fluctuation is fully ignored, 

so the time-dependent 3D model is a better choice to describe the dynamic arc motion 

in the plasma torch. The local thermal equilibrium (LTE), or thermodynamic 

equilibrium was commonly assumed in thermal plasma modeling where the heavy-

particle temperature is almost equal to the electron temperature because of a high 

collision frequency [19]. The non-LTE model shows that there are nontrivial non-

equilibrium regions near the anode surface, and the simulation results show good 

agreement with experimental observations [14, 20]. In addition to the non-LTE model, 

there was a simple modified LTE model without solving the electron energy equation 
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to obtain the nominal electron temperature and to achieve a comparable accuracy to the 

non-LTE model [13]. These models usually mainly focused on the study of non-

transferred DC plasma torch equipped with RTC. The comparison of the RTC and WTC    

design via a 2D axisymmetric LTE model indicated that the turbulent effects are much 

stronger in WTC [3]. A steady 2D axisymmetric non-LTE simulation considering the 

chemical reactions in a WTC plasma torch showed that LTE assumption is valid in the 

hot plasma core and in the vicinity of the electrodes [7]. A 3D transient model for 

describing the internal plasma flow coupled with a 2D stationary model for describing 

the external plasma jet was proposed where a favorable agreement with the experiment 

was found [12]. The study suggests that the 3D transient formulations are required for 

describing the real behavior of arc discharge inside the torch, while the 2D stationary 

approaches are able to predict the time-averaged plasma characteristics outside the 

torch because of its simplicity and rapidness in the computation [4].  

Although numerous works have been done to date, there are still relatively little 

researches conducted based on a 3D modeling of DC plasma torch with a WTC design. 

The purpose of this study is to develop a 3D unsteady numerical code simulating the 

DC plasma torch with WTC design under the LTE assumption. The MHD equations, 

the discretization and the solution procedure of the numerical scheme are discussed in 

Chapter 2. The study cases including the experimental setup, the calculation domain 
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and the mesh construction are given in Chapter 3. The results and discussion are 

continued in Chapter 4, and the conclusion is given in Chapter 5. 

  



doi:10.6342/NTU202104312

6 
 

 

 

 
Figure 1.1: (a) RTC transferred plasma torch (b) RTC non-transferred plasma torch  

(c) WTC non-transferred plasma torch 

 

 
Figure 1.2: Typical voltage traces in the restrike, takeover, steady modes [16] 

(c) 

(a) 

(b) 
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Chapter 2  Method 

2-1 Governing Equations 

2-1-1 Magnetohydrodynamic Equations 

In this study, thermal plasma modelling is adopted because of high electron density 

and high collision frequency arising in DC plasma torches. The mathematical model of 

thermal plasma is based on a set of partial differential equations (PDEs) which correlate 

the velocity, pressure, temperature, turbulence and electromagnetic fields. The 

examined plasma is considered an electrically conducting fluid that follows the 

equations of fluid dynamics and Maxwell’s equations [21]. The fluid models are 

described by the Navier-Stokes equations obeying conservation laws, namely: 

∂𝜌𝜌
∂t

+ ∇ ∙ (𝜌𝜌𝐯𝐯) = 0, (1) 

𝜕𝜕(𝜌𝜌𝐯𝐯)
𝜕𝜕𝜕𝜕

+ ∇ ∙ (𝜌𝜌𝐯𝐯𝐯𝐯 + 𝑝𝑝𝛅𝛅 − 𝛕𝛕) = 𝐟𝐟𝐿𝐿 , (2) 

where 𝜌𝜌  denotes the density, 𝐯𝐯  the temporally-averaged velocity, 𝑡𝑡  the time, 𝑝𝑝  the 

pressure, 𝛅𝛅 the Kronecker delta, 𝛕𝛕 the viscous stress tensor and 𝐟𝐟𝐿𝐿 the Lorenz force. 

In a DC plasma torch, the Joule heat and electromagnetic force result in an obvious 

acceleration of the fluid. The flow velocity in the torch can grow from 10 m/s to 1000 

m/s. Consequently, turbulent flow is more appropriate than laminar flow for describing 

the examined plasma flow [5, 8, 22, 23]. A shear stress transport (SST) two-equation 

𝑘𝑘 − 𝜔𝜔  turbulence model is then adopted in this study, and it is combing a 𝑘𝑘 − 𝜔𝜔 
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turbulence model near the wall and a 𝑘𝑘 − 𝜀𝜀 turbulence model in the far field [5]. The 

governing equations for the kinetic energy 𝑘𝑘 and the specific dissipation rate 𝜔𝜔 are 

[24-27]   

∂(𝜌𝜌𝜌𝜌)
∂𝑡𝑡

+ ∇ ∙ (𝜌𝜌𝐯𝐯𝑘𝑘) = ∇ ∙ [(𝜇𝜇𝑚𝑚 + 𝜎𝜎𝑘𝑘𝜇𝜇𝑡𝑡)∇𝑘𝑘] + 𝑃𝑃𝑘𝑘 − 𝜌𝜌𝛽𝛽∗𝑓𝑓𝛽𝛽∗𝑘𝑘𝑘𝑘, (3) 

∂(𝜌𝜌𝜌𝜌)
∂𝑡𝑡

+ ∇ ∙ (𝜌𝜌𝐯𝐯𝜔𝜔) = ∇ ∙ [(𝜇𝜇𝑚𝑚 + 𝜎𝜎𝜔𝜔𝜇𝜇𝑡𝑡)∇𝜔𝜔] + 𝑃𝑃𝜔𝜔 − 𝜌𝜌𝜌𝜌𝑓𝑓𝛽𝛽𝜔𝜔2, (4) 

where 𝜇𝜇𝑚𝑚 is the material viscosity, 𝜇𝜇𝑡𝑡 the turbulent viscosity, 𝜎𝜎𝑘𝑘 and 𝜎𝜎𝜔𝜔 the model 

constants, 𝑃𝑃𝑘𝑘  and 𝑃𝑃𝜔𝜔  the production terms, 𝛽𝛽∗  and 𝛽𝛽  the model constants, 𝑓𝑓𝛽𝛽∗  the 

free-shear modification factor and 𝑓𝑓𝛽𝛽  the vortex-stretching modification factor. The 

turbulent viscosity 𝜇𝜇𝑡𝑡 is then calculated by 

𝜇𝜇𝑡𝑡 = 𝜌𝜌𝜌𝜌𝑇𝑇𝑡𝑡, (5) 

where 𝑇𝑇𝑡𝑡 denotes the turbulent time scale [28]. The essential blended function 𝐹𝐹1 of 

the SST 𝑘𝑘 − 𝜔𝜔 turbulence model which controls the contribution of 𝑘𝑘 − 𝜔𝜔 model and 

𝑘𝑘 − 𝜀𝜀 model is defined as 

𝐹𝐹1 = tanh��min�max �
√𝑘𝑘
𝛽𝛽∗𝑑𝑑𝑑𝑑

,
500𝜈𝜈
𝑑𝑑2𝜔𝜔

� ,
2𝑘𝑘

𝑑𝑑2CD𝑘𝑘𝑘𝑘
��

4

�, (6) 

where 𝑑𝑑 represents the wall distance, 𝜈𝜈 the kinematic viscosity and CD𝑘𝑘𝑘𝑘 the cross-

diffusion constant. The abovementioned model constants are given in Appendix I.  

The LTE approximation is acceptable under high collision frequency, and it 

assumes that the kinetic energy of the species in space is able to be described by a single 

temperature 𝑇𝑇. Therefore, the energy equation is showed below:  
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∂(𝜌𝜌𝜌𝜌)
∂𝑡𝑡

+ ∇ ∙ (𝜌𝜌𝐯𝐯𝐸𝐸) = ∇ ∙ (𝜆𝜆𝑒𝑒∇𝑇𝑇) − ∇ ∙ [𝐯𝐯(𝑝𝑝𝛅𝛅 − 𝛕𝛕)] + 𝑆𝑆𝐸𝐸 , (7) 

𝐸𝐸 = 𝐶𝐶𝑝𝑝𝑇𝑇 +
|𝐯𝐯|2

2
, (8) 

𝜆𝜆𝑒𝑒 = 𝜆𝜆 +
𝜇𝜇𝑡𝑡𝐶𝐶𝑝𝑝
𝑃𝑃𝑃𝑃𝑡𝑡

, (9) 

𝑆𝑆𝐸𝐸 = 𝐸𝐸𝐽𝐽 − 𝐸𝐸𝑅𝑅 , (10) 

where 𝐸𝐸 represents the total energy, 𝜆𝜆 the thermal conductivity, 𝐶𝐶𝑝𝑝 the specific heat 

capacity, 𝜆𝜆𝑒𝑒 the effective thermal conductivity and 𝑃𝑃𝑃𝑃𝑡𝑡 the turbulent Prandtl number 

[29]. The source term 𝑆𝑆𝐸𝐸 in the energy equation is the summation of Joule heat 𝐸𝐸𝐽𝐽 and 

radiation loss 𝐸𝐸𝑅𝑅. 

 The main thrust to accelerate flow in a DC plasma torch is the electromagnetic 

force contributed by the current and self-induced magnetic field. Thus, the Maxwell’s 

equations are introduced as 

∇ ∙ 𝐉𝐉 = 0, (11) 

∇ ∙ 𝐁𝐁 = 0, (12) 

∇ × 𝐄𝐄 = −
∂𝐁𝐁
∂t

, (13) 

∇ × 𝐁𝐁 = 𝜇𝜇0𝐉𝐉, (14) 

𝐉𝐉 = 𝜎𝜎(𝐄𝐄 + 𝐯𝐯 × 𝐁𝐁), (15) 

where 𝐉𝐉 denotes the current density, 𝜎𝜎 the electrical conductivity, 𝐄𝐄 the electric field, 

𝐁𝐁  the magnetic flux density and 𝜇𝜇0  the vacuum magnetic permeability given in 

Appendix II. The Lorenz force and the Joule heat used in Eqs. (2) and (7) are expressed 
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as 

𝐟𝐟L = 𝐉𝐉 × 𝐁𝐁, (16) 

𝐸𝐸𝐽𝐽 = 𝐉𝐉 ∙ (𝐄𝐄 + 𝐯𝐯 × 𝐁𝐁). (17) 

By introducing the electric potential 𝜙𝜙  and the magnetic vector potential 𝐀𝐀 , the 

electric field 𝐄𝐄 and magnetic flux density 𝐁𝐁 is then expressed in terms of these two 

potentials as 

𝐄𝐄 = −∇𝜙𝜙 −
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

, (18) 

𝐁𝐁 = ∇ × 𝐀𝐀. (19) 

Then, the governing equation for electric potential derived from Eqs. (11), (15), (18) 

and (19) is expressed as  

∇ ∙ (𝜎𝜎∇𝜙𝜙) = ∇ ∙ 𝜎𝜎 �−
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

+ 𝐯𝐯 × ∇ × 𝐀𝐀�, (20) 

and, similarly, the governing equation for magnetic vector potential derived from Eqs. 

(14), (15), (18) and (19) is expressed as 

𝜕𝜕(𝜎𝜎𝐀𝐀)
𝜕𝜕𝜕𝜕

+
∇2𝐀𝐀
𝜇𝜇0

= −𝜎𝜎(∇𝜙𝜙 − 𝐯𝐯 × ∇ × 𝐀𝐀). (21) 
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2-1-2 Boundary Conditions 

Boundary conditions are mathematically necessary to solve PDEs that describe the 

physical phenomena. Dirichlet and Neumann conditions are two boundary conditions 

frequently used to solve PDEs. Generally, the Dirichlet condition states the value of 

variable on the boundary, and the Neumann condition describes the gradient of variable 

on the boundary. In the following sections, these two types of boundary conditions are 

both used.  

(a) Inlet 

The dependent variable fields 𝐯𝐯 , 𝑘𝑘 , 𝜔𝜔 , 𝑇𝑇  are explicitly assigned on the inlet 

boundary as 

𝐯𝐯in = 𝐯𝐯𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔, (22) 

𝑘𝑘in =
3
2

(𝐼𝐼𝑡𝑡|𝐯𝐯in|)2, (23) 

𝜔𝜔in =
𝜌𝜌𝑘𝑘in

(𝜇𝜇𝑡𝑡 𝜇𝜇𝑚𝑚⁄ )in 𝜇𝜇𝑚𝑚
, (24) 

𝑇𝑇in = 𝑇𝑇𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔, (25) 

where 𝐼𝐼𝑡𝑡  denotes the specified turbulence intensity and (𝜇𝜇𝑡𝑡 𝜇𝜇𝑚𝑚⁄ )in  the turbulent 

viscosity ratio at the inlet. In addition, the inlet boundary for the pressure 𝑝𝑝 is using a 

Neumann condition of zero gradient. 

(b) Outlet 

The outlet boundary is a Neumann condition. The derivatives of dependent 
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variable fields, e.g., 𝐯𝐯, 𝑝𝑝, 𝑘𝑘, 𝜔𝜔, 𝑇𝑇 normal to the outlet boundary are set to zero. 

(c) Wall 

A no-slip condition is adopted on the wall, and the flow velocity is set to zero. The 

wall boundary is a main source to create the vorticity, so an accurate prediction of flow 

and turbulence near the wall is important. The inner flow region near the wall is 

subdivided into three sublayers: viscous sublayer, buffer layer and logarithmic layer. To 

describe the wall function, a non-dimensional wall distance 𝑦𝑦+ and a non-dimensional 

velocity 𝑢𝑢+ are described in the following equations:  

𝑦𝑦+ =
𝑑𝑑𝑑𝑑𝑢𝑢𝜏𝜏
𝜇𝜇𝑚𝑚

, (26) 

𝑢𝑢+ =
𝑢𝑢
𝑢𝑢𝜏𝜏

, (27) 

where 𝑑𝑑  is the wall distance, 𝑢𝑢  the velocity parallel to wall and 𝑢𝑢𝜏𝜏  the friction 

velocity. The sublayer closest to the wall, or viscous sublayer, is practically laminar and 

dominated by viscous effects. In this sublayer, experimental evidences show that the 

velocity profile follows the relation below when 0 ≤ 𝑦𝑦+ ≤ 5:  

𝑢𝑢+ = 𝑦𝑦+. (28) 

The turbulent logarithmic layer, or overlapping layer, is simultaneously dominated by 

viscous and turbulent effects, and the logarithmic law is valid when 30 ≤ 𝑦𝑦+ ≤ 500. 

The logarithmic law relation is expressed as below: 

𝑢𝑢+ =
1
𝜅𝜅

ln(𝐸𝐸′𝑦𝑦+), (29)  
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where 𝜅𝜅 is the von Kármán constant and 𝐸𝐸′ the offset. The buffer layer is a transitional 

layer between these two layers. In this study, a blending function 𝛾𝛾  is used to 

approximate the friction velocity 𝑢𝑢𝜏𝜏: 

𝛾𝛾 = 𝑒𝑒
−𝑅𝑅𝑅𝑅𝑑𝑑
11 , (30)  

𝑅𝑅𝑅𝑅𝑑𝑑 =
√𝑘𝑘𝑑𝑑
𝜈𝜈

, (31) 

𝑢𝑢τ = 𝛾𝛾
𝜇𝜇𝑚𝑚|𝑢𝑢|
𝜌𝜌𝜌𝜌

+ (1 − 𝛾𝛾)𝐶𝐶𝜇𝜇
1
4𝑘𝑘

1
2, (32) 

where 𝑅𝑅𝑅𝑅𝑑𝑑  is the wall-distance Reynolds number and 𝐶𝐶𝜇𝜇  the turbulence model 

constant. The blending function is also adopted to determine the near-wall turbulence 

properties [25, 30, 31]:  

𝑃𝑃𝑘𝑘 = 𝜇𝜇𝑡𝑡𝑆𝑆2 + (1 − 𝛾𝛾)
1
𝜇𝜇𝑚𝑚

�𝜌𝜌𝑢𝑢∗
𝑢𝑢
𝑢𝑢+
�
2 𝜕𝜕𝑢𝑢+

𝜕𝜕𝑦𝑦+
, (33)  

𝜔𝜔0 = 𝛾𝛾
6𝜈𝜈
𝛽𝛽𝑑𝑑2

+ (1 − 𝛾𝛾)
𝑢𝑢τ

�𝛽𝛽∗𝜅𝜅𝜅𝜅
, (34) 

where 𝑆𝑆 is the mean strain rate and 𝜔𝜔0 the specific dissipation rate specified at the 

nearest wall cell. In addition, a zero-gradient condition of 𝑘𝑘, 𝜔𝜔 and 𝑝𝑝 is applied on 

walls, and wall temperature is prescribed at wall. 

(d) Symmetry Plane 

The velocity component and gradients of other variables normal to the symmetry 

plane are set to zero. 

(e) Cathode 

The cathode region is a boundary only applied to the electromagnetic field, and 



doi:10.6342/NTU202104312

14 
 

the cathode region is treated as a wall boundary for other variables. The cathode spot is 

assumed to be a circle region on the torch surface. The electric current density at the 

cathode spot is distributed as 

𝐽𝐽(𝑟𝑟𝑐𝑐) = 𝐽𝐽𝑚𝑚𝑚𝑚𝑚𝑚𝑒𝑒−𝑏𝑏𝑟𝑟𝑐𝑐 , (35)  

where 𝐽𝐽𝑚𝑚𝑚𝑚𝑚𝑚 is the maximum value of the current density, 𝑏𝑏 a given constant, and 𝑟𝑟𝑐𝑐 

the distance from the center of cathode spot. The values of 𝐽𝐽𝑚𝑚𝑚𝑚𝑚𝑚 and 𝑏𝑏 are taken from 

[2]. In an unsteady simulation, the cathode spot travels with a given frequency on the 

inner torch wall. 

(f) Anode 

A Dirichlet boundary condition is used to describe the electric potential of anode 

that is set to zero, and the anode is treated as a wall boundary for other variables. In an 

unsteady simulation, the anode position is decided by the working current and inflow 

rate of gas, and the details are discussed in Chapter 3. 

 The boundary conditions for all fields are summarized in Table 2.1. A zero-

gradient condition is used at the inlet, outlet and wall for the electric potential 𝜙𝜙. In this 

study, it is assumed that the external magnetic field has no effect on the self-induced 

magnetic field arising inside the torch. Therefore, the normal component of the 

magnetic field 𝐁𝐁 , i.e., ∇ × 𝐀𝐀 , is set to zero at all boundaries, that is 𝐴𝐴𝑡𝑡 , i.e., the 

tangential component of 𝐀𝐀, is set to zero. 
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Table 2.1: Boundary conditions 

Boundary Inlet Outlet Wall Cathode Anode 
𝐯𝐯 𝐯𝐯in ∇𝐯𝐯 ∙ 𝐧𝐧 = 𝟎𝟎 0 
𝑝𝑝 ∇𝑝𝑝 ∙ 𝐧𝐧 = 0 
𝑘𝑘 𝑘𝑘in ∇𝑘𝑘 ∙ 𝐧𝐧 = 0 
𝜔𝜔 𝜔𝜔in ∇𝜔𝜔 ∙ 𝐧𝐧 = 0 
𝑇𝑇 𝑇𝑇in ∇𝑇𝑇 ∙ 𝐧𝐧 = 0 𝑇𝑇w 𝑇𝑇c 𝑇𝑇a 
𝜙𝜙 ∇𝜙𝜙 ∙ 𝐧𝐧 = 0 Eq. (35) 0 
𝐀𝐀 𝐴𝐴𝑡𝑡 = 0 
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2-2 Numerical Method 

2-2-1 Finite Volume Method 

 Finite volume method (FVM) is a kind of discretization method for solving PDEs. 

In the FVM, the computational domain is divided into a finite number of volumes called 

control volumes or cells [32]. The governing equations are able to be written in the 

generic form of transport equation. By integrating the generic transport equation over a 

control volume and applying Gauss divergence theorem, the integral form of the 

transport equation for a scalar quantity 𝜓𝜓 is obtained: 

𝑑𝑑
𝑑𝑑𝑑𝑑
� 𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌
𝑉𝑉

+ � 𝜌𝜌𝐯𝐯𝜓𝜓 ∙ 𝑑𝑑𝐚𝐚
𝐴𝐴

= � 𝛤𝛤∇𝜓𝜓 ∙ 𝑑𝑑𝐚𝐚
𝐴𝐴

+ � 𝑆𝑆𝜓𝜓𝑑𝑑𝑑𝑑
𝑉𝑉

, (36) 

where 𝑉𝑉 denotes the control volume, 𝐴𝐴 the surface area of the control volume, 𝐚𝐚 the 

surface area vector, 𝛤𝛤  and 𝑆𝑆𝜓𝜓  the generic diffusion coefficient and source term, 

respectively. The equation can be also represented as 

� 𝐹𝐹𝑡𝑡𝑑𝑑𝑑𝑑
𝑉𝑉

+ � 𝐂𝐂𝑓𝑓 ∙ 𝑑𝑑𝐚𝐚
𝐴𝐴

= � 𝐃𝐃𝑓𝑓 ∙ 𝑑𝑑𝐚𝐚
𝐴𝐴

+ � 𝑆𝑆𝜓𝜓𝑑𝑑𝑑𝑑
𝑉𝑉

, (37) 

where 𝐹𝐹𝑡𝑡 is the transient term, 𝐂𝐂𝑓𝑓 the convective flux, 𝐃𝐃𝑓𝑓 the diffusive flux and 𝑆𝑆𝜓𝜓 

the source term. The transient term 𝐹𝐹𝑡𝑡 signifies the time rate of change of 𝜓𝜓 inside the 

control volume. The source term 𝑆𝑆𝜓𝜓 corresponds to the production or consumption of 

the scalar quantity 𝜓𝜓 in the control volume. The governing equations given in Chapter 

2-1-1 can be expressed in the form of Eq. (37), and their corresponding terms are shown 

in Table 2.2. 
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Table 2.2: The terms arising in the integral form of governing equations 

Conservation 𝜓𝜓 Transient  Convection Diffusion Source 

Total mass 1 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 ∇ ∙ (𝜌𝜌𝐯𝐯) 0 0 

Momentum 𝐯𝐯 𝜕𝜕(𝜌𝜌𝐯𝐯)
𝜕𝜕𝜕𝜕

 ∇ ∙ (𝜌𝜌𝐯𝐯𝐯𝐯) ∇ ∙ (𝛕𝛕) 𝐟𝐟L − ∇ ∙ (p𝛅𝛅) 

Turbulent kinetic energy 𝑘𝑘 𝜕𝜕(𝜌𝜌𝜌𝜌)
𝜕𝜕𝜕𝜕

 ∇ ∙ (𝜌𝜌𝐯𝐯𝑘𝑘) ∇ ∙ [(𝜇𝜇𝑚𝑚 + 𝜎𝜎𝑘𝑘𝜇𝜇𝑡𝑡)∇𝑘𝑘] 𝑃𝑃𝑘𝑘 − 𝜌𝜌𝛽𝛽∗𝑓𝑓𝛽𝛽∗𝑘𝑘𝑘𝑘 

Specific dissipation rate 𝜔𝜔 𝜕𝜕(𝜌𝜌𝜌𝜌)
𝜕𝜕𝜕𝜕

 ∇ ∙ (𝜌𝜌𝐯𝐯𝜔𝜔) ∇ ∙ [(𝜇𝜇𝑚𝑚 + 𝜎𝜎𝜔𝜔𝜇𝜇𝑡𝑡)∇𝜔𝜔] 𝑃𝑃𝜔𝜔 − 𝜌𝜌𝜌𝜌𝑓𝑓𝛽𝛽𝜔𝜔2 

Total energy 𝐸𝐸 𝜕𝜕(𝜌𝜌𝜌𝜌)
𝜕𝜕𝜕𝜕

 ∇ ∙ (𝜌𝜌𝐯𝐯𝐸𝐸) ∇ ∙ (𝜆𝜆𝑒𝑒∇𝑇𝑇) 𝐸𝐸𝐽𝐽 − 𝐸𝐸𝑅𝑅 − ∇ ∙ [𝐯𝐯(p𝛅𝛅 − 𝛕𝛕)] 

Electrodynamic potential 𝜙𝜙 0 0 ∇ ∙ (𝜎𝜎∇𝜙𝜙) ∇ ∙ 𝜎𝜎 �
𝜕𝜕𝐀𝐀
𝜕𝜕𝜕𝜕

− 𝐯𝐯 × ∇ × 𝐀𝐀� 

Magnetic vector potential 𝐀𝐀 𝜕𝜕(𝜎𝜎𝐀𝐀)
𝜕𝜕𝜕𝜕

 0 −∇ ∙ �
1
𝜇𝜇0
∇𝐀𝐀� −𝜎𝜎(∇𝜙𝜙 − 𝐯𝐯 × ∇ × 𝐀𝐀) 

 

Gaussian quadrature is used to calculate the surface integral in the transport 

equation that is approximated by the product of the value at the face center and the face 

area: 

� 𝐅𝐅𝜓𝜓 ∙ 𝑑𝑑𝐚𝐚
𝐴𝐴

≈� 𝐅𝐅𝑓𝑓
𝜓𝜓 ∙ 𝐚𝐚𝑓𝑓

𝑓𝑓
, (38) 

where 𝐅𝐅𝜓𝜓 denotes the convective or the diffusive flux of 𝜓𝜓 and 𝐚𝐚𝑓𝑓 the surface area 

vector of the face 𝑓𝑓.  

The volume integral in the transport equation is approximated by the product of 

the value at the cell center and the volume of the cell:  

� 𝑆𝑆𝜓𝜓𝑑𝑑𝑑𝑑
𝑉𝑉

≈ 𝑆𝑆𝜓𝜓𝑝𝑝𝑉𝑉𝑝𝑝, (39) 



doi:10.6342/NTU202104312

18 
 

where 𝑆𝑆𝜓𝜓𝑝𝑝 denotes the value of 𝑆𝑆𝜓𝜓 at the cell center, and 𝑉𝑉𝑝𝑝 is the volume of the cell. 

Using the above approximations of Eqs. (38) and (39), the transport equation in Eq. (36) 

can be discretized as 

𝑑𝑑
𝑑𝑑𝑑𝑑
�𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝𝑉𝑉𝑝𝑝� + � �𝜌𝜌𝑓𝑓𝐯𝐯𝑓𝑓𝜓𝜓𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓�

𝑓𝑓
= � �𝛤𝛤𝑓𝑓∇𝜓𝜓𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓�

𝑓𝑓
+ 𝑆𝑆𝜓𝜓𝑝𝑝𝑉𝑉𝑝𝑝, (40) 

where 𝜌𝜌𝑝𝑝 denotes the density of the cell center, and 𝜌𝜌𝑓𝑓 is the interpolated density at 

the face 𝑓𝑓.  

(a) Transient Term 

For unsteady simulations, the total time interval is subdivided into a number of 

time steps, and the solutions of governing equation at the current time-level require the 

results from the previous time-level. The first-order temporal discretization is employed 

to calculate the transient term 𝐹𝐹𝑡𝑡 by using the solution at the current time level 𝑛𝑛 + 1 

and the solution at the previous time level 𝑛𝑛: 

𝐹𝐹𝑡𝑡 =
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝� ≈

�𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝�
𝑛𝑛+1

− �𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝�
𝑛𝑛

∆𝑡𝑡
. (41) 

Furthermore, a second-order temporal discretization is also adopted to approximate the 

transient term by using the solutions at the current time level 𝑛𝑛 + 1, at the previous 

time levels 𝑛𝑛 and 𝑛𝑛 − 1:  

𝐹𝐹𝑡𝑡 =
𝑑𝑑
𝑑𝑑𝑑𝑑
�𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝� ≈

�3�𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝�
𝑛𝑛+1

− 4�𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝�
𝑛𝑛

+ �𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝�
𝑛𝑛−1

�
2∆𝑡𝑡

. (42) 

(b) Convection Term 

The convective flux 𝐶𝐶𝑓𝑓 is approximated as below: 
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𝐶𝐶𝑓𝑓 ≈ 𝜌𝜌𝑓𝑓𝐯𝐯𝑓𝑓𝜓𝜓𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓 = 𝑚̇𝑚𝑓𝑓𝜓𝜓𝑓𝑓 , (43) 

where 𝑚̇𝑚𝑓𝑓 is the mass flow rate across the face 𝑓𝑓 and 𝜓𝜓𝑓𝑓 the value of 𝜓𝜓 at the face 

𝑓𝑓. The value at the face 𝑓𝑓 is approximated by the central differencing scheme (CDS) 

by a linear interpolation between the values of two neighboring cells 𝑝𝑝 and 𝑛𝑛: 

𝜓𝜓𝑓𝑓 ≈ 𝛼𝛼𝑓𝑓𝜓𝜓𝑝𝑝 + �1 − 𝛼𝛼𝑓𝑓�𝜓𝜓𝑛𝑛,  (44) 

where the linear interpolation factor 𝛼𝛼𝑓𝑓 is defined according to the locations of cell 

center and face center.  

(c) Diffusion Term 

The diffusive flux 𝐷𝐷𝑓𝑓 through a cell face is written as 

𝐷𝐷𝑓𝑓 ≈ 𝛤𝛤𝑓𝑓∇𝜓𝜓𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓 , (45) 

where ∇𝜓𝜓𝑓𝑓, the gradient of 𝜓𝜓 at the face, plays an important role in the numerical 

discretization. To obtain a second-order accurate approximation for an interior-face 

gradient, the following equation is used 

∇𝜓𝜓𝑓𝑓 ≈ �𝜓𝜓𝑛𝑛 − 𝜓𝜓𝑝𝑝�𝛂𝛂𝑓𝑓 + ∇𝜓𝜓𝑓𝑓����� − �∇𝜓𝜓𝑓𝑓����� ∙ 𝐝𝐝𝐝𝐝�𝛂𝛂𝑓𝑓 , (46) 

𝐝𝐝𝐝𝐝 = 𝐱𝐱𝑛𝑛 − 𝐱𝐱𝑝𝑝, (47) 

𝛂𝛂𝑓𝑓 =
𝐚𝐚𝑓𝑓

𝐚𝐚𝑓𝑓 ∙ 𝐝𝐝𝐝𝐝
, (48) 

∇𝜓𝜓𝑓𝑓����� = 𝛼𝛼𝑓𝑓∇𝜓𝜓𝑝𝑝 + �1 − 𝛼𝛼𝑓𝑓�∇𝜓𝜓n, (49) 

where 𝐱𝐱𝑝𝑝 and 𝐱𝐱𝑛𝑛 are the location of the cell 𝑝𝑝 and its neighboring cell 𝑛𝑛. 

Therefore, the diffusive flux across an interior face is expressed as follows: 



doi:10.6342/NTU202104312

20 
 

𝐷𝐷𝑓𝑓 ≈ 𝛤𝛤𝑓𝑓��𝜓𝜓𝑛𝑛 − 𝜓𝜓𝑝𝑝�𝛂𝛂𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓 + ∇𝜓𝜓𝑓𝑓����� ∙ 𝐚𝐚𝑓𝑓 − �∇𝜓𝜓𝑓𝑓����� ∙ 𝐝𝐝𝐝𝐝�𝛂𝛂𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓�, (50) 

similarly, the diffusive flux across a boundary face is given as 

𝐷𝐷𝑓𝑓 ≈ 𝛤𝛤𝑓𝑓��𝜓𝜓𝑓𝑓 − 𝜓𝜓𝑝𝑝�𝛂𝛂𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓 + ∇𝜓𝜓𝑝𝑝 ∙ 𝐚𝐚𝑓𝑓 − �∇𝜓𝜓𝑝𝑝 ∙ 𝐝𝐝𝐝𝐝�𝛂𝛂𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓�, (51) 

𝐝𝐝𝐝𝐝 = 𝐱𝐱𝑓𝑓 − 𝐱𝐱𝑝𝑝, (52) 

where 𝐱𝐱𝑓𝑓 is the center location of face 𝑓𝑓. The second and third terms in Eqs. (50) and 

(51) are essential for improving the prediction accuracy on non-orthogonal meshes. At 

the same time, the first terms in Eqs. (50) and (51) contribute to the diagonal dominance 

of the resultant matrix. 

According to the above discussion, the detailed discretization of the transport 

equations used in the numerical scheme is then rearranged in the form of linearized 

algebraic equations, i.e., Eq. (53) where the corresponding coefficients are shown in 

Table 2.3.  

𝑎𝑎𝑝𝑝𝜓𝜓𝑝𝑝 + � 𝑎𝑎𝑛𝑛𝜓𝜓𝑛𝑛
𝑓𝑓

= 𝑏𝑏𝑝𝑝 (53) 

 

Table 2.3: Coefficients of the linearized algebraic equation 

𝑎𝑎𝑝𝑝 
3𝜌𝜌𝑝𝑝
2∆𝑡𝑡

𝑉𝑉𝑝𝑝 + � �𝑚̇𝑚𝑓𝑓𝛼𝛼𝑓𝑓 + 𝛤𝛤𝑓𝑓𝛂𝛂𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓�
𝑓𝑓

 

𝑎𝑎𝑛𝑛 � �𝑚̇𝑚𝑓𝑓�1− 𝛼𝛼𝑓𝑓� − 𝛤𝛤𝑓𝑓𝛂𝛂𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓�
𝑓𝑓

 

𝑏𝑏𝑝𝑝 �4�𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝�
𝑛𝑛
− �𝜌𝜌𝑝𝑝𝜓𝜓𝑝𝑝�

𝑛𝑛−1
�

2∆𝑡𝑡
𝑉𝑉𝑝𝑝 + � �𝛤𝛤𝑓𝑓�∇𝜓𝜓𝑓𝑓����� ∙ 𝐚𝐚𝑓𝑓 − �∇𝜓𝜓𝑓𝑓����� ∙ 𝐝𝐝𝐝𝐝�𝛂𝛂𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓��

𝑓𝑓
+ 𝑆𝑆𝜓𝜓𝑝𝑝𝑉𝑉𝑝𝑝 
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2-2-2 Pressure-correction Equation 

SIMPLE (Semi-Implicit Method for Pressure Linked Equations) algorithm is here 

used to decouple velocity and pressure in solving the flow field [32]. The discretized 

momentum and continuity equations for a cell can be represented in the form of 

linearized algebraic equation  

𝑎𝑎𝑝𝑝𝐯𝐯𝑝𝑝 + � 𝑎𝑎𝑛𝑛𝐯𝐯𝑛𝑛
𝑓𝑓

= 𝐛𝐛𝑝𝑝 − 𝑉𝑉𝑝𝑝∇𝑝𝑝𝑝𝑝, (54) 

�𝑚̇𝑚𝑓𝑓
𝑓𝑓

= 0. (55) 

The momentum equation first uses the pressure field 𝑝𝑝∗ obtained from the previous 

iteration to solve the updated velocity 𝐯𝐯∗ that surly satisfies the momentum equation 

but does not necessarily satisfy the continuity equation. Therefore, the updated 

solutions are substituted into the equations, and the equations can be rewritten as 

𝑎𝑎𝑝𝑝𝐯𝐯𝑝𝑝∗ + � 𝑎𝑎𝑛𝑛𝐯𝐯𝑛𝑛∗
𝑓𝑓

= 𝐛𝐛𝑝𝑝 − 𝑉𝑉𝑝𝑝∇𝑝𝑝𝑝𝑝∗ , (56) 

�𝑚̇𝑚𝑓𝑓
𝑓𝑓

= ��𝑚̇𝑚𝑓𝑓
∗ + 𝑚̇𝑚𝑓𝑓

′ �
𝑓𝑓

= ��𝜌𝜌𝑓𝑓 𝐚𝐚𝑓𝑓 ∙ 𝐯𝐯𝑓𝑓∗ + 𝑚̇𝑚𝑓𝑓
′ �

𝑓𝑓

= 0, (57) 

where 𝑚̇𝑚𝑓𝑓
∗  denotes the mass flow rate across the face 𝑓𝑓  based on 𝐯𝐯𝑓𝑓∗ , 𝑚̇𝑚𝑓𝑓

′   the 

correction of mass flow rate to satisfy the continuity equation. The corrected pressure 

𝑝𝑝𝑝𝑝 and velocity 𝐯𝐯𝑝𝑝 of the current iteration can be written as 

𝑝𝑝𝑝𝑝 = 𝑝𝑝𝑝𝑝∗ + 𝑝𝑝𝑝𝑝′ , (58) 

𝐯𝐯𝑝𝑝 = 𝐯𝐯𝑝𝑝∗ + 𝐯𝐯𝑝𝑝′ . (59) 

From Eqs. (54) and (56), the velocity vector can be rearranged as 
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𝐯𝐯𝑝𝑝 =
𝐛𝐛𝑝𝑝 − 𝑉𝑉𝑝𝑝∇𝑝𝑝𝑝𝑝 − ∑ 𝑎𝑎𝑛𝑛𝐯𝐯𝑛𝑛𝑓𝑓

𝑎𝑎𝑝𝑝
, (60) 

𝐯𝐯𝑝𝑝∗ =
𝐛𝐛𝑝𝑝 − 𝑉𝑉𝑝𝑝∇𝑝𝑝𝑝𝑝∗ − ∑ 𝑎𝑎𝑛𝑛𝐯𝐯𝑛𝑛∗𝑓𝑓

𝑎𝑎𝑝𝑝
. (61) 

Therefore, the correction of the velocity field 𝐯𝐯𝑝𝑝′  is shown as 

𝐯𝐯𝑝𝑝′ =
𝑉𝑉𝑝𝑝�∇𝑝𝑝𝑝𝑝∗ − ∇𝑝𝑝𝑝𝑝� + ∑ 𝑎𝑎𝑛𝑛(𝐯𝐯𝑛𝑛∗ − 𝐯𝐯𝑛𝑛)𝑓𝑓

𝑎𝑎𝑝𝑝
= −

𝑉𝑉𝑝𝑝�∇𝑝𝑝𝑝𝑝′ � + ∑ 𝑎𝑎𝑛𝑛(𝐯𝐯𝑛𝑛′ )𝑓𝑓

𝑎𝑎𝑝𝑝
. (62) 

And, the velocity correction at the face 𝑓𝑓 is approximated by 

𝐯𝐯𝑓𝑓′ = −
𝑉𝑉𝑓𝑓�∇𝑝𝑝𝑓𝑓′ �
𝑎𝑎𝑓𝑓

+ 𝐯𝐯�𝑓𝑓′ ≈ −
𝑉𝑉𝑝𝑝 + 𝑉𝑉𝑛𝑛
𝑎𝑎𝑝𝑝 + 𝑎𝑎𝑛𝑛

∇𝑝𝑝𝑓𝑓′ + 𝐯𝐯�𝑓𝑓′ ≈
𝑉𝑉𝑝𝑝 + 𝑉𝑉𝑛𝑛
𝑎𝑎𝑝𝑝 + 𝑎𝑎𝑛𝑛

�𝑝𝑝𝑝𝑝′ − 𝑝𝑝𝑛𝑛′ �𝛂𝛂𝑓𝑓 + 𝐯𝐯�𝑓𝑓′ , (63) 

where 𝐯𝐯�𝑓𝑓′   will be discussed in the later paragraph, and 𝑉𝑉𝑛𝑛  is the volume of the 

neighboring cell 𝑛𝑛. 

Hence, the continuity equation in Eq. (57) becomes 

�𝑚̇𝑚𝑓𝑓
′

𝑓𝑓

≈��𝜌𝜌𝑓𝑓 𝐚𝐚𝑓𝑓 ∙ �
𝑉𝑉𝑝𝑝 + 𝑉𝑉𝑛𝑛
𝑎𝑎𝑝𝑝 + 𝑎𝑎𝑛𝑛

�𝑝𝑝𝑝𝑝′ − 𝑝𝑝𝑛𝑛′ �𝛂𝛂𝑓𝑓 + 𝐯𝐯�𝑓𝑓′��
𝑓𝑓

= −�𝑚̇𝑚𝑓𝑓
∗

𝑓𝑓

. (64) 

Rearranging Eq. (64), the pressure correction equation is then represented as 

��𝜌𝜌𝑓𝑓 �
𝑉𝑉𝑝𝑝 + 𝑉𝑉𝑛𝑛
𝑎𝑎𝑝𝑝 + 𝑎𝑎𝑛𝑛

�𝛂𝛂𝑓𝑓 ∙  𝐚𝐚𝑓𝑓�𝑝𝑝𝑝𝑝′ − 𝑝𝑝𝑛𝑛′ ��
𝑓𝑓

= −��𝑚̇𝑚𝑓𝑓
∗ + 𝜌𝜌𝑓𝑓 𝐚𝐚𝑓𝑓 ∙ 𝐯𝐯�𝑓𝑓′�

𝑓𝑓

 

= −��𝑚̇𝑚𝑓𝑓
∗ + 𝑚𝑚�̇𝑓𝑓′ �

𝑓𝑓

≈ −�𝑚̇𝑚𝑓𝑓
∗

𝑓𝑓

. 

(65) 

The term 𝑚𝑚�̇𝑓𝑓′   is commonly neglected in SIMPLE algorithm. After the pressure 

correction equation is solved, the pressure correction 𝑝𝑝′ is obtained, and the pressure 

field and velocity field can be updated to satisfy the mass conservation as below: 

𝑝𝑝𝑝𝑝 = 𝑝𝑝𝑝𝑝∗ + 𝑝𝑝𝑝𝑝′ , (66) 

𝐯𝐯𝑝𝑝 = 𝐯𝐯𝑝𝑝∗ + 𝐯𝐯𝑝𝑝′ = 𝐯𝐯𝑝𝑝∗ −
𝑉𝑉𝑝𝑝�∇𝑝𝑝𝑝𝑝′ �
𝑎𝑎𝑝𝑝

. (67) 
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In order to suppress unphysical pressure fluctuations from the checkerboard effect 

caused by a direct linear interpolation of velocity at cell faces, a remedy is proposed for 

cases using collocated grids [32]. The mass flux 𝑚̇𝑚𝑓𝑓
∗ at the face 𝑓𝑓 in Eq. (65) has to be 

modified before the solution of pressure correction equation 

𝑚̇𝑚𝑓𝑓
∗ = 𝜌𝜌𝑓𝑓 𝐚𝐚𝑓𝑓 ∙ 𝐯𝐯∗𝑓𝑓 − 𝛾𝛾𝑓𝑓 , (68) 

where 𝛾𝛾𝑓𝑓 is the Rhie-and-Chow correction given as follows: 

𝛾𝛾𝑓𝑓 = 𝑄𝑄𝑓𝑓�𝑝𝑝𝑛𝑛∗ − 𝑝𝑝𝑝𝑝∗ − ∇𝑝𝑝𝑓𝑓∗ ∙ 𝐝𝐝𝐝𝐝�, (69) 

where ∇𝑝𝑝𝑓𝑓∗  is the interpolated gradient of pressure field at the face 𝑓𝑓. 

In Eq. (69), 𝑄𝑄𝑓𝑓 is expressed as 

𝑄𝑄𝑓𝑓 = 𝜌𝜌𝑓𝑓 �
𝑉𝑉𝑝𝑝 + 𝑉𝑉𝑛𝑛
𝑎𝑎𝑝𝑝 + 𝑎𝑎𝑛𝑛

�𝛂𝛂𝑓𝑓 ∙ 𝐚𝐚𝑓𝑓 . (70) 
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2-2-3 Wall Distance Calculation 

In turbulence modeling, the wall distance is a key parameter to determine turbulent 

properties near wall. With search procedures to calculate the distance of single cell to 

all wall boundaries and find the shortest one, the computational time can be very 

lengthy especially for large non-orthogonal or unstructured 3D grids. In this study, a 

diffusion equation is used to compute the nearest distance to wall where a distance-

related variable 𝜑𝜑 is solved. This equation is a generalized 3D extension of an exact 

one-dimensional intuitive formulation [33-35]: 

∇2𝜑𝜑 + 1 = 0, (71) 

with the following boundary conditions  

𝜑𝜑 = 0 at wall, (72) 

∇𝜑𝜑 ∙ 𝐧𝐧 = 0 at other boundaries. (73) 

The wall distance 𝑑𝑑 is then computed from the equation below: 

𝑑𝑑 = −|∇𝜑𝜑| + �|∇𝜑𝜑|2 + 2𝜑𝜑. (74) 

This approximation of wall distance is accurate near wall, and it is not applicable to the 

position far from wall. To obtain a more accurate calculation of wall distance, the 

equation can be modified as Eikonal equation [36].  
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2-2-4 Solution Procedure 

The numerical code is developed on the platform of ultraMPP (ultra-fast Massive 

Parallel Platform) which is a general-purpose parallelization platform for physical 

problems modelled by PDEs [37]. The platform helps to reduce the required works, 

such as loading different types of mesh file, setting up the stencil matrix, linking the 

libraries like PETSc (the Portable, Extensible Toolkit for Scientific Computation), for 

solving linearized equations and preparing parallel processing. The code implemented 

in this study uses the numerical discretization of governing equations discussed in the 

above subsections, and the solution procedure is shown in Figure 2.1.  

The computational domain and the mesh are built according to the problem, and 

the related parameters, such as boundary conditions, are set in the input file. The 

numerical procedure first reads the mesh and control parameters to define the 

computational domain and boundary conditions. The wall distance is then calculated. 

The initial condition is also set according to the input file. Then, the numerical 

procedure uses SIMPLE algorithm to solve the velocity and pressure fields followed by 

the solution of other governing equations and the update of the fluid properties. The 

outer iteration stops until the normalized mass imbalance ∑ 𝑚̇𝑚�  is lower than ∑ 𝑚̇𝑚�
∗
, or 

the iteration number is equal to 𝑛𝑛𝑖𝑖. In this study, ∑𝑚̇𝑚�
∗
 is set to 10−4, and a typical 

convergence history of ∑𝑚̇𝑚�  is shown in Figure 2.2. The normalized mass imbalance 
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is defined as 

�𝑚̇𝑚
�

=
∑ �∑ 𝑚̇𝑚𝑓𝑓 �𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

|𝑚̇𝑚𝑖𝑖𝑖𝑖| , (75) 

where 𝑚̇𝑚𝑖𝑖𝑖𝑖 denotes the inlet mass flow rate. The control parameters and constants are 

given in Appendix II. A typical convergence history of voltage drop is illustrated in 

Figure 2.3, where the voltage drop seems to converge after around ten thousand 

iterations. 

 In this study, a steady simulation is employed as the initial condition for solving 

an unsteady simulation, where the steady simulation uses a circumferentially uniform 

boundary condition. After the steady flow field is predicted, the unsteady calculation 

starts with the steady solution. The boundary conditions update every time step, such 

as the cathode spot, in the unsteady modeling. 
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Figure 2.1: Flowchart of the numerical scheme 
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Figure 2.2: Convergence history of the normalized mass imbalance for 𝐼𝐼 = 140 A 

and 𝑄𝑄 = 140 SLM 

 

 

Figure 2.3: Convergence history of voltage drop for 𝐼𝐼 = 140 A and 𝑄𝑄 = 140 SLM   
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Chapter 3  Study Case 

3-1 Description of Experiment 
The reference experiment consists of a non-transferred plasma torch, an adjustable 

pressure test chamber, a torch DC power supply, a cooling water circulating unit and a 

gas supply unit, as well as a control and data acquisition unit, where its schematic 

illustration is depicted in Figure 3.1 [38]. The pressure test chamber is installed behind 

the plasma torch and cooled down by a heat exchanger. The non-transferred DC plasma 

torch equipped with cooling water circulating unit is operated with the DC power 

supply with the maximum working voltage of 600 V and the maximum working current 

of 200 A. The gas supply unit provides up to 7 kg cm2⁄  of compressed dry air. The 

pressure control valve is able to dynamically adjust the pressure of the inlet gas. The 

control and data acquisition unit are used to monitor and record the operating of the 

whole system. 

 

 
Figure 3.1: The schematic illustration of the experiment system 
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3-2 Case Description 

The cases studied in this study are shown in Table 3.1. The cases were also 

simulated via 2D axisymmetric modeling [2], and the comparison of 2D and 3D models 

is discussed in Chapter 4. The experimental working current 𝐼𝐼 is between 100 A and 

200 A, and the inlet flow rate 𝑄𝑄 are between 100 SLM and 200 SLM.  

 

Table 3.1: The modelled conditions 

      𝐼𝐼 (A) 
𝑄𝑄 (SLM)  

100 120 140 160 180 200 

100   ✓    

120   ✓    

140 ✓ ✓ ✓ ✓ ✓ ✓ 

160   ✓    

180   ✓    

200   ✓    
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3-3 Computational Domain and Boundary Conditions 

Schematic illustrations of the computational domain of the non-transferred DC 

plasma torch used in this study are shown in Figure 3.2 and Figure 3.3. The size of the 

computational domain and the boundaries are given in Table 3.2. The cathode spot in 

this study is regarded as a circle region moving on the inner surface of the torch. The 

inlet and anode are both assumed to be a ring area on the torch inner surface. The torch 

is 690 mm long and has a radius of 11 mm. The detailed boundary conditions are listed 

in Table 2.1 and Table 3.3. The normal velocity 𝑉𝑉in,𝑛𝑛, the tangential velocity 𝑉𝑉in,𝑡𝑡, the 

temperature 𝑇𝑇in , the kinetic energy 𝑘𝑘in  and the specific dissipation rate 𝜔𝜔in  of the 

inlet boundary vary with the conditions of the inlet flow rate. The maximum value of 

the current density 𝐽𝐽𝑚𝑚𝑚𝑚𝑚𝑚 and the given constant 𝑏𝑏 of the cathode region given in Eq. 

(35) vary with the working current. The corresponding values are shown in Table 3.4 

and Table 3.5. The pressure is assumed 1 atm at the inflow boundary. The temperature 

of wall 𝑇𝑇w , the temperature of cathode 𝑇𝑇c  and the temperature of anode 𝑇𝑇a  as 

indicated in [2] are 1000 K, 3000 K and 1000 K, respectively. 

 
Figure 3.2: A schematic illustration of the computational domain (3D view) 
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Figure 3.3: A schematic illustration of the computational domain (2D view) 

 

Table 3.2: Dimension of computational domain 

Region Length (mm) Physical Definition 
𝑜𝑜𝑜𝑜��� 11 Radius of the torch 
𝑎𝑎𝑎𝑎�  22 Bottom of the torch 
𝑎𝑎𝑎𝑎��� 213.5 Length of cathode arc root to bottom of the torch 
𝑏𝑏𝑏𝑏��� 3 Radius of cathode arc root 
𝑎𝑎𝑎𝑎��� 297 Length of the inlet to the bottom of the torch 
𝑒𝑒𝑒𝑒��� 3 Width of the inlet 
𝑎𝑎ℎ���� – Length of anode arc root to the bottom of the torch 
𝑐𝑐ℎ��� – Arc length 𝐿𝐿arc 
𝑔𝑔ℎ���� 3 Radius of anode arc root 
𝑎𝑎𝑎𝑎�  690 Length of the torch 
𝚥𝚥𝚥𝚥�  22 Outlet of the torch 

 

Table 3.3: Boundary conditions of each boundary 

Region Boundary condition 
𝑎𝑎𝑎𝑎�  Wall 
𝑎𝑎𝑎𝑎��� Wall 
𝑒𝑒𝑒𝑒��� Inlet 
𝑓𝑓𝑓𝑓�  Wall 
𝑏𝑏𝑏𝑏���� Cathode 
𝑔𝑔𝑔𝑔�  Anode 
𝚥𝚥𝚥𝚥�  Outlet 
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Table 3.4: Boundary conditions for different inlet flow rates [2] 

𝑄𝑄 (SLM) 𝑉𝑉in,𝑛𝑛 (m s⁄ ) 𝑉𝑉in,𝑡𝑡 (m s⁄ ) 𝑇𝑇in (K) 
100 7.6250 40.8713 297.3727 
120 9.1042 51.1984 296.9376 
140 10.5759 61.6087 296.4074 
160 12.0133 72.0190 295.7621 
180 13.4265 82.4293 295.0151 
200 14.8333 92.8395 294.1654 

 

Table 3.5: Boundary conditions for different working currents [2] 

𝐼𝐼 (A) 𝐽𝐽max (A mm2⁄ ) 𝑏𝑏 
100 12.0 665 
120 14.4 665 
140 16.8 665 
160 19.2 665 
180 21.6 665 
200 24.0 665 
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(a) Cathode 

In an unsteady simulation, the cathode spot position is assumed to move in a given 

frequency on the torch inner surface. The arc moving frequency is assumed 1000 Hz 

based on the observation in the reference experiment [38]. The time step size for the 

simulation is 20 μs. In other words, one cycle time of the cathode spot is equal to 50 

time steps.  

The cathode fall 𝑉𝑉𝐶𝐶 is a relatively rapid drop of electric potential 𝜙𝜙 arising in a 

very thin layer near the cathode, i.e., the cathode layer. Because high current density 

near cathode implies high positive space charge, the ratio of electronic current to ionic 

current near the cathode determines the cathode fall. The gas temperature suddenly 

decreases near the cathode because of the collision between the gas and the cathode 

metal. The charge production from thermal ionization then reduces, and the electrical 

conductivity of gas in the cathode layer becomes lower than its surroundings. The 

energy flux of ions and electrons from the plasma to the cathode surface is balanced by 

the heat removed by the electrons leaving the cathode surface [39]. The value of the 

cathode fall depends on the cathode material and the operation conditions [40]. Table 

3.6 lists the characteristics of cathode material. The cathode material is Cu in the 

experiment, so the cathode falls in this study ranges from 15 V to 21 V. 
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Table 3.6: Characteristics of cathode material [40, 41] 

Metal Cu Ag Fe W 
Ionization potential (V) 7.68 7.54 7.83 7.98 

Cathode fall (V) 15~21 12~16 17~18 16~22 
Boiling point (K) 3510 2436 3045 5900 

Thermal conductivity (W cm ∙ K⁄ ) 4.1 4.17 0.84 1.67 
Average current to a spot (A) 75~200 60~100 60~100 100~300 

Current density (A cm2⁄ ) 104~108 106 107 104~106 

(b) Anode 

The anode fall is generally low in the situation of large anode surface and without 

additional energy for sustaining the electron current near the anode region [40]. 

Therefore, the anode fall is neglected in this study. It is observed in the reference 

experiment that the arc root of anode randomly travels on the torch inner surface. The 

arc root frequency of anode may differ from the one of cathode. The anode position is 

therefore difficult to be found in the experiment, because the reference experiment 

measured the voltage drop under different conditions, so the anode position is fixed by 

the measured voltage drop. The anode region is regarded as a ring area in this study. In 

numerical simulations, the anode position is tested until the averaged voltage drop falls 

in the range of 𝜙𝜙ref, Table 3.7 and Table 3.8. After the anode position is fixed, the arc 

length is defined as the distance between the cathode and the anode. The arc length 𝐿𝐿arc 

is given in Table 3.9 and Table 3.10.  
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Figure 3.4: Dependence of 𝜙𝜙 on 𝐼𝐼 and 𝑄𝑄 [2] 

Table 3.7: Target voltage drop for 𝐼𝐼 = 140 A 

𝑄𝑄 (SLM) 𝜙𝜙ref (V) 
100 333.8~339.8 
120 362.4~368.4 
140 388.5~394.5 
160 412.4~418.4 
180 434.7~440.7 
200 455.6~461.6 

 

Table 3.8: Target voltage drop for 𝑄𝑄 = 140 SLM 

𝐼𝐼 (A) 𝜙𝜙ref (V) 
100 468.1~474.1 
120 423.2~429.2 
140 388.5~394.5 
160 360.6~366.6 
180 337.5~343.5 
200 318.1~324.1 
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Table 3.9: Arc length of 𝐼𝐼 = 140 A 
𝑄𝑄 (SLM) 𝐿𝐿arc (mm) 

100 216.5 
120 226.5 
140 236.5 
160 246.5 
180 254 
200 266.5 

 

Table 3.10: Arc length of 𝑄𝑄 = 140 SLM 
𝐼𝐼 (A) 𝐿𝐿arc (mm) 
100 331.5 
120 276.5 
140 236.5 
160 206.5 
180 181.5 
200 166.5 

  



doi:10.6342/NTU202104312

38 
 

3-4 Plasma Properties 

In this study, there are six gas properties which are functions of temperature, 

namely, the density 𝜌𝜌, the electrical conductivity 𝜎𝜎, the thermal conductivity 𝜆𝜆, the 

specific heat capacity 𝐶𝐶𝑝𝑝, the material viscosity 𝜇𝜇𝑚𝑚 and the radiation loss 𝐸𝐸𝑅𝑅. These 

properties of air plasma at 1 atm are shown from Figure 3.5 to Figure 3.10 [42]. An 

approximation of the electrical conductivity 𝜎𝜎 is employed when the temperature is 

below 9000 K [9]: 

𝜎𝜎 = 22.22 × 𝑒𝑒
𝑇𝑇

2000. (76) 

When the temperature is higher than 9000 K, the electrical conductivity 𝜎𝜎 follows the 

curve given in Figure 3.6. 
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Figure 3.5: Dependence of density on temperature for air plasma 

 

Figure 3.6: Dependence of electrical conductivity on temperature for air plasma 

 

Figure 3.7: Dependence of thermal conductivity on temperature for air plasma 
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Figure 3.8: Dependence of specific heat capacity on temperature for air plasma 

 

Figure 3.9: Dependence of viscosity on temperature for air plasma 

.  

Figure 3.10: Dependence of radiation loss on temperature for air plasma 
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3-5 Mesh 

A 3D grid employed in the simulation, Figure 3.11, is extruded from a 2D section, 

Figure 3.12, along the axial direction. A typical mesh distribution for 𝐼𝐼 = 140 A and 

Q = 140 SLM  is shown in Figure 3.12 and Figure 3.13. The total cell number is 

approximately 2.3 million. The grid is clustered near the wall with a size of 0.15 mm to 

satisfy the requirement of turbulence modeling. The axial grid clustering is performed 

in vicinity of wall, cathode, inflow, anode and outlet with a grid size of 0.5 mm. The 

Reynolds number in this study is in the order of 1000, and 𝑦𝑦+ is controlled under 25 

via the employed grid arrangement. 
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Figure 3.11: Mesh used to discretize the computational domain (x axis is scaled by 

0.2) 

 

 

Figure 3.12: Mesh cut at 𝑥𝑥 = 0 
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Figure 3.13: Mesh cut at 𝑦𝑦 = 0 



doi:10.6342/NTU202104312

44 
 

3-6 Grid Dependency 

In a computational study, grid distribution is an important factor to impact 

accuracy. A dense grid distribution may result in a solution with low spatial 

discretization error but require more computational time. In order to choose a proper 

mesh size in this study, a grid dependency analysis is conducted [43], where the grid-

independent solution is estimated via Richardson extrapolation. The physical quantities 

used in the grid dependency study are the mean outlet axial velocity, the mean outlet 

temperature and the time-averaged voltage drop between the electrodes. The grid-

independent solution 𝜓𝜓∞  is given in Eq. (77) when a method of second-order accuracy 

is used. 

𝜓𝜓∞ = 𝜓𝜓𝑛𝑛 +
𝜓𝜓𝑛𝑛 − 𝜓𝜓𝑛𝑛−1

�� 𝑁𝑁𝑛𝑛
𝑁𝑁𝑛𝑛−1

3
�
2

− 1
, 

(77) 

where 𝜓𝜓𝑛𝑛  and 𝜓𝜓𝑛𝑛−1  represent the solution obtained from 𝑛𝑛 th and (𝑛𝑛 − 1) th grid 

level, and 𝑁𝑁𝑛𝑛  and 𝑁𝑁𝑛𝑛−1  are the cell numbers of 𝑛𝑛 th and (𝑛𝑛 − 1) th grid level. The 

discretization error 𝐸𝐸𝜓𝜓𝑛𝑛 of the 𝑛𝑛th grid level is defined as 

𝐸𝐸𝜓𝜓𝑛𝑛 = �
𝜓𝜓∞ − 𝜓𝜓𝑛𝑛

𝜓𝜓∞ �. (78) 

For a second-order method, the ideal discretization error 𝐸𝐸∗  is calculated by the 

equation given below: 

𝐸𝐸∗ ≈ 𝐶𝐶𝛿𝛿𝛿𝛿2, (79) 
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log(𝐸𝐸∗) ≈ log(𝐶𝐶) + 2 log(𝛿𝛿𝛿𝛿), (80) 

where 𝐶𝐶 is a constant and 𝛿𝛿𝛿𝛿 denotes the normalized grid size. Thus, the ideal slope 

of 𝐸𝐸∗ is 2 in logarithmic scale. The mean value of variable 𝜓𝜓 at the outlet, i.e., 𝜓𝜓𝑚𝑚,  

is defined as 

𝜓𝜓𝑚𝑚 =
∫𝜌𝜌𝜌𝜌𝐯𝐯 ∙ 𝑑𝑑𝐀𝐀
∫ 𝜌𝜌𝐯𝐯 ∙ 𝑑𝑑𝐀𝐀

, (81) 

In this section, the time averaged values of mean axial velocity and temperature at 

the outlet and time averaged voltage drop of different cell number in the case of 𝐼𝐼 =

140 A  and 𝑄𝑄 = 140 SLM  are shown in Figure 3.14, Figure 3.15 and Figure 3.16, 

respectively. The dependence of 𝐸𝐸𝜓𝜓𝑛𝑛 on normalized grid size in the case of 𝐼𝐼 = 140 A 

and 𝑄𝑄 = 140 SLM is depicted in Figure 3.17, Figure 3.18 and Figure 3.19, respectively. 

When the cell number is higher than about 2.3 million, the discretization error 𝐸𝐸𝜓𝜓 is 

less than 4 %. Therefore, the typical cell number of 2.3 million is capable of simulating 

the fluid with a sufficient accuracy. 
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Figure 3.14: Dependence of 𝑉𝑉𝑎𝑎𝑚𝑚on N 

 
Figure 3.15: Dependence of 𝑇𝑇𝑚𝑚 on N 

 
Figure 3.16: Dependence of 𝜙𝜙 on N 
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Figure 3.17: Discretization error of 𝑉𝑉𝑎𝑎𝑚𝑚 

 
Figure 3.18: Discretization error of 𝑇𝑇𝑚𝑚 

 
Figure 3.19: Discretization error of 𝜙𝜙 
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Chapter 4  Result and Discussion 

4-1 Validation 

A DC arc measurement at 𝐼𝐼 = 200 A  and 𝑄𝑄 = 68.8 mg/s  [44] is adopted to 

validate the numerical method proposed in this study. The computational domain of the 

referenced transferred argon plasma torch is illustrated in Figure 4.1 and Figure 4.2, 

where the boundary conditions are listed in Table 4.1. A cone-shaped cathode is used in 

the experiment but a circular surface is used for the convenience of meshing in the 

simulation, and the current density at the cathode surface is assumed to follow Eq. (35). 

Figure 4.3 and Figure 4.4 display the mesh cuts of the employed 3D grid at 𝑥𝑥 = 0 and 

𝑦𝑦 = 0, respectively. Figure 4.5 depicts the predicted temperature distribution between 

the electrodes where the prediction of the proposed numerical model favorably agrees 

with the experimental measurement. Therefore, the proposed numerical scheme is 

proven to provide sufficient engineering accuracy in predicting thermal plasma flows. 
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Figure 4.1: The computational domain given in the reference [44] 

 

Figure 4.2: The employed 3D computational domain 

 

Table 4.1: Boundary conditions 

Region 𝐵𝐵𝐵𝐵���� 𝐶𝐶𝐷𝐷���� 𝐷𝐷𝐹𝐹′����� 𝐹𝐹′𝐴𝐴����� 
Type Anode Outlet Inlet Cathode 
𝐯𝐯 0 ∇𝐯𝐯 ∙ 𝐧𝐧 = 𝟎𝟎 (0.209 m/s, 0, 0)  0 
𝑇𝑇 1000 K ∇𝑇𝑇 ∙ 𝐧𝐧 = 0 1000 K 3000 K 
𝜙𝜙 0 ∇𝜙𝜙 ∙ 𝐧𝐧 = 0 ∇𝜙𝜙 ∙ 𝐧𝐧 = 0 Eq. (35) 



doi:10.6342/NTU202104312

50 
 

 
Figure 4.3: Mesh cut at 𝑥𝑥 = 0 

 
Figure 4.4: Mesh cut at 𝑦𝑦 = 0 
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Figure 4.5: Comparison of the temperature distributions between electrodes 
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4-2 Working Current 

This section compares the thermal and flow characteristics of the DC plasma torch 

under the condition of a working currents ranging from 100 A to 200 A and a fixed inlet 

flow rate of 140 SLM.  

4-2-1 Time-Averaged Analysis 

The distributions of time-averaged axial velocity, temperature, current density and 

tangential magnetic strength are shown from Figure 4.6 to Figure 4.9. The centerline 

profiles of the time-averaged axial velocity, temperature and electric current density are 

shown in Figure 4.10, Figure 4.11 and Figure 4.12, respectively. The outlet profiles of 

the time-averaged axial velocity, tangential velocity and temperature are shown in 

Figure 4.13, Figure 4.14 and Figure 4.15, respectively. From these distributions, a near-

axisymmetric behavior is implied in the time-averaged analysis. The temperature 

distributions of the smallest working current case, (a), show a necking area is right 

downstream from the inlet region. It is clearly caused by the flow inertia under a weak 

electromagnetic force condition. The arc length decreases as the working current 

increases. The arc length is determined by the force balance between flow and 

electromagnetic fields. The increasing working current leads to the increases of 

electromagnetic force, so the arc length tends to decrease. The maximum of the axial 
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velocity, temperature, current density and tangential magnetic strength increases as the 

working current increases. Meanwhile, the Lorentz force and Joule heat become larger 

when the working current increases, but they only significantly impact the flow in the 

region with high current density. In other words, the time-averaged arc behavior is able 

to be observed from the time-averaged analysis. The fluid in front of the cathode is 

relatively aerodynamic, because there is nearly no electric current, i.e., the Lorentz 

force vanishes. Because of the existence of electric current, the acceleration and heating 

region is arising between the cathode and anode. The axial velocity increases from the 

inlet region to the anode region, and the maximum speed occurs beneath the anode. 

Besides, the temperature and electric current density increase from the cathode region 

to the inlet region, and their maximums occur beneath the inlet region. The inlet flow 

carries the gas in low temperature into the torch, and the electrical conductivity near 

the inlet is much lower than its surroundings. Therefore, the electric current is forced 

to converge to the torch center which has a higher electrical conductivity than the space 

near the inlet, and the temperature starts to rise until the Joule heat and radiation loss 

become balanced. The axial velocity decreases after leaving the anode region, and the 

temperature and electric current density decrease after leaving the inlet region. The 

longer distance from the anode to the outlet, i.e., a larger region without acceleration 

and heating, the lower axial velocity, tangential velocity and temperature at the outlet. 
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Hence, high working current is unable to deliver high velocity or temperature but the 

low ones at the outlet. From the outlet profiles, the maximum axial velocity and 

temperature at the outlet are at the centerline of the torch, and the maximum tangential 

velocity gradually shift toward the torch center as the working current increases. 
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Figure 4.10: Centerline profile of time-averaged axial velocity at 𝑄𝑄 = 140 SLM 

 
 
 
 

 
Figure 4.11: Centerline profile of time-averaged temperature at 𝑄𝑄 = 140 SLM 
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Figure 4.12: Centerline profile of time-averaged electric current density at 𝑄𝑄 =

140 SLM 

 

 
Figure 4.13: Outlet profile of time-averaged axial velocity at 𝑄𝑄 = 140 SLM 
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Figure 4.14: Outlet profile of time-averaged tangential velocity at 𝑄𝑄 = 140 SLM 

 
 

 
Figure 4.15: Outlet profile of time-averaged temperature at 𝑄𝑄 = 140 SLM   
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4-2-2 Time History Analysis 

In the numerical study, the time step size is 20 μs, and the circulating frequency of 

cathode spot is 1000 Hz, i.e., 1 ms per cathode spot cycle. The simulation time is 30 

ms, i.e., 1500 time steps in total. The mean of a variable, 𝜓𝜓𝑚𝑚, at the outlet is defined 

in Eq. (81). The means of axial velocity, tangential velocity and temperature at the outlet 

and the voltage drop between the cathode and anode are shown from Figure 4.16 to 

Figure 4.19. The mean values gradually stabilize over time. As the working current 

increases, the time to achieve the stable condition also increases. From Figure 4.19, 

distinct periodic behavior of the voltage drop is observed for different working currents. 

The relatively significant voltage drop oscillations of the cases 𝐼𝐼 = 100 A and 120 A 

indicate low working current prone to enhance voltage drop fluctuations. The mean 

tangential velocities are also fluctuating with time, especially for small working current. 

The fast Fourier transform (FFT) of the voltage drop over time excluding the most 

fluctuating case, i.e., 𝐼𝐼 = 100 A  and 𝑄𝑄 = 140 SLM , is given in Figure 4.20. It is 

obvious that the growth of the working current tends to reduce the peaks of frequencies. 

The fundamental frequencies of different working currents seem to vary among the 

investigated working currents. The temperature and current density distributions over 

time inside the torch at different cross sections are illustrated in Figure 4.21 and Figure 

4.22. The leftmost cross section is at the cathode location, so the cathode spot is 



doi:10.6342/NTU202104312

63 
 

observed the high temperature region in Figure 4.21. The second cross section from the 

left is at the inlet location, and the temperature contour shows a temperature-contracted 

area. And, the circulation frequency of the high-temperature region is higher than that 

of the cathode spot. After the inlet location, there is no obvious change over time in the 

temperature distributions. From Figure 4.22, the high electric current density also 

indicates the position of the cathode spot in the leftmost cross section. An area of high 

current density appears in the second cross section from the left with a higher 

circulating frequency than that of the cathode spot. The second cross section form the 

right is located at the anode location. The high temperature region implies the arc root 

of the anode. The high-temperature region rotates in an opposite direction to the 

circulating direction of the cathode spot, and its frequency is lower than that of the 

cathode spot. 
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Figure 4.21: Temperature distributions inside the torch of different cross sections 
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Figure 4.22: Electric current density distributions inside the torch of different cross 

sections   
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4-3 Inlet Flow Rate 

This section compares the thermal and flow characteristics of the DC plasma torch 

under the condition of an inlet flow rate ranging from 100 SLM to 200 SLM and a 

fixed working current of 140 A. 

4-3-1 Time-Averaged Analysis 

The distributions of time-averaged axial velocity, temperature, current density and 

tangential magnetic strength are shown from Figure 4.23 to Figure 4.26. The centerline 

profiles of the time-averaged axial velocity, temperature and current density are shown 

in Figure 4.27, Figure 4.28 and Figure 4.29, respectively. The outlet profiles of the time-

averaged axial velocity, tangential velocity and temperature are shown in Figure 4.30, 

Figure 4.31 and Figure 4.32, respectively. A near-axisymmetric distribution is observed 

in the time-averaged analysis. From these distributions, the arc length increases as the 

inlet flow rate increases. The increase of inlet flow rate implies the increase of flow 

drag. The maximum axial velocity increases as the inlet flow rate increases, but the 

maximum temperature, current density and tangential magnetic strength show no 

significant change due to the fixed working current. The acceleration and heating region 

is mainly located between the cathode and the anode. The maximum axial velocity 

occurs at the anode location. The maximum temperature and current density occur at 
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the inlet location. The case of high inlet flow rate shows a necking region right 

downstream from the inlet region. The reason is the flow inertia with high inflow speed 

is unable to be strongly restricted by the electromagnetic force. The axial velocity 

decreases after leaving the anode region, and the temperature and current density 

decrease after leaving the inlet region. The gradient of the axial velocity and 

temperature after leaving the anode region are similar in different inflow cases, because 

they have a similar electromagnetic field. Figure 4.28 represents that the maximum 

temperature of different inlet flow rates is almost the same, so the outlet temperature is 

basically decided by the convective heat transfer which is governed by the axial velocity. 

The higher inlet flow rate, the higher axial velocity, tangential velocity and temperature 

at the outlet. The inlet flow rate directly influences the flow characteristics at the outlet. 

From Figure 4.30, Figure 4.31 and Figure 4.32, the maximum axial velocity and 

temperature at the outlet are located in the centerline of the torch, and the maximum 

tangential velocity shows no significantly shifting as displayed in Figure 4.14. 
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Figure 4.27: Centerline profile of time-averaged axial velocity at 𝐼𝐼 = 140 A 

 
 
 
 

 
Figure 4.28: Centerline profile of time-averaged temperature at 𝐼𝐼 = 140 A 
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Figure 4.29: Centerline profile of time-averaged electric current density at 𝐼𝐼 = 140 A  

 
 

 

Figure 4.30: Outlet profile of time-averaged axial velocity at 𝐼𝐼 = 140 A 
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Figure 4.31: Outlet profile of time-averaged tangential velocity at 𝐼𝐼 = 140 A 

 
 

 

Figure 4.32: Outlet profile of time-averaged temperature at 𝐼𝐼 = 140 A 
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4-3-2 Time History Analysis 

In this study, the time step size is 20 μs and the circulating frequency of cathode 

spot mentioned is 1000 Hz, i.e., 1 ms per cycle. The simulation time is 30 ms, i.e., 1500 

time steps in total. The mean of a physical variable, 𝜓𝜓𝑚𝑚, at the outlet is defined in Eq. 

(81). The mean axial velocity, tangential velocity and temperature at the outlet and the 

voltage drop between the cathode and anode are shown from Figure 4.33 to Figure 4.36. 

These mean values gradually stabilize over time. As the inlet flow rate increases, the 

elapsed time to stable condition decreases. The relatively significant oscillations of the 

cases 𝑄𝑄 = 180 SLM and 200 SLM indicate their voltage drops with little periodicity 

when compared to other cases. The mean tangential velocity is also fluctuating at the 

end time. The FFT of the voltage drop over time excluding the most fluctuating case, 

𝐼𝐼 = 140 A and 𝑄𝑄 = 200 SLM, is given in Figure 4.37. The increase of flow rate tends 

to smooth and reduce the peaks of various frequencies.  
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4-4 Discussion 

There is an electric arc which connects the circulating cathode spot and the ring 

anode region, and the flow acceleration is caused by Lorentz force acting on the gas to 

drive the gas into the centerline of the torch. Simultaneously, the gas temperature 

increases due to the Joule heat of the electric arc. Therefore, the flow characteristics in 

some ways are the results of the motion of the electric arc. The comparison of two 

different modellings, 2D steady axisymmetric modeling [2] and 3D unsteady modeling 

proposed in this study is presented in this section. The centerline profiles of axial 

velocity and temperature are compared in Figure 4.38 and Figure 4.39. The dependence 

of arc length on working current and inlet flow rate is shown in Figure 4.40. Figure 4.41 

depicts the regression correlation of arc length. The dependence of the mean axial 

velocity at the outlet on working current and inlet flow rate is shown in Figure 4.42. 

Figure 4.43 depicts the regression correlation of the mean axial velocity at the outlet. 

The dependence of the mean tangential velocity at the outlet, working current and inlet 

flow rate is shown in Figure 4.44. Figure 4.45 depicts the regression correlation of the 

mean tangential velocity at the outlet. The dependence of the mean temperature at the 

outlet, working current and inlet flow rate is shown in Figure 4.46. Figure 4.47 depicts 

the regression correlation of the mean temperature at the outlet. 

Because of the axisymmetric assumption, the cathode in the 2D axisymmetric 
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modeling a circumferentially uniform region. The electric current and electromagnetic 

force are overestimated in the axisymmetric modeling, and the arc length is somehow 

underestimated when compared to this study. The centerline profiles in Figure 4.38 and 

Figure 4.39 show that the acceleration and heating in the 2D axisymmetric modeling 

are larger than in this study. Basically, both models have a similar arc and flow behavior 

as shown in Figure 4.40, Figure 4.42, Figure 4.44 and Figure 4.46. It is observed that 

the 2D axisymmetric modeling delivers an inconsistent trend at low working current 

and high inlet flow rate. A possible reason is that the fluctuating flow characteristics are 

damped in the steady modeling. The study delivers a more reasonable current density 

distribution than the 2D axisymmetric modeling. 

Regression analysis is used to correlate working current and inlet flow rate with 

thermal and flow characteristics as illustrated in Figure 4.41, Figure 4.43, Figure 4.45 

and Figure 4.47. From the fitting equation given in Figure 4.41, the working current is 

negatively correlated with the arc length, and the inlet flow rate is positively correlated 

with the arc length, where the working current more significantly impacts the arc length 

than the inlet flow rate. From the fitting equation given in Figure 4.43, the inlet flow 

rate more effectively influences on 𝑉𝑉𝑎𝑎𝑚𝑚  than the working current. From the fitting 

equation given in Figure 4.45, 𝑉𝑉𝑡𝑡𝑚𝑚 is more sensitive to the inlet flow rate. The arc 

length is mainly governed by the working current whereas the flow characteristics at 
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the outlet is mainly governed by the inlet flow rate. From the fitting equation given in 

Figure 4.47, the influence of working current and inlet flow rate on the mean 

temperature at the outlet are nearly equally important. The mean temperature at the 

outlet is contributed by the arc heating and convective heat transfer. With the same inlet 

flow rate, a higher working current means a shorter arc length, and the mean 

temperature at the outlet reduce because of a long cooling distance from the anode to 

the outlet. 

In this study, the cathode spot periodically circulates at a fixed axial location, and 

the anode is assumed to be a ring region in the torch as shown in Figure 3.2. From the 

FFT analysis shown in Figure 4.20 and Figure 4.37, the peak frequencies of voltage 

drop are found different from the circulating frequency of the cathode spot. This 

behavior is explained by the fact that the velocity and temperature fields are unable to 

keep up with the changing electromagnetic field.  
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Figure 4.40: Comparison of arc length predicted by two models under different 

conditions 

 

Figure 4.41: Regression correlation of arc length 
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Figure 4.42: Comparison of the mean axial velocity at the outlet predicted by two 

models under different conditions 

 

Figure 4.43: Regression correlation of the mean axial velocity at the outlet 
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Figure 4.44: Comparison of the mean tangential velocity at the outlet predicted by two 

models under different conditions 

Figure 4.45: Regression correlation of the mean tangential velocity at the outlet 



doi:10.6342/NTU202104312

94 
 

 

Figure 4.46: Comparison of the mean temperature at the outlet predicted by two 

models under different conditions 

 

Figure 4.47: Regression correlation of the mean temperature at the outlet 
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Chapter 5  Conclusions and Future Works 

This study develops a numerical framework of unsteady 3D MHD modeling to 

simulate the fluid flow of the DC plasma torch equipped with WTC. A finite volume 

method is employed to discretize the MHD equations in the computational domain 

which is defined by the geometry of the DC plasma torch. The cathode spot circulates 

with a given frequency, 1000 Hz, on the inner surface of the torch, where the ring region 

of the anode is determined by satisfying the measured voltage drop. The thermal plasma 

flow with a fixed working current 𝐼𝐼 = 140 A as well as a fixed inlet flow rate 𝑄𝑄 =

140 SLM are analyzed. The time-averaged results apparently reveal that the maximum 

temperature and current density occur beneath of the inlet, and the axial velocity has a 

maximum value beneath the anode. Regression analysis is adopted to correlate the 

working conditions with the thermal and flow behavior at the outlet. The arc length is 

predicted to grow with the working current to the power of -1.008 and the inlet flow 

rate to the power of 0.295; the mean axial velocity at the outlet is predicted to grow 

with the working current to the power of -0.754 and the inlet flow rate to the power of 

1.691; the mean tangential velocity at the outlet is predicted to grow with the working 

current to the power of -2.061 and the inlet flow rate to the power of 3.491; the mean 

temperature at the outlet is predicted to grow with the working current to the power of 
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-0.415 and the inlet flow rate to the power of 0.427. In conclusion, the inlet flow rate 

has larger influence on the thermal and flow behavior at the outlet than the working 

current. The time history analysis and the FFT analysis demonstrate that the frequencies 

of voltage drop are different from that of the cathode spot and mainly influenced by the 

working current. Besides, the voltage drop oscillation is observed in cases of low 

working current and high inlet flow rate.  

Future studies are suggested to examine the impact of the frequency of the cathode 

spot, the time step size, the shape of the torch and the working gas, etc. Although the 

code developed in this study delivers good performance in solving unsteady DC plasma 

torch problem, there is still room for further improvements such as the further reduction 

of computational time and memory demand. Other topics, such as non-LTE and reactive 

flows are also possible extensions of this study. 
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Appendix 
Appendix I 

Constants of the adopted SST 𝑘𝑘 − 𝜔𝜔 turbulence model 

𝜎𝜎𝑘𝑘 𝐹𝐹1𝜎𝜎𝑘𝑘1 + (1 − 𝐹𝐹1)𝜎𝜎𝑘𝑘2 𝜎𝜎𝜔𝜔 𝐹𝐹1𝜎𝜎𝜔𝜔1 + (1 − 𝐹𝐹1)𝜎𝜎𝜔𝜔2 

𝜎𝜎𝑘𝑘1 0.85 𝜎𝜎𝜔𝜔1 0.5 

𝜎𝜎𝑘𝑘2 1 𝜎𝜎𝜔𝜔2 0.856 

𝑃𝑃𝑘𝑘 𝜇𝜇𝑡𝑡𝑆𝑆2 𝑃𝑃𝜔𝜔 𝜌𝜌𝛾𝛾𝜔𝜔𝑆𝑆2 + 2𝜌𝜌(1 − 𝐹𝐹1)𝜎𝜎𝜔𝜔2
∇𝑘𝑘 ∙ ∇𝜔𝜔
𝜔𝜔

 

𝛽𝛽∗ 𝐹𝐹1𝛽𝛽1∗ + (1 − 𝐹𝐹1)𝛽𝛽2∗ 𝛽𝛽 𝐹𝐹1𝛽𝛽1 + (1 − 𝐹𝐹1)𝛽𝛽2 

𝛽𝛽1∗ 0.09 𝛽𝛽1 0.075 

𝛽𝛽2∗ 0.09 𝛽𝛽2 0.828 

𝑓𝑓𝛽𝛽∗ 1 𝑓𝑓𝛽𝛽 1 

𝑇𝑇𝑡𝑡 min �
𝛼𝛼∗

𝜔𝜔
,

a1
𝑆𝑆 𝐹𝐹2

� 𝐹𝐹2 tanh��max �
2√𝑘𝑘
𝛽𝛽∗𝑑𝑑𝑑𝑑

,
500𝜈𝜈
𝑑𝑑2𝜔𝜔

��
2

� 

𝛼𝛼∗ 𝐹𝐹1𝛼𝛼1∗ + (1 − 𝐹𝐹1)𝛼𝛼2∗ CD𝑘𝑘𝑘𝑘 max �
∇𝑘𝑘 ∙ ∇𝜔𝜔
𝜔𝜔

, 10−20� 

𝛼𝛼1∗ 1 𝜅𝜅 0.41 

𝛼𝛼2∗ 1 𝐸𝐸′ 9.0 

a1 0.31 𝐶𝐶𝜇𝜇 0.09 

𝑆𝑆 �
1
2

(∇𝐯𝐯 + ∇𝐯𝐯𝑇𝑇)� 
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Appendix II 
Control parameters and constants 

∑ 𝑚̇𝑚�
∗
  10−4 

𝑛𝑛𝑖𝑖 50 

∆𝑡𝑡 (s) 2 ∙ 10−5 

𝜔𝜔𝐯𝐯 0.7 

𝜔𝜔𝑝𝑝 0.3 

𝜔𝜔𝑡𝑡 0.8 

𝜔𝜔𝐸𝐸 0.5 

𝜔𝜔𝜙𝜙 1 

𝜔𝜔𝐀𝐀 0.99 

𝜇𝜇0 (H/m) 1.25664 ∙ 10−6 

𝑃𝑃𝑃𝑃𝑡𝑡 0.9 

𝐼𝐼𝑡𝑡 0.01 

(𝜇𝜇𝑡𝑡 𝜇𝜇𝑚𝑚⁄ )in 10 
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