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ABSTRACT

Deep learning involves a difficult non-convex optimization problem, which is of-
ten solved by stochastic gradient (SG) methods. While SG is usually effective, it is
sometimes not very robust. Recently, Newton methods have been investigated as an
alternative optimization technique, but nearly all existing studies consider only fully-
connected feedforward neural networks. They do not investigate other types of net-
works such as Convolutional Neural Networks (CNN), which are more commonly used
in deep-learning applications. One reason is that Newton methods for CNN involve
complicated operations, and so far no works have conducted a thorough investigation.
In this thesis, we give details of building blocks including function, gradient, and Ja-
cobian evaluation, and Gauss-Newton matrix-vector products. These basic components
are very important because without them none of any recent improvement of Newton
methods for fully-connected networks can even be tried. Thus we will enable possi-
ble further developments of Newton methods for CNN. We finish a simple MATLAB

implementation and show that it gives competitive test accuracy.

KEYWORDS: Convolutional neural networks, multi-class classification, large-scale

classification, subsampled Hessian.
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CHAPTER

Introduction

Deep learning is now widely used in many applications. To apply this technique, a
difficult non-convex optimization problem must be solved. Currently, stochastic gradi-
ent (SG) methods and their variants are the major optimization technique used for deep
learning (e.g., Krizhevsky et al., 2012; Simonyan and Zisserman, 2014). This situation
is different from some application domains, where other types of optimization methods
are more frequently used. One interesting research question is thus to study if other
optimization methods can be extended to be viable alternatives for deep learning. In
this thesis, we aim to address this issue by developing a practical Newton method for
deep learning.

Some past works have studied Newton methods for training deep neural networks
(e.g., Botev et al. 2017; He et al. 2016; Kiros 2013; Martens 2010; Vinyals and Povey
2012; Wang et al. 2015, 2018a). Almost all of them consider fully-connected feedfor-
ward neural networks and some have shown the potential of Newton methods for be-
ing more robust than SG. Unfortunately, these works have not fully established Newton
methods as a practical technique for deep learning because other types of networks such
as Convolutional Neural Networks (CNN) are more commonly used in deep-learning
applications. One important reason why CNN was not considered is because of the

very complicated operations in implementing Newton methods. Up to now no works

doi:10.6342/NTU201802108



have shown details of all the building blocks such as function, gradient, and Jacobian
evaluation, and Hessian-vector products. In particular, because interpreted-type lan-
guages such as Python or MATLAB have been popular for deep learning, how to easily
implement efficient operations by these languages is an important research issue.

In this thesis, we aim at a thorough investigation on the implementation of Newton
methods for CNN. We focus on basic components because without them none of any
recent improvement of Newton methods for fully-connected networks can be even tried.
We will enable many further developments of Newton methods for CNN and maybe
even other types of networks.

This thesis is organized as follows. In Chapter II, we begin with introducing CNN.
In Chapter I1I, Newton methods for CNN are introduced and the detailed mathematical
formulations of all operations are dervied. In Chapter IV, we provide details for an
efficient MATLAB implementation. Experiments to demonstrate the viability of New-
ton methods for CNN are in Chapter VI. In the same chapter, we also investigate the
efficiency of our implementation. Chapter VII concludes this work.

A MATLAB package of implementing a Newton method for CNN is available at

https://https://www.csie.ntu.edu.tw/~cjlin/papers/cnn/

Programs used for experiments can be found at the same page.
This thesis is based on the paper by Wang et al. (2018b). We acknowledge the

support from Ministry of Science and Technology of Taiwan.
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CHAPTER 11

Optimization Problem of Feedforward CNN

Consider a K-class problem, where the training data set consists of [ input pairs
(7% y"), i = 1,...,1. Here Z° is the ith input image with dimension a® x &° x d°,
where a” denotes the height of the input images, b° represents the width of the input
images and d° is the number of color channels. If Z°* belongs to the kth class, then the
label vector

y'=10,...,0,1,0,...,0]" € R¥.

A CNN utilizes a stack of convolutional and pooling layers followed by fully-
connected layers to predict the target vector. Let L be the number of layers, L¢ be
the number of convolutional layers, and L/ be the number of fully-connected layers.

The images

are the input of layer 1. Subsequently we describe operations of convolutional layers,

pooling layers, and fully-connected layers.
2.1 Convolutional Layer

A hallmark of CNN is that both input and output of a convolutional layer are explic-

itly assumed to be images. We discuss the details between layers m — 1 and m. Let the
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input be an image of dimensions
6Lm—l % bm—l % dm—l7

where a™ ! is the height, b™~! is the width, and d™ ! is the depth (or the number of
channels). Thus for every given channel, we have a matrix of @™~ x b™~! pixels.

Specifically, the input contains the following matrices.

m—1,2 m—1,2
Zlvlv Z1717d'm—1

2.1

Zm—l,i m—1,2
amfl’bmflJ amfljbmflydmfl

N

For example, at layer 1, usually d° = 3 because of three color channels (red, green,

O x bY contains raw pixel values of the

blue). For each channel, the matrix of size a
image.
To generate the output, we consider d™ filters, each of which is a 3-D weight matrix

of size

™ x h™ x d™

Specifically, the jth filter includes the following matrices

m7] m7] mhj m?]
Wy 1) Wy pm 1 Wy 1, gm-1 Wy pm gm—1
) . )
m,j m,j m,j m,j
whm,l,l whm7hm’1 whm,l,dm71 wh'rn’hm’dmfl

and a bias term b7". The main idea of CNN is to conduct convolutional operations, each
of which is the inner product between a small sub-image and a filter. We now describe
the details. Specifically, for the jth filter, we scan the entire input image to obtain small
regions of size (h™, h"™) and calculate the inner product between each region and the

filter. For example, if we start from the upper left corner of the input image, the first
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sub-image of channel d is

m—1,3 m—1,i
1,1,d Lpm d
m—1,1 m—1,i
Zpm 1,d Zpm pm g
We then calculate the following value.
mel,i szl,i wm,] wm,j
g1 1,1,d 1,hm.d 1,1,d 1,hm.d
m
Z ) + bj ) 2.2)
d=1
m—1,2 m—1,2 m,j m,j
Zpm 1.d Zpm pm g Wpm 1 4 Wpm pm g

where (-, -) means the sum of component-wise products between two matrices. This
value becomes the (1, 1) position of the channel j of the output image.

Next, we must obtain other sub-images to produce values in other positions of the
output image. We specify the stride s™ for sliding the filter. That is, we move s™ pixels

vertically or horizontally to get sub-images. For the (2, 1) position of the output image,

we move down s pixels vertically to obtain the following sub-image:

m—1,1 m—1,1
Rl4sm 1,d R1qsm pm d
_ m—1
d=1,....d
m—1,2 m—1,2
Rpmysm 1.4 Rpm ysm pm 4
Then the (2, 1) position of the channel j of the output image is
m—1,2 m—1,2 m,j m,j
J_— Rlysm 1.d Rlgsm pm d Wi 14 Wy pm g
m
E , +b. (2.3)
d=1
m—1,3 m—1,3 m,j m,j
“hmgsm 1.d Zhmgsm pm d Wym 1.4 Wym pm 4

Assume that vertically and horizontally we can move the filter a™ and 0™ times, respec-

tively. Therefore,
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bl =" (B — 1) x ™. (2.4)
By our notation, the output image has the size
a™ x " x d™.

For efficient implementations, we can conduct all operations including (2.2) and (2.3)

by matrix operations. To begin, we concatenate the matrices of the different channels

in (2.1) to
m—1,3 m—1,2 m—1,2 m—1,2
Zl,l,l T Zam_l,Ll 21,2,1 s Zam_l,bm—171
Zm—l,i _ . . . . . . =1 I
= : . : : . : y =10
m—1,2 m—1,2 m—1,s m—1,2
Zl7l7dm—1 Zam—1717dm—l 21727dm—1 L Zam—17bm—1,dm—l

We note that (2.2) is the inner product between the following two vectors

T
mvj mvj mvj m:j m»j mn
|:w1,1,1 coe Wpmyy Wigq e Wpmipmy oo Wew pm gm—1 b ]
and
T
m—1,2 m—1,3 m—1,2 m—1,3 m—1,2 1
2,’17171 e th,l,l 21,2’1 e th7hm,l PP th’hm’dm71 .

Therefore, based on Vedaldi and Lenc (2015), we define the following two operators

vec(M) = [(M.1)T ... (M.,)"]" € R™, where M € R™", (2.6)
0N V(n—1)m+1
mat(v)yun = | ¢ ... : € R™" where v € R™, 2.7
Um Unm

and the operator

¢ . Rdmflx(lmflbmfl N Rhmhmdmfl xamp™m
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in order to collect all sub-images in Z™~ 1%

qb(Zm_l’i) = mat (Pdr)n—lvec(zm_lvi)) m = 1, - Lc, V’i, (2.8)

hmpmdm—1ygmpm ?
where

mel e Rhmhmdm—lambmde—lam—lbm—l
¢ .

We discuss the implementation details of (2.8) in Chapter 4.1. Then, we have ¢(Z™ 1)

derived as follows.

m—1,2 m—1,2 m—1,4 m—1,2
~11,1 2 (am—1)xsm,1,1 21, 14sm 1 2 (am—1)xs™, 1+(bm—1)xs™, 1
m—1,1 m—1,3 m—1,3 m—1,3
2311 e 2ot (am—1)xsm,1,1 Z214+5m1 e 2o (am—1)xs™ 1+(bm—1)xs™,1
m—1,: m 1,2 m—1,4 m 1,2
Epmpm1 o Apmg(gm—1)xsm hm 1 Zpmpmpgm 1 e Fpmy(am_1)xsm hm4(bm—1)xsm, 1
m—1,2 m—1,2 m—1,1 m—1,2
ALLdm-1 ot Flp(am—1)xsm,1,dm-1 lldsmdm=1 0 Flp(am—1)xsm, 14 (bm—1)xsm,dm—1
m—1,i m—1,1 m—1,3 m—1,3
| P gm=t e o (am_1)ssm pmdmt Fpm pmopgm gmet o Zpmo(am 1) xsm hm (b —1) xsm dm 1
(2.9)
By considering
m,1 m,1 m,1 m
Wigr Woig -+ Wy pm gm-1 by
m mpm Jgm—1 m
Wm: ERd xh™h™d andbm: GRd ><17
m,d"™ m,d™ m,d™ m
le’l w2 1 1 e whm hm dm 1 qm
(2.10)
the following operations are conducted.
Sl = Wme(Zzm b 4 pm1L,,,, € R (2.11)
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where

m,i m,i m,i m,i 1
St e Samar o S121 e Sgmpmi
. mpm
Sm,z: and :[Lambm — GR(I b ><1‘
m,i m,i m,i m,i 1
S11,dm -0 Samidm  S12dm - Sgmpm gm

Next, an activation function is applied to scale the value.
z;?b’?d = J(SZ?l;fd), (2.12)

wherea = 1,...,a", b =1,...,b™, and d = 1,...,d™. For CNN, commonly the

following RELU activation function
o(z) = max(z,0) (2.13)

is used and we consider it in this work. The output becomes the following matrix

m,i m,i m,i
A111 21,1 o Rgmpmg
YA ) (2.14)
m,i m,i m,i
A11,dm R21,dm cc Rgmpm dm

We then apply (2.8) to expand the output to form the matrix ¢(Z™*) and then substitute
#(Z™") into (2.11), so we can continue the operations between layers m and m + 1.

Note that by the matrix representation, the storage is increased from
amfl % bmfl % dmfl

in (2.1) to

(™™ d™ 1) % a™ x b

()

folds increase of the memory occurs. However, we gain efficiency by using fast matrix-

From (2.4), roughly

matrix multiplications in optimized BLAS (Dongarra et al., 1990).
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2.1.1 Zero Padding

To make (2.4) hold or a™ be larger, sometimes we enlarge the input image to have
zero values around the border. This technique, conducted before the mapping in (2.8),

is called zero-padding in CNN training. For example, we may set

in order to prevent the decrease of the image size. When

s =1,

we can pad the input image with

™ —1

lines of zeros around every border. See Figure 2.1.
For our derivation, we represent the padding operation as the following linear oper-
ation:

Z™" = mat(Plgrvec(Z™ 1)) g gmipm. (2.15)

2.1.2 Pooling Layer

For CNN, to reduce the computational cost, a dimension reduction is often applied
by using a pooling layer after each convolutional layer. Usually we consider an op-
eration that can (approximately) extract rotational or translational invariance features.
There are various types of pooling methods such as average pooling, max pooling, and
stochastic pooling. We consider max pooling in this chapter because it is the most used
setting for CNN. Here we show an example of max pooling by considering two 4 x 4
images, A and B, in Figure 2.2. The image B is derived by shifting A by 1 pixel in the

horizontal direction. We split two images into four 2 x 2 sub-images and choose the
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/_/;
0---0 0 0
hm—l{
0 0 amt 0 0
$
An input || pm-1
image '
0 0 0---0
}hm—l
0 0 0---0
%/_/
-1

Figure 2.1: An padding example with s™ = 1 in order to set a™ = a™ L.

>[i

(a) Image A (b) Image B

6
9
6
2

3
7
0
1

3 6
4 9
2 6
3 2

Figure 2.2: An illustration of max pooling to extract translational invariance features.
The image B is derived from shifting A by 1 pixel in the horizontal direction.

max value from every sub-image. In each sub-image because only some elements are
changed, the maximal value is likely the same or similar. This is called translational
invariance and for our example the two output images from A and B are the same.
Now we discuss the mathematical operation of the pooling layer. They are in fact
special cases of convolutional operations. Assume Z™ 17 is the input image (i.e., output
image of the previous convolutional layer). We partition every channel of Z™ ! into
non-overlapping sub-regions by h™ x h™ filters with the stride s™ = pm 1 By the same

definition as (2.8) we can generate the matrix

¢(Zm—1,i) — mat(P(;n_lVeC(Zm_l’i))hmhmxdmfla'”bm7 (216)

1 Because of the disjoint sub-regions, the stride s™ for sliding the filters is equal to h™.

10
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where

-1 m—1
a™ b
am = =

hm hm

(2.17)
To select the largest element of each sub-region, there exists a matrix

Wm,i c Rdmambm X hMpT L gm ™

so that each row of T¥V™" selects a single element from vec(¢(Z™1")). Therefore,

Z™" = mat (W™'vec(p(Z™ 1)) (2.18)

dmxagmpm *

Note that different from (2.11) of the convolutional layer, 1/ is a constant matrix

rather than a weight matrix. Further, because from (2.8)

vec(p(Z™ 1) = Pg”’lvec(Zm’l’i),

we have

7™ — mat (P;;()_ll’ivec(Zm_l’i))

(2.19)

dm xagmpm ’

where

Pm—l,i . Wm,iPm—l c Rdmambm><dm710,7"71bm71
- ¢

pool

We provide implementation details in Chapter 4.2. Note that pooling operations are
often considered as an (optional) part of the convolutional layer. Here we treat them as

a separate layer for the easier description of the procedure.

2.1.3 Summary of a Convolutional Layer
From the input Z™ 1, we consider the following flow as one convolutional layer:
Z™ b padding — ¢(Z™ M) — S™ — Z™" — pooling — Z™",

where

Smi and 2™
are S"™" and Z™" in (2.11) and (2.14), respectively, if pooling is not applied.

11
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2.2 Fully-Connected Layer

After passing through the convolutional and pooling layers, we concatenate columns

in the matrix in (2.14) to form the input vector of the first fully-connected layer.
2™ =vec(Z™), i=1,...,1, m = L".

In the fully-connected layers (L¢ < m < L), we consider the following weight

matrix and bias vector between layers m — 1 and m.

m m m m
Wy Wop v Wy g1 bf
m m m m
w w cee W b
12 22 Ny —12 2
wm = " and b = ,  (2.20)
m m m m
w]-n'm w2nm wn7n—lnm bnm
- = Ny XNy —1 - = ny X1
2

where n,,_; and n,, are the numbers of neurons in layers m — 1 and m, respectively.
If zm~1% ¢ R™-1 is the input vector, the following operations are applied to generate

the output vector 2™ € R™.

s = WmemThi ™ (2.21)

2 = (s, f =1, . (2.22)

For the activation function in fully-connected layers, except the last layer, we also con-
sider the RELU function defined in (2.13). For the last layer, we use the following linear
function.

o(x) = z. (2.23)

2 nre = d¥ a” b"* and ny, = K is the number of classes.

12
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2.3 The Overall Optimization Problem

At the last layer, the output 2z, Vi is obtained. We can check how close it is to the

label vector y’ and consider the following squared loss in this work.
SEMhy) =2 =yl (2.24)

Furthermore, we can collect all model parameters such as filters of convolutional
layers in (2.10) and weights/biases in (2.20) for fully-connected layers into a long vector
0 € R", where n becomes the total number of variables from the discussion in this
chapter.

Le L
n=>3 d"x (W x " xd" 1)+ Y ny X (R + 1),
m=1 m=Le+1

The output z™ of the last layer is a function of 8. The optimization problem to
train a CNN is

mein f(@), (2.25)

where
1 l
f(O):—OTO 7; (2.26)

and the first term with the parameter C' > 0 is used to avoid overfitting.

13
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CHAPTER III

Hessian-free Newton Methods for Training CNN

To solve an unconstrained minimization problem such as (2.25), a Newton method
iteratively finds a search direction d by solving the following second-order approxima-
tion.

min V f(@"d+ %dTVZ f(0)d, (3.1)

where V f(0) and V?f(6) are the gradient vector and the Hessian matrix, respectively.
In this chapter we present details of applying a Newton method to solve the CNN prob-

lem (2.25).

3.1 Procedure of the Newton Method

For CNN, the gradient of f(0) is

l
1 1 7 7
V(o 72 () Varsb (2" y), (3.2)
where _ _
OzlL’i 8z1L’i
801 00,
Jt = ci=1,...,1, (3.3)
aanZ 8255
| 96, TN
4 npXn

is the Jacobian of z%%. The Hessian matrix of f(0) is

l
Z J7’ TBsz

V2f(6)

<\‘|)—l

14
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2, L,i 2, L,i
0 z; ) 0 z

; 96100, 00100,
L] -
=1 =1 92,57 e
| 90,001 90,001 |
where 7 is the identity matrix and
) 82 ZL,i. i
pio = PEENY) L (3.5)

R
From now on for simplicity we let
_ Ly. i
&=6(z7y").

If f(0) is non-convex as in the case of deep learning, (3.1) is difficult to solve and
the resulting direction may not lead to the decrease of the function value. Thus the

Gauss-Newton approximation (Schraudolph, 2002)

NI}—\

l
Z (JHTB'J ~ V2f(0) (3.6)

is often used. In particular, if G is positive definite, then (3.1) becomes the same as

solving the following linear system.
Gd = -V f(0). (3.7)
After a Newton direction d is obtained, to ensure the convergence, we update 6 by
0 < 0+ ad,

where « is the largest element in {1, 1 ..} which can satisfy

DR 47 :
f(8+ad) < f(8) +naVf(6)d, (3.8)

where 7 € (0,1) is a pre-defined constant. The procedure to find « is called a back-

tracking line search.

15
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Past works (e.g., Martens, 2010; Wang et al., 2018a) have shown that sometimes
(3.7) is too aggressive, so a direction closer to the negative gradient is better. To this
end, in recent works of applying Newton methods on fully-connected networks, the
Levenberg-Marquardt method (Levenberg, 1944; Marquardt, 1963) is used to solve the

following linear system rather than (3.7).
(G+\D)d=-Vf(0), (3.9)

where ) is a parameter decided by how good the function reduction is. Specifically, we

define

___f(e+d)—f(0)
P~ Vf0)7d+ L(d)7Cd

as the ratio between the actual function reduction and the predicted reduction. By using

p, the parameter )\ for the next iteration is decided by

(

A x drop  p > pupper;
)\next =\ Plower < P < Pupper (310)

A X boost otherwise,

\

where (drop,boost) are given constants. From (3.10) we can clearly see that if the
function-value reduction is not satisfactory, then ) is enlarged and the resulting direction
is closer to the negative gradient.

Next, we discuss how to solve the linear system (3.9). When the number of variables
n is large, the matrix GG is too large to be stored. For some optimization problems
including neural networks, without explicitly storing G it is possible to calculate the
product between GG and any vector v (Le et al., 2011; Martens, 2010; Wang et al.,

2018a). For example, from (3.6),

(G+ N)v = (é + Ao +

o~ =

>_ ()T (B'(T)). (3.11)
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If the product between J* and a vector can be easily calculated, then G' does not need to
be explicitly formed. Therefore, we can apply the conjugate gradient (CG) method to
solve (3.7) by a sequence of matrix-vector products. This technique is called Hessian-
free methods in optimization. Details of CG methods in a Hessian-free Newton frame-
work can be found in, for example, Algorithm 2 of Lin et al. (2007).

Because the computational cost in (3.11) is proportional to the number of instances,
subsampled Hessian Newton methods have been proposed (Byrd et al., 2011; Martens,
2010; Wang et al., 2015) to reduce the cost in solving the linear system (3.9). They
observe that the second term in (3.6) is the average training loss. If the large number
of data points are assumed to be from the same distribution, (3.6) can be reasonablely

approximated by selecting a subset S C {1,...,(} and having
G5 = —I+ —Z (JHT'BJ ~
Then (3.11) becomes

(GS+)\I)U—(é+)\v+EZ ((J)T (Bi(Jw))) ~ (G + AT)v.
1€S

A summary of the Newton method is in Algorithm 1.

3.2 Gradient Evaluation

In order to solve (3.7), V £(8) is needed. It can be obtained by (3.2) if the Jacobian
matrix J¢, i = 1, ..., [ is available; see the discussion on Jacobian calculation in Chap-
ter 3.3. However, we have mentioned in Chapter 3.1 that in practice, only a subset of .J*
may be calculated. Thus here we present a direct calculation by a backward process.

Consider two layers m — 1 and m. The variables between them are W™ and b™, so

we aim to calculate the following gradient components.

af 1. 1~ 06
Sim =W Z;aww (3.12)
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Algorithm 1 A standard subsampled Hessian Newton method for CNN.
1: Compute f(6").
2. fork=1,...,do
3: Choose a set S, C {1,...,1}.

4 Compute V f(8%) and J?, Vi € S.
5 Approximately solve the linear system in (3.9) by CG to obtain a direction d”
6: a=1.
7 while true do
8 Update 8! = 6* + ad" and compute f(6"™)
9 if (3.8) is satisfied then
10: break
11: end if
12: a < /2.
13: end while
14: Calculate \;,, based on (3.10).
15: end for

f 1, 1= O
oF _ 1y +7; , (3.13)

o™ C ob™
Because (3.12) is in a matrix form, following past developments such as Vedaldi and

Lenc (2015), it is easier to transform them to a vector form for the derivation. To begin,

we list the following properties of the vec(-) function, in which ® is the kronecker

product.
vec(AB) = (Z ® A)vec(B), (3.14)
= (B" @ I)vec(A), (3.15)
vec(AB)T = vec(B)T(T ® AT), (3.16)
= vec(A)T(B®I). (3.17)
18
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We further define

Ay1 Oy
oy B
T 9
()
9Y|y| Yy|
oz et 6x‘m|

where x and Yy are column vectors, and let
zm—l,z’ In ~ zm—l,i [c <m<1L
m—1 ) = 4

where Z), is the p X p identity matrix.

For the fully-connected layers, from (2.21), we have

Sm,i _ szm—l,i + b
=(LoW™z" 4+ (1,01, )b™ (3.18)

= ((z"""" ®1I,,) vec(W™) + (1, ® L,,,)b™, (3.19)

where (3.18) and (3.19) are from (3.14) and (3.15), respectively. For the convolutional

layers, from (2.11), we have

vec(S™") = vec(W™p(Z™ 1) + vec(b™1L.,m)
= (Zamyn @ W™) vec(d(Z™ 1)) + (Lgmym @ Lym )0™ (3.20)

= (¢(Z™ )" @ Zym) vec(W™) + (Lgmpm @ Lgm )b™, (3.21)

where (3.20) and (3.21) are from (3.14) and (3.15), respectively.
An advantage of using (3.18) and (3.20) is that they are in the same form, and so are
(3.19) and (3.21). Thus we can derive the gradient together. We begin with calculating

the gradient for convolutional layers. From (3.21), we derive

& B & dvec(S™1)
avec(W™)"  avec(Sm)T dvec(Wm)”
9 —1,iNT
=——— (¢(Z" ") ® Iym
dvec(Smi)" (9 ) ")
19
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T
— vec ( ok .¢>(Zm—1ﬂ')T> (3.22)

9Smi
and
06 _ &; Ovec(S™1)
o™ dvec(SmH)T ab™)”
N 8vec?§im’i)T (Larim @ L)
= vec <a§§;i]lambm>T, (3.23)

where (3.22) and (3.23) are from (3.17). To calculate (3.22), ¢(Z™ 1) is available in
the forward process of calculating the function value.
For 9¢;/0S™" also needed in (3.22) and (3.23), it can be obtained by a backward

process. Here we assume that 9;/0S™" is available, and calculate 9¢;/9S™ ' for

layer m — 1.
¢, _ & dvec(S™Y)  dvec(p(Z™m 1))
avec(Zm=10)T dvec(Smi)T dvec(p(Zm-1))T Bvec(Zm—14)"
= vec ((W’”)T aifj‘t’i)T Py, (3.25)

where (3.24) is from (2.8) and (3.20), and (3.25) is from (3.16).
Then, because the RELU activation function is considered for the convolutional

layers, we have

9, 9,

dvec(Sm—1.4)T - dvec(Zm—1i)T ® vec(I[Z™ M), (3.26)

where © is Hadamard product (i.e., element-wise products) and

, 1 if2 " >0,
][Zm_l’l] (pzq)

(pg) —
0 otherwise.
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For fully-connected layers, by the same form in (3.18), (3.19), (3.20) and (3.21), we

immediately get from (3.22), (3.23), (3.26) and (3.25) that

%twi)—gﬂifw - (%(zm_l’i)T)T> (3.27)
8(?;5?)7’ B a(fjii)T’ (3.28)
r
iy = (7 ) T
- %Wmv (3.29)
6(332@51’ B a(ﬁiu)T © 12" (3.30)

Finally, we check the initial values of the backward process. From the square loss in

(2.24), we have
0&; L L
- = 2(z"" —y!
Ozl (2 v,
9&; 08,

Osli  gali

3.2.1 Padding, Pooling, and the Overall Procedure

For the padding operation, from (2.15), we have

&3 S Ovec(Z™)
vec(Zm=1)"  avec(Zmi)" dvec(Zm-14)T
aé—l m—1,i
= 7 L padding: (3.31
Ovec(Zmi)T " pddine )
Similarly, for the pooling layer, from (2.19), we have
% o o (3.32)

dvec(Zm-1)T a dvec(Zmi)" poct
Following the explanation in Chapter 2.1.3, to generate J&;/Ovec(S™ %) from

9&; /vec(S™"), we consider the following cycle.
Sm=t 5 Z™=1 s pooling — padding — ¢(Z™ 1) — S™.
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Therefore, by combining (3.25), (3.26), (3.31) and (3.32), details of obtaining 9¢;/dvec(Z™ 1) T

is by
9,
Ovec(Zm—17)

3.3 Jacobian Evaluation

= vec <(Wm)T

%3 1 pm—1 1
I D i <o
c‘)Sm»’)

padding” pool *

(3.33)

For (3.6), the Jacobian matrix is needed and it can be partitioned into L blocks.

Ji e |:Jl,i J2i

Jm,i — |:

where

(]Lvi:|’m:17...,L,izl,...,l7

Ozl Ozl
Ovec(Wm™)T  9(b™)T

(3.34)

The calculation is very similar to that for the gradient. For the convolutional layers,

from (3.22) and (3.23), we have

8z1L’i 821L’i
Ovec(Wm)T  9(b™)T

azLﬂ'

azL,i

Ovec(Wm)T

a(b™) T

625’; 8z,€]’j
_Bvec(W"L)T a(bm)T_
_ 0z m—1,4\T\T 9z T_
VeC( Sm z¢(Z ) ) Vec(asz]la"Lb"”)
Dznf m—1,i\T\T 3»2“ T
L ) T
vee (s 071" namw})

P [g(zmtyT nambm})T_

(3.35)

In the backward process, if 9z /Ovec(S™)7T is available, we calculate 9z /Ovec(S™ 1)

for convolutional layer m — 1. From a derivation similar to (3.25) for the gradient, we
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have
_ . -
0z ¢ .
dvec(zm—1,1)T
azL,i

Ovec(Zm—1.H)T

azﬁ’;
Ovec(zm—1.1)T

LiNT
vec <(VV’”)T821 ) P(;"_l

a5m
= : . (3.36)
TazL’i T 1
m nr m—
_Vec ((W ) avai) P} |
Similar to (3.26),
Dz Dz ,
L = Y zmNr j=1,...,nz.
dvec(Sm—1T  Jvec(Zm—1)T ® vee(I| D5i=1.
They can be written together as
Oz L Ozl )
i i © (1, vec(1[Z™H])7) . (3.37)

dvec(Sm—1)T N dvec(Zm-14)T

For the padding operation and pooling layer, similar to (3.31) and (3.32), we have

z; 2; .y
avec(zm—lai)T - avec?Zm,i)T paddilrfg (3.38)
and
0z; Oz, _y
dvec(Zm—1)" B vec(Zmi)T ’ (3.39)
respectively.

For the fully-connected layers, we follow the same derivation of gradient. Thus, we

get
. ‘ .
Ozl ozt L gali
dvec(Wm)" Y (83:’” (zm0) Vec(asm,i (z"7) (3.40)
Ly Ly
= (3.41)
a(bm)T a(sm,z)T
Ly L
i (3.42)

8<szl,i)T a(sm,l)T
23

doi:10.6342/NTU201802108



aZL’i azL’i m—1,.1T
o(emtayr = geminr © (L A" (3.43)

For layer L, because of using (2.24) and the linear activation function, we have

Ly
az— =7, .
a(sL,z>T L

3.4 Gauss-Newton Matrix-Vector Products

For solving (3.7), conjugate gradient (CG) methods are often applied and the main
operation at each CG iteration is the Gauss-Newton matrix-vector product.

From (3.34), we rearrange (3.6) to

(Jl,i)T

l

S| 2 | B [Ju‘ Jw] (3.44)
=1

(JL,i)T

o~ =

1
==
G c +

and the Gauss-Newton matrix vector product becomes

(Jl,i)T ol
Gv = 1'v+1 : : B | jLi L
- C ] - : JHoo g
(JLz‘)T ol
(Jl,z)T
1 1< L
_5“7; : (B%J’v) (3.45)
(JL,@')T
where _
ol
vy,
v = , v = ,m=1,...,L
vy’
ol

In this subsection, we focus on the ith instance and give the implementation details of

calculating (3.45) for the whole data in Chapter 4.5.
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For the convolutional layers, from (3.35) and (3.45), we first calculate

[ b —_14\T T i
vec (85’%72 [¢(Zm 71) ]lambmi|> v

JMig™ = : . (3.46)

To simplify (3.46), we use the following property
vec(AB) vec(C) = vec(A)vec(CBT)

to have for example, the first element in (3.46) is

oL T
Vec< 1 [(b(mel,i)T ]lambm]) o™

QS™
0" ec | mat(v"™) HEmE)
aVeC(Sm’Z)T d X(h hmd 1+1) lT
a™mbm
Therefore,

, Ozlt Pp(Zm1)
Jm,l m B S — t m m mpmJm— . 3.47
v aVCC(Sm’Z)TVCC mat(v™) gm  (hmpmam-141) o (3.47)

After deriving (3.47), from (3.45), we sum results of all layers
L
Z Jm,i,vm

m=1

and then calculate
L
m=1
From (2.24) and (3.5),
RGN R Lt

R P 0z 9k )

0 otherwise,
and we derive ¢' by multiplying every element of an:l J™ ™ by two.
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After deriving (3.48), from (3.35) and (3.45), we calculate

(J™)"q

— |:Vec ((‘?sz [¢(Zm 12) ]lambm:|> ... vec <5§_’:::[; [¢(Zm—1,i>T ]lambm}):| ql

L
0zZ

a L
= vec qu <8;’” (zm=tHT ]lambm}>>
ny, a Ly '
= vec (Z q] a;ml> Zmilﬂ)T ]lambmi|>

Ozl .
= vec | mat (W) q

Similar to the results of the convolutional layers, for the fully-connected layers, we

[p(Zzm )T 11ambm]> : (3.50)

dmxambm

have

8ZL’i zm—l,i

J™ ™ = = mat(v™), «(n . 3.51
v a(sm,z)Tma (’U ) mX(nm—1+1) 1, ( )

m,iNT i ozH \" i [(om—1,i\T
(J ’) q — vec (W) q [(z ’) ]11} . (352)
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CHAPTER 1V

Implementation Details

Our goal in this chapter is to show that after some careful derivations, a Newton
method for CNN can be implemented by a simple and short program. Here we give
a MATLAB implementation though a modification for other languages such as Python
should be straightforward.

For the discussion in Chapter III, we consider a single data instance, but for practical

implementations, all instances must be taken care of. In out implementation, we stored

Zm i Wi =1,...,1 as the following matrix.
{Zm—l»l Zm Zm—lal} e R IxemTL (4.1)
Similarly, we stored 0z /dvec(S™")T as
T
dvec(smi)T dvec(smsi)T dvec(sm-i) T dvec(smi)T
4.2)

4.1 Generation of ¢(Z™ 1)

MATLARB has a built-in function im2col that can generate ¢(Z™ ) for s™ = 1

and s™ = h™. To handle general s™, we notice that ¢(Z™ ') is a sub-matrix of the
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output matrix of using MATLAB’s im2col under s™ = 1. In appendix we provide
an efficient implementation to extract the sub-matrix. However, in other languages a
subroutine like MATLAB’s im2col may not be available. Further, generating a larger
matrix under s = 1 causes extra time and memory.

Therefore, here we show an efficient implementation to get ¢(Z™~ %) without re-
lying on a subroutine like MATLAB’s im2col. To begin we consider the following

linear indices! (i.e., counting elements in a column-oriented way) of Z™ 1%

1 d™ 1 e = )dm T
2 dmil + 2 e (bmflaTTL*l - ]‘)dmil + 2 m— m—1pm—1
c R4 Ixam—1p (4.3)
am=t o 2dmml L (bmlgmelygmet

Because every element in

mgm

14 mipm gm—1
¢(Zm 1,7,) GRh h™d Xa ’

is extracted from Z™ !¢ the task is to find the mapping between each element in

#(Z™ %) and a linear index of Z™ !¢, Consider the following example.
a" ="t =2, d" =1, 5" =1, " =2.

Because d™ ! = 1, we omit the channel subscript. In addition, we also omit the instance

index 7. Thus the image and its linear indices are

211?12 1 4
Zo1 2| @nd 12 5
231 232 3 6

1Linear indices refer to the sequence of how elements in a matrix are stored. Here we consider a

column-oriented setting.

28

doi:10.6342/NTU201802108



We have

o7 =

211

221

212

2922

221

231

222

232

Thus we store the following vector to indicate the mapping between linear indices of

Zm= L and ¢(Z™

1,2‘)'

(12452356]".

It also corresponds to row indices of non-zero elements in Pgl_l.

4.4)

We begin with checking how linear indices of Z™ ! can be mapped to the first

column of ¢(Z™1). For simplicity, we consider only channel j. From (2.9) and (4.3),

we have

J

dm

(k™ —1)d™1 + j

am—ldm—l + ]

(™ = 1) + am1)ydmt +

((hm _ 1) + (hm _ 1)am—1)dm—1 +j Z/Tmiilzm,j

, 4.5)

where the left column gives the linear indices in Z™ 1%, while the right column shows
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the corresponding values. We rewrite linear indices in (4.5) as

0+ 0a™!

(h™ = 1) + 0a™!

0+ la™ !

d™t + . (4.6)
(h™—1) + 1la™ !

Clearly, every linear index in (4.6) can be represented as
(p+qa™ H)d™ " + 4, (4.7)

where
p,q€{0,...., A" —1}

correspond to the pixel position in the convolutional filter.

Next we consider other columns in ¢(Z™ %) by still fixing the channel to be ;.
From (2.9), similar to the right column in (4.5), each column contains the following

elements from the jth channel of Z™~ 1,

m—1,3 _ m
Zl+p+as"'L,1+q+bs"'L,j y = 07 17 S — 1a

b=0,1,....0" —1, (4.8)

where (1 4 as™, 1+ bs™) denotes the top-left position of a sub-image in the channel j

2 More precisely, p + 1 and q + 1 are the pixel position.
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of Z™~1¢ From (4.3), the linear index of each element in (4.8) is

(I+p+as™—1)+(1+qg+bs"™ —1a™ d™ "+

= (a+ba™)s"d™ " + (p+qa™ A" 4 (4.9)

.

see (4.7)

Now we have known for each element of ¢(Z™ 1) what the corresponding linear
index in Z™ 1% is. Next we discuss the implementation details, where the code is shown
in Listing I'V.1. First, we compute elements in (4.6) with j = 1 by applying MATLAB’s

bsxfun function on the following two arrays.

1

dm—l + 1
and 0 g™ g™t .0 (B —1)a™tdm !

(A — 1)dm' 41

The results is the following matrix

1 amtdmt 41 . (K™ — 1)a™ Y™ + 1
a1t 41 (1+a™Hd™ 1 +1 . (1+ (™ —1)a™ Hd™ 1 +1
(h™ —1)d™t+1 (™ —=1)+a™ Hd™ 1t +1 ... (F™=1)+ (F™ = 1)a™ Hd™ 1 +1

(4.10)

whose columns, if concatenated, lead to values in (4.6) with j = 1; see line 2 of the
code. To get (4.7) for all channels j = 1,...,d™!, we apply bsxfun again to plus

the vector form of (4.10) and

01 ... dvt—1],

and then vectorize the resulting matrix; see line 3.
To obtain other columns in ¢(Z™~ %), next we calculate ™ and b™ by (2.4) in lines

4-5. To get all linear indices in (4.9), we see that the second term corresponds to indices
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of the first column and therefore we must calculate the following column offset

(a+ba™ Hs™d™ Ya=0,1,...,a" —1,

b=0,1,....0m— 1.

This is by a bsxfun to plus the following two arrays.

0

x s™d™ ! and {0 oy 1} x ™ tgmdmL

a™—1

see line 6 in the code. Finally, we use another bsxfun to add the column offset and
the values in (4.6); see line 7.

The obtained linear indices are independent of Z’s values. Thus the above procedure
only needs to be run once in the beginning. For any Z, we apply the indices to extract
(Z); see line 20-21 in Listing IV.1.

For ¢(Z™ %) in the pooling layer, the same implementation can be used.

. _17 ;
4.2 Construction of Py ™"

Following (2.19), we assume that Z™ 1% and ¢(Z™~1%) are input and output be-
fore/after the pooling operation, respectively. In the beginning of the training proce-
dure, we use the proposed procedure in Chapter 4.1 to have ¢(Z™ %) that partitions
each non-overlapping sub-regions; see (2.16) and (2.17). At each Newton iteration,
Listing IV.2 is a MATLAB implementation for constructing P”*;"*, Vi. In line 13, we

pool

handle the situation if
a™™' mod h™#0 or ™' modh™ #0. (4.11)

That is, we must ensure that (2.17) holds with a™ and 0™ being integers. If (4.11)

m—1

occurs, we simply discard the last several rows or columns in Z™ 1% to make a and
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b™~! be multiples of 4™. In line 8, we extract the linear indices of Z™ ! to appear
in vec(¢(Z™~ ")), which as we mentioned has been generated in the beginning. The
resulting vector P contains

hmhmdm—lambm
elements and each element is in the range of

1 dm—lam—lbm—l
) ey .

In line 9, we get

Zm b =1,... 1, (4.12)

which are stored as a matrix in (4.1). In line 23-24, we use P to generate
[Vec(gzﬁ(Zm_l’l)) Vec(gb(Zm_l’l))] e hmhmd™ tam ™ x 1. 4.13)

Next we rewrite the above matrix so that each column contains a sub-region:

m—1,i m—1,i m—1,0
A1 112 Fli(am—1)xs™, 14 (bm—1)xsm dm—1
E Rhmhm de—lambml '
m—1,i m—1,3 m—1,0
Fpmpm 1 FRmopm2 st Fpmoy(gm_1)xsm pmo(bm—1)xsm,dm—1

(4.14)
We apply a max function to get the largest value of each column and its index in the
range of 1,..., h™h™. The resulting row vector has d"a™b™l elements, where d™ =

d™ ! see line 25. In line 26, we reformulate it to be
d™ x a™b"l

as the output Z™*, Vi,
Next we find linear indices in the matrix (4.13) that corresponds to the largest ele-

ments obtained from (4.14).3 First we obtain linear indices of (4.1), which are in the

3Note that we do not really generate a sparse matrix P[:;;l’i in (2.19).
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range of

1, ..., d™ g™ lpml,

We store these indices in a matrix the same size as in (4.1); see line 19. Then we
generate

¢(linear indices of (4.1)), 4.15)

which has the same size as in (4.13); see line 28-29. Next, if we can find positions
in (4.15) that correspond to the largest elements identified earlier, then we have the
desired linear indices. We mentioned that in line 25, not only the maximal value in
each sub-region is obtained, but also we get the corresponding index in {1, ..., h™h"™}.

Therefore, for these max values, their linear indices in (4.14)4 are

0

row indices of
+ h™mR™ : ) (4.16)
max values in (4.14)

d™ta™pml — 1
The reason is that A h™ is the column offset in (4.14). See line 30 for the implementa-
tion of (4.16). Next in line 31 we use (4.16) to extract values in (4.15) and obtain linear
indices in (4.1) for the selected max values. Similar to the situation in Chapter 4.1 for
¢(Z™~14), the index finding procedure in Listing IV.2 is conducted only once in the
beginning of the training process.

Note that because max pooling depends on Z™ ' values, linear indices for P "

pool

must be re-generated in the beginning of each Newton iteration.

4.3 Details of Padding Operation

To implement zero-padding, we first capture the linear indices of the input image in

the padded image. For example, if the size of the imput image is 3 x 3 and the output

4Also linear indices in (4.13) because (4.14) is separating each column in (4.13) to several columns.
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padded image is 5 X 5, we have

where “1” values indicate positions of the input image. Based on the column-major

order, we derive

pad_idx_one = {7, 8, 9, 11, 12, 13, 16, 17, 18}.

It is obtained in the begining of the training procedure and it will be used in the fol-
lowing situations. First, pad_idx_one contains row indices in ng‘djﬁlng of (2.15) that

correspond to the input image. We can use it to conduct the padding operation in (2.15).

Second, from (3.33), in gradient and Jacobian evaluations, we need

T pm—1
v Ppadding‘

This can be considered as the inverse of the padding operation: we would like to remove
zeros and get back the original image.

MATLAB implementations are shown in Listing IV.4 and IV.5, where Listing IV.4
is for generating the indices and Listing IV.5 is for the padding operation (2.15). In
line 12 of Listing IV.4, we use the MATLAB bulit-in function padarray to pad zeros
around the input image. Because Z™ % Vi are stored as a matrix in (4.1), in line 8 of

Listing IV.5, we extend pad_idx_one to conver all instances:

pad_idx_one pad_idx_one
pad_idx_one R 4.17)

+ a™bm + 2a™b™
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These values indicate the new column indices of original columns in Z™~ 1% Vi, In line
9 of Listing IV.5, we create the zeros of the output padding image. By using values in
(4.17), in line 10 of Listing IV.5, we put the input Z™~ 7 to the corresponding positions

of the output padding image.

4.4 Evaluation of v" P}"""
For (3.25) and (3.36), the following operation is applied.
W P, (4.18)

where
0&;
o m\T ?
v = vec ((W ) —8vai>

for (3.25) and

— mTaZJL’i =1 4.19
v =vec | (W™) 5Gm ,7=1,...,np (4.19)
for (3.36).

Consider the same example in Chapter 4.1. We note that
(P(;n_l)T’U = [Ul Vg + Vs Vg V3 U4+ U7 Ug ]T s (420)

which is a kind of “inverse” operation of ¢(Z™~!): we accumulate elements in ¢(Z™!)
back to their original positions in Z™~!. In MATLAB, given indices in (4.4), a function
accumarray can directly generate the vector (4.20).

To calculate (3.25) over a batch of instances, we aim to have

- 9T
(Pd’r)n_l)T’Ul

4.21)
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We can manage to apply MATLAB’s accumarray on the vector

_Ul_
(4.22)
()
by giving the following indices as the input.
- 4.4) -
4.4) + a™ o A M ymgm g1 ymgym
(4.4) 4 2a™ 0 "M pmpmgme g | (4.23)

@4) + (I — Da™ 0™ Ld™ 10 gy gt oy

where

a™ 1y 1g™ =1 is the size of Z™ ', and

a™b™d™ T h '™ is the size of ¢(Z™ ") and w;.

That is, by using the offset (: — 1)a™ '™ 'd™~!, accumarray accumulate v; to the

following positions:
(i — Da™ o™ ™t 1, L ™ (4.24)

We can easily rearrange the resulting vector by reshape and transpose operator to
get the matrix (3.25), where each row is corresponding to an instance. We show the
program in Listing IV.6, where line 8 generates the indices shown in (4.23) and V(:) in
line 9 is the vector (4.22).

Following the same idea, to calculate (3.36) over a batch of instances, we do not

have to calculate (4.18) ny, times. Notice that (3.36) is equivalent to

7 L,i T
((Pq?” )’ [Vec ((Wm)ngz,;;> L. vec ((Wm)T jSmL)D . (4.25)

37

doi:10.6342/NTU201802108



We can calculate v by vectorizing the result of fast matrix-matrix multiplication.

aSm,i
_ : _ m\T | 925" Oz
v = : = vec <(W ) LS;” o 85&}) ; (4.26)

m\T Oz
vec | (W™)" 552k

-Vec ((WW)Tﬂ) ]

By passing the appropriate input indices to accumarray, we can calculate

(Py=Ht [(4.26)] .

So the calculation is fallen back to the same case as evaluating (3.25). That is, after
having (4.26), we calculate (4.18) once instead of calculating (4.18) and (4.19) n, times.
The input indices for accumarray are easy to be obtained. Before the transpose

operation in (4.25), the linear indices for each column, i.e.

aZL,z‘

(P(;n_l)TVCC ((WW)TWQ:M) , Yu = {17 - ,nL}

is start from

(u — D)la™ o™ g™t 4 1.

Therefore, we can apply accumarray on the vector (4.26) with the following input

indices.
(4.23)

(4.23) + lamilbmildmilﬂambmdmflhmhm

(4.23) + 2Za/m_1bm_ldm_l]lambmd'm—lhmhm

The program is the same as Listing IV.6, except that we pass the value of the product of

n_L and S_k for the parameter S_k.
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4.5 Gauss-Newton Matrix-Vector Products

Because (3.45) is the form of summation of every instance, in the view of MATLAB

implementation, we extend (3.45) to the whole data set in a matrix form.

1 1<
GUZE’U‘Fi;

To derive (4.27), we first calculate

From (3.47), for a particular m, we have

Jm,l,vm

Jm,l,vm

where

(Jl,i)T
L
m=1
(JL,Z’)T
(Jl,l)T (Jl,l)T Bl Zizl Jmidgm
(JE1)T (e | | B Zizl Jmdgym
271;7,:1 Jm’l’Um
Zﬁlzl Jm’l’Um
, ¢(mel,1)
%VGC mat(v™)
]lT
L ampm
¢(Zm71,l)
%Vec mat(v™)
ﬂT
L i ampm |

ozL1
8vec(va1)Tp

m,1

ozt
vec(sm)T P

m,l

m mpm Jm—1
mat('vm) c Rd x(h™h™d +1)
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and

pm,l
¢(Zm_1’1) . ¢(Zm_1’l)
= vec | mat(v™) . (4.29)
. ]l;l;mbm ttt ﬂgmbm
p"™

A MATLAB implementation for (4.28) is shown in Listing IV.7. We store the model

in a structure of different layers. Thus in lines 11 and 13 we respectively obtain

Zm~ L (after padding) and aZ—LZ 1=1 l
P g dvec(Sma)T? = 7T
In line 14, we calculate (4.29) to derive p™!, ..., p™!. In line 15, we separately calcu-
late
8ZL,Z
g =1 [
8veC(Sm’)Tp T

In line 16, we sum of the results of each layer.

After deriving (4.28), from (3.48) and (4.27), we must calculate

q1 B! ZTLn:l Jmlgm
= : . (4.30)

ql Bl Z Jm N

From (3.49), (4.30) can be derived by multiplying every element of (4.28) by two.

When (4.30) is available, from (4.27), the following matrix-vector product is needed.

(Jl,l)T L (Jl,l)T ql

(JL,l)T (JL,1>T ql

For the layer m, from (3.50), the calculation is written as

zvec (mat ((aveff;;) ))

[p(zm )T ﬂambm}>

d™xamb™m
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(27T A
=vec | |mat(r™!)gmgqmpn ... mat(rm’l)deambm] : f !
S(Z™ T Yy
4.31)
where _ - _ -
! (8ve?(z5’j:;ll«1)T ) ' q
- : . (4.32)

A MATLAB implementation for (4.31) is shown in Listing IV.8. In line 12, we

separately calculate ™!, ... r™! by (4.32). In line 18, we build

QS(Zmil’l)T ]lambm

¢(Zm—1,l)T ]lambm

In line 19, we calculate (4.31). In line 20, we derive the result of (4.27) for the mth

layer.

4.6 Mini-Batch Function and Gradient Evaluation

Later in Chapter 5.1 we will discuss details of memory usage. One important con-
clusion is that in many places of the Newton method, the memory consumption is pro-
portional to the number of data. This fact causes difficulties in handling large data sets.
Therefore, here we discuss some implementation techniques to address the memory
difficulty.

In subsampled Newton methods discussed in Chapter 3.1, a subset S of the train-
ing data is used to derive the subsampled Gauss-Newton matrix for approximating the

Hessian matrix. While a motivation of this technique is to trade a slightly less accurate
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direction for shorter running time per iteration, it is also useful to reduce the memory
consumption. For example, at the mth convolutional layer, we only need to store the

following matrices
Ozl
dvec(Smi)T’

VieS (4.33)
for the Gauss-Newton matrix-vector products.

However, function and gradient evaluations must use the whole training data. Fortu-
nately, both operations involve the summation of independent results over all instances.
Here we follow Wang et al. (2018a) to split the index set {1,...,[} of data to, for ex-
ample, R equal-sized subsets S, . .., Sg. We then calculate the result corresponding to

each subset and accumulate them for the final output. Take the function evaluation as

an example. For each subset, we must store only
Z™ Nm, Vi € S,.

Thus, the memory usage can be dramatically reduced.

For the Gauss-Newton matrix-vector product, to calculate (4.33), we need Z™*, Vi €
S. However, under the mini-batch setting, the needed values may not be kept. Our strat-
egy is to let the last subset Sk be the same subset used for the sub-sampled Hessian.

Then we can preserve the needed Z™* for subsequent operations.
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Listing IV.1: MATLAB implementation for ¢(Z™ 1)

function idx = indicator_im2col(a,b,d,h, s)

first_channel_idx = bsxfun (@plus, ([0:h-1]xd+1)', [0:h-1]xa

*d) ;

first_col_idx = bsxfun(@plus, first_channel_idx(:), [0:d
-11);

out_a = floor((a — h)/s) + 1;

out_b = floor((b — h)/s) + 1;
column_offset = bsxfun (@plus, [0O:out_a-1]"', [O:out_b-1]x*a)*

s*d;
idx = bsxfun (@plus, column_offset(:)', first_col_idx(:));
end
model (m) .indicator = indicator_im2col (param.wdimages_pad0,param

.htimages_pad0, param.chimages0, param.wdfilters (m), param.

strides (m)) ;

function phiZ = cal_phiZ(param, model, batch_idx, m)
ifm>1
if param.padflags(m-1) == 1

phiZ = padding (param,model (m-1) .Z,m-1,model (m-1) .
pad_idx) ;
else
phiZz = model (m-1) .%;
end
else
phiZ = model (m) .Z0 (:,param.batch_idx_current);

end

phiZz reshape (phiZ, [],param.sample_inst);

phiZ = phiZ (model (m) .indicator, :);

phiZ = reshape (phiZ,param.wdfilters (m)xparam.wdfilters (
m) xparam.chimages (m-1), []);
end

end
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Listing IV.2: MATLAB implementation for Pp"jv_}l

function [param, model] = maxpooling(param, model, m)
a = param.htimages (m);
b = param.wdimages (m) ;
d = param.chimages (m) ;

= param.wdpool (m) ;

= param.num_sampled_data;

model (m) .idx_phiZ_pool;
model (m) .Z;

N U wn o
~

rm_idx = [];

pool_idx = [l:d*xaxb*S_k];

if (mod(a,h) > 0 || mod(b,h) > 0)
newa = a — mod(a,h); newb = b - mod(b,h);
remained_idx = bsxfun (@plus, [l:newal]', [0O:newb-1]x*a);
remained_idx = bsxfun (@plus,remained_idx(:), [0:S_k-1]=*axb);
Z = Z(:,remained_idx(:));

pool_idx = reshape (pool_idx,d, []);

pool_idx pool_idx(:,remained_idx(:));

end

7Z = reshape (Z,[],S_Kk);

Z = Z(P,:);

[Z, WS] = max(reshape(Z,h*h, []));
model (m) .Z = reshape(Z,d, [1);

pool_idx = reshape (pool_idx, [],S_k);

pool_idx
WS = WS + hxh*x([0:floor(a/h)+xfloor (b/h)+*d*xS_k-11);

pool_idx (P, :);

model (m) .pool_idx = pool_idx (WS);
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Listing IV.3: MATLAB implementation for evaluating (3.32)

function output = maxpooling_grad (param,m, input, pool_idx)

a = param.wdimages (m) ;
b = param.htimages (m) ;
d = param.chimages (m) ;
S_k = param.num_sampled_data;
output = zeros(d,axb*S_k);
output (pool_idx) = reshape (input, []1,1);
Listing IV.4: MATLAB implementation for the index of zero-padding
function [pad_idx] = padding_idx (param,m)
if m ==
= param.wdimagesO;
b = param.htimagesO;
else
a = param.wdimages_pool (m) ;
= param.htimages_pool (m) ;
end
p = (param.wdfilters(m+1)-1)/2;

newa = at+2xp; newb = b+2xp;
pad_idx = repmat (p+(l:a)', b,1)
1)), al;

+ repeat_elements (newax* (p+(0:Db
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Listing IV.5: MATLAB implementation for zero-padding

function output = padding(param, Z,m,pad_idx_one)

= param.wdimages_pad (m) ;
= param.htimages_pad (m) ;

param.chimages (m) ;

n QO o o
Il

o
Il

param.num_sampled_data;

idx reshape (bsxfun (€plus, pad_idx_one, [0:S_k-1]xaxb)
output = zeros(d,axb*S_k);

output (:,idx) = Z;

L1, 1)

Listing IV.6: MATLAB implementation to evaluate vTP;”_l

function vTP = vTP (param, model, S_k, m, V)

% V: a matrix with #cols = S_k
a_prev = param.htimages (m-1);

b_prev = param.wdimages (m-1);

d_prev param.chimages (m-1) ;

idx = reshape (bsxfun (@plus, model (m).idx_phiZ(:), [0:S_k-1]x

d_prevxa_prevxb_prev), [], 1);

vIP = reshape (accumarray(idx, V(:), [d_prevxa_prevxb_prevxS_k

11y, [, s_k)';
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Listing IV.7: MATLAB implementation for Jv

function Jv = Jv(param, model, v_in, subset_idx)

n = param.n;
nlL = param.nL;
L = param.L;
S_k = param.num_sampled_data;
Jv = zeros (nLxS_k, 1);
for m = param.L -1 param.LC+1
n_m = param.neurons (m+1l);
v = reshape(v_in(n(m)+l:n(m+1)), n_m, []);
p = v x» [model(m-1).Z; ones(l, S_k)];
ifm <L
p=p"
= repeat_elements (p, nlL);
p = sum(model (m) .dZLdS_T.*p, 2);
else
p=p(:);
end
Jv = Jv + p;
end
for m = param.LC -1 :1
a = param.wdimages (m) ;
b = param.htimages (m) ;
d = param.chimages (m) ;
v = reshape(v_in(n(m)+l:n(m+1)), d, [1);
phiZ = [cal_phiZ(param, model, subset_idx, m); ones(l, axbx
S_k)1;
p = reshape(v x phiz, [], S_k);
p=p";
P = repeat_elements (p, nL);
p = sum(model (m) .dZLdAS_T.*p, 2);
Jv = Jv + p;
end
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Listing IV.8: MATLAB implementation for J” g

nL

S_K
idx

lambda =

end

= param.nL;

= param.sample_inst;

= param.batch_idx_current;
param. lambda;
param.C;

model (1) .Jv;

-1 :1
model (m) .ZsT;

param.LC
zsT =
model (m—1) .Z;

param.chimages (m) ;

cgparam(m) .p;

[a}
Il

arrayfun(@(i) ZsT(1l+(i-1)*nL:ixnL,:)"’'

nL), [1:S_K],'un',0);

r horzcat (r{:});

r = reshape(r,d, []1);
ifm>1
Z_pad =
end
phiZ = cal_phiZ (param,model, idx,m, Z_pad);

r = reshape(rx[phiZ' ones(size(phiZ,2),1)1,11,1);

model (m) .Gv = (lambda + 1/C)x*v + r/S_K;

* q(l+(i-

padding (param, Z,m-1, model (m-1) .pad_idx) ;

1) *nL:

48

doi:10.6342/NTU201802108



CHAPTER V

Analysis of Newton Methods for CNN

In this chapter, based on the implementation details in Chapter IV, we analyze the
memory and computational cost per iteration. We consider that all training instances
are used. If the subsampled Hessian in Chapter III is considered, then in the Jacobian
calculation and the Gauss-Newton matrix vector products, the number of instances [
should be replaced by the subset size |.S]|.

In this discussion we exclude the padding operation and the pooling layer because

first they are optional steps and second they are not the bottleneck.

5.1 Memory Requirement
(1) Weight matrix and bias vector: For every layer, we must store
W™and ™, m=1,..., L.

From (2.10) and (2.20), the memory usage is

Le L
O <Z d™ x (hmhmdmfl —+ 1) —+ Z Ny, X (nm,1 + 1)> .
m=1

m=L¢+1

(2) To construct ¢(Z™~ %), in Chapter 4.1, we store each position’s corresponding
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3)

“4)

linear index in Z™ 17,
LC
O (Z hmhmdm—lambm> :
m=1

Function evaluation: From Chapter II, we store

Therefore, the memory usage is
Le L
@ (l X (Z d"a™b™ + Z nm>> )
m=0 m=L¢+1

Gradient evaluation: From Chapter 3.2, because

&3

Bvec(gmtaT M= 2 b Vi

is only used in backward process. We just store this matrix for two adjacent layers.
Therefore, the memory usage is
Ofix Y dma™™|, 1<m<L
{m,m+1}
in convolutional layers or
O|1lx Z n |, L°<m<L
me{m,m+1}

in fully-connected layers. The following matrix must be stored.

0% and 0% 1,...

=t = L, V.
dvec(WwmyT ¢ gpryr T e B W

Therefore, the memory usage is

@ (z X (Z d" (R"hmd 1) > g (e + 1))) :

m=1 m=L¢+1
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(5) Jacobian evaluation and Gauss-Newton matrix-vector products: Besides W/ and

Z™m= 4 from (3.36), (3.47), (3.50), we explicitly store

aL,i
a 1,

— L, Vi.
8vec(5mﬂ)T’m e T

Thus, the memory usage is

@ (l X ny X (Z(dmambm) + Z nm>> .

m=1 m=Lc+1
5.2 Computational Cost

To avoid clutter, we show the computational cost for mth conolutional/fully-connected

layer.
(1) Function evaluation:

* Convolutional layers: From (2.8), (2.11), and (2.12), the computational cost
is

O(l x K™h™d™ *d™a™b™).

* Fully-connected layers: From (2.21) and (2.22), the computational cost is

O(l X npnpm—1)
(2) Gradient evaluation:

* Convolutional layers: From (3.22) and (3.23), the computational cost is

O(l x R™h™d™ *d™a™b™).
From (3.25) and (3.26), the computational cost is
O(l x a™ '™ td™ rd™a™b™).
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Therefore, the total computational cost for the gradient evaluation is
O(l x a™ o™ td™rd™a™b™).
* Fully-connected layers: For (3.27) and (3.28), the computational cost is
O(l X npnm_1).

For (3.29) and (3.30), the computational cost is similar. Therefore, the total
computational cost is

O(l X npnm—1).
(3) Jacobian evaluation:
* Convolutional layers: From (3.35), the computational cost is
O (I x ng, x d™a™b™ (K" h™d™ ' + 1))
From (3.36), the computational cost is
O (I x ng x (d™a™b™ K"K d™ " + K™ R a™ o™ ™)

The computational cost of (3.37) can be omitted. Therefore, the total compu-

tational cost is

O(l x ny, x d™a™b™h™h™d™ ).
* Fully-connected layers: From (3.40) and (3.42), the computational cost is
Ol X np X NypNp—1)-
(4) Gauss-Newton matrix-vector products:
* Convolutional layers: From (3.47) and (3.50), the computational cost is
@ (l x (d™h™R™d™ ™™ - nLdmambm)) .
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* Fully-connected layers: From (3.51) and (3.52), the computational cost is

O (I X (npnpm—1+nrnm,)) -
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CHAPTER VI

Experiments

We choose the following image data sets for experiments. All the data sets are

publicly available! and the summary is in Table 6.1.

* MNIST: This data set, containing hand-written digits, is a widely used benchmark

for data classification (LeCun et al., 1998).

» SVHN: This data set consists of the colored images of house numbers (Netzer

etal., 2011).

» CIFAR10: This data set is a famous colored image classification benchmark

(Krizhevsky and Hinton, 2009).

» smallNORB: This data set is built for 3D object recognition (LeCun et al., 2004).
The original dimension is 96 x 96 x 2 because every object is taken two 96 x 96
grayscale images from the different angles. These two images are then placed in
two channels. For the dimensionality reduction, we downsample each channel of

every object with the max pooling (h = 3, s = 3) to the dimension 32 x 32.

All the data sets were pre-processed by the following procedure.

1All data sets used can be found at https://www.csie.ntu.edu.tw/~cjlin/

libsvmtools/datasets/.
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Table 6.1: Summary of the data sets, where a’ x b° x d° represents the (height, width,
channel) of the input image, [ is the number of training data, [; is the number

of test data, and n;, is the number of classes.

Data set a’ x b0 x d° l 1 ny

MNIST 28 x 28 x 1 60,000 10,000 10

SVHN 32 x32x3 73,257 26,032 10

CIFAR10 32 x32x3 50,000 10,000 10

smallNORB 32 x 32 x 2 24,300 24,300 )

(1) Min-max normalization. That is, for every image Z°, we have

A 794 — min
70 e ————
max — min’

where max/min is the maximum/minimum value in Z%.

(2) Zero-centering. This is commonly applied before training CNN (Krizhevsky et al.,

2012; Zeiler and Fergus, 2014). That is, for every image Z%¢, we have
7% « 7% — mean(Z"),
where mean(Z°") is the mean value in Z°°.

We consider two simple CNN structure shown in Table 6.2. The parameters used in
our algorithm are given as follows. For the initialization, we follow He et al. (2015) to

randomly set the weight values from the N (0, 1) distribution and multiply by
2
nim’

At x ™t x bl ifm < L€

where

Nm—1 otherwise.
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For a CG procedure, we terminate it when the following relative stopping condition sat-
isfies or the number of CG iterations reaches a maximal number of iterations (denoted
as CGpax).

(G +AT)d+ VF(0)|| < al[VS(O)]], (6.1)

where 0 = 0.1 and CGy,,x = 250. For the implementation of the Levenberg-Marquardt
method, we set the initial A\; = 1 and (drop, boost, pupper, Plower) COnstants in (3.10) are
(2/3,3/2,0.75, 0.1). In addition, the sampling rate for the Gauss-Newton matrix is set

to 1% and the value of C' in (2.26) is set to 0.011.

6.1 Comparison Between Newton and Stochastic Gradient Meth-

ods

In this chapter, the goal is to compare SG methods with the proposed subsampled
Newton method for CNN. For SG methods, we consider mini-batch SG with momen-
tum. We use the python deep learning library, Keras (Chollet et al., 2015), to implement
it. To have a fair comparison between SG and subsampled Newton methods, the fol-

lowing conditions are fixed.
* Initial points.
* Network structures.
* Objective function.
* Regularization parameter.

The training mini-batch size is 128 for all SG experiments. The initial learning rate

is selected from {0.003,0.001,0.0003,0.0001} by five-fold cross validation.Z When

2We split the training data by stratified sampling for the cross validation.
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Table 6.2: Structure of convolutional neural networks. “conv” indicates a convolutional

layer, “pool” indicates a pooling layer, and “full” indicates a fully-connected

layer.
model-3-layers model-5-layers
filter size #filters  stride filter size #filters  stride
conv 1 5 XHx3 32 1 DX Hx3 32 1
pool 1 2 %2 - 2 2x2 - 2
conv 2 3x3x32 64 1 3xX3x32 32 1
pool 2 2x2 - 2 - - -
conv 3 3x3x32 64 1 3x3x32 64 1
pool 3 2x2 - 2 2x2 - 2
conv 4 - - - 3 x 3 x64 64 1
pool 4 - - - - - -
conv H - - - 3 x 3 x64 128 1
pool 5 - - - 2 x 2 - 2

conducting the cross validation and training process, the learning rate is adapted to the

Keras framework’s default scheduling with a decaying factor 10~¢ and the momentum

coefficient is 0.9.

From the results shown in Table 6.3, we can see that
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Table 6.3: Test accuracy for Newton method and SG. For Newton method, we trained

for 250 iterations; for SG, we trained for 1000 epochs.

model-3-layers

model-5-layers

Newton SG Newton SG
MNIST (99.15,99.25)%  99.15% 99.46% 99.35%
SVHN (92.91,92.99)%  93.21% 93.49% 94.60%
CIFAR10 (77.85,79.41)%  79.27% 76.7% 79.47%
smallNORB (98.14,98.16)%  98.09% 97.68% 98.00%
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CHAPTER VII

Conclusions

In this study, we establish all the building blocks of Newton methods for CNN. A
simple and elegant MATLAB implementation is developed for public use. Based on our

results, it is possible to develop novel techniques to further enhance Newton methods

for CNN.
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APPENDIX A. List of Symbols

Notation Description

Y The label vector of the ¢th training instance.

70 The input image of the ith training instance.

[ The number of training instances.

K The number of classes.

0 The model vector (weights and biases) of the neural network.
19 The loss function.

& The training loss of the ith instance.

f The objective function.

C The regularization parameter.

The number of layers of the neural network.

Le The number of convolutional layers of the neural network.
L' The number of fully-connected layers of the neural network.
N The number of neurons in the mth layer (L < m < L).
n The total number of weights and biases.
a™ the height of the data at the mth layer (0 < m < L°).
b the width of the data at the mth layer (0 < m < L°).
d™ the depth (or the number of channels) of the data at the mth layer (0 <
m < L°).
h™ the height (width) of the filters at the mth layer.
wm The weight matrix in the mth layer.
b™" The bias vector in the mth layer.
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Notation Description

S The output matrix of the function (W™)7¢(Z™ 1) + 6™ 11, in the mth

layer for the ¢th instance (1 < m < L°).

Zmt The output matrix (element-wise application of the activation function on

S™:%) in the mth layer for the ith instance (1 < m < L°).

st The output vector of the function (W™)T 2™~ + ™ in the mth layer for

the ¢th instance (L < m < L).

Pl The output vector (element-wise application of the activation function on

s™%) in the mth layer for the ith instance (L¢ < m < L).

o The activation function.

Jt The Jacobian matrix of zX¢ with respect to 6.

z An identity matrix.

Qg A step size at the kth iteration.

Pk The ratio between the actual function reduction and the predicted reduction

at the kth iteration.

Ak A parameter in the Levenberg-Marquardt method.

N(p,0%) | A Gaussian distribution with mean y and variance 0.

APPENDIX B. Alternative Method for the Generation of
¢( Zm—l,i)

For the alternative method here, we use MATLAB’s im2col with s™ = 1 and
extract a sub-matrix as ¢(Z™ 1),
We now explain each line of the program. To find P(;"’l, from (2.9) what we need is

to extract elements in Z™ 1. Some elements may be extracted multiple times. For the
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extraction it is more convenient to chapter on the linear indices of elements in Z™ <.

Following MATLAB'’s setting, for an a X b matrix, the linear indices are
[1, ..., a, a+1, ..., ab],

where elements are mapped to the above indices in a cloumn-wise setting. In line 2,

we start with obtaining the linear indices of the first row of Z™ 1% which corresponds

to the first channel of the image. In line 3, we use im2col to build ¢(Z™~ ") under
m

s™ = d™~! = 1, though contents of the input matrix are linear indices of Z™ ! rather

than values. For ¢(Z™ %) under s™ = d™~! = 1, the matrix size is
WMRT % G
where from (2.4),
@ — a1, B = — 1

From (2.9), when a general s™ is considered, we must select some columns, whose

column indices are the following subset of {1,...,a"b™}:

Tym ® : s+ 1gm | + : sl ® | , (B.1)

am™ —1 bm —1 a™

L . L . L 4 amx1

where ¢™ and b™ are defined in (2.4). More precisely, (B.1) comes from the following
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mapping between the first row of ¢(Z™ %) in (2.9) and {1,...,a™b™}:

_ . -
(1+sm,1) - 0 -
s"™ 4+ Lgm + 0gms™a™
(1+ (a™ — 1)s™,1) am — 1
(1,14 s™) — 0
(14 8™ 1+ s™) : s+ Agm + Lgms™a™
am™ —1
(14 (a™ —=1)s™, 1+ s™) I _ _ |

Next we discuss how to extend the linear indices of the first channel to others. From
(2.5), each column of Z™ ! contains values of the same pixel in different channels.
Therefore, because we consider a column-major order, indices in Z™ !¢ for a given
pixel are a continuous segment. Then in (2.9) for ¢(Z™~1%), essentially we have ™!
segments ordered vertically and elements in two consecutive segments are from two
consecutive rows in Z™~ 1%, Therefore, the following index matrix can be used to extract

all needed elements in Z™~ 1 for ¢(Z™~11).

linear indices of Z™ 1 for .

1st channel of ¢(Z™~ 1)
hMRp™ xa™Mb™ dm—l -1

(B.2)
The implementation is in line 10 and we use a property of MATLAB to add a matrix

and a vector. Thus the ® operation in the second term in (B.2) is not needed.
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Listing B.1: Matlab implementation for PV;”’l

function indicator = indicator_im2col (a,b,d, h, s)

reshape(([l:a*xb]-1)xd+1,a,b);

end

input_idx

output_idx
a_bar = a
b _bar = b
a_idx = 1:
b idx = 1:

select_idx
b_idx-1

output_idx

output_idx
1)

im2col (input_idx, [h,h],

- h + 1;
- h + 1;

S

S

14

a_bar;

:b_bar;

1

repelem(a_idx, 1, length(a_idx)) + a_barxrepmat (

, length (b_idx));

output_idx (:,select_idx);

repmat (output_idx,d, 1)

'sliding');

+ repelem([0:d-1]",hxh
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