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Abstract

Generalized frequency division multiplexing (GFDM) is a promising can-
didate waveform for next-generation wireless communication systems. How-
ever, channel estimation is still challenging for GFDM due to its inherent in-
terference. In this paper, we formulate a pilot-insertion framework based on
a precoder design for block-based systems including GFDM and derive its
linear minimum mean square error (LMMSE) channel estimator. We pro-
pose a solution for the precoder to achieve interference precancellation by
generating the pilots at several tramsmit frequency bins and eliminating the
randomness at such frequency bins due to data symbols. Numerical results
demonstrate that the proposed method reduces the channel estimation mean
square error and high signal-to-noise ratio (SNR) symbol error rate (SER),

compared to conventional pilots scattering methods.

Keywords: Generalized frequency division multiplexing (GFDM), pilot-insertion,
linear minimum mean square error (LMMSE) channel estimation, symbol er-

ror rate (SER)
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Chapter 1

Introduction

Generalized frequency division multiplexing (GFDM), considered as a candidate wave-
form for next-generation wireless communication systems, features several advantages
such as low out-of-band (OOB) emissions and relaxed requirements of time and frequency
synchronizations []1]]. Particularly, it has been shown in [2] that the GFDM systems have
the potential to outperform OFDM systems by exploiting the frequency diversity. GFDM
was often considered to be a non-orthogonal system with noise enhancement effect and
MSE performance degradation compared to OFDM. However, [3] shows that based on the
prototype filter design and the matrix characterization for GFDM, the mean square error of
equalisation could be minimized and low-complexity transceiver could be implemented.
However, due to the inherent inter-subsymbol interference (ISI) and potential inter-
subcarrier interference (ICI) accompanied with specific prototype filters, the received ref-
erence signal (i.e. pilots) is influenced by data symbols. Such impact of the data on pilot
symbols degrades the channel estimation performance in comparison to orthogonal fre-
quency division multiplexing (OFDM) which takes advantage of clear pilot observation.
Therefore, the OFDM based channel estimations can not be directly adopted to GFDM.
Several methods like matched filter (MF) in [4, 5], orthogonal match pursuit (OMP)
in [6], and the parallel interference cancellation(PIC) in [[7] are adopted to further improve
the channel estimation performance. However, the PIC method could get an additional
complexity of cubic growth in receiver, MF approach is based on the assumption of nearly

flat, slow fading channels, and the iterative OMP method cause a severe latency to the
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system, which are against the requirements of next-generation wireless communication
systems.

The least square (LS) and linear minimum mean square error (LMMSE) eg_timation
in GFDM receiver have been adopted in [8-{10]. However, these methods cor_iveﬁtionally
scatter the pilots in data block without any processing, which could suffer from‘estimation
performance degradation due to the inherent interference of data symbols.

In [[11]], a technique called interference-free pilots insertion (IFPI) modify the wave-
form and structure of GFDM for orthogonal pilot insertion, subsequently achieving an
interference-free channel estimation performance. However, such modification cause per-
formance degradation including OOB emission and peak-to-average power ratio (PAPR).

In this paper, based on a block transmission [[12] GFDM, we formulate a pilot-insertion
framework including a general precoder which could be applied to both orthogonal and
non-orthogonal waveforms. We derive its corresponding LMMSE channel estimator and
propose a procedure which guarantees a solution for the precoder to achieve interference
precancellation. By generating the pilots at several tramsmit frequency bins and eliminat-
ing the randomness at such frequency bins due to data symbols, the precoder leads to a
significant improvement in LMMSE channel estimation accuracy compared to the con-
ventional pilot-insertion [8§—-10]. With proper pilot arrangement, the computational com-
plexity for pilot-insertion precoding could be very low, and there is no need for receiver

to cancel the channel estimation interference. Our contribution in this paper:

* For GFDM and any other block-based communication systems, we formulate a gen-
eral pilot-insertion framework with a flexible precoder design, and derive its corre-

sponding LMMSE channel estimator.

» Based on the precoder, we formulate a condition which guarantees the interference

cancellation for pilot-aided channel estimation.

* We propose a procedure which guarantees a solution for the precoder to cancel the

interference.

* We show the proposed pilot-insertion prcoder for IFPI-GFDM [[11] and explain its
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advantage on channel estimation.

The remainder of this paper is organized as follows. In Section [, we introdugeé'the GFDM
channel system model and channel reconstruction methods. The proposed sch§m%is illus-
trated in Section [§. Simulation results and discussion are presented in Sec-tion.%E]. :-Fihqlly,
a conclusion with the futurework is provided in Section 5.

Notations: Boldfaced capital and lowercase letters denote matrices and column vec-
tors, respectively. We use E{-} and (.), to denote the expectation operator and modulo
D, respectively. Given a vector u, we use [u],, to denote the nth component of u, ||ul|
the /5-norm of u, and diag(u) the diagonal matrix containing u on its diagonal. Given a
matrix A, we denote [A],, ,, tr(A), AT, A*, and A" its (m, n)th entry (zero-based index-
ing), trace, transpose, complex conjugate, and Hermitian transpose, respectively. For two
matrices A, B of the same dimension , we denote o as hadamard product. Given a diagnal
matrix D, We use diag—" (D) to denote the vector containing the diagnal elements of D.
For any set Q, we use |Q| to denote its cardinality. We adopt the MATLAB subscripts
:and a : b to denote all elements and the elements ordered from a to b, respectively, of
the subscripted objects. Given index sets Z, 7 C Zso = {0, 1,2...}, we denote [u]7 as
the subvector of u containing the elements indexed by Z, [A]|z 7 as the submatrix of A
containing the elements indexed by Z, 7, and [A]z., [A]. 7 as the submatrix containing
the rows, columns of A indexed by Z and J respectively. We define I, to be the ¢ x ¢
identity matrix, 0, the ¢ x 1 zero vector, O, ,, the m x n zero matrix. The F, W, are
the ¢g-point discrete Fourier transform (DFT) matrix and the normalized g-point DFT ma-
trix with (W], =~ = e >/ /G q € Nand [F,],, , = e 7>™/% = /qW,. Fora
D x 1 vector v, d x 1 vector p, and an indexes set @ C {0,1,2,....D — 1},|Q| = d,
we use some columns of the identity matrix Ip as a D x d matrix [Ip]. o to generate
v = [Ip]. op, where the elements in p are allocated in [v]o = p and other elements
in [V]j0,12,..p-13-0 = Op_|g|. For a m x n matrix A, the collecting matrices [I,,,]7 .
and [L,]. 7 satisfy [L,|z.All,]. 7 = [Alz:[lL]. s = [In]z.:[A].7 = [Alz 7, where [L,]z.

and [I,]. 7 collect the rows and columns of A respectively. We define Lp ;, to be the
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(D + L) x D cyclic prefix(CP) matrix, expressed as Lp [,

the steering vector as vp(e/¥) = | 1 eiwl piw2  eiw(D-1)
A O O O
, OB OO
A, B, C..., we define blkdiag(A,B,C...) =
O 0O CoO
O 0O

T

Opir,p—r A
| and

| 55}

. Given some-matrices
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Chapter 2

System Model for GFDM Channel

Estimation

2.1 GFDM System Model

g 4 A x[n] hln] N
* [ Piot | | GFom P y GFom |
Insertion Mod

. -. - | Equalizer
Chahnel |
AWGN |w(n] Estimation| 7,,]

Figure 2.1: GFDM System Model with Channel Estimation

2.1.1 Transmitter

GFDM is a block-based communication scheme as shown in Fig. [IL,3]. Each GFDM
block employs K subcarriers, with each transmitting M complex-valued subsymbols.
So, a total of D = KM symbols are transmitted in a block. Let d; € C” be the
Ith GFDM block, whose mth sybsymbol on the kth subcarrier is denoted as [d;]x1mx
m=0,1,..M—-1,k=0,1,...,K — 1.

Each symbol [d;];+mx is pulse-shaped by a vector gy ,,,, whose nth entry is [g |, =

(20,0} (n—mk), €2 E n=0,1,...,D—-1,m=0,1,...M—1,k=0,1,..., K—1, where

5
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800 € CP is called the prototype filter [I]]. The GFDM transmitter matrix [|I]] could be

collected by
A= [800--8xk-1,0 80,1 -8K-1,1--8K—1,M—1], o (2.1)
and the transmit vector could be expressed as x; = Ad;, whose nth entr'y, for :n__ £
0,1,....D—1,is
K—1M-1
Z Z A (8] nomi), €K (2.2)
k=0 m=0

Subsequently, the vector x; is passed through a parallel-to-serial (P/S) conversion, and
a cyclic prefix (CP) of length L is further added. Denote the set of subcarrier indexes
and set of subsymbol indexes that are actually employed as £ C {0,1,..., K — 1} and
M C{0,1,..., M — 1}, respectively. The digital baseband transmit signal of GFDM can

be expressed as [3]

= Z Z Z [dl]k-i—ngm[n - lD/]ejQFk(n_lDl)/Ka (23)

l=—00 keK meM

where D' = D + L and

glin-mr-ry,, n=0,1,...,D —1
gm[n] = Y : (2.4)
0, otherwise

For notational brevity, we omit the subscript [ as in x; and d; hereafter.

2.1.2 Receiver

As shown in Fig. R.I|, the received signal after transmission through a wireless chan-
nel can be modeled as a linear time-invariant (LTI) system y[n] = h[n] * z[n] + wn],
where h[n] is the channel impulse response, and w|n] is the complex additive white Gaus-
sian noise (AWGN) with variance Ny. We denote w = [w|[0]w[1]...w[D — 1]]” and h =
[R[0]A[1]...A[N — 1]]T, where N — 1 is the channel order, as the vector forms of complex

AWGN and channel impulse response, respectively. Note that h = \/diag(p)q € CV,
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where p € CV is the power delay profile (PDP) and q € CV is a vector of independently
and identically distributed (i.i.d.) standard normal random variables, with'the assumption
that the channel order N — 1 does not exceed the CP length L. After CP remioval and

serial-to-parallel (S/P) conversion, the received samples are collected as 7] |

y=Hx+w=HAd+w
— WHdiag(Fphy)WpAd + w (2.5)

= WHdiag(WpAd)Fphy + w,

where H € CP*P is the circulant matrix whose first column is the channel impulse re-

sponse hy = [Ip]. yh=[0" 05 _ ], N =0,1,...,N — 1.

2.2 OFDM Channel Estimation

The model in (2.5) could be adapted to OFDM system by substituting the IDFT matrix

WE for the modulation matrix A. The received OFDM vector could be expressed as
y = WHdiag(d)Fphy + w, (2.6)

and

WDy = dlag(d)FDhN + WDW, (27)

in frequency domain. In OFDM receiver, the received vector y would be converted to
frequency domain by W, and each element in frequency domain received vector [Xy|, =
[(Wpyl, = [d].[Fphy], + [Wpw], experiences a flat-fading channel as shown in Fig.
.2, In order to obtain the channel state information (CSI), the several spaces indexed
by J in the OFDM block d are employed to a reference vector d,. denoted as [d] ; = d,
for pilot-insertion, and the rest of spaces in d are reserved for the data vector d,, denoted

as [d]z = d,. By observing the received vector in frequency domain, the several spaces
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indexed by J could be collected as

Woyls = diag([d] ) [Fphnls + [Wowly  fo/ M N

= diag(d,)[Ip]7, . Fp[Ip]vh + [Wpw]7 IR &

= diag(d,)[Fp|s xh + [Wpw|7,

Assuming the effect of noise is ignored, and the number of the pilot symbols | 7| > the

]: Pilots
Wpw

l
— X - dlag(FDhN] —>€B—) . =~ Yr

Figure 2.2: OFDM Channel Estimation with x; = WpAd andy; = Wpy

channel length IV, we could reconstruct the channel impulse vector with the knowledge

of the reference vector [d] 7 = d,, and

~

h = pinv([Fp]7.v)(diag(d.)) "' [Wpyls, (2.9)

where pinv(-) denotes the Moore-Penrose pseudoinverse.
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Chapter 3

Proposed Methods

In this section, the problem of channel estimation in GFDM is statemented. With the sig-
nificant interference inherent in GFDM, the performance of channel estimation in existing
literature [8-{10] suffers from severe degradation, especially in high SNR, due to the lack

of interference precancellation in pilot design.

3.1 The Problem of Channel Estimation in GFDM

In order to achieve the channel estimation at the receiver, the GFDM block d is generated
from two subvectors, the pilot vector d, € C” and the data vector d; € CP. The GFDM
block d can be expressed as

d=d,+d,. (3.1)

In conventional pilot insertion framework, the pilot symbols and data symbols are allo-
cated in data block d to be isolated from each other, which could be expressed as a linear

transformation of d, and d, i.e.,
d = [Ip]. 7d, + [Ip]. zd;, (3.2)

where the number of d data symbols ind, € C?are random source data variables with sym-
bol energy F, and the number of p pilot symbols in d, € C? are deterministic reference

elements. We choose the indexes set Z C {0, 1, ..., D — 1} and [d]7 for data symbols with

d0i:10.6342/NTU201902242



d |. [ID]:J _
: J: Pilot-holesl___!.:__"-

" I : Data-holes

!
/ W

Figure 3.1: Conventional Pilot-insertion

J c{0,1,2,..., D—1} and [d] 7 for pilot symbols, where |Z| = d, | 7| = pandZNJT = 0.
We call the pilot symbols in [d] 7 “pilot-holes” and data symbols in [d]7 “data-holes”. The
matrices [Ip]. 7 € CP*P and [Ip]. 7 € CP*? are the corresponding allocating matrices of
d, and d,, which could determine the positions of pilot symbols and data symbols in data
block d (illustrated in Fig. B.IJ). Notice that d, o d, = ([Ip]. 7d,) o (Ip].zds) = 0p ,
where elements in [dg];01,2...,p—1}-7z and [dp];01,2,...,p—1}—7 are all zero.

Q: Pilot-stones
Wpw

l
—d —> =X = W, |=|: | % —|diag(Fphy)|=® = | : | F¥r

Figure 3.2: Pilot in Frequency Domain: The transmit symbols in frequency domain de-
noted by green circles(called ”pilot-stones”).

After modulation, we choose the number of p samples at [xs]o called pilot-stones
(illustrated as green circles shown in Fig. B.2), where Q c {0,1,....D — 1},]|Q| = p
is the pilot-stones indexes set. The relationship between x; and y;, expressed as y; =

diag(Fphy)x; + vV DW pw, benefits the frequency-domain channel estimation, where

10
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each element in x; only corresponding to a flat-fading channel in diag(Fphy ). The pilot-

stones in transmit frequency samples could be derived as

4. :"‘.‘n 1

xrlo = [WpAd|g = [WpA([Ip]. 7d, + [Ip]. zd,)]o

= [WpA[lp]. sd,]o + [WpA[lp. zd;]o = [WpA]o[lp]. 7d, + [WpA]o[lp]. 7d, =
[(WpA]g 7d, + [WpA]gzd,.

We expect to obtain a deterministic reference vector d, in [X;|o (pilot-stones), so we for-

mulate a condition called pilot-stone condition as

[Xf]Q = [WDA]QJdT + [WDA} Q,Ids =d,, (3.3)

which fixes the p frequency samples in x; indexed by Q. We could require the received

frequency samples by O as

[Wpylo = [diag(x;)Fphy + Wpw]|g = [diag(xs)]o .Fphy + [Wpw|o

= diag([xs]o)[Fplonh + [Wpwlo, N < [Q] = p. (3.4)

The chosen pilot-stones [X;|g pass through a flat-fading channel diag([Fp]g ah) and be-
come [yy|o (illustrated as green squares shown in Fig. B.2)) in which the corresponding
elements in d, get the channel information. With a deterministic d, and the absence of

noise in (B.4)), the channel could be exactly reconstructed as

~

h = pinv([Fp]o,v)diag(d,) ™ [Wpylo.

Notice that the channel can be exactly reconstructed only if the number of pilot symbols
|Q| = p > N is satisfied, and as a special case Q@ = 0, M,2M,...(K — 1)M, N =
0,1,..., N—1,where |N| < K, we could find that [Fp]o »» = [Fplo01,..nv-1} = [Fx].n

is a DFT submatrix and pinv([Fp]g ) would become ([Fp]on)¥.

11

d0i:10.6342/NTU201902242



The pilot-stone condition (B.3)) guarantees the interference cancellation for pilot-aided
channel estimation by fixing p pilot-stones in [x] o and exactly reconstructing the ehannel
with the knowledge of [diag(x/)]o,. = d, and [Fp]g. in (B.4). To satisfy the p.ilgt-stone
condition (B.3)), the conventional pilot-insertion depends on the choice of the fmc?‘diﬂgtion
matrix A, the pilot-stone indexes set Q, pilot-hole indexes set 7 and the data-hble indexes
set Z. For a classic OFDM case, the modulation matrix A is chosen as an identity IDFT
matrix W1, Substituting W% into the pilot-stone condition, the pilot-stones vector could

be derived as
xf]lo = [WpAd]g = [d]g = [Ip]o.sd, + [Ip]o rds.

With the choice of Q@ = 7, we could cancel the interference of data by [Ip]ords =
[Iplszds = 0, and get the pilot-stones [x¢]o = [Ip|ssd, + [Ip]7zds = d, . The
OFDM transmit symbols in frequency domain [x;] = WpAd is equal to the data block
d, hence the pilot-stones [x;]o would be equal to the reference vector d, by choosing
the indexes set @ = 7, where [d]g = [d]; = d,. However, the choice of Q = J
for other modulation matrices like GFDM could not guarantee [WpA]g zd; in (B.3) to
be zero and the interference could not be canceled. Pilot-stone condition guarantees the
interference cancellation for pilot-aided channel estimation. We reformulate a general
pilot-insertion precoder for any modulation matrix A which could be further designed to
satisfy the pilot-stone condition and its corresponding LMMSE channel estimator will be
derived. Subsequently, we show a procedure which guarantees a solution for the precoder

as our proposed method.

12
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3.2 Pilot-insertion Framework

3.2.1 Precoder Design

The data block d can be expressed as

d=d, +d,. (3.5)

We reformulate a general precoder by the linear transformation of d, and dg, i.e.,

d = Sd, + Td,, (3.6)

where d, € CP? is the reference vector, d, € C? is the source data vector, and p, d denote
the resource number of pilot and data. The matrices S € CP*? and T € CP*¢ are the cor-
responding linear coefficient matrices of d,. and d, where S and T could be any precoding
matrices. Assume that d, and d, are independent, and the symbols in d are zero-mean
and i.i.d. with symbol energy E,, we could get E{dd”} = SE{d,d}S” + EsTT*. With
different choices of the precoder Sand T, the d, = Sd,, d; = Td, in (B.6) are accordingly
modified, and the data block d = d,, + d; is generated by the linear combination of d,. and
d,. As a special case of the conventional pilot-insertion methods [8-10], the matrices S
and T are set to be S = [Ip]. 7 and T = [Ip]. 7. Based on a more flexible precoder design,

more requirements could be achieved.

3.2.2 LMMSE Channel Estimation

In the following theorem, we derive the LMMSE channel estimator corresponding to the

pilot-insertion precoder.

Theorem 1. Given any modulation matrix A with the received samples 'y as defined in

©.3), the LMMSE estimated channel h LMMSE can be derived as

hoamise = Gramisey, (3.7)

13
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with
G MMSE =3, (Xr[Fpl, n) -

[(Xr[Fp)., N)Zrn(Xr[Fp). &) + Zgw + Nolp]'Wp, = || @)

where X, = diag(WpASd,), Xy, = E{hh'} = diag(p),
and qu\y = ([FD]VNZhh[FD]HN)<WDATTHAHWg)

Proof. Proof of Theorem
Let the channel estimator be G, and h = Gy is the estimated channel. Note that
diag(WpAd) = X, +X;. First, we derive the expected square error of channel estimation

E{|lh — Gy|*} as

E{tr((h — Gy)(h — Gy)")}
=tr(Zp, — E{hy"G"} — E{Gyh"} + E{Gyy" G"})
:tr(Ehh) — tr(Ehh(Wng[FD] N)HGH)

3]

— tr(G(WP X [Fpl. x)Znn) + tr(GIWEH (X, [Fpl. ) Zin-

) )

(X, [Fpl.n)"Wp + WS Wp + NoIp]GH). (3.9)

The Wirtinger derivatives of E{||h — Gy||?} with regard to G* are obtained as [[13]

OE{||h — Gy||?
{H OG* yH } = - Ehh(Xr[FD]:,N)HWD + G[Wg(XT[FD]:,N)Ehh'

(X, [Fp].n) Wp + WES4eWp + Nolp). (3.10)

To solve for the optimal estimator, we require the derivatives to be zero and derive that

GLMMSE =Znn (X, [Fp).n) ™

(X, [Fp).n ) Enn(Xo [Fplon) ™ + Sww + Nolp]'Wop. (3.11)

14
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For any modulation matrix A with the precoder S,T, a LMMSE channel estimation

could be done by hy yivsE = GLMMSEY-

=]
e

3.3 Interference-canceled Pilot Insertion Precoder

3.3.1 Pilot-stone Condition

The S, T precoder provide the flexibility of pilot-insertion for any modulation matrix A to
satisfy the pilot-stone condition which guarantees the interference reduction for pilot-aided
channel estimation. The pilot-stone condition of the general pilot-insertion framework

could be expressed as
Xflo = d, = [WpA(Sd, + Td,)|o, (3.12)

where the transmit frequency samples vector [X¢]g = [WpAd]g = [WpA(Sd, +Td;)]o..
is indexed by Q C {0, 1,...,D — 1},|Q| = p. We choose |Q| = p samples in X; to be a

constant reference vector d, and the pilot-stone condition (B.12) could be expressed as

d, = [WpAS]o.d, + [WpAT]o.d,. (3.13)

and further derived as

(WpAS]o,. =1,
(3.14)
[WDAT] 9, — Op,d-

Given any modulation matrix A, the precoder S, T and the indexes set Q are designed to

satisfy the pilot-stone condition.

3.3.2 Proposed Procedure for The Precoder Design

To find the precoder S, T which satisfies (8.14), we propose a procedure which guar-
antees a solution for the precoder to satisfy the pilot-stone condition. Considering the

pilot-insertion complexity and the non-interference of pilot and data, we reformulate the
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precoder S,T as

S = [ID}%JC7 ~
(Bul5)
T = [Ip].z — [Ip]..sD,

i

-

=

where the precoder S, T for pilot-insertion are generated by two smaller mat_rice;s: Ce 7
and D € CP*¢ with the allocating matrices [Ip]. 7 and [Ip]. 7. The data block d canbe

expressed by C, D as

d = [Ip]. 7Cd, + ([Ip].z — [Ip). 7D)d,
(3.16)

= [ID]17J(CdT’ - Dds) + [ID]:,Idsy

where the indexes sets Z, 7 C {0, 1, ..., D — 1} are designed to allocate the data symbols
and pilot symbols in data block d (illustrated in Fig. B.3)). We set the condition ZN 7 = ()
to isolate the data symbols from pilot symbols in data block d, which implies [d]; = d;
(illustrated as gray lines shown in Fig. B.3). Notice that |Z| = d is equal to the corre-
sponding source data number, and | 7| = p is equal to the number of the corresponding
pilot symbols in the reference vector d,, where d + p < D. The elements in [d]7 are
directly generated by d; and transferred to the locations only for data symbols indexed by
T. Notice that in Fig. B.3 red lines passed through —D denote the extra processes for our
proposed methods, and in the conventional pilot-insertion the matrix D is a zero matrix
O, 4. To satisfy the pilot-stone condition, we substitute (B.19) into the equation (B.14),

and get

C = ([WpAlo.s) ™,
(3.17)

D = [WpAjo7) ' [WpAloz.

Notice that (B.17) exist if and only if the indexes set Q, 7 mentioned above is chosen
such that the matrix [WpA]g 7 is invertible. Finally, the proposed precoder S and T can

be expressed as

S = [Ip].7([WnAlo.s) ™,
(3.18)
T = [Ip].z — [In]. 7 ((WpAlo7) ' [WpAlor.
The proposed procedure (8.13) carry out a solution for the precoder to satisfy the pilot-

stone condition. The proposed precoder S,T in (B.18) could precancel inherent interfer-
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]: Pilot-holes

. * I : Data-holes

Figure 3.3: Pilot-insertion: Green solid circles denotes the deterministic elements in d,.,
yellow solid circles denotes the data symbols in d, and red solid circles denotes the ele-
ments allocated in [d] 7.

ence during the pilot generation for any block transmission system with modulation matrix
A, leading to a significant improvement in LMMSE channel estimation accuracy com-
pared to the conventional methods [8-10]. By (B.18) the precoder S and T could be ex-
actly determined when the modulation matrix A, pilot-stone indexes Q, pilot-hole indexes
J, and the data-hole indexes Z are given. The number of pilot-stone indexes |Q| = p,
consistent with the number of the corresponding pilot symbols, are recommended to be set
greater than the channel length N for acceptable channel estimation performance. With a
appropriate index choice, the interference-cancellation precoder for any D x D modulation

matrix A could be obtained.

@1~ P N
Q: Pilot-stones
: Wrw
o !
—d —> =X = W, ||| Fx - diag(Fphy)|—® = | : | 77
L

Figure 3.4: Pilot in Frequency Domain: The transmit symbols in frequency domain x; =
Wpx are denoted by green circles(called “pilot-stones”) and orange circles.
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3.4 Index Choice for GFDM

For our proposed precoder (B.18), the pilot-stone indexes Q C {0, 1, ..., D.— 4%, pilot-hele
indexes J C {0,1,...,D — 1}, and data-hole indexes Z C {0,1,...,D =1} (ié?fermine
the final form of precoder. In most cases, the channel length N < K and we C(;uld use
p = K pilots for channel estimation. For channel length N > K case, one could‘consider
touse |Q| = |J| = p = 2K, where Q, J mentioned above should be chosen such that the
matrix [WpA]g 7 is invertible. Based on the pilots number /', we provide an appropriate

indexes choice here for GFDM.

3.4.1 Pilot-stones Indexes

The indexes in the set Q are chosen to determine which elements in frequency-domain
symbol vector x; = WpAd would be fixed. In Fig. B.4 the elements in fixed [x;]o
are pilot-stones (green circle), and each of them is corresponding to a single OFDM sub-
channel. In OFDM, pilots are uniformly scattered in data block [14], that is [d]o = d,.
In our proposed method, the estimation is similar to OFDM where the OFDM subchan-
nels corresponding to the fixed pilot-stones could be obtained in receiver without in-
terference, so we select @ = {0,D/p,2D/p,...,(p — 1)D/p}, where p is the num-
ber of pilot stones. When K pilots are used for channel estimation, we could choose

Q={0,M,M,3M,...,(K —1)M}, where p = |Q| = K.

3.4.2 Pilot-holes and Data-holes Indexes

The pilot-holes and data-holes indexes are indexed by .7 and Z. A GFDM modulation ma-
trix A (2.1]) has a block-circularly structure between subsymbols, which gives the property

that

(3.19)

.....
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For Q@ = {0, M, M,3M, ..., (KK — 1)M}, the matrices [WpAlo (mK mK-+1,.. .mK+Kk—1} in-
dexed by subsymbols m = 0, 1...M —1 are exactly identical. We propose a indexes choice
for pilot-holes and data-holes, where e
I M
|| =

j = {le, m1K+ 1,...,m1K—i—K — 1},
e {mzK, m2K+ 1, ...,mgK -+ K — 1} U {mgK, m3K+ 1, ...,mgK -+ K — 1}U
{m4K, m4K+ 1, ...,m4K+ K — 1} U {mMK,mMK—i— 1, ,mMK+ K — 1},

mi, Mo, M3, Mpy... € {O, 1,27 ,M — 1},m1 % meo % ms % Mg
(3.20)

The indexes set 7 is used for pilot-holes, and Z is the data-holes indexes set. The set J
allocates the subsymbol m; for pilot-holes and Z allocates mso,ms,...m,; for data-holes.
By choosing m; = 0, {my, ms,...my} = {1,2,...M — 1} and substituting (8.20) into
(B.18) , the proposed S, T solution for GFDM can be derived

S = [Ip]. 7([WpAlg.7)~"

([(WpAlgf01,..k-13)""

Op_k K

M-1

M-1
M-1

——
— k.. Ig] ,Q={0,M,2M, ..., (K — 1)M}.

Ip_x
(3.21)

Notice that for given Q@ = {0, M,2M, ..., (K — 1)M, the choices of 7,Z have to make
([WpA]g.7)™! exists, and different choices of 7,Z do not affect the channel estimation
performance. Considering the additional computational complexity for pilot-insertion,
the precoder T in (B.21]) does not need any multiplier and S corresponding to d, determine
the precoded pilot vector d, = Sd,, only need a one-time O(K*®) computation which is

negligible.
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3.5 IFPI-GFDM Channel Estimation

The pilot-insertion precoder in (B.18) guarantees an idea channel estimationperformance
without interference for a modulation matrix A, and A could be any "), ¥ ﬁfmatrix.
Interference-free pilots insertion (IFPI-GFDM) [[15] modify the original GFDM modu-
lation matrix A where specific pilot symbols in data block would not be interfered by
data symbols. IFPI-GFDM is based on the frequency-domain implementation [15]. In
this section, we explain the frequency-domain implementation of GFDM and express the
IFPI-GFDM with a modified modulation matrix A;zp;. We will also show our proposed

pilot-insertion precoder for IFPI-GFDM matrix A;pp;.

3.5.1 The Frequency-Domain Implementation for GFDM

When the data block d is permutated with a permutation matrix P, denoted as d,, = P.d,

the transmit symbol vector x could be equivalently expressed by d, as
x = Ad = AP!P,d = A.d,,

where A, = AP, 7 is a column-permutated GFDM matrix with [A;]. irar = [A] krmi
and d, = P,d is a permutated data vector with [d],,+xn = [d]ximk. The permutation

matrix P, could be defined as

where the submatrix C,,[Ip]. 020

Il im) .

. [ID]<m+1)D,: . .
matrix C,,, = and a allocating matrix [Ip]. o ar2n,. (k—1)m. The

L] m+(D-1)) .
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permutated GFDM matrix A, could be equivalently expressed as [[15]

_ H :
A, = WEGgblkdiag(Wyy, ..., Way), (3.29)

3

K

45 :"‘

where
Gpr = [Codiag(Wpg)R, Cy, diag(Wpg)R, ..., Cx_1)m diag(Wpg)R]

and R is a repetition matrix [I,;, ..., I,/]7. The implementation in (8.22) ending with an

K
IDFT is so-called frequency-domain implementation. The W pg part in matrix Gp is the

prototype vector in frequency domain.

3.5.2 The Modulation Matrix for IFPI-GFDM

The IFPI-GFDM matrix is modified from (8.22) to be

A = WHGpblkdiag(T, ..., T),

IFPI DLR 8( ) (3.23)
K

and in [15] SISO case I' = P’ blkdiag(\;, \oaWj,_1) is an alternative to original M -point

DFT matrix W}, where P’ permutates the pilots. As an example, we set P,/ = I, and

use the Dirichlet protypefilter whose G is identity matrix I,. We could get

A = W blkdiag(T, ..., "),
IFPI D g( ) (3.24)
K
where I' = blkdiag(\;, A\oaW ;1) and the parameter A1, )\, are scaling factors that normal-
ize the carriers power. Obviously, the & column vectors in submatrix [A;rpr]. 0 07203 M, (K—1)M =
[Wg]:p’ M2M3M,...(k—1)m are equal to the OFDM subcarriers which could guarantee at

most K pilot symbols in data block d to be interference-free.
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3.5.3 The Proposed Pilot-insertion Precoder for IFPI-GFDM

We substitute A = A;pp/P, into (3.18) and select Q = {0, M, 2M ..., (& — 19},
J={0,1,2,.., K —1)},Z={K,K +1,...,(D — 1)} to derive the proposed:precoder
for IFPI-GFDM. We could get |

(WpAloz = 0,4. (3.25)

and

[WpAJo 7 = M[Grloo =1, (3.26)

Proof. We first derive

(WpA]or = [Ggblkdiag(L', ..., )P, |o 7
K

= [Ip)0.Gp blkdiag(T, ..., T)P.[Ip]. 7
K
= [Gg)o,[blkdiag(l, ..., [')P,]. 7
K

(3.27)

— [Gplor[blkdiag(T, ... TVP.] 7 7 + [Grloz[blkdiag(T, ... T)P, ]z 7.
(Gr]o,7[blkdiag( . )P=]7.z + [Gr|oz[blkdiag( - )Pz z

where [blkdiag(T', ...,I")P.] 7.7 = O, 4 and [Gg|oz = O, 4 are zero matrices. We get
K

(WpAloz = 0,4 (3.28)
Similarly, we could derive

[WpA]o,7 = [Gro,o[blkdiag(l', ...,I')P:]o. 7 + [Gr|op-0}:
K
blkdiag(T', ..., )P, }p_oy0: D = {0,1,2,...D — 1},
K

(3.29)
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where [blkdiag(I', ...,I')P;|o 7 = A, and [Gglo,ip—0} = Opqa. We get
K

(WpA]o s = M[Grloe =1, 55;'*(3 30)

The proposed precoder for IFPI-GFDM is derived as

S =[Ipl.s, T = [Ip.1, (3.31)

which is consistent with the conventional pilot-insertion, this show why IFPI-GFDM could

claim itself interference-free only using a conventional pilot-insertion. The Fig. indi-
- ’.‘ -

J: Pilot-holes

> I: Data-holes

Figure 3.5: Pilot-insertion for [IFPI-GFDM

cates that for this kind of modulation matrices like IFPI-GFDM, OFDM, etc, the precoding
matrix D for data symbols is trivial, and the additional transmit power for pilot-insertion
precoder could be saved dramatically. Notice that in SISO case IFPI-GFDM could only
guarantee K pilot symbols to be interference-free, and for this method the subcarriers

number K could not be set too small.
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Chapter 4

Simulation Results

In this section, numerical results are presented to compare the performances of the con-
ventional methods [8-10] with the proposed method for GFDM and IFPI-GFDM, in terms
of mean square error (MSE) of LMMSE channel estimation and symbol error rate (SER).
Both the Dirichlet [[16] and raised cosine (RC) []] filters are employed as our prototype
filter. In addition, OFDM channel estimation is included in the experiments for a compre-

hensive comparison.

4.1 Parameter Settings

The modulation is QPSK, the symbol energy is £, = 1, the equalizer is the zero-forcing
equalizer, and the roll-off factor of the RC filter is « = 0.5. We consider two cases
(K,M) = (16,8) and (8, 16) for GFDM. For a fair comparison, the same block size is
used for OFDM, i.e., (K, M) = (128, 1). The channel length is N = D/8 = 16, and the
pilot number is set to be p = 16. The pilot-stones indexes set is Q = {0, 8, 16, ..., 120}
and the pilot-holes indexes set is 7 = {0,1,2,...,15}. To evaluate the performances,
Monte Carlo simulation is adopted with randomly generated channel realizations and in-
dependent data sets for the realizations. We generate N, = 100 spatially Rayleigh fading
channel realizations, whose channel PDP is exponential from 0 to -10 dB with N taps,
and N; = 100 independent data blocks for each channel realization. Moreover, the genie-

aided condition, where full CSI is known, is included and considered as the performance
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bound for the SER evaluation of all schemes.

4.1.1 Simulation Results

For the case (K, M) = (16, 8), the simulation results are shown in Fig. .1} With‘;_Diri_ch-
let prototype filter in Fig. #.1(a), the MSE is calculated by averaging through'the pairwise
Euclidean norms between a channel realization and its LMMSE estimated counterpart.
According to Fig. §.1(a), the proposed method significantly outperforms the conventional
methods, especially under high SNR where the impact of interference is much larger than
that of noise, since the proposed method precancels the effect of interference during pilot
generation. The IFPI-GFDM could get the same performance as OFDM by interference-
free pilot-insertion, where our proposed precoder in this case also get the best performance.

When we interpret the SER performance presented in Fig. H.1(b), it can be observed

that the proposed method outperforms the conventional methods under high SNR but per-
forms comparably to the conventional methods under low SNR since the additionally en-
ergy consumption of the pilot-insertion precoder which could relatively takes away the
transmit power for data symbols and degrades SER performance. The figures and
show the performance for GFDM with RC prototype filter, the simulation results
demonstrate the similar trends with Dirichlet, but RC filter has been proved in [3] that the
modulation matrix is not unitary and cause the noise enhancement.

For the case (K, M) = (8,16), the simulation results are shown in Fig. 2. Ac-
cording to Fig. with Dirichlet filter, the proposed method significantly outperforms
the conventional methods, especially under high SNR where the impact of interference is
much larger than that of noise, since the proposed method precancels the effect of inter-
ference during pilot generation. However, the IFPI-GFDM with the conventional pilot-
insertion could not performs the best among all schemes anymore, because the existing
[FPI-GFDM in SISO case [11] could only provide one pilot symbol within per subsymbol
and at most K pilot symbols for whole transmit block to guarantee the interference-free
pilot-insertion and the channel length of N = 2K exceeds the limit. In the other hand,

our proposed precoder has no limit to precanceling the effect of interference during pilot
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When we interpret the SER performance presented in Fig. §.2(b), it can

be observed that the proposed method outperforms the conventional methods under high

SNR and performs comparably to the conventional methods under low SNR. The IFPI-

GFDM with the conventional pilot-insertion could not performs well due to the channel

estimation performance degradation. Our proposed method could outforms the conven-

tional methods for both GFDM and IFPI GFDM, but OFDM still performs the best among

all schemes, with its performance gap between the curves of LMMSE channel estimation

and genie-aided scheme smaller than that of GFDM. The figures §.2(c) and #.2(d) show

the performance for GFDM with RC prototype filter, the simulation results demonstrate

the similar trends and RC filter cause the noise enhancement at low SNR.
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Chapter 5

Conclusion

In this thesis, a general pilot-insertion precoding technique for generalized frequency di-
vision multiplexing (GFDM), as well as any other block-based communication systems,
is formulated. The corresponding linear minimum mean square error (LMMSE) channel
estimator is also derived. A condition that guarantees cancellation of interference for pilot-
aided channel estimation commonly present in GFDM systems is defined. The condition
is called “pilot-stone condition” and requires the transmit samples at selected frequency
bins (i.e., pilot-stones) to be a fixed reference sequence. A procedure is proposed to find
a solution for the GFDM precoder to satisty the pilot-stone condition, where the proposed
precoder with proper indexes choice could be low-complexity and there is no need for re-
ceiver to cancel the channel estimation interference. Simulation results demonstrate that
for original GFDM, our proposed method outperforms the conventional methods in chan-
nel MSE under high SNR where the impact of interference is much larger than that of
noise, and the proposed method precancels the effect of interference during pilot genera-
tion. The proposed pilot-insertion precoder could be viewed as a generalized version of
the so-called interference-free pilot-insertion (IFPI) GFDM [11]. In the future, it is de-
sirable to identify the class of GFDM precoders that simultaneously satisfy the properties
of interference-free channel estimation, low out-of-band emission, and low-complexity
implementation. As illustrated in Figure 5.1, a comprehensive waveform precoder based

on our findings are still yet to be researched.
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Figure 5.1: Future Work
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Appendix A

Power Spectral Density

By passing z[n| through a D/A converter with a sampling interval 7 and an interpolation

filter p(t), the analog baseband transmit signal z,(¢) is obtained, i.e.,

o0

zo(t) = Z x[n]p(t — nTs).

n=-—ow
In modern digital-signal-processing-based communication systems [14], we consider that

if z[n| is a CWSS process, the power spectral density(PSD) of z,(¢) can be obtained as

Su(F) = 7 Sl PP, (A1)

s

where S, (e/“=27115)) is the average PSD of a CWSS process z[n] and P(f) is the Fourier

transform of an interpolation filter.

A.1 For Original GFDM

Theorem 2. Given a D x D GFDM modulation matrix A, the power spectral density

could be expressed as

2
Sa(f) _ Es‘gj(_‘f)l Z Z |Gm(€j(w_27rk/K))|2, (A2)

s kek meM
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where

&ltnmry, n=0,1,...,D—1
gm(n] = ; , (A:3)
0, otherwise - ] \

eI

and G,,(¢’*) = DTFT,, (gm[n]). | I

A expression with the GFDM matrix in frequency domain P = WpA is

£ | P(f)?| K—1M-1
Sa(f) = DN PP, (A.4)
1 k=0 m=0
where
= 2l
k(e?) Pl ik S(w — 3% (A.5)
1=0
S(w) = sincp(w)e™ w5 and sincp(x) is the periodic sinc function.
Proof of Theorem [J. O

For the equation (2.3) and the CP length L = 0, we could obtain the transmit signal in

GFDM
=Y > D [mskngm[n — 1D]>HORVE, (A.6)
l=—00 ke meM
where
[g]<nme) 9 n:0,1,7D—1
gm[n] = Y : (A7)
0, otherwise

The average autocorrelation functionll of [n] can be expressed as

Z E{z[n]2*[n — i]}, (A.8)

Substituting ([A.€) into ([A.8), we can obtain

EYILID ISP 3) DD DI Y I G

n=0 l=—00 l!=—00 keEK kK'e K meM m/e M

G [n . lD]g:n/ [n —i— l/D]€j27rk(n—lD)/K€—j27rk’(n—i—l’D)/K}' (A9)

'as defined in [[14], P.331,
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Now, because

i} E,, 1= k=K,m=m"5 )
E{[dl]m—l-kM [dl’]m’—i—k’M} = (A 10)
0, otherwise

- ““.I

we could get

D—-1 o
E

R,[i] = 32 XN (A.11)

n=0 |[=—o0 ke KX meM

E{gm n— lD]gm [n — G- ZD]€j27rk(nle)/KeijWk(nfile)/K}. (A12)

D—-1 o

= %Z Z Z Z gm[n — ID]g’ [n — i — 1 D]ed*™ki/K, (A.13)

n=0 [=—o0 ke KX meM

From (A.6), where g,,[n — D] = 0ifn — (D ¢ {0,1,..., D — 1}, that is,

gm[n — 1D =0,1¢{1,...,D — 1},

we can derive that

ULF?
S

gm[n]gy,[n — i]e7> ™ (A.14)

I
o

n keK meM

By [[14], we define the average power spectrum of a CWSS process as the Discrete-

time Fourier transform(DTFT) of the average auto-correlation function

2 (e79) Z R [k]e 7" (A.15)

k=—o00

For simplicity, we denote the DTFT operation as in

G(e’*) = DTFT, (g[n)])
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and (]A.15) can be written as S, (e’*) = DTFT,, (R.[k])

D—
=%ZZZ% DTFT; (g, [n — i]e/?m™ /Ky AL (A.16y

n=0 ke meM

i\

Using the time reversal, time conjugation, time shifting, and frequency shiftiné properties

of DTFTE, we could get

DTET, (g5, — ije"/1)) = G (/-2 ilom2ebl i (17
and obtain
D—-1
ejw Z Z gm[n]e_j(w_2ﬂ—k/K)n)G;(ej(w_Qﬂk/K))7
kEIC meM n=0

_ s G ejw 2rk/K) G* (w—27k/K)
DI )G (77210,

kelc meM

s S e (a19)

ke meM

By substituting (A.18) into (A.1)), we finally get the power spectrum of z,(t),

su() = ZEUE S~ $~ g, (e (A.19)

T keK meM

A.2 For General GFDM Precoder “A”

Theorem 3. Given any D' x D modulation matrix A, and I denotes the carriers selected

in A, the power spectral density could be expressed as

sup) = BB

2as defined in Wikipedia, https://en.wikipedia.org/wiki/Discrete-time Fourier transform

(v (@) 1A, ) (A.20)
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https://en.wikipedia.org/wiki/Discrete-time_Fourier_transform

Notice that for original GFDM, the equation below can be derived from (2.4) that

as[n] = gm[n]e*™ K s = m + kM

A
and we could get the equation by DTFT
DTFT, (a[n)) = Ay(e"*) = G (! @25 s = m + kM. (A.21)
Substituting ([A.21]) into (A.20)), we get the power spectrum of Zq(t),
ES|P(f)|2 j(w—27k/K)\|2
Sa(f) = TZ > Gl )| (A.22)

s ke meM

This coincides with the equation (A.2).

Proof of Theorem . For a general modulation matrix A, the /th transmit block x; is passed
through a parallel-to-serial (P/S) conversion, and the digital baseband transmit signal can
be expressed as
zn] = [x], = [A'd/],,
n
ne€zl= Lﬁj €Z,r=(n), €{0,1,..D" — 1}.

Notice that [x}],. is the rth element of the /th transmitted block xj, and n = (D’ 4 r.

A random process x[n] is said to be cyclo wide sense stationary with the period M, if

it satisfies the following two conditions:
(1) B{x[n + M|} = E{x[n]},

(2) E{z[n|z"[n — k|} = E{z[n + M]z*[n + M — kl}.

(1)Let

E{z[n]} = E{[A'd)),} = E{[A'(da + dp)] },
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where d,,; = d,, is constant in each block, so we get

E{z[n]} = [A"E{da} + A'd)], = [A'd,],.

eI

And we could get

E{a[n+D} = E{[A'di1],} = E{[A"(dags1) +dporn)]r } = [A E{dasn) }HA'D ], = [A'd,],,

so (1) is satisfied.

(2)Let
E{z[n]a"[n — K]} = E{[A’d)],[A'dy],"}
= E{[A"],.di([A],7.dr) "}
= (A, E{dudy/ }([A),0,)"
and

E{z[n + Ma*[n + M — K]} = [A],, E{dpady F(A)",

if | = I/, then E{d,d}/} = E{d;,d}, };
if'l 7& l/ then E{dld } E{dl+1dl/+1} OD D-

So we could find that
E{z[n+ M]z*n+ M — k]} = [A),. E{diad}/,  }([A) )"

= [A],, E{dudy/ }([A),r,)" = E{a[n]z"[n — K]}
(2) is satisfied.
The data signal z4[n| can be expressed as

za[n] = [xp], = [A'dal,,

2leZr={n), €{0,1,.D —1},

nezZl= LD’
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where A’ could be any transmit matrix, and we pick up the indexes Z C {0,1,...,D — 1}
fori.i.d, zero-mean data symbols with symbol energy E, that is, E{[d]z[da} } = EsI|I]9
E{[da]z} = 07, and let other elements in dy to be 0, which means [ddl]{O,l,.~f D_!-;;__}J Lg
0,/_j7;. Notice that [x[,], is the rth element of the Ith transmitted block Xfﬂl, ;‘;dl;n i

[D' + r. The average autocorrelation function R[] of z4[n], can be expressed as

D'—1
1

Redlil = 23 3 Ezalnlasln i)

n=0

D'—1
1

== > E{[A'da),[A'da];),

n=0

where ! = L%J’ p/ = <TL — i>D” andn —i=10D"+ p’, and

D1
1

Rudli] = > E{[A dar (AT dar)"}.

n=0

It can be derived that [A/]p,:ddl/ = ZSD:Bl [A/]p75[ddl/]5 = ZseI[A/]ILS[ddl’]S = [A/}p,I[ddl/]Ia

then
D1

=5 Z E{[A"], z[da]z([A ]y z[dar]2) ™}

== Z [A], 7 E{[da)z[dar]z" A "

n=0

D'—1
1

= 2 Wl E{{dalzlduls"} (¥)y 2",

and the autocorrelation matrix

EsI|I|7 l = l/
E{[da)z[da]"} =

0, otherwise

When the conditions [ = I’ and n = 0,1,2...D’ — 1 are satisfied, thatis | = |5;] =
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|| = U, that impliesn—i =0,1,2..D' —1,i = —(D'—1)...0,1,2...D’ — 1, we could

getp = (n),, =n,andp’ = (n — i), =n —i. We obtain

B D'—1 E D/—1
S H s H
Rwd[l] Y [A/]PZ[A/]P' r = ﬁ [A,]n,I[A/]n—i,I
n=0 n=0 3y
E D/fl E lel
= 5 2 YA A i = 5 D Y A [AT
n=0 scZ n=0 scT

We define

Als, m=0,1,...,D —1
as[m] =
0, otherwise,

, and denote the DTFT operation as in
D'—1
Ay(€%) = DTFT,, (asfm]) = > [A]y.e 7™
m=0
We write the autocorrelation function as

R.[i] = % z_: Z[A']n,s[A']Z_m = % z_: Z[A’]nvsas [n —i|*

n=0 seZ n=0 s€Z

| ;-_",., ||
n ||

(A.23)

(A.24)

and get the PSD by using the DTFT with time reversal, time conjugation, time shifting,

and frequency shifting properties,

D'—1

S,(e7) = DTFT; (R,[i]) = % > ) [ADTFT; (as[n — i)

n=0 seZ

D'—1

e

n=0 se€Z

D'—1

- % Z As(ejw)* Z [A/}n,se_jwn

seT n=0

ES jw\* jw
= A A ()

seT
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Dl

= b LA —D,ZIZA’mse‘WF e (v ()" [pAeV g

seT s€Z m=0
3 (A 25)-._
Substituting (A.23) into (A.1]), we finally get the power spectrum of x,(t) |I n%; || ||

E; ’P (e927IT:) E ‘P< )|? jom fTsy H | Rt 2\ 7|3
su0) = PR S g BEUIE ety il

seT

(A.26)
O
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