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Abstract

This paper examines the application of mathematical models such as affine models in
determining mispricing in yield curve, developing trading strategies and examining
its profitability. Reliable yield curve models can be very useful in predicting and
controlling risk in fixed income securities market. Most previous works focused
on deriving the mathematical model and formula with little discussion about the
detailed process in how to implementing the model. This paper presents a way to
summarize the theoretical and practical knowledge in applying the affine models
in exploring yield curve arbitrage, specifically combining Vasieck two-factor model
with an engineering signal processing tool, Kalman filter, to calibrate using the real
market rate data. The paper is organized as follows. The first section of this thesis
discusses the major concepts of fixed income markets such as zero coupon yield
curve, swap curve and arbitrage opportunities. The second section of this thesis
introduces two factor Vasicek short rate models and its implications. The third
section constructs trading methodology and examines its profitability. The fourth
section applies the model in combining with the risk management tools such as Value

at Risk and Expected Shortfall. The final section concludes this thesis.

Keywords: Fixed income, bonds, short rate, Libor, yield curve, arbitrage, Vasicek, Kalman
filter, risk management, VaR, Expected Shortfall
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Chapter 1

Introduction

1.1 Fixed income securities

Fixed income market is a financial market where all the fixed income securities,
range from simple products such as government and corporate bonds to complicated
products such as inflation linked securities, are traded. The financial market has
developed since few hundreds of years ago where all the people gather to borrow
and lend money. Today, the market has become more and more complicated, and
the products are getting sophisticated. The securities are affected by several types
of risks, and investors or financial institutions are therefore always eager to develop
a reliable model to control its portfolio risk.

Interest-rate risk is among many risk factors that would affect the price of
a fixed income security. Interest rate determines the price of borrowing or lending.
If the interest rate increases, investors expect a higher rate of return while the
borrowers expect a higher cost of borrowing. This tells us the opposite direction of
the movement of price of bonds against the interest rate, i.e., the market prices fall
while the interest rate increases and vice versa. A bond is a contract under which
the borrower (the issuer) writes to promise to pay the bondholder interest payments
(if any) periodically and principal (face value) on the maturity date. If there is no
interest payments, the bond is said to be a zero-coupon bond.

There are some other important risks such as credit risk, liquidity risk,

7 d0i:10.6342/NTU201902162



and others. However, in this paper, we only study how the movement of interest
rates affect the price of the securities. For simplicity, the financial instrument that
we are going to demonstrate the calibration process and trading is the Libor (Lon-
don Interbank Offered Rate). The Libor is the average zero rate at which leading
banks borrow funds from other banks in the London market. The term ranges from

overnight to as long as 12 months.

1.2 Interest rate curves

Interest rate curve describes the term structure of interest rates, which is the re-
lationship between interest rates or bond yields and different terms or maturities.
Figure 1.1 below shows the line describing the relationship between the zero-coupon
interest rate and its term to maturity - the zero coupon yield curve. However, the
line does not stay stationary forever, and in fact, it changes all the time (see Figure
1.3). The zero coupon yield curve is only an instant snapshot of the term structure

of interest rates at a time.

USD LIBOR Fixings Curve Actions ~ 98 Table Export v Settings
X-Axis Tenor Y-Axis NERAI- currency REEEE Pcs [ENE

Relative Last 1D 1w 1M Modify

(Change
MM21 Mid YTM (La:

Figure 1.1: Term structure of interest rates at a point in time (source: Bloomberg

Data)
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Figure 1.3: Yield curve moves over time (source: Bloomberg Data)

In traditional literature of fixed income securities, Interest rate has been
assumed to be constant. Such assumption is acceptable when interest rate plays little
role in determining the price movement of fixed income securities, and the term
to maturity is short. However, with the advanced improvement, many securities
nowadays are strongly linked to movement of interest rates such as swaps, and it is
unrealistic to assume the interest rate to hold constant throughout the lifespan of a
bond. In the construction of valuation models, it is important to study how interest
rate curve moves over time. This is basically equal to the studies of the movement

of stock prices over time. There are several factors affecting the price movement
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of individual stocks such as price to earnings ratio, GDP growth and others. This
goes the same for interest rates by asking how much premium is considered fair
enough to be paid to the bond buyers? In this paper, we are exploring in a more
mathematical method under Black-Scholes valuation framework, with the condition
unlike stocks, that the bond price converges to par at maturity, affecting by the

stochastic movement of instantaneous rate of return on the bond itself.

1.3 Interest rate models

Term structure models could be divided into static models and dynamic models. Un-
der dynamic models, there are several generations of multi-factor models: 1. short
rate models (Vasicek (1977) (Vasicek, 1977), CIR (1985) (Cox et al., 1985), etc.
), 2. Heath-Jattow-Morton models (Hull & White (1993) (Hull and White, 1993),
Black-Derman-Toy (1990) (Black et al., 1990), etc.), and 3. Libor Market model
(Brace-Musiela-Gatarek (1997) (Brace et al., 1997), etc. ). This paper adopts the
most classic Vasicek short rate model which is a variation from its peer CIR short
rate model. CIR model does not allow negative interest rates which actually hap-
pens in some countries today. Empiricial studies of multi-factor models include
Stambaugh (1988) (Stambaugh, 1988), Heston (1993) (Heston, 1993), Chen & Scott
(1993) (Chen and Scott, 1993a), Duffie and Singleton (1999) (Duffie and Singleton,
1999). With cross-sectional interest rate data, one can calibrate the parameters of
the model. The result could vary depending on the model specification, time pe-
riod, and also calibration methods. The estimation and calibration methods include
methods based on: 1. Moments, 2. Likelihood function, and 3. Statistics, etc. The

aforementioned models and methods are summarized in tables below:

10 d0i:10.6342/NTU201902162



Term structure models

Static Models

Dynamic Models

Boot Strapping,
B-Spline Interpolation,
Cubic Spline,
Nelson-Siegel,

etc.

Equilibrium models:
Vasicek, CIR, efc.

No-arbitrage models:
HIM, BDT, LMM, etc.

Figure 1.4: Various term-structure models

Estimation and Calibration Methods

Moments

Equivalent martingale measure,
Generalized method of

moments, etc.

Likelihood Function

Maximum likelihood estimation,
Simulated maximum likelihood

estimation,

Quasi-maximum likelihood, etc.

Bayesian Statistics or

Simulations

Monte-Carlo,

Kalman Filter, etc.

Figure 1.5: Various calibration and estimation methods

In addition, there are different interest rate instruments for us to apply the

11

models and methods as mentioned. The popular products include swaps, swaptions,
bonds and other more complicated derivatives. As we can see, different combinations
could be formed between interest rate models and estimation methods in different
markets. Most papers only discuss the derivation of the underlying mathematical
theories, and sometimes it could be unrealistic or near impossible to be applied
in daily application considering the complexity and assumptions. Fitting the yield
curve is nevertheless the most common application of the model in the industry.
This paper, however, presents a step-by-step guideline from applying the theoreti-
cal results, specifically Vasicek model, estimating the parameters using the famous

Kalman filter method (Kalman, 1960), and predicting the movement of each term

d0i:10.6342/NTU201902162



rates. We will also discuss how yield curve modeling can be applied to risk manage-

ment.
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Chapter 2

Short Rate Models

In this section, we assume the known models of stochastic movement of interest rate
called short rate models and derive the corresponding bond price formula. Short
rates are instantaneous rates of return on the bond. After the bond is issued, the
value of the bond changes over time until maturity. At every instant of time, changes
on the value of the bond is affected by the instantaneous return on the bond. We
denote the short rate as r(t), the yield that can be earned on a infinitesimally short

investment at time ¢.

2.1 Bond Pricing Formula

As defined above, r(t) is the short rate function of ¢, for time ¢ € [0,T], where T
is the maturity date of the bond. With known function of r(t), we can derive the
function of bond price, which can be written in a simple first order linear ordinary

differential equation as follows:

dP(t,T)

k() =r(PET) 1< T (2.1)

P(T,T) = F (2.2)

where P(t,T) is bond price, k(t) is instantaneous coupon rate, F' = 1 is the par
value.

Solving the O.D.E above which requires multiplication of integrating factor together

13 d0i:10.6342/NTU201902162



with the final condition (2.2), the bond price formula is given as follows:
T T T
P(t,T) = e J 795 [ 4 / k(u)eds T gy (2.3)
t

The above equation can been seen as the discounted value of the final redemp-

tion value of the bond plus the amount k(u)du received over the period, in which
T

e~ Je T9)9s g the discount factor. if k(t) = 0 for all ¢, the bond is called zero coupon

bond.

Zero rate or Spot rate of a bond is the internal rate of return earned by
an investor if he or she purchases the pure discount bond today and holds the bond
until maturity. Here, we denote z(¢,T") as the zero rate when the investor buys the

bond at time ¢ and hold until maturity date 7. Therefore,

2(t,T) = — InP(t,T) (2.4)

T—t
Zero rate normally increases with longer maturity, which draws the upward sloping
spot rate curve. However, there are some occasions when the curve is downward

sloping.

2.2 Vasicek Model of Short Rate

The rate of return on actual short investment period changes quickly and could be
unpredictable for most of the time. In one-factor short rate model setting, the in-
stantaneous short rate’s dynamic movement can be described by a stochastic process
in the following form:

dr(t) = u(r,t)dt + o(r,t)dZ(t) (2.5)
where pu(r,t) is the instantaneous drift, o(r,t) is the instantaneous variance of the
process of r(t) and Z(¢) is the standard Wiener process.

Particularly for Vasicek model in our paper (Vasicek, 1977),
dz(t) = k(0 — 2)dt + odZ(t) (2.6)

The above process can be treated as a mean reversion process as the term k(0 — z)

represents the effect of pulling the rate process back to its long-term mean 6 with

14 d0i:10.6342/NTU201902162



magnitude proportional to its deviation from the long-term mean. This makes sense
as rates tend to fluctuate around policy rate set by central bank.
Previous work has shown that the solution to the zero coupon bond price could be

written in the following analytical form: (Heston, 1993)
P(r, 2) = cAD=B()z (2.7)

where 7 is the term to maturity, and

Ay =1E0=T T2 (2.8)
B(r) = iu ey (2.9)
v = kK0 — ‘72) - 022 (2.10)

Moving forward to the two factor Vasicek model of short rate, we do the same as

above by writing the stochastic process:

dz(t) = dX,(t) + dXs(1) (2.11)
Xm(t) = /’{'1(91 — Xl)dt + alel(t) (212)
AXs(t) = k(0 — Xo)dt + 02dZs(1) (2.13)

Here, the short rate r(t) is divided in the sum of two parts, capturing the movement
of short rate in a more detailed way. The solution to the zero coupon bond prices
under Vasicek two-factor model can be written in the following analytical form:

(Corzo Santamaria and Schwartz, 2000)

P(T, Z) — eA(T)—Bl(T)Xl—BQ(T)XQ (214>
2 2 92
Yi(Bi(T) —T) 0B (1), poiosy ~
AlT) = e -B -B 11— (F1tr2)(7)
(r) = (2T ) LI o () Ba(r) (1 )
(2.15)
1 .
Bi(t) = —(1 —e ") (2.16)
Ri
20, TNy % (2.17)
W= R K 2 '

15 d0i:10.6342/NTU201902162



2.3 Kalman Filter

In previous section, we have written out the Vasicek one and two factors model
explicitly in terms of the parameters ( 6, x,0, A, p). The relationship between the
zero coupon bond prices and interest rate are linked to the parameters. However,
the theory does not tell us anything about the parameter set and how we should
determine the values. Parameter estimation is important because it can affect the
credibility of the model. There are several ways to calibrate the parameters in the
model, and we are going to introduce a methodology called Kalman filter to estimate
the values (Babbs and Nowman, 1999). Kalman filter has long been a powerful tool
especially in national defense or application such as GPS coordination to estimate

the true value as accurately as possible.

Kalman filter is named after Hungarian émigré Rudolf E. Kalman. Kalman filter
was initially introduced to be implemented in the navigation systems of U.S. armed
forces system. Later, it had gained popularity in the affine term-structure litera-
ture by Duan and Simonato (1995) (Duan and Simonato, 1993), Geyer, Kossmeier
and Pichler (2004) (Geyer et al., 2004) and Babbs and Nowman (1999) (Babbs and
Nowman, 1999). Kalman filter is an iterative mathematical process that uses a set
of equations and consecutive data inputs to quickly estimate the true value of the
object being measured when the measured values contain unpredicted or random

error, uncertainty or variation.

16 d0i:10.6342/NTU201902162



Kalman Filter

Flow Chart
(Previous) Error Error in Date Prc:vious Observed
in estimate (Measurement) estimate Value
O O A a4 &
: Update new
Kalman Gain |:> Current estimate l:> error in estimate
Update

estimate

Figure 2.1: Kalman filter explanation flow chart

Kalman State-space Formulation

To apply Kalman filter, we need to construct a state-space formulation to describe
the relationship between observed values (zero coupon rate from the market) and
predicted values (values predicted by theory). In fact, we already have the formula
to show the transformation from the factor variables to zero coupon rate in previous

section, and we only need to write them out in the form of linear state-space matrices.

Combining equation 2.4 and 2.14, we obtain:

A6T) = = (A7) = Bi(r) Xy = By(7)Xa) (2.18)

Consider multiple zero coupon rates with different term to maturity, the equation

could be written in the form of matrices:

: 1 [FAMM)] [=Biu(n) —Bs(n)] -
Z(ti, t; + 7'1) /{—% T ] €1 (tz>
z(ti,ti n 72) - : 7’2) —BTl(Tz) —Bj(TQ) 62(751-)
B 2 9 2 21 (4;)
= _ + ' + . (2.19)
zo(t;)
_Z(ti, tz + Tn)_ —é_(Tn) —B’;(Tn) —B72_<Tn) _En(ti)_

17 d0i:10.6342/NTU201902162



or equivalently,

where:
e(t;) ~ N(0, R) (2.21)
b2 0 .. 0]
0 A% ... 0
R = (2.22)
_O 0 .. h2_

With our measurement system formulated, we now construct our transition system,
equation 2.12 and 2.13, into form of matrices. The stochastic differential equations

could be discretized by quite a few choices, and we use Euler scheme in this paper:

xl(tz) 91(1 - 6_51&) 6_’“& 0 xl(tifl) nl(tz)

_ i + (2.23)
5(32(751) 02(1 — Gi'wét) 0 671{2& To (ti—l) 7o (tz)

where:

n(ti) ~ N(0,Q) (2.24)

2
L (g gm0y LI (T
_ 2K1 K1+ K2
Q= o102 ) o2 ) (2.25)
1 — e(r1tr2)(T—1) 72<1 — 2r2(T t))

K1+ K2 2K

or equivalently,

x(t;) = C + Ex(ti—1) + n(t) (2.26)

Equations 2.19 and 2.23 together represent the state-space form of two-factor Vasicek
model. N-factor can be constructed using a similar approach as shown above but

we will not show here due to its complexity.
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Chapter 3

Calibration and Trading

3.1 Kalman Recursive Algorithm

In this section, we will describe the steps to estimate the parameters. The idea is
basically by first observing the historical real Libor rates data (the observed values)
that are subject to noise error, for example bid-ask spreads or trading errors. The
Kalman filter is responsible for filtering away the unwanted noise and get us closer

to the true value. (Chen and Scott, 1993b)

Step 1: Setting the initial values

We initialize our state vector by setting the values to its unconditional mean:

01
Elzy] = (3.1)

02

and initial process covariance matrix, Fy:
2
91
Py = var[zo) = 251 o2 (3.2)
261

Step 2: Calculating predicted state and process covariance
matrix (F))

Py, =ExP_1xET +Q (3.4)

19 d0i:10.6342/NTU201902162



Step 3: Calculating observed state

var(ziji—1] = H * Py, * H' + R (3.6)

Step 3: Estimating prediction error, g;

S = % — E[Zi|i—1] (3-7)

Step 4: Calculating Kalman gain, K;

K; = Py, x H" s var|zjy] ™" (3.8)

Step 5: Updating state vector and process covariance matrix

for next iteration

Elzii] = Elzgia] + Kix g (3.9)

P = (I — K;* H) % Py, (3.10)

Final step: Maximizing likelihood function

_ nNin(2)
2

L= — 0.5 [In(Jvar(zyi—1]|) + s var[zji—1] <] (3.11)

=1

:OR

Final step: Minimizing absolute prediction error

N
L=>1sl (3.12)
=1

where n is the number of different term to maturity, N is the number of data of

different dates for the iteration.

20 d0i:10.6342/NTU201902162



3.2 Calibration using historical data

In this section, we calibrate our preceding models by using the live rates from Libor
market. (Duarte et al., 2006) The daily Libor rate data for this paper is from
Bloomberg database (1-mon Libor: US0001M Index, 3-mon Libor: US0003M Index,
6-mon Libor: USO006M Index, 12-mon Libor: US0012M Index). Unlike bond prices,
the data is available nice and neat, and therefore no effort is needed to clean the data.
I only consider 1-month 3-month 6-month and 12-month Libor to estimate the 10
parameters (61, k1,01, A1, 02, K2, 09, A2, p, h) of the model. The period for calibration
will be 100 days, approximately 4 months, which is long enough to capture the

movement of the parameters.

3.2.1 Example: The first 100 days

In our first example, the period is from 4 Jan 2010 to 21 May 2010. The summary

statistics of the historical data is shown in Figure 3.3 below.

Libor 3m

Libor 1m

035 f/
f\-"" 04
03
//'/ 03
025

(a) 1-month Libor (b) 3-month Libor

Figure 3.1: Historical data of Libor 1, 3-month, 2010 Jan - 2010 May (100 days)

i Lgrom Libor 12m
05 i\f/ 1 \«.,x MA//,\
- \______\_ﬂ,—//f// 08 \-‘"\b’\w"’f

(a) 6-month Libor (b) 12-month Libor

Figure 3.2: Historical data of Libor 6, 12-month, 2010 Jan - 2010 May (100 days)
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Parameters Values

01 0.00973812621
K1 0.03448272329
o1 0.03976446814
A -0.14186613442
65 -0.01165157362
Ko 0.69590183998
09 0.05292650073
A2 -0.46350055017

0.00764029563

-0.00003192243

Table 3.1: Estimated parameters using Libor data

Us0001M Index Us0003M Index Us0006M Index Us0012M Index

Min. 12010-01-04 00:00:00 Min. 10,2281 Min. 10. 2487 Min. :0. 3825 Min. 0.8341
1st Qu. :2010-02-07 06:00:00 1st qQu. :0.2300 1st qQu. :0.2511 1st qQu. :0. 38497 1st qQu. :0. 8566
Median :2010-03-13 12:00:00 mMedian :0.2334 Median :0.2574 Median :0.4188 Median :0.9047
Mean :2010-03-13 12:00:00 Mean :0.2526 Mean :0.2940 Mean :0.4490 Mean :0.9256
3rd Qu. :2010-04-16 18:00:00 3rd qQu. :0.2566 3rd qQu. :0.3053 3rd Qu. :0.4645 3rd qQu. :0.9577
Max. :2010-05-21 00:00:00 Max. :0. 3488 Max. :0.4969 Max. :0.6956 Max. 1.1544

Figure 3.3: Statistical data of Libor 1, 3, 6, 12-month

After iterating over parameter values until the global minimum of the sum
of absolute errors is obtained, the resulting parameter estimates are shown in Table
3.1. With the parameter values, we again solve for the values of X; and X5 by
estimate using the Vasicek model and Kalman filter. The estimated rates are shown
in Table 3.2. As we can see, our model shows us forward-looking results in a sense
that the estimated rates capture the trend and direction of the rates, rather than

just giving the mean or median of the sample period data (see Figure 3.3).
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Term Rates

1-month | 0.3305679%
3-month | 0.5077538%
6-month | 0.7493960%
12-month | 1.1599853%

Table 3.2: Estimated rates using estimated parameters

Sample Trading and results

This paper also proposes one approach with a yield curve arbitrage strategy that
examines the model’s ability to identify any latent mispricing. Following this intu-
ition, we could develop a trading strategy based on the "mispricing” by going short
in the overvalued Libor rates (the Libor rates which are traded much higher than
the estimated model rates) and going long in the undervalued Libor rates (the Libor
rates which are traded much lower than the estimated model rates), or equivalently
taking long position in the corresponding bonds and taking short position in the cor-
responding bonds, respectively. The trading period is set 40 days after the 100-day
calibration period. A new set of parameters are estimated again after the 40-day
trading period.

During the 40-day trading period, we short any rates which are more than

5.5% away from the estimated rates. The percentage is calculated in such a way:

|True — Estimate]

Distance = (3.13)

True

To close the outstanding position in our portfolio, we trade in a different
direction when the rates are less than 3.5% away from the estimated rates. There
is no strict rule to set the barrier levels to be 5.5% or 3.5%; however, one possible
guideline here is that we could derive from the estimated volatility of the period
that we are trading. Following the suggestion above, we could expect a return of
approximately 2% for each closed transaction. We demonstrate our results in the

below sections.
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Portfolio:

The numbers are the price entered. Positive sign shows long position, negative sign

shows short position. The rows are 1-mon, 3-mon, 6-mon, 12-mon Libor, and the

column numbers are the nth day. The trading starts from the 101th day.

[,92]. [;931 [,94]1 L[,93) E.96] L9741 [,98]1 L99]) [ 100] [.:101] [,102]
FL1 0 0 0 0 0 0 0 0 0 0 -0.0035400 -0.
T 0 0 0 0 0 0 0 0 0 0 -0.0053625 -0.
[3,1 0 0 0 0 0 0 0 0 0 0 0.0000000 O.
[4.] 0 0 0 0 0 0 0 0 0 0 -0.0122413 0.
[,104] [,105] [,106] [,107] [,108] [,109] [,110]
[1,] -0.0035375 -0.0035125 -0.0035125 -0.0035088 -0.0035088 -0.0035088 -0.0035000
[2,] -0.0053844 -0.0053625 -0.0053625 -0.0053625 -0.0053750 -0.0053781 -0.0053656
[3,] 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 O.0000000
[4.] 0.0000000 0.0000000 ©.0000000 0.0000000 0.0000000 0.0000000 O.0119656
[,112] [,113] [,114] [,115] [,116] A [,118]
[1,] -0.0035000 -0.0035031 -0.0034960 -0.0034969 —0.0034969 -0.0034969 0.0000000
[2.] -0.0053688 -0.0053656 -0.0053644 —0.0053706 —0.0053706 -0.0053894 —0.0053894
[3,] 0.0000000 0.0000000 ©.0000000 O0.0000000 0.0000000 0.0000000 O.0000000
[4.] 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 O.0000000
[,120] [,121] [,122] [123] [,124] [,125] [,126] [,127]
[1,] 0.0000000 O0.0000000 0.0000000 0.0000000 O0.0000000 0 0 0
[2.] -0.0053819 -0.0053838 -0.0053825 -0.0053825 ~0.0053719 0 0 0
[3.] 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000 0 0 0
[4.1 0.0000000 0.0000000 0.0000000 ©0.0000000 0.0000000 0 0 0
[;230] [,3131] [,132] [;133] [;134] [,135] [;136] [,137] [,138] [,139]
1,1 0 0 0 0 0 0.0034094 0 0 0 0.0000000
[2.] 0 0 0 0 0 0.0000000 0 0 0 0.0052469
3.1 0 0 0 0 0 0.0000000 0 0 0 0.0000000
[4,] 0 0 0 0 0 0.0000000 0 0 0 0.0000000
Figure 3.4: Price entered
Profit:

[,103]
0035406
0053781
0000000
0000000

[,111]
-0.0035000
-0.0053719

0.0000000
0.0000000
[,119]
0.0000000
-0.0053925
0.0000000
0.0000000
(,128] [,129]
0 0

0 0
0 0
0 0
(,140] [,141]
0

(=Rl o o}

0
0
0

The numbers are the realized profits after the position is closed. The profit is

calculated as:

(1,1]
[2,1]
[3.]
(4.1

(1,1]
[2,1]
[3,]
4,1

(1,1]
[2,]1
[3.]
4,1

Profit = Closing Price —

[,106]1 [,107]1 [,108] [,109]

Sum of price entered

number of transactions

(3.14)

L1100 [:1117 [:1120 [-1137 [;114]1 [:115] [:116] [;117]

0 0 0 0 0.0000000 0 0 0 0 0 0 0

0 0 0 0 0.0000000 0 0 0 0 0 0 0

0 0 0 0 0.0000000 0 0 0 0 0 0 0

0 0 0 0 0.0002757 0 0 0 0 0 0 0
[,118] [,119] [,120] [,121] [,122] [,123] [,124] [,125] [,126] [,127] [,128] [,129]

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
[,130] [,131] [,132] [,133] [,134] [,135] [,136] [,137] [5138] [,139] [,140]

0 0 0 0 0 0.0001006125 0 0 0 0.0000000000 0

0 0 0 0 0 0.0000000000 0 0 0 0.0001277522 0

0 0 0 0 0 0.0000000000 0 0 0 0.0000000000 0

0 0 0 0 0 0.0000000000 0 0 0 0.0000000000 0

Figure 3.5: Profit
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Percentage of return:

The number shows the percentage of return of each profit generated. The percentage

of return is calculated as:

Profit
Percentage of return = - (3.15)
Sum of price entered
number of transactions

[,106] [,107] [,108] [,109] [,1107 [,111] E,112] [,113] [.114] [,115] [,116] [5117]
[1,] 0 0 0 0 0.00000000 0 0 0 0 0 0 0
P 0 0 0 0 0.00000000 0 0 0 0 0 0 0
(3,1 0 0 0 0 0.00000000 0 0 0 0 0 0 0
[4.] 0 0 0 0 0.02252212 0 0 0 0 0 0 0

£,1187 ‘E,119) £,120] £,1217 [,122]1 E,123% E,1241 E,125] [,126] '[,1277 [,128] [,129]
L] 0 0 0 0 0 0 0 0 0 0 0 0
[2.1 0 0 0 0 0 0 0 0 0 0 0 0
[3,] 0 0 0 0 0 0 0 0 0 0 0 0
[4,] 0 0 0 0 0 0 0 0 0 0 0 0

[,1300 E.131) [,1327 [,1337 [,134] L1350 L1361 [,A37] L,138] [,139] [,140]
[1,1 0 0 0 0 0 0.02866443 0 0 0 0.00000000 0
[2.1 0 0 0 0 0 0.00000000 0 0 0 0.02376938 0
[3.] 0 0 0 0 0 0.00000000 0 0 0 0.00000000 0
r4,1 0 0 0 0 0 0.00000000 0 0 0 0.00000000 0

Figure 3.6: Percentage of return

To avoid confusion, take for example, on the 110th day, we make a profit
from 12-mon Libor of 0.0002757, which is a 2.25% of return in only ten days. The

result is quite amazing that the model has some ability to predict the movement of

rates.
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3.2.2 Example: A ten-year period (Libor)

The previous example shows the result for short period. In this example, we are
testing the performance of the above calibration method and the fitting strategy
for a longer period. The period we are testing is from January 2010 to April 2019.
Although we are looking into a longer period, the calibration period is still 100 days.
For the avoidance of doubt, the rates on the 101th day is based on the parameters
derived from the 100 days immediately preceding the 101th day. We continue this
process for the next day until April 2019 and plot the estimated rates together with

the historical rates. The results are shown in the figures below:

1-mon Libor - 3-mon Libor

J\W}&‘Mﬁ‘ i

Yapou 173012 112013 12016 17372018 1/4p2016

)
4 imated 1mon Libor
f o A f
el o\ A f
J E—“\J _«ﬂi
0
vanor? sanois vanos  1/spow vanon vanon vanors yanows vapos vanois

1142019

(a) 1-month Libor (b) 3-month Libor

Figure 3.7: Historical and fitted data of Libor 1, 3-month, 2010 Jan - 2019 Apr (100

days)
,,,,,,,,,, | N

r
J Paad

" i~
A s \‘j)\}ij“‘w% m’ﬁp =

P S i | - ' S
S~~~
(a) 6-month Libor (b) 12-month Libor

Figure 3.8: Historical and fitted data of Libor 6, 12-month, 2010 Jan - 2019 Apr
(100 days)
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To look into more details, we plot the difference between historical real and

estimated data.

Libor 1-mon

1Im

Min. :-25.686
1st Qu.: -5.194
Median : 1.293

Difference (%)

R
ol Mean : 1.320
3rd Qu.: 8.345
Date Max. . 36.864
(a) 1-month Libor Historical minus Estimated (b) Summary stats (%)

Figure 3.9: 1-month Libor

Libor 3-mon

3m
Min. :-15.33280
1st Qu.: -2.95625
Median : 0.05504

Mean : -0.92716
3rd Qu.: 1.86034
0 Tara Max. i 9.01243
(a) 3-month Libor Historical minus Estimated (b) Summary stats (%)

Figure 3.10: 3-month Libor
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Libor 6-mon

Diffe@nce (%)

Date

(a) 6-month Libor Historical minus Estimated

Min.

6m

1st Qu.:
Median :

Mean

3rd Qu.:

Max.

.0820
.2031
.3011
.5635
.1880
.3196

(b) Summary stats (%)

Figure 3.11: 6-month Libor

Libor 12-mon

=
o

Difference (%)

G
R oo N A o o®
o

&
S
Ul
v\é’\
P

Z

&
)
o
u\éﬁ\
L\

2
IS

Date

(a) 12-month Libor Historical minus Estimated

12m

Min.

1st Qu.:

Median
Mean

3rd Qu.:

Max.

.53826
. 73441
;09955
.07630
. 58686
. 39422

(b) Summary stats (%)

Figure 3.12: 12-month Libor
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3.2.3 Example: A ten-year period (Taibor)

In our second example, we repeat the process in the previous example for the Taipei
Interbank Offered Rate (Taibor). The period we are testing is from January 2010 to

April 2019. The calibration period is 100 days. The results are shown in the figures

below:
1-mon Taibor 3-mon Taibor
09 :
0s
08
08
07
07
06
_ 06
205 #
S w 05
5 %
504 = pa
03 ==l Lo Tsites . —— Resl 3-man Taibor
i = Estimated 1-mon Taibor i e E i 5 B O T
01 01
0 0
o o 3 G * s © 5 3 2 # e i had o 2 59 3 o g
Vés 06' v..\”“dS \“’6' a.\"§’ 9@’ i"& 0& \,‘e“' &QN &g >\"0 N &X’Q Aol &0 >\"0 _&a ':.\"Q Kol
R A S S S S G N S N S S S N S

Date

(a) 1-month Taibor

Date

(b) 3-month Taibor

Figure 3.13: Historical and fitted data of Taibor 1, 3-month, 2010 Jan - 2019 Apr

(100 days)

6-mon Taibor

12-mon Taibor

o —

£ = 08
w 06 £
5 5
= x 06
04 Real 6-mon Taibor s R | 12-mion Taibor
== Estimated 6-mon Taibor 04 Extimated 12-mon Taibor
02
02
2 0
Q M S & b & e A & 2
o s > N 3 o o 3 o X o n J ] ) o A b o
& ) ) A ) & @ ) S ) e 3¢ o o 3 o " I w3
\b\"' \,}{& \h(» \}\. \v.\“‘ \>§L \é\‘ \b(L \b.\v \v.\"" Q’Q 0{0 \,\’Q 5 (L_Q \,.5: {‘p (NQ v‘e 09
N N\ ) ) ) N ) N ) ) N W K o R N W o N R

Date

(a) 6-month Taibor

Date

(b) 12-month Taibor

Figure 3.14: Historical and fitted data of Taibor 6, 12-month, 2010 Jan - 2019 Apr

(100 days)
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To look into more details, we plot the difference between historical real and

estimated data.

1-mon Taibor

Min. :-2.0389
1st qQu. :-0.5439
Median .1940
Mean p 1.3301
3rd Qu.: 2.7278
= Max. . 0547

Date

|
Ford H RO

(a) 1-month Taibor Historical minus Estimated (b) Summary stats (%)

Figure 3.15: 1-month Taibor

3-mon Taibor

“o 2
M1 . :-2.9225
1st qQu. :-0.7126
Median :-0.1883
Mean 02241
3rd Qu.: 1.3324
* = Max. r 2.4783

%,
. D&%’rence{ )

(a) 3-month Taibor Historical minus Estimated (b) Summary stats (%)

Figure 3.16: 3-month Taibor

6-mon Taibor

M1 n. :-5.4756
1st Qu. :-3.4072
Median :-3.0958
Mean =2.5127
3rd Qu. :-1.0510
Date Max. :-0. 2958

Difference (%)
' ]

(a) 6-month Taibor Historical minus Estimated (b) Summary stats (%)

Figure 3.17: 6-month Taibor
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12-mon Taibor

v |
2 Min. :-0.9385
g 1st Qu.: D.2123
£ Median 1. 2546
_ Mean : 0.9518
ny 3rd Qu.: 1.4489
- Date Max. 3.2221

(a) 12-month Taibor Historical minus Estimated (b) Summary stats (%)

Figure 3.18: 12-month Taibor

As we can see in the above plots, the difference between historical and
fitted data could be huge when the rate started changing its direction (from station-
ary to upward or downward). The reason could be explained by the reluctance of
change in estimation because the model is designed to not to be affected much by
the "temporary” deviation of rates from the mean value. However, when interest
rate policy changes, the change is no longer "temporary”, and we should adjust
accordingly. The model might only be good enough to use during the period when
interest rate is stable. However, as in the case of Taibor, even during the period
when the rate is relatively stable, there is still difference between real and estimated
value. This is because the parameter set is calibrated using four rates at the same
time, and therefore movement of rates could affect one another. Having said that,
we could also adjust our error matrices and therefore Kalman gain in Kalman filter

to put more weight on the real data when estimating the rates.
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Chapter 4

Application in Risk Management

4.1 Value at Risk and Expected Shortfall

Yield curve risk management and risk measurement pertain to the practice of de-
termining the sensitivity of a portfolio of fixed income securities to the change of
yield curves. The purpose for predicting the movement of rates can be strategic or
tactical, offensive or defensive, depending the underlying objectives. Different quan-
titative risk measures have been proposed to provide a reliable approach to manage
risk of portfolio such as value at risk (VaR) and expected shortfall.

Little effort has been devoted in the research of combination of short rate
models and risk measures. Fortunately, in the paper of Song (2012) (Song et al.,
2012), the author combines the price formula, as specified above in equation 2.14,
with the definition of VaR, under defined probability space. Furthermore, the author

also takes expectation beyond calculated VaR to derive expected shortfall formula.

Vai"g;: (PV!L@t) - - e (]_ = e—ﬁ.h)z i :_j(h _ 1_i—r:h)

r 2_(1 e—&{T—t—h})? (1 e—ﬁﬂh)

0_2
K_'2

_ “—:(1 _ e—rs{T—f.—h)) (1—e " — e—Hl(2t+h) 4 e—:z;;(u-h)) _
K

Figure 4.1: VaR formula under Vasicek model
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55, (APY|7,) = Es (ARYIARY, > VaR, (AR,

%), ).

Figure 4.2: ES formula under Vasicek model

The numerical result is presented in a graph as shown in Figure 4.3 below.
The positive slope in the graph shows that higher risk evaluation corresponds to an
increase in the confidence level. Due to its mean-reverting property, the model is
a more conservative evaluation of risk, and thus any deviation from the mean or
sudden jump in the rate could result a huge expected loss. Nevertheless, the idea
allows portfolio managers especially managing fixed income securities to manage
their risk expectation more efficiently by the help of the models. Similar approaches
could also be applied to other short rate models.

018 - 1 - ' - '
- WaR

ES

048 [ B

014

012

VaR/ES

01 F

.08

U.D4 - . - - e - - - h .
0.3 g1 052 093 084 D5 098 057 058 085
Confidence Level

Figure 4.3: ES and VaR driven by the Vasicek model

4.2 Term Structure Models with Jump

A jump process is introduced in our continuous model. The term structure models
with jump allows the short rate to have discrete movements, called jumps, with
random arrival times. This sometimes happens in country where the central bank

suddenly announces interest rate hike to strengthen its weakening currency. Re-
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search in this field has been carried out in several papers including Wu (2018) (Wu
and Liang, 2018) and Park (2006) (Park et al., 2006). The model could be repre-

sented in the following equation:
dr(t) = p(r,t)dt + o(r,t)dZ(t) + Jdr (4.1)

where jump size J is normal variable with its mean and standard deviation.

The model is time dependent. Factors such as conditions of economy,
inflation rate expectations, monetary policies and expected trends in other macroe-
conomic variables could affect the short rate movement. With jump factor in the
model, the model is more correctly specify to reflect the real situation. Unlike in our
case study of Taibor above, although the rate has been quite stable most of the time
with little movement, a sudden deviation from the mean could affect the parameters
and its predictability. Therefore, with an extra factor to capture the random arrival

of jump could help to increase the accuracy of the model.
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Chapter 5

Conclusion

As conclusion, this paper studies the yield curve arbitrage opportunities in the Libor
market by means of constructing a trading strategy based on Vasicek two-factor
model and Kalman filter. The first part of this paper focused on the theoretical
development of the different class of term-structure models. We first introduce the
single-factor model to describe the stochastic movement process of the short rate,
and later the two-factor model. The multi-factor model can be generalized in a
similar approach by Langetieg (1980) (Langetieg, 1980).

With the necessary model, we present the Kalman filter method to help
estimate the parameters and interest rates. The technique was selected due to its
flexibility to estimate true values between predicted and observed values, especially
when the observed values keep changing. Having estimated the required parameter
set and rates, we then apply it on the next pre-determined number of days to check
if there is any arbitrage opportunity.

This paper presents an introductory point on the possibility of using the
methodology proposed to manage risk or seek arbitrage profit from trading in the
market. The details, including the trading period, barrier levels, or the error matri-
ces in the model, could be tweaked accordingly to the underlying market sentiment.
Last but not least, it might worth further exploration of the possibilities of the

application for interest rate risk management analysis.
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Chapter 6

Appendix

6.1 R code for parameters calibration

library (MASS)

#Calibration

parameter = rep(0,10) # initialize parameters to be estimated
tau = c(1/12,3/12,6/12,1)
Ya = Libor_1_3_6_12

Y=Ya[,2:5]/100 #percentage to decimal

nocol dim(Ya)[2] - 1 # ezclude date column

c( 0.05, 0.06, 0.019, -0.189, 0.01, 0.7, 0.05, -0.504, -0.02,

para0
0.001) # initial estimate
startrow = 1

norow=100

f = function(para) LLtwoVasicek(para,Y,tau,norow,nocol, startrow)
result = optim(par = paraO, fn = f) #minimizing function

parameter = result$par
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LLtwoVasicek = {

function (para,Y, tau, norow, nocol, startrow)
{

#Initialize the parameters for Vasicek model

thetal=paral[1]
kappal=paral[2]
sigmal=paral[3]
lambdal=para[4]
theta2=paral[5]
kappa2=paral[6]
sigma2=paral[7]
lambda2=paral[8]
rou = paral9]

h = para[10]

#initialize Error Variance to diagonal matriz
R = diag(nocol)

for(i in 1:nocol)

{

R[i,i] = h"2
}
dt = 1/360

#Predicted state Matrices Initialization, y = C + Ey + error

C = matrix( c(thetal*(l-exp(-kappal*dt)),theta2+*(1-exp(-kappa2*dt

))), nrow =2, ncol = 1, byrow = TRUE)
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E = matrix( c(exp(-kappal#*dt),0 , 0,exp(-kappa2*dt)), nrow =2,

ncol = 2, byrow = TRUE);

# Observation state affine Matrices Initialization, z =D + Hy +

error

TRUE)

o
I

matrix( O, nrow = nocol, ncol 1, byrow

TRUE)

fu
I

matrix( O, nrow = nocol, ncol = 2, byrow

for (i in 1:nocol) # System Matrices are made for each tau

{
gammal = kappal”2 * (thetal - sigmal*lambdal / kappal) - sigmal
"2/2
gamma?2 = kappa2~2 * (theta2 - sigma2*lambda2 / kappa2) - sigma2

"2/2

Bl

(1-exp(-kappal * tauli])) / kappal
B2

(1-exp(-kappa2 * tauli])) / kappa2

Aaa = gammal*(B1 - taul[i]) / kappal”2 - sigmal”2 * B172/ (4%
kappal)

Aab = gamma2* (B2 - tauli]) / kappa2”2 - sigma2°2 * B272/ (4%
kappa2)

Ab = rou * sigmal * sigma2 * (tauli] - Bl - B2 + (1-exp(-(
kappal + kappa2)*tauli]))/(kappal + kappa2) ) / (kappal*
kappa2)

A = Aaa + Aab + Ab

D[i,1]= -A / taulil

H[i,1]= -B1 / tauli]
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H[i,2]= -B2 / tauli]

## Kalman filter

# Initialization

initx=matrix( c(thetal,theta2), nrow = 2, ncol =1, byrow = TRUE);
initV=matrix( c( (sigmal~2)/(2*kappal), (rou*sigmal*sigma2)/(
kappal + kappa2), (roukxsigmal*sigma2)/(kappal + kappa2), (

sigma2~2)/(2*kappa2)), nrow =2, ncol =2, byrow = TRUE)

# Starting values

AdjS=initx

VarS=initV

LL= matrix(0, nrow = (startrow + norow), ncol =1, byrow = TRUE) #

minimizing function initialization

for(i in startrow: (startrow + norow))

{
PredS = C+EY*%AdjS

Q= matrix( c( sigmal~2*(1-exp(-2xkappal*dt))/(2xkappal), (rou*
sigmal*sigma2* (1-exp(-(kappal + kappa2)*dt)))/(kappal +
kappa2),

(rou*sigmal*sigma2*(1-exp(-(kappal + kappa2)*dt)))
/(kappal + kappa2), sigma2~2*(1l-exp(-2¥kappa2*
dt))/(2*kappa2) ), nrow =2, ncol=2, byrow =

TRUE)

VarS=EY,*%VarS%*%t (E)+Q
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# Step 2

PredY=D+HY,*%PredS

VarY=HY*%VarS%*%t (H) +R

# Step 3

PredError=t(Y[i, ])-PredY # difference between predicted and
observed

InvVarY=ginv(VarY)

KalmanGain=VarS%*J%t (H) /*x%InvVarY

AdjS=PredS+KalmanGaini*%PredError #update for the next

iteration

#LL[i]=as.numeric(-(nocol/2)*log(2%pi)-0.5+1log (det (VarY))-0. 5%
t (PredError) /*% InvVarY/*%,PredError)

LL[i] = abs(mean(PredError))

VarS=(diag(2)-KalmanGain%*%H) %*%VarS #update for the mnext
iteration

}
sumll= sum(LL)

return(sumll)
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