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Abstract

In this paper, we considet X n real symmetric Wigner matricé4 with independent

(modulo symmetry condition), but not necessaribnitcally distributed, entries@V\/]-k}?k=1 and

prove central limit theorem for linear eigenvaltatistics of such matrices.
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1. Introduction to generalized Wigner matrices and other generalities

1.1 Introduction

To study the asymptotic behavior of eigenvalyggi., of random matrices, we consider the
linear eigenvalue statistics, defined via test fiomc @ : R-C as N,[¢] = X1, Q). In 2009,
A.Lytova and L.Pastur proved central limit theoramN,,[¢] and calculated its variance explicitly
under the condition that all entries in the matiaee independent and identically distributed.([1])

In 2010, Laszl6 Erdos, Horng — Tzer Yau,and Jun Yin([2]) proposed the generalized
Wigner matrices by assuming that the entries imthag&ices are independent, but not necessarily
identically distributed. They proved the semicirge with sharp estimates. Here we prove central
limit theorem of this model.

Following the idea of A.Lytova and L.Pastur, thegfris divided into two steps. First we
prove central limit theorem for the random variablg[¢] when the entries are Gaussian. Then we

apply Taylor expansion to study the general case.

1.2 Preliminaries
In this section we introduce basic definitions algeneralized Wigner matrices.
Definition 1.1 [ Generalized Wigner Matrices|

For eachn € N, let W be an X n real, symmetric matrix where

(1) {V\/jk(n)};’<j<k<n = {W]-k}n _ are independent random variables
SI=R= 1<j<ksn

(2) E[Wji] = 0, E[Wi(m)] = ofi(n) = o} <

(3) There is a constant C, independent of n, shah

(@]

(1.1 rrjlix{cjzk} < -



n
(1.2) Z ofi = 1 for any fixed k
=1

(4) Denoting by B = {szk} the matrix of variances, there exist two positive constants 6_ and
0,,independent of n, such that

(1.3) 1 is a simple eigenvalue of B and Spec(B) ¢ [-1+6_,1—6,] U {1}.

(5) The distributions of the matrix elements have a uniform subexponential decay in the
sense that there exists a constant v > 0, independent of n, such that for any x > 1 and

1 <j,k < nwehave

(1.4) P(|Wy| = xop) < vte™

Then W is called a generalized Wigner matrix.([2])

Through this paper we impose an additional assumhiat

(1.5) Sjip|(n612k — 1| =o(1).

Definition 1.2 [Linear Eigenvalue Satistics|
With a test functionp : R—C, and {};}iL, the eigenvalues of a generalized Wigner matrix W,

the linear eigenvalue statistic is defined as

(1.6) Nalol = ) 9()

1.3 Lemmas
In this part we introduce some lemmas that wilhkb&ful in proving our desired theorems.
Lemma 1.1 [ Duhamel Formula]

Let M;, M, ben X n matricesand t € R. Then we have



t

(1.7) e(MitMa)t — eMit 4 feMl(t‘S) M, eM1+M2)s g
0

proof.  Define A(t) = e Mite(Mi+Ma)t

then A'(t) = e ™M1t(—M,)eMitM2)t 4 e~ Mit(M; + M,)eMtMa)t

Thus,

A — A0) = [[A(s)ds = [, e Mi5M,eMi*M2)sds, or

t
A = A(0) + f e MisM,e(M1+M2)s (g
0

Multiply eM:t to both sides and we have the Duhamel formula :

t
0

Lemma 1.2 [Properties of U(t) = e'tM]
Consider a real symmetric matrix M{:l!s/ll-k}?k=1 and setU(t) = '™, te R.

Then U(t) is a symmetric unitary matrix possessirgproperties

(1.8) (O UMU(s) = Ut+s) ) IIUMII=1

(iii)Z|U,-k(t)|2 =1 (i)|Up(®)] <1
j=1

proof.
_ 00 MK - o N
(i) Since U(t) = et™ = z(‘ kl)  U(s) = M = z(lsk')
k=0 k=0

k . .
ity (is)k
Consider U(t)U(s) = Z axMK, then a, = ZQ (is)

k=0 j=0



k

Lk
:lz k! ik.ti.sk—izl_z
ki L jt (k= )! k! .
]:

Thus U(H)U(s) = Z [‘(t il S) Z w — U(t+5).

<k) gkl = %-(t+s)k= @

(ii) Since M is real symmetric, M can be diagonalized as M = CDC™?,

” U(t)” — ” eitM” — ” eitCDC‘lll

= || ceit®c1|| (eltcDC™ — Z (ltCDC Ph

= itCDKC ! .
Z k' — CeltDc—l)
k=0 '

- e =1
n
Since U(t)is unitary, it follows that (iii) z |U]-k(t) |2 =
=1

and (iv)|U]-k(t)| < 1is obvious from (iii) [

Lemma 1.3 [ Differential Formula]
The Duhamel formula(1.7) allows us to obtain thevdgives of U(t) with respect to the entries
M;x of M. (the symbol “*” stands for convolution tfo functions.)

Ugp(t) i
OMje 148

1 ifj=k

(1.9) [(Uaj * Upk) () + (Upj * Un)(©) | where 8 = {0 if] % k

It follows that for r € N, there is a constant,, independent of n, t such that

0"Ugp (1)
(110) ‘ﬁ]kr < Crltlr
proof.
For (1.9),

let H'X be a symmetric matrix with all entries zero except for

jk _ ik _
ij_ Hk].—h



and I]k =

By definition

applying Duhamel’s formula (1.6), with M; = iM and M, = iHX, we get

aUab (t) _ llm

M

(@Ifj=k

I]'kU(S) =

= U(t - S)I]kU(S) = [

In this case

Hik

h

aUab (t) _

[eit(M+ij)]

itM
ab o [e ]ab

— = 11m
ank(t) h-0

h

tl  iM(t-s) ik i(M+HK)s d
Jy [e (iH%)e ]ab s

h-0 h

t .
11}11_{%[ [eiM(t—s)I]_kei(M+H1k)s ds
0

t
i iM(t-s)1. oM
i fo[e1 e’ S]abds

i-fO[U(t—s)Iij(s)]abds

0 0 0
: ; 0
0 0 0
Uji(s)  Uja(s) Ujn(s)
0 0 0
: : 0
0 0 0

ab

(by continuity of e™*)

L » jth row

Uyj(t—3s)Uj1(s)  Uyj(t —s)Ujp(s)
Upj(t —s)Uj1(s)  Uyj(t—s)Ujz(s)

Unj(t = Ui () Up(t— )Upp(s)

aUab(t) _
oMy,

i-jo [U(t- s)Iij(s)]abds

Usj(t = $)Ujn(s)
Uyt = $)Ujn(s)

Unj(t = $)Ujn (s)

t
- i'f Uaj(t = $)Ujp(s)ds = i - Ugj * Uy (£) = i+ Uy * Up;(©)
0

(b)Ifj # k, without lose of generality say j < k:



: : 0
Uki(s) Uga(s) - Ugn(s) | jth row
Iij(S) = : : :
Un(s) Up(s) - Up() | kth row
: : 0
0 0 oo 0
= U(t—s)IU(s)
[Ugj(t = $)Upq () + Ug(t = $)Uj1(s)  Ugj(t — $)Upa(s) + Ugg(E = $)Uja(s) -+ Ug(t — $)Ugn(s) + Ut — s)Ujp (5)]
— Uzj(t = $)Upq(8) + Uy (t — S)Uj1(5) Uy; (t = 5)Up(s) + Uy (t — S)sz (s) - Uy; (t = s)Ukn(s) + Upie(t — S)an (s)
lUnj (t = 8)Uky () + Up(t = S)Uj1(s)  Upj(t — $)Upp(s) + Upe(t —5)Ujp(s) -+ Upj(t — 5)Uyp(s) + Upi (t — S)an(S)J

aUab(t) _
oMy,

In this case

i jo [U(t = 91U ds

= i+ [ 10— Up() + Uarlt = U (5)1ds
0

i [(Uaj * Upi) (D) + (Ubj x Uai)(® ]
From (a) and (b)we conclude that

U (D) i
OMj, 1+ 8

1 ifj=k
[(Uaj * Upi) (® + (Up; * Uai) () ] where & = { 0 ;f ; +k

Now we prove (1.10):

Ifr=1,

dU 4, (t
Since |U]-k(t)| <1, ‘ an(V
K

oM

—| = | (Uaj * Ubic) () + (Upj * Uaic)(®) |
j

< || Uyt = UpC) + Varlt = UGN
0

IA

[ Vet = 9| 101+ [Ug (6= 9] V()
0



< = 2|t|

t
des
0

For general r > 2, the differential formula (1.9) yields an r-dimemsal integral.

Since |U]-k(t)| < 1, there is a constant ¢, which depends on r that

0"Uap (D)

< ot u
oM "

Lemma 1.4Equalities and Inequalities about Gaussian randariables]
Let £ = {¢,}>_, beindependent Gaussian random variables of zeempandd : RP- C be

a differentiable function with polynomially boundpdrtial derivatives®,,r = 1,2, ..., p.

Then we have

(1.11) (1) E[5,®(®)] = E[§}] E[®:(®)], r=12,..,p.
(1.12) (i) Var[®(])] € maX,<<p, {02} -, E[|P1(§)I?]  (Poincaré inequality)
proof.

oo o) 1 _Z£=1 %
(1) E[§ ()] = f_m ...j_ooxrdb(x) anclcz 553 e kdx;dx, ... dxp,

Applying integration by parts with respect g, we get that this expected value is

[oe}

2
co oo 1 _sz Xk
j f —07 P (X) — e ' 2of

2T 0103 ...Op

—00

2
0 ’ p Xk
CDr(X) ~Xk=1 552
+ fo 5 ¢ 2%k dx, o dx;dx; .. dXp_qdXpyq - dXp
-0 V2T 0103 ... Op

2
o [o) [o) l p Xk
2 (Dr(x) k=1 262
= or. 5 e kdxp o dxqdx; ... dXp_1dXpyq - dXp
—00 — 00 — 00 \/ ZT[ 0-10-2 ann Gp

(since @ has polynomially bounded partial derivativegs.



= E[§3] E[®1(®)]
(ii) Consider the Hilbert space L?(du) where

2
1 p Xk

_Z s
du = e 7' 20k dx,dx, ... dx,

P
V2T 0,03 ...0p

Observe that

Y Y - %, 98
<Vf,Vg >u= f f Vf-Vgdp = f f f-(—Ag+ ZEKM”
—® —®© - - r Ya&r

p
X, 0
By defining L = — A+ Z —;a—, we can rewrite the above equation as
O-I' Xr
r=1

<Vf,Vg>,=<f,Lg>=<Lf,g>,

Thus L is self-adjoint and positive.

Consider eigenvaluegA,} of L, itis well known thatA, = 0 and A, = % r=12,..,p.

Leteg,e; ..., €p, Dbe orthonormal basis of L in L2(dp) with respect to eigenvalues A, 2 ..., Aps o

we write the decomposition of f:

f=<f,eg> +<f,e;> e +<f,e;>, e+ ..+<f,ep >, e+ ...

Note that < f,eq >,=<f,1 >,= ffdp. = E[f], so
f-Effl=<f,e;>ye1+<f,e;> e+ .+<f,ep > ep+ ...
Since fE[f] e du=0forall r=1,2,...,p,.. bywriting® =f — E[f],

P=<d,e; > e +<DP,e;> e+ ... +<D,ep > 5+ ..

. i) = =
bet 2= Inf(Ad = 10fle7) ~ sup (o)

r=1



LO =< P,e; > e +<D,e; > e+ .+ <Drep > Apep +
and
<LP,d>=<d,e;>° M +<P,e; > N+ .+ <D, >0+ .
>A(<P,eg >+ <D,e; >0+ <D >0 )= A<D, D>,

Hence

1
Var[@(®)] = <@, P >, < - <L, b >,

p p
= sup (o2} [IVI1? = sup(o?} ) ElI®}(®] = max(o?} ) ElI®(®)] .
1=1 1=1

rz1 rz1

Lemma 1.9An Integral Equation]([1])
Denote the correspondence between functions airdhéreeralized Fourier transforms és— f. If
P, Q and R are locally Lipshitzian, satisiyye 8|f(t)] < ©,and1+iQ(z) #0, ImZ < 0.

then the equation

PO + f WGenfa ke t=o0

has a unique locally Lipshitzian solution

t

P(t) = —if T(t — s)R(s)ds
0

whereT & (1+iQ)!
In particular, if R(t) is differentiable, R(0) = @nd Q(t) = fot Q,(s)ds
then the equation

t S
(1.13) P(E) + f dsf Q,(s — V)P(W)dv = R(D), t> 0,

0 0

has a unique locally Lipshitzian solution



P(t) = — ftTl(t —s)R'(s)ds,
0

where T, & (z+Q,)™!

provided byz+Q; #0, ImZ < 0.

Lemma 1.gSemicircle Law]([1][2])
Let W be a generalized Wigner matrix, aNg[¢] be the corresponding linear eigenvalue
statistic(see (1.6)). Then we have for any bourateticontinuoug : R— C with probability 1 that

g 1
(1.14) limn~Nalol = | @05

n—-oo

4 —A2dA

10



2. Central Limit Theorem for linear eigenvalue statistics in the case of Gaussian entries
2.1 Bound of Variance
Theorem 2.1 [Bound of Var[N,, /¢/]]

Let W be a generalized Wigner matrix as mentianetkfinition 1.1, andp be a bounded

function with bounded derivative, then

4C 2
21 Var([Ny[@] ] < — - E[Tr ¢'(W)(¢'(W))"] < 4C- (5eple’M)])

proof. By the spectral theorem for real symmetric masrjeee have (see [1])

(22) Nal@] = D @ (h) = Tr(o(W))

Thus, we can apply Lemma 1.3 @(W) = Tr(¢@(W)), viewing it as a differentiable function of
the independent Gaussian random variables Wj, and obtain

aTr(e(W)) _ 2

(2.3)
W, 1+

P (W)
K

where @], (W) is the jk entry of @' (W).
(2.12) and (1.1) imply

Var[N,[¢] ] = Var[Tr(¢(W)) ]
C 2
< ]

1<j,k<n
<= N E[lojw)[] =5 - ElTr ' (W)(@' W)
=T 4 Pik = P ¢

2
E|l— @i (W

Note that for normal matribd, we have |Tr(A)| < n||A]|,
and for Hermitian matrixB with ¢: R = C, [y(B)|| < rerlv Q)|

Hence

E[Tr @' (W) (¢'(W))*] < (52Blo'M)I)*

11



and it follows that

4C
Var[Na[] ] < — - E[Tr ¢/ (W)('(W))'] < 4C- (GRle' 1)’ .

2.2 Central Limit Theorem
Theorem 2.2 [Central Limit Theoremin the case of Gaussian entries with specific ¢]

Let ¢ : R=>R be a bounded function with bounded derivatives$atig

1 )
@9 W= 5 f e P (N)dA, f 1+ [tDIBO]dt < o

Suppose W is a generalized Wigner matrix with Ganssntries, and leN,[¢] be the

corresponding linear eigenvalue statistic of W. T tlee random variable
Np = Na[e] — E[Np[e]]

converges in distribution to the Gaussian randoriakite N°with zero mean and variance

e wtme [ Rt

Adu

proof. Define

(2.6) Zy(x) = E[e™Nn],

by the continuity theorem for characteristic funos, it's sufficient to prove that for any € R,
(27) 1lim 2, () = (),

_x2var[N%] - . . :
where Z(x) = e 2 is the characteristic function of normal randomalale with zero mean

and varianceVar[N°].

Consider the integral equation

Z() = 1 — Var[N°] f yZ(y)dy
0

or logZ(x) = —% Var[N%]x? + ¢

12



Since Z(0) = 1, we have ¢ = 0.

So
x2Var[N°]
(2.8) Z(x) = e 2
is the unique solution of
(2.9) Zx) =1 — Var[NO]f yZ(y)dy
0
It follows from (2.6) that,
(2.10) Z!(x) = iE[NQelN]

By theorem 2.1, Cauchy-Schwarz inequality and tiwe E[e2*N3] = E[e*(2N2)] = 1,
. . . 1
1Zy Gl = |E[Ne™a]| < E[|NSe™5[] < { E[NS"]E[e2*N5] )2
0 1 1
= {Var[Np] - 1}2 = {Var[ Ny[¢]]}2
2.1
< {4C(5erlo' M) 12 = 2¥C 3plo' W]
sinceo is a bounded function with bounded derivative.
Now it’s sufficient to prove that for any convergieubsequence‘f‘znj} and {Z{lj},
(2.11D) lim Zn, x) = Z(x), lim Zn, (x) = —xVar[N°]Z(x).
nj—oo nj—co

The dominated convergence theorem then prove®#udtrMoreover, during the calculation of

limn]._)Oo Zp;(x) , we can writeVar[N°] explicitly.

To this end, we considgr admits the Fourier transform (2.4), and recallRbarier inversion

formula

(2.12) o) = f el P(t)dt

Then for this certain class of functiogps we have

13



Ny[@] =Tr (W) = Tr f elWH(Hdt = jTrU(t) - @(H)dt
= NO = fTrU(t)-@(t)dt— EU TrU(t)-(T)(t)dt]

_ j (TrU() — E[TrU®]) - p(0)dt

= [u,°(®) - p(b)dt
by defining

(2.13) u,(t) = Tru(t) and u,’(t) = u,(t) — E[u, ()]

Thus,

2,60 = E[NgePN] = ik | ] 1,00 - (O e

= ifE[uno(t) eNa] - p(D)dt := ifYn(X,t)-(’f)(t)dt
by defining

(2.14) Yo (%) = E[u,°(t) eXNa].

Note that by (2.2) we have,(t) = TrU(t) = Tre'W = N,[e'*], so it follows from Theorem
2.1 and (e'™)’ = itel™ that

(2.15) Var[u,(t)] < 4C (::H‘;ht eit}‘|)2 < 4Ct?

and similarly with uj,(t) = N,[iAe!?], (ire™)’ = iel™ — itAel™ = jel?(1 — 1)),

(2.16) Var[u,(t)] < % ‘E [Tr (ieitw(l —tW)) (ieitW(I - tW))*]

n n
4C 4C 4C
= R (4 PW)] = -E [Z I+ tZWZ)kk] == Z E[(1 + 2W2) ]
k=1 k=1

14



% ct?
= —Z (A+EEWED <) (14

k=1

4C Ct? 4C?%t? Ct?
=—-n-(1+—|=4C+ < 4C(1+—)
n n n n

Now we are ready to prove thg¥,(x, )} = {E[u,°(t) ei’““g]};‘,‘;1 is bounded, equicontinuous on
any finite set of the plan®? ={(x,t)}, and that its every uniformly converging dhe set sub-

sequence has the same limit. This proves the esseftthe theorem under condition (2.4). Indeed,

let {an}r>1 be subsequence converging r # Z. Consider the corresponding subsequence
{an}mlt contains a uniformly converging subsequence{ZbJr}r>1 to converge to Z, a

contradiction.

Since |eiXNg| < 1, by Cauchy-Schwarz inequality and (2.15) we h&esfollowing bound:

(2.18) Ya(x 0] = [E[u,®(®) ®Ma]] < E[Ju,°®]] < (E[Iuno(t)lz])%

1
= Var[u,(t)]z < (4Ct2)2 = 2V/C|t]|
On the other hand, from (2.17)

Y, (x,t)
ot

du,° (1)
B ot

| [auno(t) eixN"l
=|F|————
ot

(2.19)

ot

1 Ct? 1 Ct?
< Var[up(D]2 < (#C(1+-))2 =2 /C(1+T)

And again by the Cauchy-Schwarz inequality andqg.1

_ ‘GE[uno(t) N’

Y, (x,t)
ox

220 = Eun i ni 91 = un t ne. 91
(2.20) |E[un(©i Nge™™n ]| = [E[u,(t) Nye™™n]|

B OE[u,°(t) eiXNg]
B 0x

< (Var[u,° (t)])% - (Var[N, [(p]])%

15



1
4Ct?\2 3
< (S (ezzoaon

_ <2\/E|t|

N ) (2VCrerle’ W) = 4Cltl gl W]

So we conclude thafY,(x,t)}a=; IS bounded, equicontinuous on any finite set @& fiane
R? ={(x,t)}. Now we turn to prove every uniformly conkging subsequence df,(x,t)}5>, has

the same limit.

It follows from the Duhamel formula (1.7) witM; = 0 and M, = iW that
. t . t
eltW =1+ if WesWds o Ut) =1+ if WU(s) ds
0 0

thus

(2.21) u,(t) = TrU(t) = n+ iftTr(WU(s)) ds =n+ iftZ(WU(s))jj ds
0 0 4=

t n n
= n+1f ZZVV]kUk](S)dS
0

==
Substitute inY, (x, t):
(222)  Ya(xt) = E[u,°(t) e™Na] = E[(uy(t) — E[uy (8)]) e™Na]
= E[un(0e™ 5] — E[E[up (D]e™N7]
= E[un (0™ ] — E[u, (0]E[e™Na]

= E[u,(©)(e*N? — E[eXNA])]

E

(n+i fo tzn: Zn: Wi, Uyi(s) ds) (eXNh — E[e*NA])

j=1 k=1

16



= nE[(e pIXND _ E[e 1XNn]) + iE (j ZZWkUk](S) dS)(EIXN

j=1 k=1

- fEZ Wi Uig (s) (%% — E[e™N4])] ds

j=1 k=1

Now apply (1.11) by letting® (W, k) = U]k(s)(e‘XN E[eixNg])'

(2.23) Y(xt)—lfzz W2]E

j=1 k=1

ds

W

U (s) (eNb — E[eixN%D]

By using (2.3),

. 0 i
de*Nn 2ix

)
= - @i (W) - eXNn
oWy 1+ 8 k(W)

Under the assumption (2.4) and (2.12),

P(W) = f W (t)dt

(2.24) O'(W) = i f t- etWa(t)dt = i f OOt
getNn g EP o WP _
So W = TF o Hes g (lth]-k(t)(p(t)dt>
] ]
—2x ixNQ ~
= e 8]k e n tUjk(t)(p(t)dt

This and (1.9) implies

Ui (s)(e™N? — E[e™Na])
Wy,

MUp(s) . y
= 6\]N - (eMNR — E[e™NR]) + Up(s) -

a(eixN?1 _ E[eixNg])
Wi

= - +1 Sjk [(U]] * Ukk)(S) + (Uk] * U]k)(S) ] . (eiXNg _ E[eixNg])

17
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X .0 R

+ U]k(S) ' 1+ 8]k - eXNn . ftUjk(t)(P(t)dt
1

1+ 8]1(

i

= 1+ 8]'k (U]] * Ukk) (S) ' (eiXNg — E[eiXNg]) +

(U * Usi ) (s) - (PN — E[e™Na])

2X

T . ixNg_ . ~
e O j U (OPDdt

Since

(Ugj * Uy ) (s) = j Uyj (s = VU (v)dv = f [ei(s“’)w]k], [ei"w]jkdv

_ J;) [eisw]kk dv = ]0 Uk (s) dv = sUgk(s)

we have

0Uj(s) (e"Na — E[eNa])
OW

) ;ﬁ-kE[(U” * Uia) (s) - (e"Nn — E[ePNa])]

1+ ;
. _ 2 _
gy s Bl (e — B[] - TXSH(E[Ujk(S) it f UNGLIGRY
1 s _ _
- 1+ Sjkjo E[U;i(s = VU ()] - (N0 — E[e™Na]) dv
ixN§ ixN§ 2X ixNO .
+ 1 T (Sjks . E[Ukk(s) . (e n — E[e n])] — rslkE [U]k(S) e n . j tU]k(t)(P(t)dt]

Substitute these formula into (2.23), we get

Yo(x,t) = E[u,0(t) eMNa] = ifotizn: E[W3]E

U (s) (e™NR — E[eiXN3]>] i
j=1 k=1 aVV]k
t n n 1
= if E[Wi]{————s " E[U(s) - ("™ — E[e™™a])] {ds
_ 14 8y
0 =1 k=1 J

18



i 0 w3l {ﬁ [ 81035 = U] (% - E[eixN%])dv} ds

_ ij;)t .n E[ i] {1 o, E [U K(s) - efx th]-k(t)(T)(t)dt]}dS

j=1 k=1
t n n 1
P
- _] - () - 0% - E[Uic(s) - (€"N% — E[e™™3])] ds
0 : 1+ Sjk
j=1 k=1
t S n n 1 . 0 : 0
[ [ o Bl - U+ (6% — Bl
0 o 4 1+ 6
j=1 k=1
t n n 1
— fo (1 y: ) - O']-ZkE[eiXN% “Uji(s) * @ (W)] ds
0 4= &= jk
j=1 k=1
—F,+ G, + H

In view of (1.13), we can write solution about

P(t) + ftdsfSQl(s —v)P(v)dv = R(t), t=0,
0 0

So we claim that,

Y, (x,t) + ftds ISE[n‘lun(s — VY, (x,v)dv = —xZ, (x)A,(t) + ry(t)
0 0

with lim,_. r,(t) = 0 on any compact subset ¢f > 0}.

To this end, first we consider

timr, =i [ 3" (1

. > . szk . E[Ukk(s) . (eixN?1 _ E[eixNg])] ds

j=1 k=1
= —7111_>I£10j ZZ o E[Uac(s) - (™0 — E[e™™Na])] ds
j=1 k=1

19



n—-oo

= —lim j s Y (O GRIE[U() - (2% — E[e™4])] ds
0 k=1 3=1
By (1.2) and ) Uyp(s) = Tr U(s),

t
limF, = -lim [ s-E[TrU(s) - (eiXNg — E[eiXNg])] ds

n—-oo n—-oo 0

t
= —lim | s-E[u,(s) - (™™ — E[e"N8])] ds

—00
n 0

Note that|eiXNO - E[eiXNOH < 2,s0
t

lim|F,| < lim ZJ- s-E[u,(s)] ds

n—o0o n—o0o

0

Using (2.15) we get

t

lim|F,| < lim Zf
n—-oo n—-oo

0

1 ; bt [4Cs?\2
s Var[u,(s)]z2ds < llme s < > ds
n—-oo 0 n

4+/C 4/C t*

= lim— | s?ds = lim —— = 0 on any compact subset of {t > 0}.

n—oo \/_ n—-oo \/_ 3

On the other hand, we considéy, by writing the following limit and use (1.4):

lim f ds f ZZ ) [U;i(s — V)Uige(¥) - (€58 — E[e™N4])]dv

j=1 k=1

= lim f dsf ZZE[U]](S VUi (V) - (eXN8 — E[eNa])]dv

n—co
j=1 k=1

= lim ftds fSE[Tr U(s —v) - Tr U(v) - (eXNa — E[e™™a])]dv
0 0

n—co

= lim ftds ISE[un(S — V) up(v) - (e*Na — E[eNa])]dv
o Yo

n—co

20



Use the same techniques we have

lim

n—oo

ftds ISE[un(S — V) un(v) - (eiXNg - E[eiXN%])]dV
0 0

< limetdsfsE[un(s —v) - uy(v)]dv = 0.

n—->oo

So

lim(-G,) = lim as f SE[n-lun(s—vnE[un(v) (e"Nh — E[ePNn])]dv

n—-oo

n—-oo

= lim jtds jSE[n_lun(S _ V)] E[(un(v) _ E[un(t)])eiXNg]dv

t S
= lim dsj E[n~tupy (s — v)] E[u,°(v)e*Na]dv
0 0

n—-oo

n—->0oo

= lim fot ds fOSE[n‘lun(s — )] Y, (x, v)dv.

Finally we consider

¢ 0 n 1 .
H,= — ZXJ; ZZ( ) - oE[eNn - Upe(s) - @jp (W)] ds

1+ 6;
j=1 k=1 K

recall thatZ,, (x) = E[e*N°], hence with similar actions in the estimate 6f,,

and mte that by (2.24), i [ tUp(D@()dt = @j (W), so we have

2 t n n
limi, = Hml=x2,001- = [ "> E[U3(5) - gjwW)] ds

n—-oo
j=1 k=1
t

= lim[—xZ,(x)] 2] E[n~ITr U(s)e'(W)] ds
n—-oo 0
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Now, by (1.14) it's easy to sdéwe write

. 1 (2 .
(2.25) B() = lim Eln~"u,(s = )] = j eiG—VA 2 _ 224,
-2

(2.26) A() := rlgg 2 ft

0

E[n'Tr U(s)e’(W)]ds = %ftdsfzeis’\(p’(?\) V4 —A2dx
o J-2

and pass limit toY, (x,t) = F, + G, + H,, we have that if

Y(x,t) is a limit of every uniformly converging subsequence of {Y, (x,t)}, then

(2.27) Y(xt) + ftds fSB(S —v)Y(x,v)dv = —xZ(x) A(t)
0 0
It follows from the spectral theorem that
B=f
where f is the Stieljes transform of the semicitel@ (1.14). thus
i elzt 1 2 elt)x
T (D) = o jm _E-[—z 4_}\2d)\

Hence by (1.13), with

t 2
R(Y) = — xZ(x) A(t) = —XZ(X)-% f ds f el o’ (A) 4 — A2dA
0 -2

2
o R'(t) = —xZ(A' () = —XZ(X)-% f ish ! (1) /& — A2dA

-2

We figure out that
1(t S)U 1 2
Y(xt) = —f {——j } {—XZ(X) -—f elSAp’' (M) V4 —Azdk} ds
VA —p T/

2 i(t-s) 2
XZ(X) U udu}'{f iSp' (L) 4—)\2d7\}ds

and

t t
j ei(t—s)p. eis}\ds — eitp.j s(ir- 1p.)ds — eltp. [
0 0

1 s(iA-iu)]t _ <_i)( i _ gitw)
iA-ip 0 IRV ¢ ¢
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So

2 lt7\ it

Y(x,t) = @' W)V4—2zdr

ixZ (X) f m f

Recall

Z,(x) =i fYn(x,t) -p(t)dt

Thus for the part ofY(x, t) associated with t, write

f(eit?\ _ eitu) '(T)(t)dt — f eith (T)(t)dt — f eitht (T)(t)dt = @A) — (W)

Then
_ 2 —
r}lgolo Z/ ( ) _ XZ(X)j m f %u(p(u)(p/()\) 4 —22d)
r =
Since

¢ M (M) — o) = 55\(@0\) — o(w)*

We have the form

, —xZ(x) a;\ (e — o(w)?
lm 7, () = —— j m = V4 — 22dA

performing integration by parts,

j ax(cp(l) cp(u))zmd)\z jz (cpo\)—cp(u))z 4 —

-2 A-p \/md)\
SO
I}}E& Z) () = —xZ(X) j — q f (x) cp(u)) 44—_7;12 O

) f f cp(x);ucpm))z 4=

23
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In (2.11)

lim Z;, (x) = —xVar[N°]Z(x)

Hence we completes the proof with

1 PR - eyt 4—Ap
Var[NO]_ﬁj_z-[_z( o )\/4_u2\/4_7\2d?\du

under condition (2.4).
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Theorem 2.3 [Central Limit Theoremin the case of Gaussian entries with boundedp and ¢']
Theorem 2.2 remains true when R—C is a function with bounded derivative.
proof.
With bounded test functiop with bounded derivatives, there exists a sequdigg
satisfying (2.4) and for all A > 0,
(2.28) Pl < FRle' W], lim 2P 1o’ ) — W] =0
We have proved central limit theorem for apy, and write Z,[¢], Z[¢] to represent the
characteristic functions as (2.6) and (2.7) witspext tap. Now
1Zol@] = Zl@ll < |Znlo] = Znl@kll + 1Znlok]l = Zl@kll + 1Z[@k] — Z[e]|
where the second terfZ,[¢@x] — Z[@k]| vanishes as n — oo from the above proof.

For the third term, applying mean value theorem

Var[gy]x? var[e]x®| x? d o
Zlow] = Zloll = e 2 — —e" 2 T < = |[Var[N"[¢]] — Var[N°[¢]]]

From continuity of the variance (2.5), it vanisladé®r the limitk — oo,

For the first term, using mean value theorem agaid,from (2.6), (2.1)

1Zal@] = Zol@il| = [E[e"Nal9)] — E[ebNaled]]| < |x| E[NJ[@] — NS[@i]]

1
< |x| Varz[Ng[@ — @]

A

1
1 2
< 2VCIl E|=1Tr o/ (W) (@' (W)Y’ |

2VCH([ 1900 — PNy @0])2

Let A be a constant greater than 2, then the above integral can be divided into [—A, A]
and R \ [—A, A]. The first part vanishes by (2.28), and the second one is zero since the

support of semicircle law is [—2,2].
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Thus, we proved the central limit theorem for boeshéinctions with bounded derivativesm
3. Central Limit Theorem for linear eigenvalue statistics in general cases
3.1 Generalities

To prove the central limit theorem under the schefrteeorem 2.2 when the entries are not
Gaussian, we need an analog of lemma 1.4. Reedlifth random variable X has a finjeh

absolute momenty,, p = 1, then we have the expansions:
b
f(t) = E[e!™X] = Z‘_l—:(it)i + o(tP)
=
and
p
itx K]' L
L(t) = logE[e'™] = Zj_'(lt)] + o(tP), t-0
=0 "

where {K]-} are the cumulants of X, which can be expressed by py, yy, ..., Wj, ...

In particular,

K1 = M1, o = Wy — y? = Var[X], K3 = M3 — 3laly + 21, .
And in general,
Kj = z Caka
X

where the sum is over all additive partitionsf the set {1,2,...... J} ¢, are known coefficients

and u, = [liea Wi-

Lemma 3.1 [ Taylor Expansion] ([1])
Let £ be a random variable such thaf|g|P*?] < oo for a certain nonnegative integer p. Then for

any function®: R —» C of the classCP*! with bounded derivative®®, r=1,2,...,p+1, we have

P
Krt+1

(3.1) BEO®] = Y “HE@O@F)] + &,

r=0
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where the remainder terr}, satisfy the bound

(2p+3)P*?
(3.2) lep| < =5 ELEPT?1ER [0 ()]

Lemma 3.2 [ Semicircle Law] ([1][2])

Let W be a generalized Wigner matrix satisfying ¢badition
3
(33) W3 = 1en 1gjsien B[ Wi 1< o
and N, be the normalized counting measure of its eiger@&lThen
) 1
(3.4) limE[N,] = —+v4 — A2dA
n—o 2m

which is the semicircle law. The convergence hemniderstood as the weak convergence of

measures.
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3.2 Central Limit Theorem in general cases
Theorem 3.1 [Central Limit Theoremin general cases]

Let W be a generalized Wigner matrix satisfyingfillowing conditions:

(35) ws = 2B LI Wy '] < oo

(3.6) ps = E[(Wi)’| < o,y =E[(Wp)] < o
(3.7) W3 = neN 15ken M3 < @

(3.8) neN 15 ken |Kajk] = 0

Let @: R — R be a test function whose Fourier transform @ satisfy the condition

(3.9) f 1+ [UHIBOIdt < oo

Then the corresponding centered linear eigenvahiisisc N2 converges in distribution to the
Gaussian random variable of zero mean andNfdrfas in theorem 2.2.

proof. Let W be a generalized Wigner matrix as theorem 2.2(with Gaussian enjtsesh that
E[W}]| = E[W7] for all j, k and N° the corresponding linear eigenvalue statistic. In view of the
previous theorem, it’s sufficient to show

Rp(x) = E[e™™3] — E[e*N3] 5 0 as n -

Denoting
(3.10) e, (s, x) = IXTrQ(W(s))°
where
1 1
(3.11) W(s) = s2W + (1 —5)2W 0<s<1

19
Now R, (x) =f gE[en(s,x)] ds
0
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_oixoto , 1 1
(3.12) = ﬁ—fo E[en(s,x)Tro’'(W(s))(s2ZW + (1 —s)2W)]ds
Note that by (2.12),
(3.13) o' (W) = if(’f)(t)tU(t)dt

This and (3.12) imply

1
Ra() = —> j ds f tP(O[A, — Byldt

where
1 n
(3.14) An= <= > E[Wy,]
\/Ej,kzl
1 n
(3.15) e Z E[Wjx®y]
Jn(l—ys) et
and
(3.16) O, = (s DUj(s, D), Ust) = eWe

Applying (3.1) with p = 3 to every term of (3.13)da(1.11) to every term of (3.14), we obtain

(3.17) An - Bn = Tz + T3 + 83
where
(318) S :
3.18 T, = —1 Z Krt1,jkE[ G775 Pn]
r'n 2 jr=1 IWik(s)
and by (3.2),
94WS X sup o*
(3.19) leal < =5 D % e O
41 n2 k=1 ik

Using (1.9), (1.10) and

de,(x) -2
aVij(S) B 1+ Sjk

(3.20) xep (%) f U (DP(Ddt, where e, (x) = e*Nn
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we have

ar
(3.21) |—c1>
OWE() "

<P(x) 0<r<4

where P.(t,x) is a polynomial in [t], |x| of degree r independent of j, k and n. Hence,

P, (%,
(3.22) o) < P8
nz
By (3.18), (3.6) and (3.8),
s X 3
(323) T3 = mz K4‘jkE[m¢n] - (0asn— o

j k=1
Finally we considerT, by using (1.9), (3.20) and (3.6):

1 n
T, = Z B o
2= —35 ) K3jkE[z—5<n
2!n2 k=1 Wi (s)

n

Vi 1
= — S;J- Z (1 n 8]}() E leno(s, X){(U]k * U)k * U]'k)(S, t) + 3(U]k * U]] * Ukk)(S, t)}

n3 jk=1

+ ZXGH(S, X){(U]k * U]k) (S, t) + (U]] * Ukk) (S, t)}f O(T)( O)U]-k(s, G)de

2

— 2x%en (s, )Ujc(s, ) { f 05(0)U(s, e)de}

+ ixen(s, X)U]'k(S, t) f O(T)( 9){(U]k * U]k) (S, 9) - (U]] * Ukk)(S, 6)}d9]

Consider the two types of sum i} by writing

n

3
Ty = 072 ) Up(t) Uy () ()
j k=1

n
3
Tpp = 072 ) Upe(t)UpCe2) Upe(ts)
j k=1
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By lemma (1.2) and Schwarz inequality,

1 1
n n E n E
D U] < | Y uedl* ) [ D [up)]” | =n

k=1 j k=1 j k=1

1 1
Hence|T,;| < nz and |T,;| < nz, which imply

Together with (3.17), (3.22), (3.23) and (3.9) wenplete the proof.

31



[1]

[2]

[3]
[4]
[5]
[6]
[7]
[8]

[9]

Reference

A. Lytova and L.Pastur.(2009). Central limiebrem for linear eigenvalue statistics of random
matrices with independent entri@&ie Annals of Probability 2009, Vol.37, No.5 1778-1840.

Laszl6 Erdos, Horng — Tzer Yau, and Jun Yin.(2010). Rigidity of eigenvalues of generalized
Wigner matricesAdvances in Mathematics, Volume 229, Issue 3, 15 February 2012, Pages
1435-1515

Arharov, L. V.(1971). Limit theorems for the @tacteristic roots of a sample covariance
matrix. Dokl. Akad. Nauk. SSSR 199 994-997.

Greg W. Anderson, Alice Guionnet, and Ofer gaiti.(2009). An Introduction to random
matrices Cambridge Sudies in Advanced Mathematics, 118, Cambridge University Press
L.Pastur.(2005). A simple approach to the glalegime of Gaussian ensembles of random
matrices Ukrainian Math. J. 57, no. 6, 936-966

Rick Durrett.(2005). Probability: Theory and &xrples. 3 edition.Duxbury advanced series.
S.R.S. Varadhan.(2001). Probability Thedkyerican Mathematical society.

Herman Chernoff.(1981). A note on an inequaiityolving the normal distributionthe

Annals of Probability 1981, Vol.9, No.3 533-535.

Z. D. Bai and J. W. Silverstein.(2009). Spektnaalysis of large dimensional random matrices.
2nd edition. Soringer

[10] Percy Deift.(2000). Orthogonal polynomials aaddom matrices: A Riemann-Hilbert

approachCourant Lecture Notes. AMS, 2000.

32



