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摘要 

 

在本文中，我們考慮 n維的實對稱 Wigner矩陣 W，其中每個元 W�� 均為獨立的隨機變

數(但不需要是相同分佈)，而證明出此類矩陣之線性統計量所滿足之中央極限定理。 
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Abstract 

 

In this paper, we consider � × � real symmetric Wigner matrices  W with independent 

(modulo symmetry condition), but not necessarily identically distributed, entries �W����,�
��  and 

prove central limit theorem for linear eigenvalue statistics of such matrices. 
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1. Introduction to generalized Wigner matrices and other generalities 
 

1.1 Introduction 

To study the asymptotic behavior of eigenvalues 
λ���
��  of random matrices, we consider the 

linear eigenvalue statistics, defined via test function φ : R→C as N�[φ] = ∑ φ(λ�)��
� . In 2009, 

A.Lytova and L.Pastur proved central limit theorem for N�[φ] and calculated its variance explicitly 

under the condition that all entries in the matrices are independent and identically distributed.([1]) 

In 2010, László Erdo) s, Horng − Tzer Yau, and  Jun Yin([2]) proposed the generalized 

Wigner matrices by assuming that the entries in the matrices are independent, but not necessarily 

identically distributed. They proved the semicircle law with sharp estimates. Here we prove central 

limit theorem of this model. 

Following the idea of A.Lytova and L.Pastur, the proof is divided into two steps. First we 

prove central limit theorem for the random variable N�[φ] when the entries are Gaussian. Then we 

apply Taylor expansion to study the general case. 

 

1.2 Preliminaries 

In this section we introduce basic definitions about generalized Wigner matrices.  

Definition 1.1 [Generalized Wigner Matrices] 

For each n ∈ ℕ, let W be a n × n real, symmetric matrix where 

(1) �W��(n)��7�7�7�� =  �W����7�7�7�
�

 are independent random variables  

 (2) E8W��9 = 0, E8W��; (n)9 =  σ��; (n) =  σ��; <  ∞  

(3)  There is a constant C, independent of n, such that 

(1.1)                                                        max�,� �σ��; �  ≤  Cn  
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(1.2)                                                  D σ��;
�

�
� = 1 for any Gixed k 

�4� Denoting by B =  �σ��; �  the matrix of variances, there exist two positive constants δT and  
δU, independent of n, such that  
�1.3�           1 is a simple eigenvalue of B and Spec�B� ⊂  �−1 + δT, 1 − δU� ∪ {1}. 
(5) The distributions of the matrix elements have a uniform subexponential decay in the  
sense that there exists a constant ν > 0, independent of n, such that for any x ≥ 1 and  
1 ≤ j, k ≤ n we have  
�1.4�                                             P`aW��a ≥ xσ��b ≤  νT� eTcd

 

Then W is called a generalized Wigner matrix.([2]) 

 

Through this paper we impose an additional assumption that 

�1.5�                                                          a�nσ��; − 1�a = o�1�.�,�  
fgh

 

 

Definition 1.2 [Linear Eigenvalue Statistics] 

With a test function  φ : R→C, and {λ�}�
��  the eigenvalues of a generalized Wigner matrix W, 

the linear eigenvalue statistic is defined as 

�1.6�                                                           N�[φ] = Dφ(λ�)
�

�
�
 

1.3 Lemmas 

In this part we introduce some lemmas that will be helpful in proving our desired theorems. 

Lemma 1.1 [Duhamel Formula] 

 Let M�, M; be n × n matrices and t ∈ ℝ. Then we have 
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�1.7�                                e(mnUmo)p =  emnp  +  q emn(pTf)p
r M;e(mnUmo)fds 

proof. Define A(t) =  eTmnpe(mnUmo)p 
 then At(t) = eTmnp(−M�)e(mnUmo)p +  eTmnp(M� + M;)e(mnUmo)p  
                     = eTmnpM;e(mnUmo)p 
Thus,  

A(t) −  A(0) =  u At(s)dspr =  u eTmnfM;e(mnUmo)fdspr , or 

A(t) =  A(0) +   q eTmnfM;e(mnUmo)fdsp
r  

Multiply   emnp to both sides and we have the Duhamel formula : 

e(mnUmo)p =  emnp  +  q emn(pTf)p
r M;e(mnUmo)fds                                                                                         ∎ 

 

Lemma 1.2 [Properties of w(x) = y�z{] 

 Consider a real symmetric matrix M = �M����,�
��
 and set U(t) =  e�pm, t ∈ ℝ. 

Then U(t) is a symmetric unitary matrix possessing the properties 

(1.8)     (i)  U(t)U(s) =  U(t + s)     (ii) ‖ U(t)‖ = 1 

              (iii) DaU��(t)a;�
�
� =  1            (iv)aU��(t)a ≤ 1             

proof. 

(i) Since U(t) =  e�pm =  D (itM)�k!
�

�
r , U(s) =  e�fm =  D (isM)�k!
�

�
r  

Consider U(t)U(s) =  D a�M�, then �
�
r a� =   D (it)�j!

�
�
r ∙ (is)�T�(k − j)! 
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=   1
k! D  k!

j! �k − j�!
�

�
r
 i� ∙ t� ∙ s�T� =  i�k! D  �kj ��

�
r  ∙ t� ∙ s�T� =  i�k! ∙ (t + s)� =  [i(t + s)]�k!  

Thus U(t)U(s) =  D [i(t + s)]�k! M�  = �
�
r D [i(t + s)M]�k!

�
�
r = U(t + s). 

(ii) Since M is real symmetric, M can be diagonalized as M = CDCT�,  

‖ U(t)‖ =  � e�pm� = � e�p����n� 

= � Ce�p�CT��      (e�p����n =   D (itCDCT�)�k!  �
�
r =  D itCD�CT�k!  �

�
r =  Ce�p�CT�) 

=  � e�p�� = 1 

Since U(t)is unitary, it follows that (iii) DaU��(t)a;�
�
� =  1   

and (iv)aU��(t)a ≤ 1 is obvious from (iii)                                                                                                ∎      
 

Lemma 1.3 [Differential Formula] 

The Duhamel formula(1.7) allows us to obtain the derivatives of U(t) with respect to the entries 

M�� of  M. ( the symbol “*” stands for convolution of two functions.) 

(1.9)      ∂U��(t)∂M�� =  i1 + δ�� 8`U�� ∗ U��b(t) + `U�� ∗ U��b(t) 9    where δ�� =  � 1   if j = k 0   if j ≠ k� 
It follows that for r ∈ ℕ, there is a constant c�, independent of n, t such that 

(1.10)      �∂�U��(t)∂M��� �  ≤  c�|t|� 
proof. 

For (1.9), 

let H�� be a symmetric matrix  with all entries zero except for 

H���� =  H���� = h 
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and I�� =  H��h  
By deGinition ∂U���t�

∂M���t� =  lim�→r
�e�p`mU���b�ab − [eitM]ab

h  

applying Duhamelts formula �1.6�, with M� = iM and M; = iH��, we get 
∂U���t�

∂M�� =  lim�→r
u �e�m�pTf��iH���e�`mU���bf��� dsp

r
h  

                =  i ∙ lim�→r q �e�m�pTf�I��e�`mU���bf��� dsp
r

 

                =  i ∙ q 8e�m�pTf�I��e�mf9��dsp
r

              �by continuity of e�mf� 

                =  i ∙ q 8U�t − s�I��U�s�9��dsp
r

 

�a�If j = k: 

I��U�s� =

��
��
��
� 0 0 ⋯ 0⋮ ⋮ ⋱ 00 0 ⋯ 0U���s� U�;�s� ⋯ U���s�

0 0 ⋯ 0⋮ ⋮ ⋱ 00 0 ⋯ 0  ¡
¡¡
¡¡
¢
   

⇒   U�t − s�I��U�s� =  
��
��
U���t − s�U���s� U���t − s�U�;�s� ⋯ U���t − s�U���s�
U;��t − s�U���s� U;��t − s�U�;�s� ⋯ U;��t − s�U���s�

⋮ ⋮ ⋱ ⋮U���t − s�U���s� U���t − s�U�;�s� ⋯ U���t − s�U���s� ¡
¡¢ 

In this case ∂U���t�
∂M�� =  i ∙ q 8U�t − s�I��U�s�9��dsp

r
 

=  i ∙ q U���t − s�U���s�dsp
r

= i ∙ U�� ∗ U���t� =  i ∙ U�� ∗ U���t� 

�b�If j ≠ k, without lose of generality say j < ¤: 

jth row 
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I��U�s� =

��
��
��
��
��
� 0 0 ⋯ 0⋮ ⋮ ⋱ 00 0 ⋯ 0U���s� U�;�s� ⋯ U���s�0 0 ⋯ 0⋮ ⋮ ⋱ ⋮0 0 ⋯ 0U���s� U�;�s� ⋯ U���s�

0 0 ⋯ 0⋮ ⋮ ⋱ 00 0 ⋯ 0  ¡
¡¡
¡¡
¡¡
¡¡
¢

  

⇒   U�t − s�I��U�s� 

=  
��
��
�U���t − s�U���s� + U���t − s�U���s� U���t − s�U�;�s� + U���t − s�U�;�s� ⋯ U���t − s�U���s� + U���t − s�U���s�
U;��t − s�U���s� + U;��t − s�U���s� U;��t − s�U�;�s� + U;��t − s�U�;�s� ⋯ U;��t − s�U���s� + U;��t − s�U���s�

⋮ ⋮ ⋱ ⋮U���t − s�U���s� + U���t − s�U���s� U���t − s�U�;�s� + U���t − s�U�;�s� ⋯ U���t − s�U���s� + U���t − s�U���s� ¡
¡¡
¢
 

In this case ∂U��(t)∂M�� =  i ∙ q 8U(t − s)I��U(s)9��dsp
r  

=  i ∙ q [U��(t − s)U��(s) + U��(t − s)U��(s)]dsp
r  

=  i ∙ 8`U�� ∗ U��b(t) + `U�� ∗ U��b(t) 9                                                                                                      
From (a) and (b)we conclude that  
∂U��(t)∂M�� =  i1 + δ�� 8`U�� ∗ U��b(t) + `U�� ∗ U��b(t) 9    where δ�� =  � 1   if j = k 0   if j ≠ k�     
 

Now we prove (1.10): 

If r = 1,  

Since aU��(t)a ≤ 1, �∂U��(t)∂M�� � ≤  a`U�� ∗ U��b(t) + `U�� ∗ U��b(t) a 
≤ �q a(U��(t − s)U��(s) + U��(t − s)U��(s))adsp

r � 
≤ �q (aU��(t − s)a ∙ |U��(s)| + aU��(t − s)a|U��(s)|)dsp

r � 

jth row 

kth row 
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≤ �q 2 dsp
r

� = 2|t| 
For general r ≥ 2, the differential formula (1.9) yields an r-dimensional integral.  

Since aU��(t)a ≤ 1, there is a constant c� which depends on r that  

�∂�U��(t)∂M��� � ≤ c�|t|�                                                                                                                                               ∎ 

 

Lemma 1.4 [Equalities and Inequalities about Gaussian random variables] 

 Let ξ =  
ξ ���
�h  be independent Gaussian random variables of zero mean, and  Φ : Rh→ C be 

a differentiable function with polynomially bounded partial derivatives Φ�t , r = 1,2, … , p. 
Then we have 

(1.11)                 (i)       E[ξ �Φ(ξ)] = E[ξ �; ] E[Φ�t (ξ)],                       r = 1,2, … , p. 
(1.12)                 (ii)      Var[Φ(ξ)]  ≤  max�7�7h 
σ�;� ∑ E[|Φ�t (ξ)|;]h�
�    (Poincaré inequality)     
proof. 

(i) E[ξ �Φ(ξ)] =  q … q x�Φ(x) 1√2πhσ�σ; … σh eT ∑  c�o;­�o
®�¯n�

T�
�

T� dx�dx; … dxh 

Applying integration by parts with respect to x�, we get that this expected value is  

 q … q ° ±−σ�;Φ(x) 1√2πhσ�σ; … σh eT ∑  c�o;­�o
®�¯n ²

T�

��
T�

�
T�

+  σ�; q Φ�t (x)√2πhσ�σ; … σh eT ∑  c�o;­�o
®�¯n�

T� dx�³  dx�dx; … dx�T�dx�U� … dxh 

=  q … q °  σ�; q Φ�t (x)√2πhσ�σ; … σh eT ∑  c�o;­�o
®�¯n�

T� dx�³�
T�

�
T�  dx�dx; … dx�T�dx�U� … dxh 

(since Φ has polynomially bounded partial derivatives.) 
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=  E�ξ �; � E�Φ�t �ξ�� 
�ii) Consider the Hilbert space L;(dμ) where  

dμ =  1√2πhσ�σ; … σh eT ∑  c�o;­�o
®�¯n  dx�dx; … dxh 

Observe that 

< µ¶, µ· >¸=  q … q ∇f ∙ ∇g�
T�

�
T� dμ =  q … q f ∙ (− ∆g +  D x�σ�;

∂g∂x�
h

�
�
�

T� )�
T� dμ 

By deGining  L = − ∆ +  D x�σ�;
∂∂x�

h
�
� , we can rewrite the above equation as  

< µ¶, µ· >¸ = < ¶ , »· >¸= < »¶ , · >¸ 

Thus L is self-adjoint and positive. 

 

Consider eigenvalues 
λ�� of L, it is well known that λr = 0 and λ� = �­¼o    r = 1,2, … , p.  

Let er, e� … , eh,…be orthonormal basis of L in L;(dμ) with respect to eigenvalues λr, λ� … , λh, … 
 we write the decomposition of f: 

f = < ¶ , er >¸ + < ¶ , e� >¸ e� + < ¶ , e; >¸ e; +  … + < ¶ , eh >¸ eh +  … 

 

Note that < ¶ , er >¸= < ¶ ,1 >¸=  q fdμ = E[f],  so 

f − E[f] = < ¶ , e� >¸ e� + < ¶ , e; >¸ e; +  … + < ¶ , eh >¸ eh +  … 

Since q E[f] e�dμ = 0 for all  r = 1,2, … , p, …  by writing Φ = f −  E[f], 
Φ = < Φ , e� >¸ e� + < Φ , e; >¸ e; +  … + < Φ , eh >¸ eh +  … 

Let  λ =  inf�½� 
λ�� =  inf�½� � 1σ�;¾ =  1sup�½� 
σ�;�  
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LΦ = < Φ , e� >¸ λ�e� + < Φ , e; >¸ λ;e; +  … + < Φ , eh >¸ λheh +  … 

and 

< »Φ , Φ >¸= < Φ , e� >¸; λ� + < Φ , e; >¸; λ; + … + < Φ , eh >¸; λh +  … 

≥ λ `< Φ , e� >¸;+ < Φ , e; >¸;+ … + < Φ , eh >¸;+  … b =  λ < Φ , Φ >¸ 

Hence  
Var[Φ(ξ)] =  < Φ , Φ >¸ ≤  1λ < »Φ , Φ >¸ 

=  sup�½� 
σ�;� ‖∇Φ‖; =  sup�½� 
σ�;� D E[|Φ�t (ξ)|;]h
¿
�  =  max�½� 
σ�;� D E[|Φ�t (ξ)|;]h

¿
�                                 ∎ 

 

Lemma 1.5 [An Integral Equation]([1]) 

Denote the correspondence between functions and their generalized Fourier transforms as f ↔  fÁ. If 
P, Q and R are locally Lipshitzian, satisfy eTÂp|f(t)| <  ∞p½r fgh , and 1 + i QÄ(z) ≠ 0,    Im Z < 0. 
then the equation  

P(t) +  q Q(t − s)P(s)dsp
r = R(t),            t ≥ 0, 

has a unique locally Lipshitzian solution 

P(t) =  −i q T(t − s)R(s)dsp
r  

where T ↔  (1 + i QÄ)T� 

In particular, if R(t) is differentiable, R(0) = 0, and Q(t) =  u Q�(s)dspr  

then the equation  

(1.13)                                       P(t) +  q ds q Q�(s − v)P(v)dv = R(t),    t ≥ 0,f
r

p
r  

has a unique locally Lipshitzian solution 
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P�t� =  − q T��t − s�Rt�s�ds,p
r

 

where T�  ↔  �z + QÄ��T� 

provided by z + QÄ�  ≠ 0,   Im Z <  0. 
 

Lemma 1.6 [Semicircle Law]([1][2]) 

Let W be a generalized Wigner matrix, and N�[φ] be the corresponding linear eigenvalue 

statistic(see (1.6)). Then we have for any bounded and continuous φ : R→ C with probability 1 that 

�1.14�                                         lim�→� nT�N�[φ] = q φ(λ)∙ 12π Æ4 − λ;dλ;
T;                      
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2. Central Limit Theorem for linear eigenvalue statistics in the case of Gaussian entries 

2.1 Bound of Variance 

Theorem 2.1 [Bound of Var�Ç��φ��] 

 Let W be a generalized Wigner matrix as mentioned in definition 1.1, and  φ be a bounded 

function with bounded derivative, then 

�2.1�                    Var�N��φ� � ≤ 4C
n  ∙ E�Tr φt�W��φt�W��∗ �  ≤  4C ∙ ` |φt�λ�|È∈ℝfgh b;

 

proof. By the spectral theorem for real symmetric matrices, we have (see [1]) 

�2.2�                                              N��φ� = D φ�λ��
�

�
�
= Tr�φ�W�� 

Thus, we can apply Lemma 1.3 to  Φ�W� = Tr�φ�W��, viewing it as a differentiable function of 
 the independent Gaussian random variables W�� and obtain 

(2.3)                                             ∂Tr(φ(W))∂W�� =  21 + δ��  φ��t (W) 

where φ��t (W) is the jk entry of φt(W). 

(1.12) and (1.1) imply 

Var[N�[φ] ] =  Var[Tr(φ(W)) ] 
≤  Cn D E Ê� 21 + δ��  φ��t (W)�;Ë�7�,�7�    
≤ 4Cn  D E �a φ��t (W)a;��7�,�7� = 4Cn  ∙ E[Tr φt(W)(φt(W))∗ ]   
Note that for normal matrix A, we have  |Tr(A)|  ≤ n‖A‖,  
and for Hermitian matrix B with ψ: ℝ → ℂ, ‖ψ(B)‖  ≤  |ψ(λ)| È∈ℝfgh  

Hence  

E[Tr φt(W)(φt(W))∗]  ≤ ` |φt(λ)|È∈ℝfgh b;
 



 

12 

 

and it follows that  

Var�N��φ� � ≤ 4C
n  ∙ E�Tr φt�W��φt�W��∗ � ≤ 4C ∙ ` |φt�λ�|È∈ℝfgh b;                                                          ∎ 

 

2.2 Central Limit Theorem 

Theorem 2.2 [Central Limit Theorem in the case of Gaussian entries with specific φ] 

Let  φ : R→R  be a bounded function with bounded derivative satisfying 

�2.4�         φ Î �t� =  1
2π q eT�pÈφ(λ)dλ,    q(1 + |t|;)|φÎ(t)| dt <  ∞    

Suppose W is a generalized Wigner matrix with Gaussian entries, and let N�[φ] be the 

corresponding linear eigenvalue statistic of W. Then the random variable 

N�r =  N�[φ] − E[N�[φ]] 
converges in distribution to the Gaussian random variable N0with zero mean and variance 

(2.5)                       Var[Nr] =  12π; q q �φ(λ) − φ(μ)λ-μ �; 4 − λμÆ4 − Ð;√4 − λ; dλ;
T; ÑÐ;

T;  

proof. Define  

(2.6)                                                              Z�(x) =  E[e�cÒÓÔ ],  

by the continuity theorem for characteristic functions, it’s sufficient to prove that for any Õ ∈ ℝ, 

(2.7)                                                            lim�→� Z�(x) = Z(x),     
where  Z(x) =  eTÖo×Ø¼8ÙÔ9o  is the characteristic function of normal random variable with zero mean 

and variance Var[Nr].  
Consider the integral equation 

Z(x)  =  1 −  Var[Nr] q yZ(y)dyx
0  

or                                                      log Z(x) =  − 12  Var[Nr]x; +  c 
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Since Z(0) = 1, we have c = 0.  

So  
�2.8�                                                             Z�x� =  eTcoÚ��8ÒÔ9;  

is the unique solution of  
(2.9)                                                     Z(x)  =  1 −  Var[Nr] q yZ(y)dyx

0  

It follows from (2.6) that, 

(2.10)                                                             Z�t (x) =  iE[N�re�cÒÓÔ ] 
By theorem 2.1, Cauchy-Schwarz inequality and note that E8e;�cÒÓÔ 9 = E8e�c`;ÒÓÔ b9 = 1,  

|Z�t (x)| =  aE8N�re�cÒÓÔ 9a  ≤ E8aN�re�cÒÓÔ a9  ≤ 
 E[N�r;]E[e;�cÒÓÔ ] ��; 

                                          = 
Var[N�r] ∙ 1��; =  
Var[ N�[φ]]��;  
                                          ≤ 
4C` |φt(λ)|È∈ℝfgh b;��; = 2√C |φt(λ)|È∈ℝfgh  

since φ is a bounded function with bounded derivative. 

Now it’s sufficient to prove that for any converging subsequences ÛZ��Ü and ÛZ��t Ü, 

(2.11)                            lim��→� Z��(x) = Z(x),           lim��→� Z��t (x) = −xVar[Nr]Z(x).            
The dominated convergence theorem then proves the result. Moreover, during the calculation of 

lim��→� Z��t (x) , we can write Var[Nr] explicitly. 

 

To this end, we consider φ admits the Fourier transform (2.4), and recall the Fourier inversion 

formula  

(2.12)                                                     φ(λ) =  q e�pÈφÎ(t)dt 
Then for this certain class of functions φ , we have 
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N��φ� = Tr φ�W� = Tr q e�pÝφÎ(t)dt =  q TrU(t) ∙ φÎ(t)dt 
                                ⇒  N�r =  q TrU(t) ∙ φÎ(t)dt −  E Þq TrU(t) ∙ φÎ(t)dtß 
                                            =  q(TrU(t) − E[TrU(t)]) ∙ φÎ(t)dt 
                                            =  u u�r(t) ∙ φÎ(t)dt            

by defining  

(2.13)                                    u�(t) =  TrU(t) and u�r(t) =  u�(t) −  E[u�(t)] 
 

Thus, 

 Z�t (x) =  iE8N�re�cÒÓÔ 9 =  iE Þq u�r(t) ∙ φÎ(t)dt ∙ e�cÒÓÔ ß 
=  i q E8u�r(t) e�cÒÓÔ 9 ∙ φÎ(t)dt ∶= i q Y�(x, t) ∙ φÎ(t)dt 
by defining  

(2.14)                                                    Y�(x, t) =  E8u�r(t) e�cÒÓÔ 9. 
 

Note that by (2.2) we have u�(t) =  TrU(t) = Tr e�pÝ =  N�[ e�pÈ] , so it follows from Theorem 

2.1 and  (e�pÈ)t = it e�pÈ that  

(2.15)                                         Var[u�(t)] ≤  4C á ait e�pÈaÈ∈ℝfgh â; ≤  4Ct; 

and similarly with u�t (t) = N�[ iλe�pÈ], ( iλe�pÈ)t =   ie�pÈ − itλe�pÈ = ie�pÈ(1 − tλ) , 
(2.16)            Var[u�t (t)]  ≤  4Cn  ∙ E �Tr áie�pÝ(I − tW)â áie�pÝ(I − tW)â∗� 
=   4Cn  ∙ E[Tr (I + t;W;)] = 4Cn  ∙ E ÊD  (I + t;W;)��

�
�
� Ë = 4Cn  D  E[(I + t;W;)��]�

�
�  
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=   4C
n D  �1 +

�

�
�
t;E�W��; ��  ≤ 4C

n D  �1 +
�

�
�
Ct;
n �  

= 4C
n ∙ n ∙ ã1 + Ct;

n ä = 4C + 4C;t;
n  ≤  4C�1 + Ct;

n � 

 

Now we are ready to prove that {Y��x, t�} =  {E8u�r�t� e�cÒÓÔ 9��
��  is bounded, equicontinuous on 

any finite set of the plane ℝ; ={(x,t)}, and that its every uniformly converging on the set sub- 

sequence has the same limit. This proves the assertion of the theorem under condition (2.4). Indeed, 

let �Z�¼��½� be subsequence converging for Zt  ≠ Z. Consider the corresponding subsequence 

�Y�¼��½�It contains a uniformly converging subsequence of �Z�¼��½� to converge to Z, a  

contradiction. 

 

Since ae�cÒÓÔ a  ≤ 1, by Cauchy-Schwarz inequality and (2.15) we have the following bound: 

 (2.18)               |Y�(x, t)| =  aE8u�r(t) e�cÒÓÔ 9a  ≤ E[|u�r(t)|]  ≤  (E[|u�r(t)|;])�; 

                                              =  Var[u�(t)]�; ≤  (4Ct;)�;  = 2√C|t| 
On the other hand, from (2.17) 

(2.19)                �åY�(x, t)åx � = �∂E8u�r(t) e�cÒÔ9∂t � = �E æ∂u�r(t) e�cÒÔ
∂t ç�  ≤ E �∂u�r(t)∂t � 

                                                ≤  Var[u�t (t)]�;  ≤  (4C(1 + Ct;n ))�; =  2èC(1 + Ct;n ) 

And again by the Cauchy-Schwarz inequality and (2.15), 

(2.20)                   �∂Y�(x, t)∂x � = �∂E8u�r(t) e�cÒÓÔ 9∂x � =  aE8u�r(t)i N�re�cÒÓÔ 9a =  aE8u�r(t) N�re�cÒÓÔ 9a 
                                                     ≤  (Var[u�r(t)])�; ∙ (Var[N�[φ]])�;  
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                                                     ≤  ã4Ct;
n ä

�; ∙ á4C` |φt�λ�|È∈ℝfgh b;â
�; 

                                                    =  ã2√C|t|
√n ä ∙ `2√C |φt�λ�|È∈ℝfgh b =  4C|t| |φt�λ�|È∈ℝfgh  

 

So we conclude that {Y��x, t�}�
��  is bounded, equicontinuous on any finite set of the plane 

ℝ; ={(x,t)}. Now we turn to prove every uniformly converging subsequence of {Y��x, t�}�
��  has  

the same limit. 

 

It follows from the Duhamel formula (1.7) with M� = 0 and M; = iW that 
                               e�pÝ = I +  i q We�fÝp

r ds  ⇔  U(t) =  I +  i q WU(s)p
r ds 

thus 

(2.21)        u�(t) =  TrU(t) =  n +  i q Tr`WU(s)bp
r ds = n + i q D`WU(s)b��

�
�
�

p
r ds 

                                                   =  n + i q D D W��U��(s)�
�
�

�
�
�

p
r ds 

Substitute in Y�(x, t): 
(2.22)        Y�(x, t) =  E8u�r(t) e�cÒÓÔ 9 = E8(u�(t) − E[u�(t)]) e�cÒÓÔ 9 
                                   =  E8u�(t)e�cÒÓÔ 9 − E8E[u�(t)]e�cÒÓÔ 9  
                                   =  E8u�(t)e�cÒÓÔ 9 − E[u�(t)]E8e�cÒÓÔ 9  
                                   =  E8u�(t)(e�cÒÓÔ − E[e�cÒÓÔ ])9 
                                   =  E ±(n + i q D D W��U��(s)�

�
�
�

�
�
p

r ds)(e�cÒÓÔ − E[e�cÒÓÔ ])² 
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                                   =  nE��e�cÒÓÔ − E[e�cÒÓÔ ])] +  iE ±(q D D W��U��(s)�
�
�

�
�
�

p
r ds)(e�cÒÓÔ − E[e�cÒÓÔ ])² 

                                   = i q D D E8W��U��(s)(e�cÒÓÔ − E[e�cÒÓÔ ])9�
�
�

�
�
�

p
r ds 

Now apply (1.11) by letting Φ`W��b =  U��(s)(e�cÒÓÔ − E[e�cÒÓÔ ]), 

(2.23)         Y�(x, t) = i q D D E8W��; 9E Ê∂U��(s)(e�cÒÓÔ − E[e�cÒÓÔ ])∂W�� Ë�
�
�

�
�
�

p
r ds 

By using (2.3),  
∂e�cÒÓÔ∂W�� = 2ix1 + δ�� ∙ φ��t (W) ∙ e�cÒÓÔ  

Under the assumption (2.4) and (2.12), 

φ(W) = q e�pÝφÎ(t)dt      
(2.24)                                     φt(W) =   i q t ∙ e�pÝφÎ(t)dt =  i q tU(t)φÎ(t)dt  
So                                              ∂e�cÒÓÔ∂W�� =  2ix1 + δ�� ∙ e�cÒÓÔ ∙ �i q tU��(t)φÎ(t)dt� 

                                                               =  −2x1 + δ�� ∙ e�cÒÓÔ ∙ q tU��(t)φÎ(t)dt 
This and (1.9) implies 

∂U��(s)(e�cÒÓÔ − E[e�cÒÓÔ ])∂W��  

=  ∂U��(s)∂W�� ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b + U��(s) ∙ ∂(e�cÒÓÔ − E[e�cÒÓÔ ])∂W��  

=  i1 + δ�� 8`U�� ∗ U��b(s) + `U�� ∗ U��b(s) 9 ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b 
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                                                      + U���s� ∙  −2x
1 + δ�� ∙ e�cÒÓÔ ∙ q tU��(t)φÎ(t)dt 

= i1 + δ�� `U�� ∗ U��b(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b +   i1 + δ�� `U�� ∗ U��b(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b 

                                                      − 2x1 + δ�� U��(s) ∙ e�cÒÓÔ ∙ q tU��(t)φÎ(t)dt 
Since 

`U�� ∗ U��b(s) =  q U��
f

r (s − v)U��(v)dv =  q 8e�(fTê)Ý9��
f

r 8e�êÝ9��dv 

=  q 8e�fÝ9��
f

r dv =  q U��(s)f
r dv = sU��(s) 

we have  

E Ê∂U��(s)(e�cÒÓÔ − E[e�cÒÓÔ ])∂W�� Ë 
=      i1 + δ�� E8`U�� ∗ U��b(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9 
         +  i1 + δ�� s ∙ E8U��(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9 −  2x1 + δ�� E ÞU��(s) ∙ e�cÒÓÔ ∙ q tU��(t)φÎ(t)dtß 
=      i1 + δ�� q E8U��(s − v)U��(v)9 ∙f

r `e�cÒÓÔ −  E8e�cÒÓÔ 9b dv 

          +  i1 + δ�� s ∙ E8U��(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9 −  2x1 + δ�� E ÞU��(s) ∙ e�cÒÓÔ ∙ q tU��(t)φÎ(t)dtß 
Substitute these formula into (2.23), we get 

Y�(x, t) =  E8u�r(t) e�cÒÓÔ 9  = i q D D E8W��; 9E Ê∂U��(s)(e�cÒÓÔ − E[e�cÒÓÔ ])∂W�� Ë�
�
�

�
�
�

p
r ds 

=     i q D D E8W��; 9 ë i1 + δ�� s ∙ E8U��(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9ì�
�
�

�
�
�

p
r ds  
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   + i q D D E8W��; 9 ë i1 + δ�� q E8U��(s − v)U��(v)9 ∙f
r `e�cÒÓÔ −  E8e�cÒÓÔ 9b dvì�

�
�
�

�
�
p

r ds 

  − i q D D E8W��; 9 ë 2x1 + δ�� E ÞU��(s) ∙ e�cÒÓÔ ∙ q tU��(t)φÎ(t)dtßì�
�
�

�
�
�

p
r ds 

=    − q s ∙ D D( 11 + δ��) ∙ σ��; ∙ E8U��(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9�
�
�

�
�
�

p
r ds  

   − q ds q D D( 11 + δ��) ∙ σ��; ∙ E8U��(s − v)U��(v) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9dv�
�
�

�
�
�

f
r

p
r  

   − 2x q D D( 11 + δ��) ∙ σ��; E8e�cÒÓÔ ∙ U��(s) ∙ φ��t (W)9�
�
�

�
�
�

p
r ds 

= F� +  G� +  H�. 

 

In view of (1.13), we can write solution about 

P(t) +  q ds q Q�(s − v)P(v)dv = R(t),    t ≥ 0,f
r

p
r  

So we claim that,  

Y�(x, t) +  q ds q E[nT�u�(s − v)]Y�(x, v)dv = −xZ�(x)A�(t) +  r�(t)f
r

p
r  

with lim�→� r�(t) = 0 on any compact subset of 
t ≥ 0�. 
 

To this end, first we consider  

lim�→�F� = − lim�→� q s ∙ D D ã 11 + δ��ä ∙ σ��; ∙ E8U��(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9�
�
�

�
�
�

p
r ds 

              =  −lim�→� q s ∙ D D σ��; ∙ E8U��(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9�
�
�

�
�
�

p
r ds 
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              =  −lim�→� q s ∙ D(D σ��; )E8U��(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9�
�
�

�
�
�

p
r ds  

By (1.2) and D�U��(s) =��
�
�  Tr U(s),  

lim�→�F�  = −lim�→� q s ∙ E8Tr U(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9p
r ds  

              = −lim�→� q s ∙ E8u�(s) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9p
r ds 

Note that ae�cÒÔ −  E8e�cÒÔ9a ≤ 2, so 

lim�→�|F�| ≤  lim�→� 2 q s ∙ E[u�(s)]p
r ds 

Using (2.15) we get 

lim�→�|F�| ≤  lim�→� 2 q s ∙ Var[u�(s)]�;p
r ds ≤  lim�→�2 q s ∙ ã4Cs;n ä�;p

r ds 

=  lim�→�
4√C√n q s;p

r ds =  lim�→�
4√C√n ∙ tí3 =  0 on any compact subset of 
t ≥ 0�. 

 

On the other hand, we consider G� by writing the following limit and use (1.4): 

lim�→� î− q ds q D D �σ��; − 1n� ∙ E8U��(s − v)U��(v) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9dv�
�
�

�
�
�

f
r

p
r î 

=  lim�→� îq ds q D D E8U��(s − v)U��(v) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9dv�
�
�

�
�
�

f
r

p
r î 

=  lim�→� �q ds q E8Tr U(s − v) ∙ Tr U(v) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9dvf
r

p
r � 

=  lim�→� �q ds q E8u�(s − v) ∙ u�(v) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9dvf
r

p
r � 
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Use the same techniques we have 

lim�→� �q ds q E8u�(s − v) ∙ u�(v) ∙ `e�cÒÓÔ −  E8e�cÒÓÔ 9b9dvf
r

p
r � 

≤  lim�→�2 q ds q E[u�(s − v) ∙ u�(v)]dvf
r

p
r = 0. 

So  

lim�→�(−G�) =  lim�→� q ds q E[nT�u�(s − v)]f
r

p
r E8u�(v) `e�cÒÓÔ −  E8e�cÒÓÔ 9b9dv 

                     =  lim�→� q ds q E[nT�u�(s − v)]f
r

p
r E8(u�(v) − E[u�(t)])e�cÒÓÔ 9dv 

                     =  lim�→� q ds q E[nT�u�(s − v)]f
r

p
r E8u�r(v)e�cÒÓÔ 9dv 

                     =  lim�→� q ds q E[nT�u�(s − v)]f
r

p
r Y�(x, v)dv. 

 

Finally we consider  

H� =  − 2x q D D( 11 + δ��) ∙ σ��; E8e�cÒÓÔ ∙ U��(s) ∙ φ��t (W)9�
�
�

�
�
�

p
r ds 

recall that Z�(x) =  E8e�cÒÔ9, hence with similar actions in the estimate of G�, 

and note that by (2.24), i u tU��(t)φÎ(t)dt =  φ��t (W), so we have 

 

lim�→�H�  =  lim�→�[−xZ�(x)] ∙  2n q D D E8U��(s) ∙ φ��t (W)9�
�
�

�
�
�

p
r ds 

                =  lim�→�[−xZ�(x)] ∙  2 q E[nT�Tr U(s)φt(W)]p
r ds 
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Now, by (1.14) it’s easy to see, if we write 

(2.25)                     B(t) ∶= lim�→� E[nT�u�(s − v)] =  12π q e�(fTê)λ;
T; Æ4 − λ;dλ,  

(2.26)                     A(t) ∶= lim�→� 2 q E[nT�Tr U(s)φt(W)]p
r ds =  1π q dsp

r q e�fλφt(λ);
T; Æ4 − λ;dλ 

and pass limit to Y�(x, t) = F� +  G� +  H�, we have that if 

Y(x, t) is a limit of every uniformly converging subsequence of 
Y�(x, t)�, then  
(2.27)               Y(x, t) + q ds q B(s − v)f

r
p

r Y(x, v)dv =  −xZ(x) A(t) 

It follows from the spectral theorem that 

BÄ = f 
where f is the Stieljes transform of the semicircle law (1.14). thus  

T�(t) =  i2π q e�ïpz + 2f(z)ð dz = − 1π q e�pλ
√4 − λ; dλ;

T;  

Hence by (1.13), with  

R(t) =  − xZ(x) A(t) =  −xZ(x) ∙ 1π q dsp
r q e�fλφt(λ);

T; Æ4 − λ;dλ 

⇔  Rt(t) =  −xZ(x)At(t) =  −xZ(x) ∙ 1π q e�fλφt(λ);
T; Æ4 − λ;dλ 

We figure out that 

Y(x, t) = − q ë− 1π q e�(pTf)¸
Æ4 − μ; dμ;

T; ìp
r ∙ ë−xZ(x) ∙ 1π q e�fλφt(λ);

T; Æ4 − λ;dλì ds 

                                    = − xZ(x)π; q ëq e�(pTf)¸
Æ4 − μ; dμ;

T; ìp
r ∙ ëq e�fλφt(λ);

T; Æ4 − λ;dλì ds 

and 

q e�(pTf)¸p
r e�fλds = e�p¸ q ef(iλ-i¸)dp

r s =  e�p¸ Þ 1iλ-iμ ef(iλ-i¸)ßr
p =  � −iλ-μ� `e�pλ − e�p¸b 
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So 

Y�x, t� =  ixZ(x)π; q 1Æ4 − μ; dμ q e�pλ − e�p¸λ-μ φt(λ)Æ4 − λ;dλ;
T;

;
T;  

Recall  
 Z�t (x) = i q Y�(x, t) ∙ φÎ(t)dt 
Thus for the part of Y(x, t) associated with t, write  
q(e�pλ − e�p¸) ∙ φÎ(t)dt = q e�pλ φÎ(t)dt − q e�p¸ φÎ(t)dt = φ(λ) − φ(μ) 

Then  

lim�¼→� Z�¼t (x) = −xZ(x)π; q 1Æ4 − μ; dμ q φ(λ) − φ(μ)λ-μ φt(λ)Æ4 − λ;dλ;
T;

;
T;  

Since 

φ′(λ)(φ(λ) − φ(μ)) = 12 ∂∂λ (φ(λ) − φ(μ))2 

We have the form 

lim�¼→� Z�¼t (x) = −xZ(x)2π; q 1Æ4 − μ; dμ q ∂∂λ (φ(λ) − φ(μ));
λ-μ Æ4 − λ;dλ;

T;
;

T;  

performing integration by parts, 

q ∂∂λ (φ(λ) − φ(μ));
λ-μ Æ4 − λ;dλ;

T; =  q �φ(λ) − φ(μ)λ-μ �; 4 − λμ√4 − λ; dλ;
T;  

so 

lim�¼→� Z�¼t (x) = −xZ(x)2π; q 1Æ4 − μ; dμ q �φ(λ) − φ(μ)λ-μ �; 4 − λμ√4 − λ; dλ;
T;

;
T;  

                                                =  −xZ(x)2π; q q �φ(λ) − φ(μ)λ-μ �; 4 − λμÆ4 − μ;√4 − λ; dλ;
T; dμ;

T;  
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In (2.11)  
lim�¼→� Z�¼t (x) = −xVar[Nr]Z(x)            
Hence we completes the proof with  

                                    Var[Nr] =  12π; q q �φ(λ) − φ(μ)λ-μ �; 4 − λμÆ4 − μ;√4 − λ; dλ;
T; dμ;

T;                            
under condition (2.4).                                                                                                                                      ∎ 
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Theorem 2.3 [Central Limit Theorem in the case of Gaussian entries with bounded φ and òt] 

Theorem 2.2 remains true when φ : R→C is a function with bounded derivative. 

proof. 

With bounded test function φ with bounded derivatives, there exists a sequence 
φ�� 
satisfying (2.4) and for all A > 0,  

�2.28�              |φ�t �λ�| ≤ È∈ℝfgh |φt�λ�|  È∈ℝfgh ,      lim�→� |φt(λ) − φ�t (λ)| = 0 |È|≤A    fgh    

We have proved central limit theorem for any φ�, and write Z�[φ], Z[φ] to represent the 

characteristic functions as (2.6) and (2.7) with respect to φ. Now 

|Z�[φ] −  Z[φ]| ≤ |Z�[φ] − Z�[φ�]| +  |Z�[φ�] −  Z[φ�]| + |Z[φ�] −  Z[φ]| 
where the second term |Z�[φ�] −  Z[φ�]| vanishes as n → ∞ from the above proof. 
For the third term, applying mean value theorem 

|Z[φ�] −  Z[φ]| =  �eTÚ��[ó�]co; − eTÚ��[ó]co; � ≤ x;2  |Var[Nr[φ�]] − Var[Nr[φ]]| 
From continuity of the variance (2.5), it vanishes after the limit k → ∞. 
For the first term, using mean value theorem again, and from (2.6), (2.1)  

|Z�[φ] −  Z�[φ�]|  =  aE[e�cÒÓÔ [ó]] − E[e�cÒÓÔ [ó�]]a ≤ |x| E[N�r[φ] − N�r[φ�]] 
≤ |x| Var�;[N�r[φ − φ�]] 
≤  2√C|x| E Þ1n Tr φt(W)(φt(W))∗ ß�;

 

=  2√C|x|(q|φt(λ) − φ�t (λ)|;E[N�(dλ)])�; 

Let A be a constant greater than 2, then the above integral can be divided into [−A, A]  
and ℝ ∖ [−A, A]. The Girst part vanishes by (2.28), and the second one is zero since the  
 support of semicircle law is [−2,2].  
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Thus, we proved the central limit theorem for bounded functions with bounded derivatives.  ∎    

3. Central Limit Theorem for l inear eigenvalue statistics  in general cases 

3.1 Generalities 

 To prove the central limit theorem under the scheme of theorem 2.2 when the entries are not 

Gaussian, we need an analog of lemma 1.4. Recall that if a random variable X has a finite pth 

absolute moment μõ, ö ≥ 1, then we have the expansions: 

f�t� = E8e�p÷9 =  D μ�j! (it)� +  o(th)h
�
r  

and 

L(t) = logE8e�p÷9 =  D κ�j! (it)� +  o(th)h
�
r ,     t → 0 

where �κ�� are the cumulants of X, which can be expressed by μ�, μ;, … , μ�, … 

In particular,  

κ� =  μ�,                κ; =  μ; − μ�; = Var[X],                   κí =  μí − 3μ;μ� + 2μ�í, …  
And in general,  

κ� =  D cÈμÈÈ  

where the sum is over all additive partitions λ of the set {1,2,……,j},  cÈ are known coefficients 

and μÈ =  ∏ μ��∈È . 

 

Lemma 3.1 [Taylor Expansion]([1]) 

Let ξ be a random variable such that E[|ξ|hU;] < ∞ for a certain nonnegative integer p. Then for 

any function Φ: ℝ → ℂ of the class ChU� with bounded derivatives Φ(�), r = 1,2,…,p+1, we have 

(3.1)                                         E[ξΦ(ξ)] =  D κ�U�r! E[Φ(�)(ξ)]h
�
r +  εh 
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where the remainder term εh satisfy the bound  

(3.2)               aεha ≤  �;hUí�®ün
�hU��! E�|ξ|hU;�  aΦ�hU���t�ap∈ℝfgh  

Lemma 3.2 [Semicircle Law]([1][2])  

Let W be a generalized Wigner matrix satisfying the condition 

�3.3�                                       wí =    E�aW��aí��7�7�7�ý�c    <  ∞�∈ℕfgh  

and N� be the normalized counting measure of its eigenvalues. Then 

�3.4�                                       lim�→� E[ N�] =  12π Æ4 − λ;dλ 

which is the semicircle law. The convergence here is understood as the weak convergence of 

measures. 
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3.2 Central Limit Theorem in general cases 

Theorem 3.1 [Central Limit Theorem in general cases] 

Let W be a generalized Wigner matrix satisfying the following conditions: 

�3.5�                                       wþ =    E�aW��aþ��7�,�7�ý�c    <  ∞�∈ℕfgh  

�3.6�                         μí = E �`W��bí� <  ∞,     μ� = E �`W��b�� <  ∞ 

�3.7�                                       wí =    μí�7�,�7�ý�c    <  ∞�∈ℕfgh  

�3.8�                                                  aκ�,��a�7�,�7�ý�c    = 0�∈ℕfgh  

Let φ: ℝ → ℝ be a test function whose Fourier transform φÎ satisfy the condition 

(3.9)                                          q(1 + |t|þ)|φÎ(t)|dt  <   ∞                  
Then the corresponding centered linear eigenvalue statistic N�r converges in distribution to the 

Gaussian random variable of zero mean and Var[Nr] as in theorem 2.2. 

proof. Let WÄ  be a generalized Wigner matrix as theorem 2.2(with Gaussian entries) such that 

E8W��; 9 =  E8WÄ ��; 9 for all j, k and NÄ r the corresponding linear eigenvalue statistic. In view of the 

previous theorem, it’s sufficient to show 

R�(x) = E8e�cÒÓÔ 9 − E8e�cÒÄÓÔ 9 → 0  as  n → ∞ 

Denoting  

(3.10)                                                       e�(s, x) =  e�c��ó(Ý(f))Ô
 

where 

(3.11)                                                 W(s) =  s�;W +  (1 − s)�;WÄ                                     0 ≤ s ≤ 1 

Now  R�(x) = q ∂∂s E[e�(s, x)]�
r ds 
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�3.12�          = ix
2√nq E[e�r�s, x�Trφt�W�s���s�;W+  �1 − s��;WÄ ���

r
ds 

Note that by (2.12),  
�3.13�                                                     φt�W� =  iqφÎ�t�tU�t�dt 

This and (3.12) imply 

 R��x� = − x
2q dsq t

�

r
φÎ�t�[A� − B�]dt 

where 

�3.14�                                                       A� =  1
√ns D E�W��Φ��

�

�,�
�
 

�3.15�                                                      B� =  1
Æn�1 − s� D E�WÄ ��Φ��

�

�,�
�
 

and 

�3.16�                                   Φ� =  e�r�s, x�U���s, t�,    U�s, t� =  e�pÝ�f� 

Applying (3.1) with p = 3 to every term of (3.13) and (1.11) to every term of (3.14), we obtain 

�3.17�                                                      A� − B� =  T; + Tí + εí 

where 

�3.18�                                           T� =  s�T�;
r! n�U�;

D κ�U�,��E� ∂�
∂W��� �s� Φ��

�

�,�
�
 

and by (3.2), 

�3.19�                                           |εí| ≤  9�wþ
4! nþ;

D  � ∂�
∂W��� �s� Φ��m�f�fgh  

�

�,�
�
 

Using �1.9�, �1.10� and  
�3.20�                   ∂e��x�

∂W���s� =  −2
1 + δ�� xe��x�q tU���t�φÎ�t�dt , where e��x� =  e�cÒÓÔ   
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we have 

�3.21�                                     � ∂�
∂W��� �s� Φ��  ≤  P��t, x�    0 ≤ r ≤ 4            

where P��t, x� is a polynomial in |t|, |x| of degree r independent of j, k and n. Hence, 

�3.22�                                                         |εí| ≤  P��t, x�
n�
;

 

By (3.18), (3.6) and (3.8),  

�3.23�                                Tí =  s
3! n; D κ�,��E� ∂í

∂W��í �s� Φ��
�

�,�
�
→ 0 as n → ∞ 

Finally we consider T; by using �1.9�, �3.20� and �3.6�: 

 T; =  s�;
2! ní;

D κí,��E� ∂;
∂W��; �s� Φ��

�

�,�
�
 

       = − √sμí
n;í

D ã 1
1 + δ��ä

�

�,�
�
E æe�r�s, x��`U�� ∗ U�� ∗ U��b�s, t� + 3`U�� ∗ U�� ∗ U��b�s, t��

+  2xe��s, x��`U�� ∗ U��b�s, t� +  `U�� ∗ U��b�s, t�� qθφÎ� θ�U���s,θ�dθ
− 2x;e��s, x�U���s, t� �qθφÎ� θ�U���s, θ�dθ¾;
+  ixe��s, x�U���s, t�q θφÎ� θ��`U�� ∗ U��b�s,θ� −  `U�� ∗ U��b�s,θ��dθß 

Consider the two types of sum in T; by writing 

T;� =  nTí; D U���t��U���t;�U���tí�
�

�,�
�
 

T;; =  nTí; D U���t��U���t;�U���tí�
�

�,�
�
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By lemma �1.2� and Schwarz inequality, 

DaU���t��U���t;�a
�

�,�
�
≤  �D aU���t��a;�

�,�
�
�

�;�D aU���t;�a;�

�,�
�
�

�;
= n 

Hence  |T;�| ≤ nn
o and |T;;| ≤ nn

o,which imply 

|T;| ≤  P;�t, x�
n�
;

 

Together with (3.17), (3.22), (3.23) and (3.9) we complete the proof.                                      ∎  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

32 

 

 
Reference 

 
[1]  A. Lytova and L.Pastur.(2009). Central limit theorem for linear eigenvalue statistics of random  

matrices with independent entries. The Annals of Probability 2009, Vol.37, No.5 1778-1840. 
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