Pz i F1FREY 4§
MLm=

Institute of Applied Mechanics
College of Engineering

National Taiwan University

Master Thesis

SIRETEE S S BEROER S 21 Pl r TR = -3
Development of an immersed boundary method to the numerical

simulation of settling of multiple spheres
i 4
Yu-Lin Chien

hERHE PR HL
Advisor: Yi-Ju Chou, Ph.D.

PERRE 108 & 77
July, 2019

doi:10.6342/NTU201903754



MEERKEE LRI
DHEBGFELE
FIR LR ETEN 4 LR B U ey BEA SR
Development of an immersed boundary method to

the numerical simulation of settling of multiple

spheres

WX AR RE (£3F 1 R06543014) £AB L E2E K
LA N LHAEFRARZBLEL G HNER 108 &7 A
3l BATHAREZEBEELZLRBR OREA > 45 ILEH

=ik = }%i@ﬁ%j@ i@

T

(#8 F33%)

i )%AW}(
pux 15342

ok i %L@




RF

AR iR Y 0 R LG EF Dol B RN AP iRk 78

—

R REFE T AT P RAGS AR o 4 AR PEOERLS 2
§ 2 G I AT R AT R 4 @ B SRR TR A
Filihe o B PHamLihe v B v A |2 AR R

W LY BN 3 e 2 BmA LY I s o

P}

ﬁ\ﬂ

BALEY R o AR o L R g0 R f o S RHE &
B~ mid s FE o Men§les 2 238 > 2 @ AP 3 3tdh a7 0L E DR enfg ik
PrEZA SR A ARG T RHPERE R TR LR TR AR
RESFTRBR AT FEfrR AR e - Az mkE 2 T oy
FOR_0 EA| R g Bk o

R#Ed 2 k-RBREEADFLIcREP > Py 32 ot BN

SEBWE RS A R AL

doi:10.6342/NTU201903754



¥ 3

AT PR P -EPE g N iR R 2 (immersed boundary method)

>t B B fCER(direct numerical simulation) ® o HCEE 5 FEIR AR IR Y GiE B (7

i

o Hpena & § B end v 425 4 (direct forcing)itizi# R iE[5] ) T H* 8
WP B p gD A[8] 0 T R R B 2 A AR KA R HORE e S

v

TRA R HUFRER 7L RECEI T RA LA F - 30 LHAE

B IE 2T RIS R R e TR A R R Rt e Y B R

2l

=

3 4 9

RERF A wRE P R kRSl St g W e TR
Bod AT EEHIIRME SRR B 8§ #BRe=50 P HR
Bk 4 (s 1.8050 v e RR[2AIMR T R hIE 4 fie® 1,574 kbt g
R P B PTG 2 A R R R R T T LT E - Res
PEFEfeRREIT RSB IS AP LSRN AR REITAT 0 Re=50 ¥ 1
Epenfe 4 Gl s 1.582 0 poiE AR ﬁv‘gkfﬁfﬁzﬁg% o B IRA P AEE S
SEIRMT IR E R T L o p AR R EE - M R RS oA B R
SHRTRMT I PR RLTAS E 0 RS BIRAMAL AR BB FT D 4 2 8]

R T B 7

M4EF | D EBCERGR c wEE R RHER

il

doi:10.6342/NTU201903754



ABSTRACT

This study presents the direct numerical simulation with an immersed boundary
method (IBM) to simulate the motion of multiple spheres in flow field. The purpose of
this study is to verify and improve the direct forcing immersed boundary method [5]
and to adopt the inward contraction of Lagrangian points [8]; Simultaneously, we also
consider the soft-sphere and hard-sphere collision model to simulate the collision
behavior between sphere to sphere and sphere to wall respectively. The verification and
improvement process consists of two parts. The first is to simulate the stationary sphere
of steady state in the uniform flow and compare with the results of the simulation data
of previous literature. The forced calculation of direct forcing immersed boundary
method uses the regularized Dirac delta function which increases the drag coefficient
value. When the results of this study show that the ratio of the sphere diameter to the
grid size is 8 and Reynolds number (Re) is 50, the simulation is performed that the drag
coefficient (Cq) is 1.805 which is larger than the literature [24]. Therefore, this study
uses inward contraction of Lagrangian points. It can obtain a correction formula in form
of Re, the contraction value and the grid resolution in different flow field. The
simulating results of using this method indicate that the Cq4 can be obtained with Re = 50
is 1.582 at the same grid resolution. This value approaches the result of the literature
[24]. The second part is to simulate the motion of multiple spheres in the flow field.
This study is to simulate and verify the natural settlement behavior of a single sphere
firstly, and then it simulates the settling of multiple spheres at different heights. The
process of settling generates collision of spheres by variation of the flow field and the

spherical velocity.

Keywords: Direct numerical simulation, Immersed boundary method, the motion of

spheres
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T h R p Y Flein et TR FRERDERPMEIREY DR
P r AR P AU R4 FiEE 0 PR AR 24 Fr
S AL ELRALY s SOECARELN S P a o LIS SR S SR
T R w0 A RNQ)M B u PR KRR H R EY S 2N Q24)F

She

W R E S8 (72 AT S

Nx Ny Nz

U'(X) = D) D u(x;,) 6,(x, — X))/’ (2.8)

i=l j=1 z=1

U'X) - U'(X)

FX)= 1 2.9

(X) - (2.9)
NP NL

f (X0 = ZZF(XI) 8, (x;;,-X)) AV (2.10)
p=1 I=1

u =u +f A (2.11)

He pHypet g AU EDfods W27 23 okl A 2o x s h
izl > XGERIpEOTE > A RRTA > AV G ER-T P TR L8
N, N ~Noswjsimagz 62 o dupefedcd o N, SIpaded > N s fey

PRl o @ Oy 50 R NP L el B X AR & § R T
9
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22.2 53 Lo wEL

Te* EdRE 4 prim BT o P BRI A G G - R %
EE L - R BN A SRR AV K0k 20— B el < L 2 I
PR EROE R 0 T OUR O IR E Py p B R e e T S A2
(2.12)~(2.16) [5]:
Bt LS BRI EER L HEIR AL 4 ERTRERTA O L EE D HE
LTy~ BN (b1 2.2) 0 DB R N B T A AR 1 T

R AV T 5 E iR N,

h
= r+ = 2.12
7’2 r 2 ( )
h
= r - = 2.13
== S (2.13)
NAVzémf—gnﬁ (2.14)
$2.12)F0(2.13) 58 = ~ (2.14) 50
7h 2 2
N, =——12r* + h 2.15
L3AV(r ) (2.15)
FHFAV = B ¥ ET
T 1257
NL=3—( Tt 1) (2.16)

B 2.2 £39 p 2L AT LW
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s

5OORAEBRN > P AR Y P RIS lv\ﬁﬁ?ﬁi%ﬁ%\i R (S AR
W B MG o A AR b T4 53 M40 2 [5] ok H
RACF LT B E NP R P TLI E R ETpE- FREEGT g &I

Fw

Wi P A BAATLRIPBESEFETIFAZAAIETAS o721 7 (8%
PR A DiEd S EPRIPPEE L R R P LATERYPEEE 0 AKX E T

,@_{—M#HL,J}L J—-‘?c(vﬁr']fg]z?,)l‘lﬁp, HES = RAR e LR S W[ 13
Ff&M (2.17)
d-d]

AR A3 /m3 54 g~ q iR pBF 3T od-d 2Ry p B
k

@ (b)

" [ S——. e .".-‘
[ Lt » k) 'po 5 - 1
d 9 I3 7 - o ~
L - .‘ - -
L4 L - " ™
* bt v . - - "
- .« %Y - L
:' & ;‘ L) " LR
- -
y PR . l". - * % 4
. - L] L[] LY
S ! PR » > . LA
i . i A LA |
. » . . »,
2 . g . kT h O
\ ot at ” . "
.. 4 L t . LA I o
[ - .:“ - . A 5 "‘
- . %, * .
- 4 . - -
.. . e *
.. ! - - S 4 ..“
Y e, e -
z z
X X

B 2.3 zhag e p gaci B(N, = 200) ()f e p ghaedeim ¥ (b)ftw B

B G T s b s g

2.2.3 AP 5% RS 3k

AR RS R R EMY Y B E R KPRl @
B R p B A w RN AR Y > € T L X4 R AT AT
mﬁ%ﬁ&%%@%%%ﬁ&iﬂ%%’iﬁﬁﬁﬁigﬁﬁﬁﬂm@mgfé
A F P 4e 221 ] E A o B 4 et IR b AR RS B B BT
* oy G BHMA[2] A2 B* Roma (1999)[3]% B 7% fbrdn fic > 4258 > & i
NS PRy p B B 1S B kN MR RS 4 HE TR 5 30
4 ARAETER * 3 A% b i o Uhlmann (2005)[5]+ #iei * 3 8L e i3]0 i@ * 4
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BLAR S He[2] 0 AP BRI R4 G RER R Y 4 BRR rdiofic § & FIAET

o a4 b Ay R 3 B iR fic 0 H O RS B AR 5 e
(2.18)~(2.20)58 #77 > pt 3 F AT B F A T = ARFE L o

O, (X _X):Shw(x _X)8h1D(y - Y)Sth(z -Z)

(2.18)
3,(x = X)= —4(@) (2.19)
RERD RN ST SIS E &1 SR
Hs—3e - =31 Ja| ¥ + 1}, 05 <o <15
d(a) = %(1 +y = 3af + 1), lo| <05 (2.20)
0,
H

otherwise,

Pa = (x-X)/honidfSBcd(a)s T BlAoT B 2.4 fro

ah
\
0.6 / Y
."-I ‘\'-
{ \
I "I
0.5 \
\
)4 \
_ 0.4 \‘.
3 \
po—
=
£
0.3 \
Y
\
L
\
\\.
0.2 \
.'l. \
/ \-.
0.1 / \
/ M
r Ay
A
A"
{] 1 1 1 1
2 1 - 0.5 0 0.5 1

1.5
x

(=)

B 24 @2fddcda)  HI mRT 2RI Y
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BB G SRR PR T TE (T ens 4o T B 2.5 4T (102 Mt R )

(a) (b)

.l..'.l‘..' ® | @ | @ | & | & | = | e | o | 8 | 0
et e e
...{l..\... .'0{...\...
..&_‘l..‘.!. ..4....*...
.l\.l#l.. l..\\i!l#...
ISR SN KDL KRR gy ERES 3 K EvCa K K

W25 2R ARk B el (R R R B R L g P
BEATEEY T E B P B R R o BRI %
BRI S (DFF ¢ Fh s ALY D S E R

4 3g % P 4 42 ;% (Newton-Euler equations)

BATRE R (7 5 i A2 5 2 A R 2 [53132) 0 £ B A
l"]%ﬂ‘vﬂt %]/n ﬁ\. ﬁ,,ﬂ::}r,.;»‘l._’%:;?“if; :/;x’gﬁfmmkﬁ:”_’ﬁi'\‘f% B'_JJ ﬁvﬂl 4
8 2 AR N 4eT 58 (2.21)F0(2.22) -

du,
m,— L = ,ofchr tends+V (o, - p,)g 2.21)

| dcop
Pt

= pf(f)rpr X (T em)ds (2.22)
2o T Sspkend o > mppr Voo wl s spp g - R AEfoMA > » M %35
m,=p,V, > [ uy0 3ppaff i Fogaffe i n > r=X -x i
o P p el X R e g X, i e d a2 T 4 RE g
SEA R T AENQ2ADEE LN E - e 2N Q2L AT Ed a2l
(Cauchy’s principle)[30]:& @ & * & & < (2 fr & & & = |24y W SEF P 8% 4 (internal

force)fr3g fp #R4= % (internal torque) » 4r(2.23)fw(2.24) ;8 #-pt 3 IF 47 fE 5 ¢h 4 3B

(external force)~ ¢t 4= #£3% (external torque)~# & % i* FIEfr b & & P14 F I8 Kt o

13
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d
pfcﬁrp‘r ends = —pr-Qf dr + Ejgpfu dr (2.23)

d
pfgsrpr X (tTen)ds = —pr-Qr x fdV + E'[ﬂpfr x udV (2.24)

e QZspkalft o f 5% 44 (body force) ¢t Uhlmann (2005)[5]#-> 42 3¢
(2.23)40(2.24) % X % — b 4 b M T (QO)RN B D £ 4 ko

NL
J’Qf dr =Y F(X)) AV (2.25)
=1
Ny
jgr xfdV = >'r x F(X,) AV (2.26)
=1

Mm(225)% 220) s - B —FEE AFFE K FIE L30T @ﬁ-,f@l;@y
RN E O VAR P NG - PR FEfrA R ER L FERRRER

H17 A2 0 40(2.27)40(2.28) 5 -

d du
—| udV =V —*- 2.27
dzIQ Pt (227)
I d
d r xudlV/= —+%£ @y (2.28)
dr 72 p, dt
B i85 BT (2.21)~(2.28) 38 7 18 B3t B REp m;f;a 43 B P A2
du P
L - - — T NFX)AV + g (2.29)
dr V,(p, - pf);
d _
B LZr x F(X,) AV (2.30)
dr 1,(p, = p;) 5

#2.29)17(2.30)5 i B &7 & i@ R A VR o £ 3202 (forward Euler method) 3t

B0 deT R

u n+l —u n p
—~ = - — L NFX)AV +¢g (2.31)
At V,(p, — ,)Z
n+l n N,
D —® LZr x F(X,) AV (2.32)
At Ip(pp - pf =1

@A R, T e AR R

n+l n
)4 )4 n+l n
— = —(u +u 2.33
- S, ) (2.33)
BASAE O WARE S AR RO A G PR P B R AT

14
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U'X) =u,+ o, x (X -x,) (2.34)

24 3R ~ B0 b RE i dE 0T

R SRR R IR > d g X D E R BB T § A4 A
FEREESEEY R SRR Y S E ) SOE SR
IR RRNPE 6 A 2 AR R o N PER T AR R e R R T RS
BERL g AL R R S 0 MY Y 2 BN L CRALR R AT 0 A Y] B
4| (lubrication model) ~ #t % -3 (soft-sphere model)f=# 3k #5-7| (hard-sphere model) >
] i’t% Fl4c- ] 2.6 #77 o

lubrication model soft-sphere model

AT, AT
’ A \

[ [
\ ! !

7
\s—/&s,/

overlap

settlement

lubrication model hard-sphere model

wall

B 2.6 i HFA] T X B

2.4.1 B $-3] (lubrication model)

ARG AR LT B A AR T anR EEC LY i ] TR AR i
BRATEHBAMRY it > @ o hadfd > @ AR Fladsa A B pF o il
AT FRY > R PFL R4 T d A4 T o '7'7;/1%3/?“9:/}"?5 o 2
OSSR R BAR R ) RS L A fe 3 SR E R Y
AAEE T F Y B RCR k3 E @ &2 %4 Kempe & Frohlich (2012)[19]

SRR 0 R A A A

15
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2.4.1.1  SERF R B0

R e < 4 (lubrication force) &

51.. A

Hoo & el A Bl 5@ BFHA b frb < B S B S P R A ek

2
6rvoc, | rr,
Flubij - p lj( i J nij’ gmin < é-j < gmax (235)

- 3 4 ) = 'z s 2 i 2 -
&gminz 104 D> m é:maxz 10 fmin ’ nij - T l[%%?#f‘ﬁ"&mﬁ 'f—'?':%_ ’ Cij & ‘I-%%?

RinZ e A EE R(HE) 0§ 5D BIRZ B et > L8 S A2t aeT

n o= N X (2.36)
b=
¢, = (w, —u)en, (2.37)
=% —x| -G+ (2.38)
24.1.2  ERZCRER B R0
SRS B B £ 4 5
o, = Oy bin S &, S S (2.39)

Su '
Hoo & e S MR 3 M R A ) ok < pEHE > H P E S RIF A
fLFE']& E’ij/g /ﬁ; ﬁ}:il] ;‘; é:min ~ 104 D'ff' gmax ~ 103 §min ’ nw ;‘; %ﬂ?_ff——t'ﬁi ;I%ég&%& ﬁjﬁ T:é'
N

£ oo, AR BESIEE R 0 & SRS B T A3 E O A2t de

T

-
n, = X, T X (2.40)
|Xw - xl.|
¢ =uen, (2.41)
gw: |XW - Xi| - }/; (242)

H ¥ (2.40)f(2.42)5" cx,, & R E o

16
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2.4.2 A 3} #-3)(hard-sphere model): g & 27 J& RERL 8

AF G MR TR R YIRS R T A 0 H S 2 REk SRl

TR NS PRLAL 7 S de AR B SRR A 0 A AR AT R 0
PR G BE R A L - - RN AL B AR

oA rjq—‘:;J»_'é: = 50, gL;’; =k Jr T Ar

B * 3pA et BT E B OER AT R IBE A iR AR TR § 8

AR R o R g REERS NS B - RIS R R B

GG AR JI* B BEART VIFI R - R DA
X, — xp| -r
(2.43)

u,

Fe B ePps P e 0 8 DR SEenpE R o 3 2 ) R4R Tl

ot =

B RRERIIT -

(coefficient of restitution) e i& {7 & 38:ig B 3+ &

u',)= —eu, (2.44)
T FEERY U DR B i g
x', =u', (At - &t) + |x, — 7 (2.45)

M e & x4k % #c(coefficient of restitution) » H & /30~ 12 F > e= 0 5 % > 2L58 1

AR SRR AR o e= 152 2EMAR RO RS BT

&ﬁﬁ’ﬁﬁﬁﬁgﬁ&%ﬁ&wi’kﬁﬁﬁyﬁﬁﬁﬁ’e=o%ﬁﬁﬁﬁﬁ

gah-Aco me= BERFARELS AFEEx2BE  FREFE{L ]
ﬁiﬁﬁtjgii’_ﬁﬁ'ﬁiifigéﬁfﬁ' °

B
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wall

B 2.7 A7 3B

2.4.3 #K IR T (soft-sphere model): 3 - FF pAide

Bodt 5 3R 3R > S A RIS F D g R ER Y 2 0 6 AR
- RN SRR AT 5 (oW 2.8) 0 B A IR o d 3 AR
Sk - - BFREOT R FREEISLFRFP 0T o 2 BT T R
FE AR ET-oH o EFRAEIEER 0 A IR R AT R R
SRR i X 4 2l s sea AT Rt o AL H* 4 Cundall &
Strack (1979)[20]% & sh#irsk sz 03] > B & * F & —r 2 —3#F § %(MCK
system) » K IER AL 7 5 o B2 vl R L E 0 ¥ Y g AR AR AT

A B AED 4o T IERFRFEL (40B 2.9) 0 Fd gt AT P E D

col __
F*, = - k&mn, — ne,, d, <rn +r (2.46)
o kR EE G IR Gl d b B SR BERE 0 ¢, B B MR i

BAE R (P R) 0 & 5 AR E d(overlap)iEdt 0 TRIHE -

dy =[x, = x| (2.47)
¢, =c; n, (2.48)
18
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&=(r+71) - |x, - x| (2.49)

@ 155 d K2 MCK system 1= Fg ¥ #cs = 42
my §+n Sk £=0 (2.50)
# P om, %35 i £ (reduced mass)
m, = M my 2.51)
m, + m,

GIORCIE Y IECINAY

m. k
= —2lne 2L (2.52)
7 Jinle + 7°
m; 2 2
k = O\IAJI)Z (ln e+ ) (2.53)

He Ni- Fadd B8Ev 3 80211 10[19]4r 15[23] > H i t p errt pidi o
Brago] KPR REPER 95 £ 5 A8 % BB L A B BRR B FE 1 & Brindle
de Motta, et al. (2013)[21].5 d B Ep|F > & N <8 PF & F ¢ # i 27#Hc(Stokes
number) & % A H ERARTL AL RFANDF €4 (Fehmi A4 rn
EH4FERE > A k2§ J5* van der Hoef, et al (2006)[22]3#]3& 1 k e ] -

®AN = 154 &7 5 -

B 2.8 F PF 5 SEE AR T R B
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B 2.9 fookaii 03] & R[22, 23]
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Chapter 3 wz# Rk E%Efzy

L HEOTRTE R A AR SR B F SR B 8% 4 R R 2 [5]
e * >tz P HAEH O ansf A4k 0 4% Uhlmann (2005)[5]4- Kempe &
Frohlich (2012)[6]=ndicie > 2 > & g FHMEF R+ i R N = 2 B
Mo @SBRI ATRIES > 2 @ % Breugem (2012)[7]nd W P e P T g

;% (inward retraction of Lagrangian points) > ¥ ® 4] * Luo et al. (2019)[8] 2 = i3 &

g Peen e cniEiniEE R o

30 AR E N RRES o B N
LY S AR R E ST (21058 ¢ UT(X) = UYX,) » e e B
PRELAFAHMERN P DERE IR THMERY PR IER > HNE L A

UX)=0 2 EE%4mEfhEr gt JBmbE I iEiE a8 Kempe
& Frohlich (2012)[6]:& 73% R eh= 2 k@ FRGE R g B (BT R FH 2 £ 7

BEE B E 2 BAQY)IQINTARA A NE RN TEER ZED
S N[5]0 A AREE S N a2 AR A R IR A MR
A TEY A IR F LR RE -

HEE= 2 L £ 8 A2 2N Q)T Q1) £4F B =#kcin, > {1 £4f
PR ERERERAENPE R PR EUX) HRERY AL R A
U'X)) £ B g proh £ o i £ A B S  2 R Enge f
PR R LAT S E GRS RN B R P B B (AR R P
gAhLaugE ko LU X)=UYX) > A LS QIONT-E S kb v £

SRS TR S
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3.1.1 HEEKE

WP % g% ) %% Luo etal. (2019)[8]4 5K & > 404 3.1 fo@ 3.1 ¢

~

i 2 o (Re, =UbD)
v

e H R FERE L o P e R LRI R RE R 0 X% H A

ENFEEATE P R AR E e R R SR S R (stress free)if R

31 %mEPhixt 2l i i&k

L]l (X xYxZ)
PRFFTR (W, xN,xN.)

» i B U, (inflow)

dionik B (outflow)

SMRA
FRAE B 4 gV
WA E j2 D

el (xy.2)
PR £ At

W p 2P N,

¥k ¥k n,

1.92x102 m x 0.96x107 mx 0.96x10~ m

192 x 96 x 96
1.25x107 ms™ (Re, =10)
6.25x10° ms™' (Re, =50)
1.25%10" ms™ (Re, =100)
1.25x107 ms™ (Re, =10)
6.25x107 ms™' (Re, =50)
1.25%10" ms™ (Re, =100)

1000 kg m™

10°m® s

0.8x107° m

(0.64x10™ m, 0.48x107 m, 0.48x107 m)
5x10* s (Re, =10)
1x10* s (Re, =50)
5x10° s (Re, =100)
202
1,3,5,7,10, 12, 15, 20
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1
1
|
! 12D
1
|
inflow : . outflow
1
|
S s !— D B e
. _8D :
¥ /'TSD 12D
Z
24D
X
B 3.1 #F kR Ay iz ¥ 7 B

312 #HIEES:

T BORURGE O B KRS PR R R P B R AR LGB
wxyFG o XRT ARG xR TIARA e RS e HERD OR ERFL
Y ghie 7 W 3.3) 0 2 R B R EE TG RLBEY §T N AR
ot S RrES G SRR R IR R P RN o A
Fl* A RF LA Ak UR 34 BT LE RS S S A A R

@RFAEMDEH > e CF LR ROH e o L I B A 5O AR
oA BAIRER Y REL VR EE R o

i

inflow
—_—

_ >

_ 180° 0

X

B 32 »im> o ARy T 6 & B 7 2B
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~ 0.02
O
=
S 0015
=
S 0.0l
3

0.005

B33 “Rey, =50 2 P& A=tz 19 p 2hid B354 2LR

0.05 T T T T T T T T T
Py - ReD: 10
20047 o Re =50
5 0.03 - - ReD= 100 |
—
o
50020 g
>
<
g 0.0l 4

O 1 1

0123456 7 8 91011121314151617 181920
n
f
B34 2 3acsd 2 pE ik t#ERELR

313 3 d 3

Fd R PEI S A E S FEA/MOE S > m Kempe & Frohlich
(2012)[6] 4 A ¢ * et =i s 30 e d B34 KT 7 b T HEKT 42 S ke
frimeTid S angA 3 b oo ¥ SEF Y Al 2 a0 B I AR A G B R iR
i s TP AR I R RSEL 0 N 0 P E E 4 BT Brend A
FoEPMNRIGELEATET - 0 B AL ATE RO AR 0 UM - R

= (weight)en ;% 4o i 32 (R E AR > 35 5 B A2 8 285 (pseudo code) 4o # ot
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g Ry pBAE
SR e ok LS 4
BRI P EBY D
I while |U'(X,) - U"(X))| > Error
ERAE B ANE
FTHEE -
. - F it iE R P
if lU(X,)) — U (X,)| > Error
5 U (X)) - U"(X) Joo 2§ B -
u* — u** P
=N ©
T Ak o R L B
Nx Ny Nz o
3 U'X) =d>>u'(x,) 6, - X)) | &&=t 7 p g
i=l =1 z=1
U'(X,) -
‘X)) - U'(X) FELET PR D
4 FX)) = L ! .,
At £ 4 o
N, N, Bk 4 ISR
5 f (Xi,j,k) = ZZF(X]) o, (Xi,j,k X)) AV i
p=1 I=1 §i- L
1 * 48 £ (weight) *c
6 u,. =u +fAs H At o AR
u’ = u + weight x (u,,, -u) F e aow R {
Ao

H P E (weight) S d B3R F P LT - B3 0 ¥k - #F0 EYRS
PR R HE Ak HR S AR 3.5 T o x phAEE oy dha 2 Rl B
PRI A RREEFE SRR Ao BT f LS 25 € R
BRELEFEEMF ] R M A TR P REANRFHTYL F R MB A
Boo nE S EEARTREME PR TR o
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weight iteration test

25
21

20 F
= 14
|
215 12
g 11
= 10
=m_ 9 10
g 8
=
g5t

0 1 1 1

1 1.5 2 2.5 3
weight

B35 3 FREEHER S Sk

324 %

Jet 313 &g o TASER R E RFLE IR UDFRIPN 0 AR b
AT A R R 4B 3.6 Tr o X BhE R R cy dha JE 4 ThiiciE > B & ES
EEE T P fRT R T THR IR e 4 Gl E 0 W o B R R e 4 Rk
Bt F S e 1.539[24]% - ¢t B 22 & Breugem (2012)[7]4+ Luo et al. (2019)[8] 4
WA E R B ik iTeeE o R T R R F TR R R
Porikibrsofc € @7 ARARER LA G PR AT - B IV BRED B4 0 B
R A o R RIERONRE Y PR P A Bt L3 B LR YRR B
Rpopp 3R VI’J:.,%FF-(inward retraction of Lagranian points, IRL)[7]e7> 3% (4c @] 3.7) »
Breugem (2012)[7]/&* ¢t > iz E = e > 2 F enz FEH R 0 @ Luo et al. (2019)[8]
%+ Breugem (2012)en= 24 * 7 fe fE247 R 3H 5 anfe 4 B B E D R R
fof prenfe 4 fdiclE o 2 1 PRY P e M TR L BB RCEER S 5
CE AR S GfiE o A eV ME - TRHFE ~ fRiT R {rd kS i

KRR A HS O REF T RRT ML R SR RS
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Rep =50

1.830
1.805
RO
1790 | |
o L0 1728~ .
e
1.710
1695~ -
1.670 - - - -
0.040 0.060 0.080 0.100 0.120 0.140
h/D

B13.6 Re, = 507 fe ja45 & = cape 4 4@ C, > @ g * Cliftet al. (1978)[24]45 ¢
FokirE N ERey, =504 e ke s 1539 o e sy~ 9%

L
B o°

—\

» additional thickness

\_ retraction sphere

A

B 3.7 M ERZERY P Ee M TFEL, 7 AR BRSPLIF XL FE
d om MG FIE Rttt W AR 2 d mARL S R AR 2L A

R XL ERPPEEE > SR e RN T R p g
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321 HEEKE

AAPRE FEGEE A B AE o AR ED SR 2R X))k
BEL L3 A pRiEAA S A Y ih=D/8 (caseGrid 1)~ 2=D /12
(case Grid 2)frh = D/ 16 (case Grid 3) » @ & P fTFEARRA A 5 648> 2 & B o

PTHERET TR YT 3 A Pty g BicE o Slichok 32977 o

%32 RS

Grid1 192 x 96 x 96

EHIETR (VX N, xN.) Grid 2 288 x 144 x 144
Grid 3 384 x 192 x 192

PP P B P ofERE [ 0 |025[035| 04 | 05 |0.75

Grid1 | 202 | 177 | 168 | 164 | 155 | 134
PP p LN, Grid2 | 453 | 416 | 402 | 395 | 381 | 347
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