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Abstract

In this dissertation, the multi-dimensional shallow water equations (also called the de

Saint Venant equations in its one-dimensional form) and the Richards equation are

considered. The motivation is to develop a convenient, efficient and accurate numerical

scheme for engineering problems. The numerical modeling are used to verify the

accuracy, efficiency and applicability of the numerical solutions for the above governing

equations. The mainly used numerical methods include the radial basis functions (RBFs)

meshless method and the mixed Lagrangian-Eulerian method with finite element

method (MLE-FEM). The advantage of the RBF meshless method is to avoid the mesh

generation and numerical integration in complicate domain problems. However, the full

matrix system in the computing spends a lot of computational resource and time. The

localized meshless method is applied in this study to avoid the full matrix solver. By

considering only the important reference points, the computational cost can be reduced

without losing much accuracy. By using the concept of particle tracking along the

characteristic lines, the problems with discontinued field values can be solved. However,

this method is not accurate in directly solving the highly non-linear problems, such as

the saturated-unsaturated ground water flow problems. The computational efficiency

will reduce if we increase the computational nodes blindly. In this study, the governing



equations are derived into advection forms, and are solved by the MLE-FEM scheme.

The simulative results are efficient and accurate by adapting computational nodes while

tracking the particles. By combining the meshless methods and the particle tracking

technique, the numerical methods have high applicability with high efficiency and

accuracy in complicate boundary problems, such as shallow water and Richards

equations.

Keywords:

Radial basis function, meshless, particle tracking, shallow water equations, Richards

equation
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Chapter 1.  Introduction

In this chapter, the motivation and objectives of this dissertation is expressed first, then
the governing equations and the numerical methods will be introduced briefly, and the
organization of this dissertation will be represented finally.

1.1 Motivation and objectives

Numerical analysis has become more and more popular with the rapid development of
the computer science. In the computational fluid dynamics (CFD) field, the mesh-
dependent numerical methods, such as the finite difference method (FDM), the finite
volume method (FVM) and the finite element method (FEM), have been well developed
as several commercial codes. The requirements of the numerical integration and the
mesh generation in complex computational domains for the mesh-dependent methods
reduce the applying convenience. The meshless methods are developed to avoid the
numerical integration and the mesh generation procedures. However, the conventional
meshless methods does not have sufficient stability and efficiency, some meshless
methods even have the necessary to adjust uncertain parameters. To obtain an efficient,
accurate, stable and convenient numerical method, several numerical methods will be
studied in the dissertation.

1.2 Numerical methods

1-1



The meshless numerical methods with the radial basis function (RBF) have been
broadly studied in recent years. The RBF collocation method was first proposed by
Kansa (1990) [1.R1][1.R2]. To improve the computational efficiency and the parameter
stability, the localized technique is applied separately by different authors with different
names: Shu et al. (2003) [1.R3] have proposed the localized RBF differential quadrature
(LRBFDQ); Tolstykh et al. (2003) [1.R4] have proposed the RBF in a “finite difference
mode”; Wright (2003) [1.R5] have proposed the RBF finite difference method. The
meshless method proposed in this dissertation are the LRBFDQ method and the
LRBFDQ with Newton-Raphson (LRBFDQNR) method. By considering multiquadric
(MQ) as the RBF, the method can be renamed as the localized multiquadric differential
quadrature (LMQDQ) method and the LMQDQ with Newton-Raphson (LMQDQNR)
method.

For introducing the particle tracking technique, the mesh dependent method, the mixed
Lagrangian-Eulerian with finite element method (MLE-FEM) is considered in this
dissertation. These numerical methods will be illustrated in detail within Chapter 2 to
Chapter 5.

1.3 Governing equations

1-2



For the numerical simulations, the water circulation considered in the watershed mainly
include the following phenomenon: evaporation, precipitation, stream flow, overland
flow, infiltration and groundwater flow.

In the stream flow problems, the 1D shallow water equations (also called the de Saint
Venant equations) can be considered to describe this problem. For the overland flow
cases with lakes or reservoirs, the 2D shallow water equations can be considered. For
the groundwater flow problems, the 3D modified Richards equation can be introduced
to simulate the infiltration in porous media.

1.4 Organization of the dissertation

In this dissertation, several numerical methods will be introduced to solve the shallow
water equations and the groundwater flow equation. In Chapter 2, the LRBFDQ method
and the LRBFDQNR method are applied to solve the shallow water equations. In
Chapter 3, the MLE-FEM model is used to solve the shallow water equations with
shock wave problems. In Chapter 4, the LRBFDQNR method is introduced to solve the
groundwater flow equation. In Chapter 5, the MLE-FEM model is applied to solve the
groundwater flow equation with sharp front problems. Important conclusions and scope
for future works will be represented in Chapter 6.

1.5 References

1-3



[1.R1]

[1.R2]

[1.R3]

[1.R4]

[1.R5]

Kansa E.J. (1990a) Multiquadrics-a scattered data approximation scheme

with applications to computational fluid-dynamics-I surface approximations

and partial derivative estimates. Computers Math. Applic. Vol. 19, No. 8/9,

pp. 127-145.

Kansa E.J. (1990b) Multiquadrics-a scattered data approximation scheme

with applications to computational fluid-dynamics-I1 solutions to parabolic,

hyperbolic and elliptic partial differential equations. Computers Math.

Applic. Vol. 19, No. 8/9, p. 147-161.

Shu C., Ding H., Yeo K.S. (2003) Local radial basis function-based

differential quadrature method and its application to solve two-dimensional

incompressible Navier—Stokes equations. Computer Methods in Applied

Mechanics and Engineering, 192, pp. 941-954.

Tolskykh A.l., Shirobokov D.A. (2003) On using radial basis functions in a

“finite  difference mode” with applications to elasticity problems.

Computational Mechanics, 33, pp.68-79.

Wright G.B. (2003) Radial basis function interpolation: numerical and

analytical developments. Ph.D. thesis, University of Colorado, Boulder.

1-4



Chapter 2. Shallow Water Equations by Localized Meshless Methods

In this chapter, several localized meshless numerical methods are applied to solve the
one and two dimensional shallow water equations. In general, meshless (meshfree)
methods can easily be applied to complex boundaries, such as in the hydraulic
engineering problems. Considering the accuracy and computational efficiency, the
localized procedures are applied in the dissertation. Several localized meshless methods
based on the radial basis functions (RBFs) are considered, such as the localized radial
basis functions differential quadrature (LRBFDQ) method and the localized radial basis
function collocation method (LRBFCM). With different characteristics, the adopted
radial basis functions (RBFs) can be chosen from several types such as multiquadric
(MQ), integral multiquadric (MQ), Gaussian, or polyharmonic spline (PS). On temporal
discretization, the Houbolt method, an implicit three-step recurrence scheme that based
on the third-order Lagrange interpolation function, is introduced for higher accuracy. To
improve the convergence of non-linear terms, the governing equations can be expressed
as polynomial forms, and solved iteratively by the Newton-Raphson method in
LRBFCM. The performance of our models are discussed by the numerical analysis of
several numerical experiments. Based on the success of these numerical results, good

performance and flexibility of these meshless numerical methods are demonstrated.

2-1



2.1 Introduction

The shallow water equations (SWESs) are derived from the depth-integrating Navier-

Stokes equations, and can be used in the cases where the horizontal length scale is much

larger than the vertical length scale. The SWEs have been applied widely in ocean and

hydraulic engineering problems, such as tidal fluctuations, open channel problems and

tsunamis. For realistic engineering problems with complex boundaries, meshless

schemes represent their excellent applicability and flexibility. In recent years, many

mesh-dependent and meshless (mesh-free) numerical schemes have been developed to

solve the SWEs. Burguete et al. [2.R1] have used the total variation diminishing (TVD)

schemes to solve the 1D shallow water flows with source terms. Castro et al. [2.R2]

developed a finite volume scheme with reconstruction of states to solve the 1D shallow

water systems. Noelle et al. [2.R3] built a well-balanced finite volume weighted

essential non oscillation (WENO) schemes to solve the 2D shallow water equations.

Discharge collection for the boundary conditions in realistic engineering problems is

sometimes a difficult work. In this dissertation, since the 2D shallow water equations

are solved by the coupling formula, the treatment for the boundary conditions can be

easier. Several numerical simulations with different combination of boundary conditions

will be shown in detail. To obtain higher accuracy, the Houbolt method [2.R4] [2.R5],

2-2



an implicit three-step recurrence scheme that based on the third order Lagrange

interpolation function, is introduced on temporal discretization in the research. Gu [2.R6]

have applied the Houbolt method to solve the wave equations.

The radial basis function collocation method (RBFCM), also called the Kansa method

[2.R7] [2.R8], is the simplest meshless method based on the RBFs. However, the

RBFCM need to spends a number of resources in solving the full matrix system. At

each computational node, we can consider only the nearby nodes (local nodes) to build

sparse matrices, therefore the localized procedure can be applied to reduce the

computational resource requirement. Taking the advantage of the computing efficiency

and the convenience of dealing with irregular domains, we first apply the localized

radial basis function differential quadrature (LRBFDQ) method to solve the shallow

water equations. The LRBFDQ method is one of the most popular localized meshless

methods. The idea of the LRBFDQ method was first proposed by Shu [2.R9] and has

successfully been applied to many engineering problems [2.R10][2.R11][2.R12]. The

main idea of the present method is to combine the radial basis functions (RBFs) and the

localized differential quadrature (LDQ) method [2.R13]. Another method, the localized

radial basis function collocation method, is then used for solving some nonlinear cases.

The LRBFCM has been proposed to have high accuracy on diffusion problems by
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Sarler et al [2.R14]. Kaosec et al. [2.R15] have applied the LRBFCM successfully to

Darcy flow as well. For nonlinear problems, the Newton-Raphson method can be

introduced to improve the stability of convergence. Leffe et al. [2.R16] have proposed a

Smoothed Particle Hydrodynamics (SPH) modeling of shallow water coastal flows with

the Newton-Raphson method. Darbani et al. [2.R17] have used the natural element

method to simulate a 2D shallow water flows with the Newton-Raphson method. Liu et

al. [2.R18] have applied the Newton-Raphson method with the RBFCM to analyze the

micro-electromechanical systems. Miguel et al. [2.R19] have presented a corrected SPH

formulation of the SWEs with the Newton-Raphson method as well. In this dissertation,

the Newton-Raphson method is also combined with the LMQDQ to solve the nonlinear

SWEs. In general, localized methods sacrifice a little bit accuracy but improve the

stability and computing resource requirement in comparison with the corresponding

global methods. To obtain the best performance, several common RBFs are chosen as

the test functions for calculating the weighting coefficients. The used RBFs include:

Multiquadric (MQ) [2.R10][2.R7][2.R8], Integral Multiquadric (IMQ) [2.R20],

Gaussian [2.R21], and polyharmonic spline [2.R22]. The LIMQDQ method which is

also the so called, localized method of approximate particular solution (LMAPS) [2.R23]

method, has been recently developed to solve various types of PDEs. The mathematical
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derivations of the shallow water equations are shown in section 2.2. Section 2.3

delineates the localized meshless methods and the numerical skills for boundary

conditions and nonlinear terms. The numerical experiments are displayed in section 2.4,

and then section 2.5 concludes the methods in this chapter.

2.2 Governing equations

2.2.1 Shallow water equations

The shallow water equations are derived from the depth-integrating Navier-Stokes

equations, and can be used in the case where the horizontal length scale is much greater

than the vertical length scale. Only the problems with no breaking waves can be solved

by the shallow water equations. The continuity equation and momentum equation of 1D

shallow water problems are shown as follows:

9A 90

i S 2.2-1
gt Tox W 22D
9Q a [Q? oh

at a(x) +94 |5 = (5= 57)] = a (222)

where the unknowns A and Q denotes the cross section area and discharge, t is time,
q; 1s the side flow discharge per unit length, g denotes the gravity coefficient, h is the
water depth, U, is the side flow velocity at x-direction, S, is the slope of the riverbed,

and Sy is the fricative slope which can be determined by the following equation:
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n*ulu|
Sp=—"=> (2.2-3)
mR3
where n is the Gauckler-Manning coefficient, u is the average velocity along the x-
direction and R is the hydraulic radius. The parameter setting is m = 1 under the
metric system, and m = 2.208 under the imperial system.

Under the assumption of constant channel width and neglect the side flow effects, Eq.

(2.2-1) and Eq. (2.2-2) can be derived as:

oh  9(hw) _
act o Y (2:2:4)
a(hu)

au +—(h 2) + gh [a——(s0 sf)] = 0. (2.2-5)

By substituting Eq. (2.2-4) to Eq. (2.2-5), the governing equations can be derived as:

oh ou oh

ow., o _ 2.2-6
G thx e =0 (22-6)
ou u oh

_ —¢) = 2.2-7
7T Ua T 95,9 —5) =0 (2.2-7)

thus the unknowns change to the water depth h and velocity u.

For flat bottom cases and neglect the energy slope effect, the shallow water equations

can be derived as:

oh  3(hu) _

2.2-8
2t T o Y (22-8)
a(hu) 5 5

2.2-9
=+ — (h +5 gh) 0. (2.2-9)

By substituting Eq. (2.2-8) into Eqg. (2.2-9), the governing equations can be written as:

oh ou oh
bt h—4u—= 2.2-10
ot h ox u 0x 0, ( )
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u ou oh _

ou du_ 0Oh_ 2.2-11
g T a9 =0 (&4

For linear wave problems, the non-linear effects are small and can be neglected, then the

problems can be described by the linear shallow water equations:

on  du
oh  ou _ 2.2-12
ot + 0x 0, ( )
ou  on

du, or_y 2.2-13
ot T 9ox (22-13)

where H denotes the mean water depth.
For 2D shallow water wave problems, the governing equations in conservative form can

be written as:

oh d(h a(h
oh  9() 9(hw) _
Jat 0x ady

S, (2.2-14)

a(ahtu) + aa_x (hu2 + %ghz) + a(g;v)

0zp [(0Fy, O0F,\ 15—12 (2.2-15)
__ghax_<6x+6y>+ 5 + M,,
d(hv d 1 d(huv
Gy (w7 + 300) + 02

0zy (0F, 0F,\ 1T5—15 (2.2-16)
=_gh0y_<0x ay>+ ) + M,,

where the unknowns h,u, v are respectively the water depth, the velocity along the x-
direction, and the velocity along the y-direction, t is time and g is the gravity
coefficient, F,, and F,, are the water fluxes due to eddy viscosity along the x-
direction, Fy, and E,, are the water fluxes due to eddy viscosity along the y-direction,

75 and 72 are the surface and bottom shear stress along the x-direction, 75 and ryb
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are the surface and bottom shear stress along the y-direction. S is the source, M, and
M,, denote respectively the x-component and y-component source momentum-impulse.
For cases that neglect the source, stress and eddy viscosity effects, the 2D shallow water

equations can be written as:

oh  9(us)  0(hv)

= 2.2-17
ot ox oy 0, ( )
d(hu) 2 1, d(huv) 0z,

ot ox (h zgh ) Ty = e (22-18)
a(hv) .\, 0(huv) 0z,
3y (h s gh ) e = O (2.2-19)

For flat bottom cases, the 2D shallow water equations can be derived as:

% d(hu) N d(hv)

_ 2.2-20
ot T Tox ey Y (2:2-20)
a(hu) 2 5 d(huv)
_ 2221
ot ox (h 2 ot ) T, =0 (22-21)
d(hv) O(huv) )\
' w5 <hv s gh> 0, (2.2-22)

By substituting Eq. (2.2-20) into Eq. (2.2-21) and Eq. (2.2-22), the governing equations

can be derived as:

AL A L 2.2-23
ot ax  Vax oy Vay (2.2-23)

gu, ou, . ou _ 2.2-24
ot T tVay T8 = O (2.2-24)
AR AL 2225
ot ay " "ox  Bay (2:2-25)

For linear wave cases, the 2D linear shallow water equations are derived as follows:

oh Ju OJv
H ( ) 0, (2.2-26)

ac T "extay) T
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ou  Oh

ou Oh_ 2227
ot "I =0 AR
AL (2.2-28)
ot "8y T '

where H denotes the mean water depth.

2.2.2 Initial conditions:

The considering problems include some dam break problems, channel flows and real

field river problems. For the dam break problems, the initial velocities are usually set to

zero, and the water elevations are set as the situation before dam breaking. For the

simple channel problems, such as the laboratory experimental cases, the initial

conditions are set by steady state data. For the real river problems, we can use the

realistic measuring data. In case of lacking of data, we can fix an initial discharge and

compute until steady state, then set the result as the initial conditions.

2.2.3 Boundary conditions:

For the problems without inflows, such as dam break cases, the computational domains

are usually set as closed basins. We will not face the dry bed problems by this way. The

boundary conditions for basin problems are set as no penetration and no slip condition,

but in large scale problems, slip condition is acceptable and easier for the computation.

In the channel or river cases, the boundary condition settings depend on the flowing

situation:
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For the supercritical cases, the boundary conditions of both water elevation and velocity
are given at the upstream. If we do not have the complete data at the upstream, the h-Q
rating curve is useful for the boundary condition settings.

For the subcritical cases, one boundary condition is set at the upstream, and another is
set at the downstream. We can also use the h-Q rating curve for the boundary condition
settings, and compute the unknowns by the iterating procedure.

In the mixed flow cases, we need to check the Froude number at the downstream
boundary point in every time step to determine the necessity of downstream boundary

conditions during the computation.

2.3 Numerical methods

2.3.1 Discretization of time:

Take the 2D shallow water equations as an example, the discretization of the shallow
water equations is shown in the following:

2.3.1.1 Euler discretization:

By the following relationship:

0d ¢n+1 _ q)n

" 2.3-1
Jt At ’ ( )

Eq. (2.2-23) to (2.2-25) can be discretized as follows:
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hn+1__hn4_9 hn+1aun+14_un+1ahn+1+_hn+1avn+14_vn+1ahn+1
At 0x 0x dy dy
(2.3-2)
+(1-6) [hn A A ah”] =
dx ox dy ayl
un+1__un aun+1 aun+1 ahn+1
n+1 n+1
At +9[u 0x v ady t9 dx l
(2.3-3)
+(1-9) [u“ o +v" ou” + ah”] =0
ox oy 9 9% '
vn+1__vn avn+1 avn+1 ahn+1
+6 |u™t? + vt +g
At d0x dy dy
(2.3-4)
+(1-6) [u" AL ahn] =
ox dy g ayl

where the superscript n + 1 denotes unknown time step, n denotes the known time

steps, At is the time interval, and parameter 6 is between O (explicit) and 1 (implicit).

6 = 0.5 is the Crank-Nicolson method. By moving all the known terms to the right

hand side, Egs. (2.3-2) to (2.3-4) can be derived as:

hn+1+_9 hn+1aun+1+_un+1ahn+1+_hn+lavn+1+_vn+1ahn+1
At 0x 0x dy ay (2.3:5)
S & A LA A |
At ox % Tox dy v ay | Sk
un+1 aun+1 aun+1 ahn+1
n+1 n+1

At +9[u 0x v dy t9 d0x l (2.3-6)
ot 1 9)[ poupout 6h"] B '
At o TV dy 995 | = 5w
and
vn+1 avn+1 avn+1 ahn+1

+ 6 |u"tt —— + p"tl +g
At 0x dy dy (2.37)
vt 1-6) [ L 0v" 4 opn av™ N ahn] B '
~ At ax TV ey 9y T

2.3.1.2 Discretization by the Houbolt method:
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The Houbolt method is proposed to have three order accuracy in the discretization for

time, the definition is shown in Eq. (2.3-8).

(64 1
=7~ g (119" — 189" + 99"~ — 2¢77), (2.3-8)

The parameter 6 is equal to 1 in the Houbolt method, then Eq. (2.2-23) to (2.2-25) can

be discretized as follows:

11hn+1 hn+1aun+1+-un+1ahn+1+-hn+1avn+1+-vn+1ahn+1
64t 0x 0x ady ady 239
_18h" 9A™t 2h"? 239
~6At  6At T 6At WM
11un+1 aun+1 aun+1 ahn+1
+ n+1 + n+1 +
64t lu dx v dy g 0x l (2.3-10)
_1sut ount 2wt |
~6At | 6At | 6At W
and
11vn+1 avn+1 avn+1 ahn+1
+ +1—+ n+1 +
64t Iu ax dy g dy l
(2.3-11)
18v™ 9pn 1  2pn2
= - + = Sp.

64t 64t 64t

2.3.2 LRBFDQ with Newton-Raphson method
Take the 1D shallow water equations as example, the governing equations are Eq. (2.2-6)

and Eq. (2.2-7).

oh  du  oh
oh  ou 0Oh_ 2.2-6
gt Tug =0 (2.2-6)

ou ou oh

T SRS -S.) = 2.2-7
o Tua T I 9(So—Sf) = 0. (2.2-7)
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By introducing the Multiquadric (MQ) RBF ¢ to the spatial discretization, the

unknown variables h and u can be described locally as follows:

s NL
hi = Z (DUCZ]
j=1

NL '
u; = Z Dy B;

where @, =\/(Xi —x;) 4+ ¢2, N is the global node number, and NL is the local

i=123,..,N, (2.3-12)

nodes number. Appropriate parameter ¢ leads to good accuracy of h and u.

From Eq. (2.3-12), the weighting coefficient « and g for every set of local nodes can

be obtained from Eq. (2.3-13), and the derivative terms are shown as Eq. (2.3-14)

{ai=‘1’i_jlhf.i= 1,2,3,..,NL;j = 1,23,...,NL
pi=oghy T TR
(2.3-13)

or {{a} = [®]*{h}

B} =lo] H{u}

dh

{_} = [¢l{a} = [p][®]{h} = [Q]{h}

355 ' (2.3-14)
(o] = 0108 = (911013 = (01w}

where the derivative product of MQ RBF is

_ 6¢ij _ Xi—Xj
¢l] - ox - 2 l
,(xi—xj) +c?

and [Q] = [¢][@]7! or Q;; = pucPy -

On temporal discretization, the Houbolt method is applied as Eq. (2.3-15),
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at 6At
Gum 11w — 18un + 9t — 202 L

~
=~

Jt 64t

Jah”“ 11A™*1 — 18h™ 4+ 9h™" 1 — 2p"2

where the superscript n + 1 denotes the unknown time step; n, n —1, n — 2 are the
known time steps.

For NL = 3 with Eq. (2.3-14) and (2.3-15), the governing equations (2.2-6) and (2.2-7)
can be discretized at point i as follows:

(11h7+1  18RT ORM1  2p72)

6dt 64t | 6at 6At
11A2*1  18h% . 9Pl 2p12
6At 6At | 6At  6At
11A2*1  18RT ORD™1  2p02

6At 64t | eAt 6At
11ttt 18ul 9ult  2ul?

64t 64t + 64t 64t
11t 18ull 9ult  2ul?

6At 6At + 6At 6At
11uftt 18u} 9ul !t 2ul?

\ 64t 64t + 6At 6At /

-~

U011 wQ1z wQi3 MQin MQip  hiQis7 (™Y (2.3-16)
UpQ21 U0Q22 UpQ23 hpQz1 hyQz hyQzs h?“
U3Q31 U303, U3z@33 h3Q31 h3Q3; h3Qss hgﬂ
gQi1  gQiz 9gQiz w011 w0z w03 u{”l
gQ21  gQzz gQ23 U021 U@z U023 u?“
L9031 gQ32 gQsz uU3l31 U3Q3z U333 )

A
"

( 0 \ ;
O (Fl(hl,hz,hg,ul,uz,ug)\ 0 i
0 Fy(hq, hy, hs, uq, up, us3) (0]
F;(hy, hy, hs,uq, Uy, Us) 0
_1g\S S = ) T3\t M2, g, U, M2, U3 _
< ( o fl) ( < Gy (hy, hy, hs,ug, up, ug) ( 0
g (So2 - sz) G, (hy, hy, hs, g, Uy, Us) 0
g (503 - Sf3)J \G3(hy, hy, b, Uy, Uy, U3z)) 0
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Applying the Newton-Raphson method, we can write the global matrix system as Eq.

(2.3-17).

[A14]

[A24]

[412]

[A2:]

1 (%)
4 dhy
du,

1 \duy

_GN

_F1
-{

l,

(2.3-17)

where matrix [A;;], [A;2], [A,;] and [A,,] are shown in Egs. (2.3-18)-(2.3-21).

(6F1)1
oh,

0

[414] = 0

[A12] = 0

(aFZ)l
oh,

IF '
57)
IF,N\"
&%)
F,\*
()

0

(aF1

oF,

oh,
on,

(
(6F2
(

")

)

1
1
2
3

)

0

0
(6F2>2
o

(6F2>3
ah,

0

(57)
on,

<6F2

(6F3

dhy

2-15

N-1

N
6_hl>

;

B <6F2)
dus

N-1

(an>
dh,

0

0

0

(6F2>N (6F2)N
an, ah,s

<6F3)N <6F3)N
oh, ohs) |

N-1

0

(6F2>N <6F2
du, dus

<6F3>N <6F3
du, Jus

;

)

(2.3-18)

(2.3-19)



661>1

[/0G,\"  /0G;\"
oh, ah, dhs
G\ /0G\"  0G,\'
dh, dh, dhs
0 (6(}2)2 (662)2 4G, 2
dh, oh, dhs
3G\ (9G,\°
Ayl = —= —= N 2.3-20
2] 0 0 (ah1 (ahz) ( )
<OGZ)N_1 (GGZ)I‘H 0
dh, dhs
<6G2)N (662)"' (662)"'
oh, dh, dhs
o o GGG
] ah, oh, dhs) |
aG\'  0G\' 0G\"
Gu) Ga) Ga) o 0
ouy Ju, Jus
G\ /0G,\"  10G,\'
Go) Go) Ga) o 0
Ju, du, Ju,
G2 (G (G
Ju, du, Jus
AGN>  10G,\°
[l =| 0 0 (—2) (_2) | (2.3-21)

(OGZ)N (662)N (6GZ)N
Juy du, dus
0 0 (%)N (%)” (%)N
| ouy oJu, dug/ |

The differential value in Eg. (2.3-18) to Eq. (2.3-21) can be simply obtained

numerically from the definition of

6Gl- N Gl(h] + Ah],u]) - Gl(hj,u]) % N Gl(hj,u] + Au]) - Gl(h],u])

The Dirichlet boundary conditions can be given by setting the corresponding dh or du

to 0, and then set h or u on the boundary points to the boundary values. We can get
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the values of dh and du, then the unknowns read A™®W and u™W can be obtained
from Eq. (2.3-22).

new __
{h = h+dh (2.3.22)

uW =y +du

The governing equations can be solved by the iteration of Eq. (2.3-17) and Eq. (2.3-22)
2.3.3 The LRBFDQ method

The LRBFDQ method is one kind of the meshless methods. Which is extended from the
differential quadrature (DQ) method. The differential quadrature is the approximation of
derivatives by using weighted sums of the function values.

Considered the concept of DQ, the m!" derivative at a point i can be described as a

weighted linear sum of all the functional values,

N

Z u] fori =1,2,...,N, (2.3-23)

axm
where N is the number of global nodes, u; is the real function value at node j, and
[W] is an N by N weighting matrix.

If we select NL closest nodes relative to the considering point as the local nodes, then
the method can be localized and only local nodes need to be considered in the
calculation. To connect global nodes and local nodes, we set an index ind(i, k) = j, for
each global point i, where k =1,2,...,NL, and j is the corresponding global nodes.

The localized relationship can be expressed as
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NL

- z e (2:3-24)
X=Xi

k=1

o™u
oxm

where oy, is the unknown weighting coefficient at point i. The RBF @;; is

introduced to determine «;, then for the local nodes of every point i, we have the

relation as
(0"Py
m
aarrij§ by Dy ay
2 Py1 v Doy |) 2

1 axm =1\ . . S (2.3-25)

améDNL P10 Puened \AnL

m .

where axml denotes the m — order derivative value of the RBF at point i.

Since the RBF value @;; and its derivatives are known, and the matrix [®;;] is non-
singular, hence we can get «; by solving Eq. (2.3-25). Consider the following equation

as an example:

du(x)
dx

= s(x), (2.3-26)
where u(x) is unknown and s(x) is the known source term. By introducing the DQ

method, Eq. (2.3-26) can be written as

( (du) A
dx/;
51 du Wiin Wiy - Win] (W
S - u
52 = (dx)z \ = Wfl sz WfN f : (2.3-27)
SN (du> Wyni Wyz - Wiyl \Un
\\dx/y/

We can set a coefficient o, so that
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(o0,
aag D11 Ping e
_2 (D21 d)zNL axz .
Jo=b (P P2 2l = 12.N. (2.3-28)
aq;NL P10 Puened; \Axyy/
\ ox J i

The weighting matrix [W;;] can be obtained by
W;; = ay, at point i (2.3-29)

The Dirichlet boundary condition at x = x; can be set as

1 o - 0 Uy u(x =xq)
Wa War o Wiyl il ) s L 23
Wi Wyy o Wiyl \Uy SN

Then the unknown wu; in Eq. (2.3-26) can be found by solving Eq. (2.3-30). This is the

so called, LRBFDQ method. Several different kinds of RBFs can be chosen here, and

will be discussed in the next section.

2.3.4 Radial basis functions:

To observe the performance of the LRBFDQ method in numerical experiments, the

following RBFs are chosen as test functions for calculating the weighting coefficients:

the multiquadric (MQ), the integral multiquadric (IMQ), the Gaussian, and the

polyharmonic spline (PS). These RBFs are introduced briefly as follows:

For 2D cases, let 1 = \/(xi _xj)z + (Yi —yj)z , Where i=123,..,N, j=
1,2,3, ..., NL. The values of RBFs @;; and their derivational products are represented in

the following:
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Multiquadric (MQ):

;= /rg- + c2forc >0, (2.3-31)
0P;;/0x; = (x; — x;)/ |12 + 2, (2.3-32)
0P;;/0y; = (yi — y;)/ |r& + 2. (2.3-33)

Integral multiquadric (IMQ):

1 c3
@ = 6(1”5- + 4c?) ré +c2% — §1n< ’ré +c%+ c) forc > 0, (2.3-34)
0®;;/0x; = (x; — x;) (c /ré +c2+2c% 4+ ré-)/?;( ’rg- +c2 + c), (2.3-35)
00,/3y, = (v - ¥,) (c [r2 +c2 +2¢2 + rg.)/3 ( 2 +c2 + c). (2.3-36)

Gaussian:

P, = G forc >0, (2.3-37)
0®;;/0x; = —2¢(x; — xj)e‘crz, (2.3-38)
0®;;/y; = —2c(y; — y;)e™°"". (2.3-39)

Polyharmonic spline (PS):

@;; = r°In(r) for cis even, (2.3-40)
0®y;/0x; = (x; — x;)r< 2 (cIn(r) + 1), (2.3-41)
0®;/0y; = (i — y;)re7*(cIn(r) + 1). (2.3-42)

To observe the accuracy of each RBFs in 2D domains, we consider the following

governing equation
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Z—f =2x+1+y. (2.3-43)
The boundary conditions are set by Eq. (2.3-44) along the edges of the computational
domain, which is a square with x and y from 0 to 1.

d=x’+x+y>+y+xy. (2.3-44)
Eq. (2.3-44) can be considered as the designed analytical solution as well. We distribute
400 uniform nodes in the domain. Fig. 2.3-1 shows the error with different ¢ of the
MQ, the IMQ and the Gaussian RBFs, where err,,,, IS the maximum error in the
computational domain. The selection of local nodes is described in section 2.7. The
results show that the accuracy for NL = 5 are much better than the one for NL = 9. For
this reason, we will set NL = 5 in the following tests.

The error for the PS are represented in Fig. 2.3-2, which shows that the polyharmonic
spline is not suitable in this case. There is no need to adjust ¢ for the PS-RBF, and the
parameter c is highly dependent on the number of local points. However, the result
shows that the first-derivation by PS-RBF is not accurate in this case. Since the shallow
water equations contain many first-derivation terms, the PS-RBF will not be considered
in the following tests.

The errors for different number of global nodes are shown in Fig. 2.3-3. An interesting

phenomenon is observed: the accuracy for highly concentrated nodes case is not really

2-21



better than the cases with sparse nodes. However, for the Gaussian RBF, the stability of
parameter c is better with dense nodes.

2.3.5 Coupling formula

By introducing the LRBFDQ method, the weighting matrices [W,];; and [W, ] can

ij

be gotten. The relationship between weighting matrices and function values is shown in

Eq. (2.3-45).
u N N
(Z_)i :;[Wx]uup (ay)l ]Z e (2.3-45)

By coupling all the unknowns together, Egs. (2.3-5) to (2.3-7) or Egs. (2.3-9) to (2.3-11)

can be written as a large matrix relationship (2.3-46):

{h} {sn}
A fuyp =< {sudps (2.3-46)
{v} {sv}
where A
[T] + u[W,] + v[W,] h[W,] h[w, ]
x glw;] [T] + u[W,] + v[W,] 0
g[w,] 0 [T] + u[W,] + v[W, ]
1/At, i = j, Eulerian discretization
[T]=T; = {11/6At i = j,Houbolt discretization,
0, otherwise

h

{h}={5

},and so do {u}{v}{s, Hs, }Hs,}
hy

2.3.6 Boundary conditions for LRBFDQ method:
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For the Dirichlet boundary conditions, we need to set the corresponding position to 1,
otherwise set to 0 in the weighting matrix. The right hand side is set by the boundary
value. For the Neumann boundary conditions, we can set the corresponding position to
the weighting coefficient values, otherwise set to 0. The right hand side is set by the
boundary flux value. The top row of Eq. (2.3-47) shows the Dirichlet boundary
condition settlement, and the bottom row of Eq. (2.3-47) shows the Neumann boundary

condition settings.

1 0 0 - 0 1 (M) (M)
hy Shy
u1 Sul
A <P r=< B (23-47)
uN SuN
vl Svl
0 - 0 [Weln: - [Wilynd \vy/ \qn /

After finish setting of BCs, the unknowns {h},{u},{v} can be found by solving the
matrix system (2.3-47). The iterating procedure should be introduced to deal with the
nonlinear terms.

3.6 Iterating procedure:

For an non-linear problem, the iterating procedure is necessary to make the variables

converge. Take the following equation as an example:
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dy(t)

ac T =0 2.3-48
GNP Ty
it +yi(t) =

Introduce the Euler discretization and take 6 = 1, Eq. (2.3-48) can be derived as a

matrix form:

1, Vi

— n+1 —

At Y1 _ ) At )
.1 {yél“}_ v (2:3-49)
SIY: At

where the superscript n + 1 denotes the unknown time step, n denotes the known
time step, and * denotes the quasi-linear term.

During every time step, the value of y; and y; are setto y'*! and y2*1 first, then
Eq. (2.3-49) need to be solved repeatedly until y*! = ys and y2*1 = y3. This is the
process of the iterating procedure.

2.4 Numerical results and discussions

2.4.1 Special case of 1D linear shallow water equations by LMQDQ:

The governing linear shallow water equations are the Eq. (2.2-12) and Eq. (2.2-13). The
numerical method is the LRBFDQ method with MQ RBF, we can call it the LMQDQ
method. The parameter ¢ = 10, time interval At = 10~%, and local nodes NL = 3.

For the verification of the numerical model, we can add a source term as follows:
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H ( t) H .]l( t)
. + = — cos(x sin(x =F
t+g = sin(x + gcos(x =F,

2.4-1)

where g =9.81m/s?, H=1m. The computational domain is between x = 0 and
x = 1. The initial conditions are:

{h(x, t = 0) = sin(x) (2.4-2)

u(x,t =0) = cos(x)

For the characteristic velocity is +.,/gH ~ 3.13 m/s, the flow regime is subcritical flow.

We can choose the boundary conditions from (2.4-3):

{u(x =0,t) = cos(t) orh(x =0,t) = — sin(t)} and (2.4-3)
u(x=1,t) =cos(1—t) orh(x =1,t) =sin(1 —t). '
Then we have the analytical solutions for this case:

h(x,t) =sin(x —t), ]
{u(x, t) = cos(x — t). (2.4-4)

The results that with different combination of boundary conditions are shown in Fig.

2.4-1 to Fig. 2.4-16, where the results in Fig. 2.4-1 to Fig. 2.4-8 are computed by Euler

discretization, and Fig. 2.4-9 to Fig. 2.4-16 are computed by Houbolt discretization. The

results show that, the two boundary conditions for the subcritical flow can be given

arbitrary by velocity or water depth, the accuracy is acceptable.

2.4.2 1D dam break by LMQDQ:

The governing non-linear shallow water equations are the Eq. (2.2-10) and Eq. (2.2-11).

The numerical scheme is the LMQDQ method, and the parameter settlements are the
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same as in section 2.4.1. The analytical solutions of the 1D dam break problem have

been proposed by Galland et al [2.R24], and can be written as follows:

1 X
h(x,t) = —|(2Cy + —
99( ’ t), (2.4-5)

u(x,t) = %(% - CO)

where C, = ,/ghy, and hy is the initial water depth in the reservoir.
The computational domain is between x = —10 mand x = 20 m. The computational

time is from t = 0.9 s to t = 1.5 s. The initial conditions are given by Eq. (2.4-6),

and the boundary conditions are given by Eq. (2.4-7).

2

h(x,t = 0.9) = %(zco n L)

0.97 (2.4-6)
_ _ 2/,x
ule t=09) =3 (ﬁ =)
1 10\°
h(x = —10,t) = 9—(2c0 - —)
g t (2.4-7)

2 (20
u(x = 20, t) = 5(7— C0>

The flow is trans-critical with a Froude number equals to 1 at x = 0, where u =
2¢,y/3. By distributing 121 global nodes, and setting At = 0.01 s, the computational
results of water depth and velocity with h, = 4 m are shown in Fig. 2.4-17. The results
in Fig. 2.4-17 can be used to describe the dropping-off segment in the dam break

problem with a 4 m depth reservoir, as shown in Fig. 2.4-18. The computational
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solutions are compared with the analytical solutions, and the error distribution at

t = 1.5 s is shown in Fig. 2.4-19.

According to this numerical experiment, the behavior of the 1D non-linear shallow

water model is acceptable.

2.4.3 1D wave-maker in 2D domain by LRBFDQ methods:

This case is governed by the 2D linear shallow water equations with analytical solutions

proposed by Wong et al [2.R25]. The governing equations are given by Eqg. (2.2-26) to

(2.2-28). The numerical schemes are LRBFDQ method with MQ, IMQ and Gaussian

RBFs. The average water depth H = 20 m. The computational domain is a rectangular

channel with length L = 872 km and width W = 50 km. The boundary conditions

are:

h(x =0,y,t) = H + {coswt, (2.4-8)
u(x =872000,y,t) =0, (2.4-9)
and

v(x,y =0,t) = v(x,y = 50000,t) =0, (2.4-10)

where ¢ = 1 m isawave height,and w = 1.45444 x 10~*s1 in this case.

The initial conditions are given as
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A(x,y,t =0) =H + { cos \/%(L —X) /cos(wL/\/g_H),

ulx,y,t =0) =v(x,y,t =0) =0.
The analytical solutions are

coswt

*) cos(wL/\/g_H)'

4(x,y,t) = H + { cos (L -

w
JIH

i t
u(x,y,t)=—z\f%sin L -x | —2

\/g_H sin(wL/\/g_H)'

and

v(x,y,t) =0.

(2.4-11)

(2.4-12)

(2.4-13)

(2.4-14)

(2.4-15)

There are 205 uniform nodes in this computational domain with 41 nodes in the x

direction and 5 nodes in the y direction. We set the local node NL = 5, time-interval

At = 30s, and the total time step is 1440 steps, that is, 43200 seconds. The maximum

errors in the whole domain at each time step for different RBFs are shown in Figs. 2.4-

20 t0 2.4-22.

We take the most accurate cases for each RBF and compare those cases each other. The

errors are shown in Fig. 2.4-23. We can see that the errors increase with the time, from

which we know that the error accumulation is a problem need to be solved. The

accuracy between the MQ, the IMQ and the Gaussian RBFs is similar in this case.

2.4.4 2D circular dam-break problem by LIMQDQ
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This case is a circular dam break problem with the nonlinear shallow water equations.
The computational domain is a square basin with four edges length L = 50. The
numerical scheme is the LIMQDQ method with NL = 5. The governing equations are
Egs. (2.2-23) — (2.2-25), and the boundary conditions are:

u=0atx=0andx =1, (2.4-16)
v=0,aty=0andy = 1. (2.4-17)
We have no data for the water depth at boundary, but due to the variables coupling
formula, the boundary conditions can be given by velocities only. The initial conditions

are.

. {10, (x — 25)% + (y — 25)% < 112

1, (x—25)%+4 (y—25)2>11% (24-18)

u=v=0. (2.4-19)
It is easy to diverge at the discontinuous parts near the edge of the circular dam. Thus
we need to introduce the error function to make the discontinuous parts smoother, and it
will make results convergent more easily. The smoothing initial condition for h is

2
h=55—-45 erf[g (R - 11)].
(2.4-20)

where R = \/(x —25)%2 + (y — 25)2.
The smoothly initialized result is shown in Fig. 2.4-24, and the computational results

are represented in Fig. 2.4-25.
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The behavior of the dam break is similar with the results by Anastasiou and Chan
[2.R26]. We can see that the results with 2500 nodes are similar to the results with 900
nodes. We can conclude that the accuracy is not sensitive with the increase of global
node number.

2.4.5 1D SWEs with source terms by LMQDQ with Newton-Raphson method

Consider the flat-bottom SWEs with the designed source terms as Eq. (2.4-21).

oh 0w 0h_
o " tox T Yox T 1

ou_ ou_ Oh_ (2.4-21)
ot " Yox T99x 2
where

(x|t
x t sin|+ + =
Slz—[sin(—+—)+2] (L—T)

L T L
+[cos(f+£>+1] cos(§+%) +cos<§+%)’

. (x t
x t sin(++ =
Szz—[cos(—+—>+1] M

LT L
cos (7 +7)] sin(7+7)
tg L T

where L isthe length of domain, and T is the characteristic time scale.
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The Froude number is always less than 1 in this case, so the flow regime is the

subcritical flow. That is, we need one boundary condition at the upstream and one at the

downstream. The two boundary conditions can be chosen from Eq. (2.4-22).

t t
h(0,t) = sin (7) + 2 oru(0,t) = cos (7) +1
. oo (2.4-22)
h(L,t) = sin(l +T> + 2oru(L,t) = cos(l +T> +1
The initial conditions are given as
X
h(x,0) = sin (Z) +2
(2.4-23)

P :
u(x,0) = cos (Z) +1
By these definitions we can get the analytical solutions of this special case as follows:

t
h(x,t) = sin <% +T) +2
(2.4-24)

() = cos(T+2) +1
ulx, ) = cos 7+

Several numerical tests can be done by these analytical solutions. For the verification of
the sensitivity of NL, the first case is set as L = 10000 (m), At =1 (s), and T is
100 (s). The boundary conditions are given by the analytical solutions of u at both
upstream and downstream in this case. The computational results with different NL for
N = 15 are shown in Fig. 2.4-26.

It is evidence that the results with NL=5 and NL=7 have higher accuracy than NL=3, but
they are much more sensitive to the parameter c. The results with NL=3 are stable with

sufficient large c, and the accuracy is still acceptable. The computational time with only
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three local nodes is much less than other cases. For these reasons, we set NL=3 in the
following cases.

The second testing case is the time step size test. The history of the root-mean-square
errors (RMSE), defined as Eq. (2.4-25), are shown in Fig. 2.4-27 and Fig. 2.4-28, where

the parameters are set as N=15, NL=3, L=10000 (m), and T=1 (5s).

N (h—h)? N — )2
RMSE for h = /%;RMSE for u =\/# (2.4-25)

We can find that the time independency is reached for At = 1072, and the RMSE

behaves very stably with the time marching. The same case with At=10"° is computed

for 1,000,000 time steps, and the results are shown in Fig. 2.4-29. The RMSE keeps less

than 10° from the beginning to the end. We can see the amazing stability of this

method by this testing case.

The Fig. 2.4-30 and Fig. 2.4-31 finally represent the accuracy with different N. The

results of this case show that the accuracy tends to mesh independent with N=121.

2.4.6 Open channel problem by LMQDQ with Newton-Raphson method

The following numerical case is a 20-ft-wide rectangular channel of 2 mile long. There

is a uniform flow of 6-ft depth at the upstream, and is subjected to an increase in flow to

2000 cfs in a period of 20 min. This flow then decreases uniformly to the initial flow

depth in an additional period of 40 min. The channel has a bottom slope of 0.0015 ft/ft
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and an estimated Manning’s n of 0.02. The boundary conditions are given as Eq. (2.4-

26).
PN
u(x =0) _B_hx=0’
1 2
) 1.486S§< Bh >§ (24-26)
T By

x=L

where @ is the discharge, S is the bottom slope, B is the channel width and L is the

channel length. The computational results of characteristic method by Viessman et al.

[2.R27] are listed out for comparison. Table 2.4-1 shows the water depth and velocity at

upstream and downstream points. The boundary conditions are given by the velocities at

both upstream and downstream. The results shows that we can get good solutions

without much computational nodes.

In the following, we will compute this problem again with different BC settings. The

computational results with different combination of velocity or water depth BCs are

shown in Table 2.4-2 to Table 2.4-4. The computational results of velocity and water

depth are good with every set of BCs. These results demonstrate that it is possible to use

the water depth for BCs only. This statement can be very useful in the realistic field

problems.

2.5 Conclusions
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According to the results of 1D linear shallow water equations tests in section 2.4.1 and

section 2.4.6, we can conclude that the boundary conditions can be chosen arbitrarily

from the velocity or the water depth with the coupling formula. In general, the water

depths in realistic engineering problems are much easier to be obtained than the

velocities. This conclusion can be useful in the numerical experiments that are lacking

of boundary data. According to the results in sections 2.4.2 to 2.4.5, we can see that the

accuracy is not sensitive with the variety of global node number and RBF types. It is

concluded that the selection of local nodes is very important through the results in Fig.

2.3-1. The LMQDQ with Newton-Raphson method is accurate in cases with only

Dirichlet boundaries. It is worthy to develop this method in the future.

2.6 References

[2.R1] Burguete J., Navarro P.G. (2001) Efficient construction of high-resolution

TVD conservative schemes for equations with source terms: application to

shallow water flows. International Journal for Numerical Methods in Fluids,

37, pp. 209-248.

[2.R2] Castro M., Gallardo J.M., Pares C. (2006) High order finite volume

schemes based on reconstruction of states for solving hyperbolic systems

with nonconservative products applications to shallow-water systems.

2-34



[2.R3]

[2.R4]

[2.R5]

[2.R6]

[2.R7]

[2.R8]

Mathematics of computation, 75(255), pp. 1103-1134.

Noelle S., Xing Y., Shu C.W. (2007) High-order well-balanced finite

volume WENO schemes for shallow water equation with moving water.

Journal of Computational Physics, 226, pp. 29-58.

Houbolt J.C. (1950) A recurrence matrix solution for the dynamic response

of aircraft in gusts, National Advisory Committee for Aeronautics:

Technical Note 2060.

Soroushian A., Farjoodi J. (2008) A unified starting procedure for the

Houbolt method. Communications in Numerical Methods in Engineering,

24, pp. 1-13,

Gu M.H. (2008) The method of fundamental solutions for wave equations

and free surface problems, Ph.D. Dissertation, Department of Civil

Engineering, College of Engineering, National Taiwan University.

Kansa E.J. (1990a) Multiquadrics-a scattered data approximation scheme

with applications to computational fluid-dynamics-I surface approximations

and partial derivative estimates. Computers Math. Applic. Vol. 19, No. 8/9,

pp. 127-145.

Kansa E.J. (1990b) Multiquadrics-a scattered data approximation scheme

2-35



[2.R9]

[2.R10]

[2.R11]

[2.R12]

[2.R13]

with applications to computational fluid-dynamics-I1 solutions to parabolic,

hyperbolic and elliptic partial differential equations. Computers Math.

Applic. Vol. 19, No. 8/9, p. 147-161.

Shu C., Ding H., Yeo K.S. (2003) Local radial basis function-based

differential quadrature method and its application to solve two-dimensional

incompressible Navier-Stokes equations. Computer Methods in Applied

Mechanics and Engineering, 192, pp. 941-954.

Hu S.P. (2010) Meshless methods for generalized Newtonian fluid flow and

heat transfer, Ph.D. Dissertation, Department of Civil Engineering, College

of Engineering, National Taiwan University.

Lee C.K,, Liu X., Fan S.C. (2003) Local multiquadric approximation for

solving boundary value problems. Computational Mechanics, 30, pp. 396-

400.

Sanyasiraju Y.V.S.S., Chandhini G. (2008) Local radial basis function

based gridfree scheme for unsteady incompressible viscous flows. Journal

of Computational Physics, 227, pp. 8922-8948.

Shen L.H., Young D.L., Lo D.C., Sun C.P. (2009) Local differential

quadrature method for 2D flow and forced convection problems in irregular

2-36



[2.R14]

[2.R15]

[2.R16]

[2.R17]

[2.R18]

[2.R19]

[2.R20]

domains. Numerical Heat Transfer, 55(B), Iss. 2, pp. 1-19.

Sarler B., Vertnik R. (2006) Meshfree explicit local radial basis function

collocation method for diffusion problems. Computers and Mathematics

with Applications, 51, pp. 1269-1282.

Kosec G., Sarler B. (2008) Local RBF collocation method for Darcy flow.

CMES,25, no. 3, pp. 197-207.

Leffe M.D. (2010) SPH modeling of shallow-water coastal flows. Journal of

Hydraulic Research, 48 Extra Issue, pp. 118-125.

Darbani M., Ouahsine A., Villon P., Naceur H. Smaoui H. (2011) Meshless

method for shallow water equations with free surface flow. Applied

Mathematics and Computation, 217, pp. 5113-5124.

Liu Y., Liew K.M., Hon Y.C., Zhang X. (2005) Numerical simulation and

analysis of an electroactuated beam using a radial basis function. Smart

Mater. Struct., 14, pp. 1163-1171.

Miguel R.P., Javier B. (2005) A corrected smooth particle hydrodynamics

formulation of the shallow-water equations. Computers and Structures, 83,

pp. 1396-1410.

Sarra  S.A. (2006) Integrated multiquadric radial basis function

2-37



[2.R21]

[2.R22]

[2.R23]

[2.R24]

[2.R25]

approximation methods. Computers & Mathematics with Applications, 51,

pp. 1283-1296.

Chen S. (1995) Nonlinear time series modelling and prediction using

Gaussian RBF networks with enhanced clustering and RLS learning.

Electronics Letters, 31(2), pp. 117-118.

Jumarhon B., Amini S., Chen K. (2000) The Hermite collocation method

using radial basis functions. Engineering Analysis with Boundary Elements,

24, pp. 607-611.

Chen C.S., Fan C.M., Wen P.H. (2010) The method of approximate

particular solutions for solving certain partial differential equations.

Numerical Methods for Partial Differential Equations,

d0i:10.1002/num.20631.

Galland J.C., Goutal N., Hervouet J.M. (1991) TELEMAC: A new

numerical model for solving shallow water equations. Advances in Water

Resources, 14(3), pp. 138-148.

Wong S.M., Hon Y.C., Golberg, M.A. (2002) Compactly supported radial

basis functions for shallow water equations. Applied Mathematics and

Computation, 127, pp. 79-101.

2-38



[2.R26] Anastasiou K., Chan, C.T. (1997) Solution of the 2D shallow water
equations using the finite volume method on unstructured triangular
meshes. International Journal for Numerical Method in Fluids, 24, pp.
1225-1245.

[2.R27] Viessman W.JR., Gray L.L. (1977) Introduction to Hydrology, Second

Edition.

2-39



Table 2.4-1 Boundary water depth and velocity
with u BCs at both upstream and downstream:

Upstream Downstream

Depth Velocity Depth \elocity
t=30(min)
Viessman | 10.2613 8.3243 9.8681 8.3769
Current
N=15 10.2604 8.3228 9.8741 8.3776
N=31 10.2532 8.3285 9.8662 8.3753
N=61 10.2500 8.3311 9.8650 8.3750
N=121 10.2492 8.3317 9.8655 8.3751
N=241 10.2492 8.3317 9.8648 8.3749
t=60(min)
Viessman | 6.4221 6.4892 8.2354 7.8622
Current
N=15 6.4263 6.4800 8.2304 7.8619
N=31 6.3951 6.5116 8.2302 7.8618
N=61 6.3880 6.5188 8.2301 7.8618
N=121 6.3864 6.5204 8.2303 7.8618
N=241 6.3864 6.5204 8.2301 7.8617
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Table 2.4-2 Boundary water depth and velocity
with u BC at upstream and h BC at downstream:

Upstream Downstream

Depth Velocity Depth \elocity
t=30(min)
Viessman | 10.2613 8.3243 9.8681 8.3769
Current
N=15 10.4701 8.3340 9.8610 8.4469
N=31 10.2880 8.3340 9.8610 8.3911
N=61 10.2575 8.3340 9.8610 8.3770
N=121 10.2529 8.3340 9.8610 8.3743
N=241 10.2523 8.3340 9.8610 8.3739
t=60(min)
Viessman | 6.4221 6.4892 8.2354 7.8622
Current
N=15 6.4168 6.5229 8.2339 7.9546
N=31 6.3988 6.5229 8.2339 7.8792
N=61 6.3923 6.5229 8.2339 7.8654
N=121 6.3914 6.5229 8.2339 7.8634
N=241 6.3913 6.5229 8.2339 7.8631
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Table 2.4-3 Boundary water depth and velocity
with h BC at upstream and u BC at downstream:

Upstream Downstream

Depth Velocity Depth \elocity
t=30(min)
Viessman | 10.2613 8.3243 9.8681 8.3769
Current
N=15 10.2522 8.3483 9.8733 8.3738
N=31 10.2522 8.3377 9.8630 8.3738
N=61 10.2522 8.3345 9.8614 8.3738
N=121 10.2522 8.3341 9.8611 8.3738
N=241 10.2522 8.3340 9.8610 8.3738
t=60(min)
Viessman | 6.4221 6.4892 8.2354 7.8622
Current
N=15 6.3914 6.5249 8.2360 7.8631
N=31 6.3914 6.5233 8.2344 7.8631
N=61 6.3914 6.5230 8.2341 7.8631
N=121 6.3914 6.5229 8.2340 7.8631
N=241 6.3914 6.5229 8.2340 7.8631
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Table 2.4-4 Boundary water depth and velocity
with h BCs at both upstream and downstream:

Upstream Downstream

Depth Velocity Depth \elocity
t=30(min)
Viessman | 10.2613 8.3243 9.8681 8.3769
Current
N=15 10.2522 8.3472 9.8610 8.3721
N=31 10.2522 8.3339 9.8610 8.3746
N=61 10.2522 8.3337 9.8610 8.3741
N=121 10.2522 8.3340 9.8610 8.3739
N=241 10.2522 8.3340 9.8610 8.3738
t=60(min)
Viessman | 6.4221 6.4892 8.2354 7.8622
Current
N=15 6.3914 6.5150 8.2339 7.8512
N=31 6.3914 6.5214 8.2339 7.8612
N=61 6.3914 6.5226 8.2339 7.8628
N=121 6.3914 6.5229 8.2339 7.8631
N=241 6.3914 6.5229 8.2339 7.8631
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Fig. 2.4-18: Water depth distribution for the dam break problem.
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Fig. 2.4-20: Errors of MQ RBF.
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Fig. 2.4-22: Errors of Gaussian RBF.
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Fig. 2.4-23: Errors of different RBFs.

Figure 2.4-24: The initial condition of the smoothing circular dam.
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Figure 2.4-25: Contour of water elevation at t = 0.69s.
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The accuracy of N = 241 starts to be unstable.
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2.7 Appendix

Local node selection:

The local node selection in this dissertation is by considering a specific number of

nodes closest to the target computational node. Take the local node number NL =5 as

example, the local node selections at corners, edges and inner points are shown in Fig.

2.7-1.

000000
Computationalnodes @ @ @ @ ©® ® ©
0000 0 0
Reference nodes ( BN BN BN BN BN BN
000000
000000
000000
Fig. 2.7-1 The local node selection with NL = 5.
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Chapter 3.  Shallow Water Equations by the Advanced Mixed Lagrangian-
Eulerian with Finite Element Method

In this chapter, the mixed Lagrangian-Eulerian with finite element method (MLE-FEM)

method is applied to solved the shallow water equations. The governing equations will

first be derived as the characteristic forms, and then be solved by the Lagrangian-

Eulerian tracking method with the given initial conditions and boundary conditions.

3.1 Introduction

The shallow water equations for problems with sharp fronts are difficult to solve by the

conventional numerical methods. For dealing with the sharp fronts, the particle tracking

technique needs to be applied. A finite-difference numerical model with particle

tracking skill was proposed by Garabedian et al. (1983) [3.R1] to simulate the

convective transport of water or tracer particles through porous media. Another semi-

analytical particle tracking method, which was developed for path lines generation by

Pollock (1988) [3.R2], was applied to solve the ground-water flow with finite-difference

method. Cheng et al. (1996) [3.R3] have proposed the Lagrangian-Eulerian finite

element method to solve transport equations by the particle tracking technique. In the

‘in-element’ particle tracking technique, the element can be divided into desired number

of sub-elements for higher accurate nonlinear tracking. Suk et al. (2009) [3.R4] have

improved the particle tracking technique by accounting the changes in velocity during a
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time step. By introducing the bilinear interpolation method, it is possible to use a
significantly larger time step size than other existing particle tracking methods without
any significant loss of accuracy.

By introducing the particle tracking technique in the MLE-FEM scheme, the sharp
fronts in shallow water problems can be computed accurately and efficiently. The
shallow water equations need to be derived into advection form for the particle tracking
procedure in the Lagrangian step, and the source terms and the Neumann boundary
conditions can be computed in the Eulerian step by the finite-element method (FEM).
The derivation of the shallow water equations will be presented in this chapter, and two
numerical examples will be presented in the dissertation.

3.2 Governing equation

For 1D river/stream/canal problems, the river flow can be described by the conservation
of mass and momentum as Eq. (2.2-1) and Eq. (2.2-2). For constant channel width, the

governing equations can be further derived as Eq. (3.2-1).

oh o Oh_
ot tox T Yox Tt
ou ou oh ’

E+ua+ga=52

(3.2-1)
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where the unknowns h and u denote respectively the water depth and the velocity
along the x-direction, t is time, g is gravity constant, S; and S, are the source
terms.

For 2D overland flow, the shallow water equations are Eq. (2.2-14) to Eq. (2.2-16), and

can be further expressed as

(Oh ou oh ov oh

ot + d0x * 0x dy dy 1
du ou Ju dh
E+ua+v@+g—=52 , (3.2-2)
dav av dv dh

\E+”ay+”ax+gay

where the unknowns h,u, v are respectively the water depth, velocities along the x-

direction and y-direction; S;,S,, S; are source terms.

3.3 Numerical method

The mixed Lagrangian-Eulerian and finite element method proposed by Yeh et al. [3.R5]

consists of two steps: the Lagrangian (particle tracking) step and the Eulerian (finite

element) step. The governing equations need to be derived to advection forms, and the

advection terms are solved by the backward particle tracking technique (Yeh et al.

[3.R5]) in the Lagrangian step, while the Dirichlet boundary nodes are considered in

this step. The other boundary conditions and the remaining terms will be solved in the

following finite element step. The derivation of advection forms is shown as follows.
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For 1D cases, the river flow can be described by the conservation of mass and

momentum as Eq. (3.2-1). The governing equations can be written into matrix form as

follows:
oOF s FOF _ s
ot ax
where
= (h
F= {u}'
/T _ [u h],
g u
2 (S
5= {SZ}'

(3.3-1)

(3.3-2)

(3.3-3)

(3.3-4)

To diagonalize the matrix A, we first calculate the eigenvalues and eigenvectors as

follows:

u—A» h |
g u—41

or
A% —2ui+u?—gh=0,

then we can get the eigenvalues as

A =u+,/ h =
{1 g {/11 u+c,wherec=w/gh,

,or
Ay =u—,/gh L=u—c

and the corresponding eigenvectors as

3-4

(3.3-5)
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e = 1 €2 = 1 . (33‘8)
2 2
Define a matrix I consists of the eigenvectors:
C C
= |2g 2g
L=\7 7| (3.3-9)
2 2
then we can obtain
=% | (3.3-10)
— 1
g
Multiplying L-1 to Eq. (3.3-1) yields
_0F - _0F - . - OF - - OF - .
['—+L'"A—=L"'S,or[ ' —+ [ 'ALL"'— =[5, (3.3-11)
t X t x
then we get
71 9F | [«re 0 g OF 1z (3.3-12)
Jt 0 u—c x
By the definition
L19F = oW, (3.3-13)
Eqg. (3.3-12) can be decoupled as
W u+c 0 10W - . (3.3-14)
et 0 usdEm e
in which
— (W) _ (u+w
W= {Wz} =1t (3.3-15)

where w is the transformed wave speed. From Eqg. (3.3-13) and Eq. (3.3-15) we have
35



g

—0h+0u =0W, = 0w + du _
¢ g ,where dw = g(’)h = {%1 _ Z t Z (3.3-16)
—=0h+0u =0W, = —0w + 0u ¢ 2=
Thus, the governing equations can be written as the following advection forms:
D u+ du+w du+w c
(Purcl@+) o+ o 0urw) o co
Dt Jat 0x g (3.3-17)
Du_c(u—w)_a(u—w)+( )O(u—w)_s CS. ’
L Dt ot YO T g’

The positive gravity wave (u + w) is advected by the speed (u + ¢), and the negative

gravity wave (u — w) is advected by the speed (u — c).

Eqg. (3.3-17) can be written as Eq. (3.3-18) by introducing the mixed Lagrangian-

Eulerian method.

(u+ )™ — (u+ w)
At

(u— )" - (u—-w)*
At

c n+1 c n
g g (3.3-18)

c n+1 c n’
where the superscript “n + 1” denotes the new time step, and the superscript “*”
denotes to the target point where the particle stops in the backward particle tracking. 6
is the temporal fractional factor. At is the time which is consumed by the backward
particle tracking.

For 2D overland flow problems, the shallow water equations can be expressed as Eq.

(3.2-2). Similar to the 1D case, the governing equations can be written in the matrix

forms as follows:

3-6



in which

(R _ [w R O] _ [v O hl (S

F={up,A=|g u 0|,B=|0 v Of,R =4S,
v 0 0 u g 0 v S3

- k
Letk = { x},where k3 + k% = 1, we have

ky
) uky, + vk,  hk, hk,
A=k A+k,B = gky uk, + vk, 0 _
gk, 0 uk, + vk,

The eigenvalues and eigenvectors of 4 can be determined as

Al = ka + vky, e = ky
_kx
c
A, = uk, + vk, +c, e, = <gkx} ,where ¢ = ,/gh.
gky

—C
A3 = uky + vk, —c, e;= gkx}
\ gky

Then the matrix I and its inverse can be obtained as

0 k, -k
0 c —C 1 x Ky
L=|ky gkse gki|oL1=| 2 2g 2g
ke gky gk, Lkk
2c 2g 2g
Thus Eq. (3.3-19) can be derived as
_0F __ ___ OF _ - OF _ .
L'—+ L7YALL*—+ L7'BLL"'—=L"'R
at x y
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(3.3-19)

(3.3-20)

(3.3-21)

(3.3-22)

(3.3-23)

(3.3-24)



oh
{au}, (3.3-25)

ov

N
Q
|& Q&

N
a
N
Q
\®]
Q
—_—

+ L[ "AL—+L'BL— =L 'R, (3.3-26)

ow X u+ck, 0 ow

(3.3-27)

[ v —cgk, cgk, }
_x ow
| 2g v+ ck, 0 ow _
dy
ck,
{ E 0 V- Cky‘

1R,

[l

Eq. (3.3-27) can be further written as

—

ow N
ot

u 0 0
0 u+ck, 0
0 0 u—ck,

— v 0 0
6_W+ 0 v+ck, 0 -
0x 0 0 v—cky oy

oW

( aWZ 6W3 6W2 6W3\

cky, 0W;  ck, oW,
2g 0x B 2g 0y
B ck, oW, N ck, oW,
\ 2g 0x 2g Oy J

Il

PI‘II
[N

|

+ 1

From Eq. (3.3-25) we have

dh
aWZ - 6W3 - ?, (33'29)
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thus we get

= [u 0 0 — v 0 0
a_W +10 u+ Ckx 0 a_W + 0 v+ Cky 0 a_W
ot 0 0 u—ck, 0x 0 0 v —ck, Oy
( oh oh
gk, e gk, @ (3.3-30)

cky oW, ck, 0W;

2g 0x a 2g 0y
B ck, oW, N ck, oW,
\ 2g 0x 2g 0y )

+<

or
wo[% W W
a_ +10 u+ Ckx 0 a_ + 0 v+ Cky 0 a_
ot 0 0 u—ck, 0x 0 0 v —ck, Oy
( oh dh )
g (% Ky = @k’“> (3.3-31)
L c [ou , <6v+6u>k k +6vk2] }—i‘ll_?)
2glox ™ \ox oay) 7 "oy I [
c [Ju 2 (617 N 6u> ke + v kz]
\ 2glox ™ \ox ay) ¥ oy *l

Since Eq. (3.3-31) can be written for any spatial direction %, suitable selection of %
can eliminate the coupling term in Eq. (3.3-31).

If the unit vector k; = ky, 7+ ky,J satisfies

oh oh

3y 3y k=0, (3.3-32)

then the first row of Eq. (3.3-31) will describe one purely convective vorticity wave.

If the unit vector k, = ky, I + k,,J satisfies

ou ) v du ov 5
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then the second and third rows of Eq. (3.3-31) can be diagonalized simultaneously.

By the definition of

ki, kay
we can set
0 kiy Kix 0 c —C
I Y [ ky gk gku}
L'=|2c 29 29 |=L=| k k k |
1 kye gy [_kﬁ gkiy gklyj
2c 29 2g k k k
and
O kly _klx
_ owyy | 1 kax K2y (oh
oW = L19F > {EJWZ} =l 2c 29 2g {au}
an 1 ka ka 617
2c 29 2g
oh
(OWZ —_ 6W3 = T
R 1 OW, = kyydu — iy, 0v ,
1
kaw2 + W, = 5 (kpx0u + kg 0v)
we can get
[ AL
u cgkiy —cgky,y
Cka klx k2x klx ka
wrelie) Gy
R A T “\2k ™2
_ Chay _C<kﬂ_@> " — ck _C(&_kﬁ
2gk 2k 2 2x 2k 2
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v _Cgklx Cgklx
cky, kiy  kay kiy ko
— k g =y _ 2
= | 29k erCZy+C<2k 2 “\zk "2

Cka kly k2y kly ka
| 29k C<2k 2 vy —eloe T2 )
Eqg. (3.3-26) can be further derived as
v 0 0

0 v+ ckyy 0
0 0 v —ckyy

u 0 0
0 u++ckyy 0
0 0 u — ckyy

oW 4
0x

ow +
ot

ow
dy

oW W, oW, oW
|{ Cgkly Ox 2 Cgklya—;_Cgklxa—;+C.gk1xa—3 ]
ckay OWy klx Kop\ (OW, OWs\  ckyy W, ki, ko) OW, Wy
+{2gk 0x ___)<6x * ax)_ngW-l_C(E 2><6y +W)> (3.3-38)
ChyOW,  (kiy kpe\(OW, OWs\ ckedW, (ki Ky (W, OW; J
[_EW_C(E_T)(W W) Zﬁ_c<ﬁ_7)(ﬁ W)
=L'R
or
0 0 v 0 0 —
ow % ow ow
t 0 0 U — cky, x 0 0 v — Ckyy y
( oh oh 3\
g (kly o 6y> (3.3-39)

Il

P’I‘II
=

|

{0 S - k2xk2y(3—§+6”) (5]

20U Ju OJdv
{( Zy) k2xk2y (E + a) + (ka)z E}J

+

A

Thus we can obtain the corresponding k_l’ and kj to make Eq. (3.3-39) diagonalize.

The source terms can be derived as

3-11



[ 0 kiy _k1x] k1ySy — K1xS3
- I i @ kﬂlsl i+52k2x+% SZ
[1R =|2c 29 29 |{Sz} =<{ 2c 29 29 =<5 (3.3-40)
Lk k|| s sk sk s
2c 29 2g 2c 29 29

Thus Eg. (3.3-39) can be written in Lagrangian form as

( DaWa ey 2T _ g, Da? )
DT Ly Dt x Dt §
| DaveiaWe | _ ) 1Disek, <ﬁ>+@Dﬁ+6k2u+kﬂ—Dﬂ+Ckzv b= 5 (3.3-41)
DT 2 Dt \c 2g Dt 29 Dt 2(
Dy-ck,Ws| | 1Duck, (@) , Kax Dot Koy Ducipv| 53
\ bt J U 2 Dt

c 2g Dt 2g Dt )

in which the vorticity wave W, is transported by the velocity u; the positive gravity

wave W, is transported by (i + ck,); the negative gravity wave W is transported by

(U — cky).

By introducing the mixed Lagrangian-Eulerian method, we can obtain Eq. (3.3-42) .

W1n+1 - Wl* n+1 n
— 9[k1y52 - k1x53] +(1- 9)[k1y52 - k1x53]
WPt =Wy 181 | Spkax | Sskay]™ Sy Sikax | Sskayl"
2 Z_g|2L 1-6)|— -
| At [Zc 29 * 2g ] *( )[ZC * 2g * 2g ] (3.3-42)
Wi — W Sy Sykyy  Sskpy1tt Sy Sykyy  Sskpy1"
3AT 3=9[__1 22x+32y] +(1_9)[_2_2+22x+32y]

2c 2g 29 2g 29

Eq. (3.3-42) can be solved with the Neumann boundary conditions by the finite element

method.

At the upstream boundary segment, the vorticity wave is always transported into the

domain. For supercritical flow, the both gravity waves are transported into the domain

as well. Three boundary conditions are needed in this case, and can be shown as
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—

(7 -Uh = q,
2

- g _ up
‘uuh + Ny T = Mx ) (33_43)

S

h2
- Uvh + nygT = M;‘p

S

where 7 = n,7+n,j is the outward unit vector of the boundary segment; g,,” is the
normal flow rate at the upstream boundary; M, and M,” are the momentum/impulse
from the upstream boundary in x and y direction respectively.

In subcritical cases, one of the two gravity waves is transported outside the domain, and
the other is transported inside the domain. Based on the continuity of mass between the

boundary and the upstream, and on the flow dynamics in the region, the boundary

conditions can be set up as

n-tdh=q,’ orh+zy=H% n-1h=q,? orh+zy,=H"
[-7h=q;? or {7-iih = g , (3.3-44)
F.(h,u,v) =0 F.(h,u,v) =0

where H¥P is the incoming water stage at the upstream; [ is the unit vector parallel to
the boundary segment; ¢, is the flow rate parallel to the boundary; F, and F_ are
the positive and negative wave boundary equations, respectively.

At the downstream boundary segment, the vorticity wave is always transported out of
the region into downstream. For supercritical case, both the two gravity waves are
transported out of the region, thus no boundary condition need to be specified, and the

governing equations can be given by
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Fg(h,u,v) =0
F.(h,u,v) =0, (3.3-45)
F.(h,u,v) =0

where Fg denotes the vorticity wave boundary function.

For subcritical cases, one of the two gravity waves is transported into the region, and the

other is transported out of the region. The water depth and the velocity can be

determined by the internal flow dynamics. The boundary equations can be expressed as

F®(h, u, v) =0 F®(h, u, 17) =0
F.(h,u,v) =0 or{F.(hyu,v) =0 , (3.3-46)
h = hg, or i - ih = q&" h = hg, or i - ih = q&"

where hg, is the water depth of the downstream boundary; 4" is the rating curve of
the downstream boundary.

3.4 Numerical results and discussions

3.4.1 2D partial dam break problem:

This 2D frictionless partial dam break problem has been widely applied for the
numerical model testing in the hydraulic literature [3.R5][3.R6]. The initial conditions
of this problem is set as follows: a specific water depth of 10 m is assumed at the
upstream of the dam, and the downstream water depth is set to 0.1m. The
computational domain is a rectangular channel with the length and width of 200 m x

200 m. The breach of the sluice gates is 75m wide, locates at 95m < x <
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170 m; 100 m <y < 115m . The domain is divided into 40 x 40 rectangular

elements, and the elements distribution is shown in Fig. 3.4-1.

The 2D shallow water equations are considered and solved by the MLE-FEM model.

The time step size is set as At = 0.1 s. The computational results of water stages at

various time t = 2s5,65s,10s are depicted in Fig. 3.4-2 to Fig. 3.4-4, respectively.

These results demonstrate that the MLE-FEM model can successfully solve this kind of

sharp front problem.

3.4.2 2D Circular dam break problem

The 2D circular dam break problem is governed by the 2D shallow water equations.

This problem is similar to one example proposed by Yeh et al [3.R5], and is applied to

test the performance of the MLE-FEM numerical scheme. The computational domain is

a frictionless flat bottom of 50 m x 50 m, and an idealized circular dam is located at

the center of the domain with a radius of 11 m. The initial condition is set as follows:

the water depth in the dam is 10 m, and the water depth of 1 m is set elsewhere. This

case is the same as the case in section 2.4.4, however, the smoothing skill is not

necessary now. The computational domain is divided by 2500 rectangular elements with

2601 nodes as shown in Fig. 3.4-5.
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The direction of the advection velocity in this case is outward pointed along the radial

direction, thus the boundary condition is not necessary. The time step size is set as

At = 0.01 s and the total simulation time is 2 seconds. The computational results of the

water depth distribution in various time is shown in the Fig. 3.4-6 to Fig. 3.4-8,

respectively. The results of water depth contour with global node number N = 441

and N = 2601 at t = 0.69 s are shown in Fig. 3.4-9. In comparison with Fig. 2.4-25,

the results once again demonstrate that the MLE-FEM scheme have the capability to

solve the shallow water problems with sharp fronts.

3.5 Conclusions and recommendations

According to the numerical results in 3.4.1 and 3.4.2, the applicability of the MLE-FEM

numerical scheme for shock wave problems is demonstrated. By this method, we can

get reasonable accuracy with large time step size. However, the input boundary

conditions will not be used in the computation at the outgoing boundary points. That is,

we may face different problems if we need to set the wall-type boundary conditions in

the present model. This is recommended for future studies.
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Fig. 3.4-1: node and element distributions for the 2D partial dam break problem.

Fig. 3.4-2: Water stage distribution of 2D partial dam break problemat t = 2 s.
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Fig. 3.4-4: Water stage distribution of 2D partial dam break problem at ¢t = 10 s.

3-20



50

40

30

20

10

0 10 20 « 30 40 50

Fig. 3.4-5: Node and element distribution for the 2D circular dam break problem.

Fig. 3.4-6: Water depth distribution for 2D circular dam break problem at ¢t = 0.1 s.
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Fig. 3.4-7: Water depth distribution for 2D circular dam break problem at ¢t = 0.69 s.

T

Fig. 3.4-8: Water depth distribution for 2D circular dam break problemat t = 2s.
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Fig. 3.4-9: Water depth contour for 2D circular dam break problem at ¢ = 0.69 s.
(@) N =441 (b) N =2601

3-23



Chapter 4.  Groundwater Flow Equation by Localized Meshless Methods

The three-dimensional, transient, saturated-unsaturated groundwater flow problem is

considered. A newly developed meshless numerical method, the localized radial basis

function differential quadrature (LRBFDQ) method, is applied with the Newton-

Raphson method to solve the modified Richards equation. The accuracy of the

numerical results depends on the shape parameter selection of the radial basis function

(RBF). In general, the parameter of RBF is sensitive in global numerical scheme. By

introducing the localized procedure, the parameter is no longer sensitive in the

LRBFDQ method, and a suitable parameter settlement is proposed in this study.

According to the numerical experiments, it is concluded that the present numerical

method is convenient and accurate for the highly non-linear groundwater flow problems.

4.1 Introduction

To compute the water flow in the subsurface porous media, the Richards equation is

considered to describe the ground water flow behavior. The numerical method applied

in this study is the LRBFDQ method with the Newton-Raphson (LRBFDQNR) method.

This method is implemented by first applying the LRBFDQ method to calculate the

derivative terms of the unknowns, then build the Jacobian matrix system for the

4-1



Newton-Raphson iterating procedure. The multiquadric (MQ) RBF is mainly used in

this chapter. Because of the localizing procedure, the parameter ¢ in the localized MQ

(LMQ) is not sensitive in comparison with the global scheme, and proper selection of ¢

will yield accurate results. Fornberg et al. (2004) [4.R1] have proposed a polynomial

method to obtain optimal small parameter for accurate interpolation results by MQ.

However the behavior of the interpolation is not significantly affected by such

variations. Bayona et al. (2011) [4.R2] have proposed a procedure to predict the solution

error by using the RBF-FD method with a constant shape parameter. It is implemented

by first computing the standard finite difference solution, then use this solution to

estimate the optimal shape parameter ¢ , and finally use this value to compute the

optimal RBF-FD solution. It spends a lot of resource to obtain the optimal shape

parameter. However, for the engineering applications, we prefer a stable and acceptable

fast method rather than a slow optimal method. By considering the condition number,

we can easily obtain some acceptable parameters.

For temporal discretization, the LRBF method is introduced to the time space. Li et al.

(2010) [4.R3] have proposed the global space-time MQ method for inverse heat

conduction problems. The consideration of the global time space will spend plenty of

computational resource. In this study, the LRBF procedure is provided to the time
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domain to avoid great amount resource spending, and obtain high accurate temporal
derivative terms. For simplification, the discretization in the temporal and the spatial
domains will be computed separately.

In general, the accuracy is insufficient for the RBF derivatives near the boundary. The
same problem occurs in the temporal derivations as well. A numerical correction
algorithm is proposed to reduce the error due to the RBF derivatives. The accuracy and
applicability of the proposed numerical method will be studied and discussed in the
dissertation.

4.2 Governing equations

For the problems of three-dimensional subsurface density-dependent flow through
saturated-unsaturated porous media, the governing equations can be derived from the
law of mass balance conservation (Yeh et al. [4.R4]) as Eq. (4.2-1).
ﬁFﬁzv-[l?-<l7h+£Vz) L (4.2-1)
po Ot Po Po

where h is the unknown pressure head; p is the density of water; p, is the reference
density of water; t is time; z is the elevation head; p* is the density of the source
water; g is the source/sink per unit volume per unit time. The water capacity F can be

obtained by

0, ds,
F=a"—+p'6, +n,

—a 4.2-2
n, dh’ ( )
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and the hydraulic conductivity tensor K is defined as

_(p/po) gz, _(P/P0) 7 1
= W) Ho KT T gy Kook (4:2:9)

=il

where «a' is the modified compressibility of porous medium; 6, is the effective
moisture content; n, is the effective porosity; g’ is the compressibility of water; S,
Is the degree of saturation; u, is the fluid dynamic viscosity at zero biogeochemical
concentration; u is the fluid dynamic viscosity with dissolved biogeochemical
concentrations; l?s is the saturated permeability tensor; k, is the relative permeability
or relative hydraulic conductivity; ]?50 is the referenced saturated hydraulic
conductivity tensor.

By considering only pure water as the fluid and isotherm p% =1, Eq. (4.2-1) can be
written as Eq. (4.2-4).

Fg—}tl =v-[K-(Vh+V2)] +q. (4.2-4)
The hydraulic conductivity tensor K can be expressed as

_ [Ken Koy Kaa
K =|Koxy Koy Kozl (4.2-5)
Kzxy Kay)y Kz

Therefore the governing equation can be written as Eq. (4.2-6).
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th - K(xx)xhx - K(yx)yhx - K(zx)zhx

_K(xy)xhy - K(yy)yhy - K(zy)zhy

_K(xz)xhz - K(yz)yhz - K(zz)zhz

(4.2-6)
_K(xx)hxx - K(yy)hyy - K(ZZ) hzz
Ky ey = Koymyhay = Kooy xz = Kayhaz = Kyyyz = Kayyhyz
Koy, he = Koy, oy = Kz hz = @
where the subscript denotes the partial differentiations as Eq. (4.2-7).
( )= %; ( )= a(ax); ( Dy = aazx((')y); and so on. (4.2-7)

4.3 Numerical method

4.3.1 LRBFDQNR method

Take the 1D Richards equations as example, the governing equation in conservation
form is shown in Eq. (4.3-1).

G(h(z 1) = F% - % [K (% + 1)] — 0. (4.3-1)

Eq. (4.3-1) can be further written as

0h 0KOoh O0Koh 0%h

= 0. (4.3-2)
By introducing the Multiquadric (MQ) RBF ¢ to the spatial discretization at a specific

time step, the unknown variable h(z,t) can be described locally as follows:
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NL
hi = Z d’l]a] ,i = 1,2,3, ey N, (43'3)
j=1

where @ = \/(Zi — j)z + ¢2, N is the global node number, NL is the local nodes
number, and ¢ is the shape parameter.

From Eq. (4.3-3), the weighting coefficient « for every set of local nodes can be
obtained from Eq. (4.3-4), and the derivative terms are shown as Eq. (4.3-5).

a; = @' hj;i=1,23,...,NL;j = 1,2,3,...,NL,

(4.3-4)
or {a} = [®] *{h}.

oh
J{g} = [®,]{a} = [®,][®]*{h} = [Q,]{h}

oz , (4.3-5)
Ik{ﬁ} = [®,,]{a} = [®,,][®] 7 {h} = [Q,,]{h}

where [Q,] = [®,][®]71,[0Q,,] = [®,,][®]~1, and the derivative products of MQ RBF

can be derived as

Gl 2 -3
(pZij = a—ZU = (Zi - Z]) [(Zi - Z]) + CZ] z

, (4.3-6)
UDZZU =57 = c? [(zi - Zj)2 + cz] 2

We can select the corresponding row in Eq. (4.3-5), thus at each point I, we can get the

derivatives by

(Oh

2 = w,

92h , where Az ; = Qzljr Azz . = QZZI]" (4.3-7)
922 I = ({az} - {hDI;

On temporal discretization, the time space is introduced to compute the weighting
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coefficient of time derivatives. The time space can be expressed as

hn+1

(=4 M (4.3-8)

pn-1(’
where the superscript n + 1 denotes the unknown time step; n, n — 1, n — 2, and so
on are the known time steps.
Similar to the spatial discretization, we can apply the multiquadric radial basis function

(MQRBF) to describe the temporal derivatives at each specific spatial node as

(O = [R16) = RAIRI* (1) = [Q,)(h}, (43-9)
in which

Ry=(t-6) +e (4.3-10)
{83} = [R]"*{h}, (4.3-11)

the parameter ¢ can be obtained as in section 4.3.2, and the temporal derivative is

OR;; 2 -1/2
Ry = at] = (t; — tj) [(ti —t) + CZ] ' (4.3-12)
Similarly to Eq. (4.3-7), we can get
ah n+1
(57) = e (W)lwwwhere | = 0c,,,; (4:3-13)

According to Eq. (4.3-7) and Eqg. (4.3-13), the governing equation in Eq. (4.3-1) can be

expressed as the Jacobian matrix system as
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0G, 3G, 3G,
oh, o, Ohy B

96, 96, | 0G|(4m) (o

ohy dh,  dhy|y i (=9 : [ (4.3-14)
0Gy Gy 0G| A/ \Gw

9h, oh, dhy

If we introduce the localizing technique, the matrix in Eq. (4.3-14) will become a sparse

matrix. For any boundary equation at node i denotes B;(h) =0, the boundary

condition can be given by simply replacing the corresponding G; with B; in Eq. (4.3-

14).

Applying the Newton-Raphson method, we can obtain Ah by solving Eq. (4.3-14) at

each time step, and the unknown h can be obtained by Eqg. (4.3-15).

{h}™** = {h}* + {Ah}. (4.3-15)

Thus the unknown {h} at each time step can be solved by iterating Eq. (4.3-14) and Eq.

(4.3-15) with the updating step {h}* = {h}**1 until all the {Ah} are smaller than the

tolerant error, thus the convergent {h}"*1 are obtained. This is the so called, localized

radial basis function differential quadrature with Newton-Raphson (LRBFDQNR)

method. The operating procedures to obtain the differential derivatives in spatial and

temporal spaces by the LRBFDQ method are shown in section 4.7 (Appendix).

4.3.2 Shape parameter selection

The parameter ¢ of the MQRBF has significantly influence over the numerical
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accuracy. The influence trend is: while ¢ is small, the matrix is well conditioned, and

the yielding results are with low accuracy; the accuracy will improve when ¢ increases,

but the matrix tends to be ill-conditioned simultaneously. From the above statement, it is

easily concluded that we can increase the parameter ¢ to as large as possible, but need

to avoid the matrix to become too ill-conditioned and to lead to the accuracy reducing.

According to some numerical tests, we find that the accuracy will increase until the

condition number of the matrix reaches to 102, and the accuracy keeps stable while

the condition number rises to 103, then the accuracy decreases when the condition

number grows larger than 103. Thus we can adjust the parameter ¢ to control the

condition number locating between 102 and 10%3. It is noted that the shape

parameters are different in every set of local reference nodes, include the temporal and

spatial domains. If the domain does not vary too much during the computation, then the

shape parameters need to be computed only once. The parameter testing with the

condition number will be presented in detail in section 4.7 (Appendix).

4.3.3 Numerical correction

In general, the derivatives obtained from the RBF coefficients do not have sufficient

accuracy at boundary nodes due to the extrapolation, similar problem occurs at the

temporal derivatives. We know that for a constant field, the differential derivatives of
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the field values should be zero. Thus we can define a parameter ¢ as

NL

€= Ya, > {az} : {hconst.} =€
=1

CO‘nSt.j

NL

(4.3-16)

In Eq. (4.3-16), the value of {a,} - {h.,ns:} 1S theoretical equal to zero, thus e can be

considered as the error weighting due to this numerical method. A numerical correction

at each node I can be implemented to decline the error due to this problem by

introducing Eq. (4.3-17) and Eq. (4.3-18).

s NL NL
oh| 1
5l = (@) )l —e ) Tl wheree = ) a,
Jj=1 j=1
3 ! (4.3-17)
NL NL
92h h;
a7, = ({az} - {hDI; - EZM ,where € = Z Oy
\ j=1 ! j=1
ah n+1 NT hj NT
(E) = ({az} - {hP 41 — € Z N[| swheree= Z a;. (4.3-18)
=t =1

4.4 Numerical results and discussions

4.4.1 Time space verification

For the verification of the temporal derivation with time space, we design an example

with the governing equation as Eq. (4.4-1),

dh(®) _ cost = 0. (4.4-1)
dt

The designed analytical solution with the initial condition h(t =0) =1 can be

expressed as

4-10



h(t) =sint + 1. (4.4-2)
The simulation time domain is 0 < t < 20, and the results with different time interval
At and temporal reference nodes nt are shown in the following.

Fig. 4.4-1 shows that the error history is very stable with the time marching. The best
number of temporal reference nodes is nt = 3 with the time interval At = 0.1. Fig.
4.4-2 shows the error history with the time interval At = 0.01. The best number of
temporal reference nodes is nt = 4. Fig. 4.4-3 shows the error history with the time
interval At = 0.001. The best number of temporal reference nodes is nt = 4.

To display the effect of the numerical correctness, Fig. 4.4-4 to Fig. 4.4-6 show the error
history with different time intervals. The red results are computed with Eq. (4.3-13), and
the corrected green results are computed with Eqg. (4.3-18). Which show that the
correction procedure improve the results to be stable and high accurate.

4.4.2 1D Richards equation with source terms

The 1D governing equation is as Eq. (4.4-3).

Fhe = Kizz) bz = Kzpyhzz — Kizz), he = 4. (4.4-3)
For saturated problem, the parameters are set as Eq. (4.4-4) to build a linear equation in

this case.

F=1; K(ZZ) =1; K(ZZ)Z = K(ZZ)h =0

4.4-4
q = —sinzsint +sinz (cost + 1) ( )
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The boundary conditions are given by h(z=0)=0;h(z=mn/2)=cost+1.
Therefore we have the analytical solutions with the initial condition h(t = 0) = 2sinz
as

h =sinz(cost + 1). (4.4-5)
The computational domain is set as 0 < z < m/2; the global node number is N = 60;
the local node number is NL = 5; the temporal reference node number is nt = 3; the
time interval is At = 0.1. The root mean square error (RMSE) of this linear problem is
shown in Fig. 4.4-7.

For 1D nonlinear problem verification, the parameters are set as Eq. (4.4-6).

F =1; K(zz) = h; K(ZZ)Z = h,; K(zz)h =1

. . : (4.4-6)
q = —sinzsint + (sin? z — cos?z)(cost + 1) — cos z (cos t + 1)

The analytical solution is also given by Eq. (4.4-5), and the RMSE of this nonlinear
problem is shown in Fig. 4.4-8.

4.4.3 3D Richards equation with source terms

For 3D linear problem, the governing equation is Eqg. (4.2-6), and the parameter

settlements are as Eq. (4.4-7).

F =1, Kux) = Kiyy) = Kzzy = 1

. 4.4-7
q = —sinxsinysinzsint + 3sinxsinysinz (cost + 1) ( )
The analytical solution is
h = sinxsinysinz (cost + 1). (4.4-8)
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The computational domain is set as 0 < x<m/2,0<y<m/2,0<z<m/2; the
global node number is N = 6 X 6 x 6; the local node number is NL = 7; the temporal
reference node number is nt = 3; the time interval is At = 0.1. The initial values and
boundary conditions are given by the analytical solutions. Fig. 4.4-9 shows the RMSE
history of this linear problem.
For 3D nonlinear case, the governing equation is Eq. (4.2-6), and the parameter
settlements are as Eq. (4.4-9).
F=1 Kax) = Kyy) = Kz = h.
q = —sinxsinysinzsint — [cosxsinysinz (cost + 1)]?

(4.4-9)
—[sinx cos ysinz (cost + 1)]? — [sinx sin y cos z (cos t + 1)]?
+3[sinxsinysinz (cost + 1)]?> — sinx siny cosz (cost + 1)
The analytical solution is as Eq. (4.4-8), and the RMSE history is shown in Fig. 4.4-10.
3.4.4 1D Column problem in 3D domain
This case is an unsaturated soil column governed by the 3D Richards equation as
Eq. (4.2-6). The computational domain of interestis 50 cm X 50 cm X 200 cm, and
the regime is distributed with 3 X 3 X 61 = 549 global nodes. The geometry of
this case is shown in Fig. 4.4-11. The saturated hydraulic conductivity I?S is setas
Ky = Kyyy = 1cm/day; K(,,) = 10 cm/day ; (4.4-10)
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Koy = Koy = Koz = Kay) = K = K = 0.
The relative hydraulic conductivity K, can be determined by

K, = (4.4-11)

where the water content 6 is given by the relation in Eq. (4.4-12).

h=hq ) (4.4-12)

9=95—(95—9r)(m
a

in which the saturated water content 6; = 0.45; the residual water content
0, =0.1; the parameters h, and h;, are 0 and —1m, respectively. The
computational time step size At = 0.1 day, and the total simulation time is 20 days.
The parameters used to calculate this case are summarized in Table 4.4-1.

The initial pressure head is set to —50 cm in the whole domain. The boundary
conditions are set as: a zero pressure head at the bottom and a regular pressure
head of 5cm on the top surface. The computational results due to the LMQDQNR
method are compared with the FEM results computed by HYDROGEOCHEM
proposed by Yeh et al. [4.R4]. The pressure head distribution along the center of
the column (x =y = 25 cm) with different time step is shown in Fig. 4.4-12, and
the water content distribution is shown in Fig. 4.4-13. These figures show the
variation of history from unsaturated soil to saturated state, and the results by

LMQDQNR method show good agreement with the results by the FEM.
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4.5 Conclusions

According to the results of time space tests in Fig. 4.4-1 to Fig. 4.4-3, we can obtain the

best accuracy by setting the corresponding nt with different At. Fig. 4.4-4 to Fig. 4.4-

6 show that the correction procedure will improve the accuracy of the computational

results largely, and the error accumulation phenomenon is resolved. The availability of

the LRBF methods applying to the time space is verified. This method can be

implemented to problems with variable At to obtain high accuracy temporal

derivatives.

From the 1D linear results in Fig. 4.4-7, and the 1D nonlinear results in Fig. 4.4-8, the

accuracy of the LRBFDQNR method is verified. The 3D linear and nonlinear in Fig.

4.4-9 and Fig. 4.4-10 further support the availability. According to the column case, the

results by LRBFDQNR consist with the results by FEM as well, thus the applicability of

this numerical method is demonstrated.
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4.7 Appendix

Spatial and temporal discretization procedure:

By taking a 1D example with local reference node number NL = 3, the operating detail
of the LRBFDQNR method is shown as follows. The spatial differential coefficients «

used in the Newton-Raphson procedure can be obtained by the LRBFDQ method. Fig.
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4.7-1 and Fig. 4.7-2 show the procedure to obtain the spatial differential coefficients at a

specific time step.

Fig. 4.7-3 shows the idea of time space. By the same steps as in the spatial differential

derivatives, the temporal differential products can be obtained with nt temporal

reference nodes at each specific spatial node. Once the spatial and temporal differential

coefficients are obtained, the governing function values can be determined, and then the

Jacobian matrix for the Newton-Raphson method can be further obtained.

e
Framl
X
(dh) (hy, hy, hs) =
— = ’ y 2
a
dR 1 _ 2.2
(_) =(Ri11Ri2JRi3) %) N TZ+CZ:>MQ
dx i as
> X

Fig. 4.7-1: Spatial differential operating procedure by the LRBFDQ method.
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Fig. 4.7-2: Differential coefficients by the LRBFDQ method.

e
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Fig. 4.7-3: Differential coefficient in the time space by the LRBFDQ method.

Parameter testing with condition number:

Consider a 1D computational domain 0 < x < L, give a testing function as h(x) =

sin x, we can compute the differential derivatives in x-direction by LRBFDQ method.

In this case we consider the MQ RBF and test the sensitivity of parameter ¢ with
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different conditions. The root mean square error (RMSE) is computed with different

node number N and domain length L, and the results are shown in Fig. 4.7-4.

Given: h(x) = sin(x)

" ; dh
ompute Tx

Analytical solution:

dh

T cos(x)

— N=11,L =1

— N=21,L=1

— N=31,L=1

— N=51,L=5

— N=101,L =10

10" -

10'5 1 Ll ||||‘\\}j I N | I A |
10 10° 10’ 10°
C

Fig. 4.7-4: RMSE with different ¢ and different geometry conditions.

According to Fig. 4.7-4 we can see that the parameter ¢ varies largely with different

geometry conditions, therefore it is not easy to define a proper ¢ directly. In the

following, we plot the relation between the condition number CN and RMSE in Fig.

4.7-5. Which shows that the best accurate results are distributed around CN = 1013.

The behavior is much more regular than the former case, thus we desire to adjust the

parameter ¢ by considering the condition number. The whole procedure is summarized

in Fig. 4.7-6, we conclude that the best ¢ will yield the condition number between

1012 and 1013.
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Given: h(x) = sin(x)

C ¢ dh 107
ompute —

P dx i
Analytical solution: 107
dh |
— = cos(x) 10
dx

®
R A _ 10"+
N=11,L=1 E
—— N=21.L=1 10'1‘*0__;

&
Sog
. . ~ o
—— N=3l, k=1 103k 0%%eq = B
- . . c o ©O
N=5LL=5 10° 12)8 vé}s 1613 1623
— N=101,L =10 CN

Fig. 4.7-5: RMSE with different CN and different geometry conditions.

MQ RBF: /rg + ¢?

Condition number CN = ||[MQ~1|| - ||IMQ||

C » Accuracy » CN

CN > 1013 » Accuracy

Adjustc = 10 < CN < 10%3

Fig. 4.7-6: Summary of the MQ parameter selecting procedure.
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Table 4.4-1. Parameters used in the saturated/unsaturated column problem

Parameters

Input Value

Study domain

200 cmx50 cmx50 cm

Saturated hydraulic conductivity (Kxx, Ky, KZZ)

1 cm/day, 1 cm/day, 10 cm/day

Porosity of the medium (6,) 0.45
Residual water content (6,.) 0.10
Parameter (hg, hy) 0,-I1m
Time step size (4t) 0.1 day
Total simulation time (7)) 20 days
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Fig. 4.4-1: Absolute error history with At = 0.1
by LMQDQNR with numerical correction.
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Fig. 4.4-2: Absolute error history with At = 0.01
by LMQDQNR with numerical correction.
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Fig. 4.4-3: Absolute error history with At = 0.001
by LMQDQNR with numerical correction.
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Fig. 4.4-4: Absolute error history with At = 0.1, nt = 3 by LMQDQNR.
Green line is the result with numerical correction.
Red line is the result without numerical correction.
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Fig. 4.4-5: Absolute error history with At = 0.01, nt = 4 by LMQDQNR.
Green line is the result with numerical correction.
Red line is the result without numerical correction.
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Fig. 4.4-6: Absolute error history with At = 0.001, nt = 4 by LMQDQNR.
Green line is the result with numerical correction.

Red line is the result without numerical correction.
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Fig. 4.4-7: RMSE history of 1D Richards equation by LMQDQNR
with At =0.1; nt=3; F=1; K(zz) =1 K(zz)z = K(zz)h =0
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Fig. 4.4-8: RMSE history of 1D Richards equation by LMQDQNR
with At =0.1; nt =3; F=1; K(zz) = h; K(ZZ)Z = hy; K(Zz)h =1
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Fig. 4.4-9: RMSE history of 3D linear Richards equation by LMQDQNR
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Fig. 4.4-10: RMSE history of 3D non-linear Richards equation by LMQDQNR
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Chapter 5. 3D Subsurface Variably Saturated Flows by the Advanced Mixed

Lagrangian-Eulerian and Finite Element Method

In this chapter, a robust, efficient numerical scheme that involves the use of the mixed

Lagrangian-Eulerian (LE) method and the finite element method (FEM) is proposed.

The 3D variably saturated subsurface flow problems which are described by the

Richard’s equation are considered. In the past, the penetration problems with a sharp

front through flux boundaries during the infiltration process are difficult to solve. By the

LE approach with its particle tracking algorithm, and the finite element method for the

boundary conditions, the highly nonlinear sharp front problems can be resolved. In this

newly proposed scheme, the particle tracking method (Lagrangian) is applied to the

interior nodes, and the FEM (Eulerian) is applied to the incoming-flux-boundary nodes.

For the analysis of flow behaviors in the saturated/unsaturated porous media, the

proposed numerical scheme is implemented by deriving the equations to advection

forms, and then consider the necessity of boundary conditions to determine the proper

matrix equations for the boundary nodes. For the verification of numerical scheme,

three examples are presented: a three-dimensional column problem, a three-dimensional

drainage problem and a three-dimensional pumping well problem. In comparison with

the conventional FEM, the mixed LE and FE method uses relatively large time steps,

5-1



and obtains superior results in terms of the accuracy and computational efficiency in

these three examples. Thus, the proposed scheme can be used to obtain a great volume

of efficient numerical results with critical boundary conditions for controlling

groundwater in realistic watersheds.

5.1 Introduction

For describing water flow in the subsurface porous media, the conventional numerical

models typically generate local regions with large gradients of water head and small

values of hydraulic conductivity. It requires large gradients to move even a small

amount of water in critical cases, such as the evaporation near the soil surface, and the

infiltration into initially dry soil (Pan and Wierenga, 1995)[5.R7]. The moisture content

closely behind the wetting front will largely increase due to small head gradient with

high conductivity. Insufficient local nodes for such cases may generate numerical

oscillation and instability. Herein, within the region with a sharp front, the FEM

approach for flux boundaries in an unsteady flow requires a refined mesh to improve the

accuracy of the solutions. However, problems resulting from the penetration of sharp

fronts during the infiltration process may yield solutions with poor efficiency and

accuracy. Because in the computation of subsurface transient flow problems, it is

numerically difficult to reflect the sharpness of the front region unless a fine mesh is
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used. The usage of fine mesh requires small time-step sizes to satisfy the linear stability

conditions when the FEM is applied, which makes the computation extremely

inefficient.

Under the above restrictions, the particle tracking algorithm of the Lagrangian-Eulerian

(LE) approach can be applied to solve problems with nonlinear sharp fronts and flux

boundaries. For a flow problem which is discretized by fine mesh in vadose zones, to

enable the usage of large time-step sizes, the LE approach is often employed because of

its accurate particle tracking algorithm. The advective component accuracy of the LE

approach is dependent upon the information of generating path line and tracking time in

the particle tracking algorithm. In the past, most of the particle tracking algorithms was

limited to either the steady state flow conditions, or the stepwise change of velocity

during the simulation time steps. The research based on the steady state conditions was

performed by Pollock (1988)[5.R8], Schafer-Perini and Wilson (1991)[5.R9]. Based on

these previous studies, Lu et al. (1994)[5.R6] developed the semi analytical particle

tracking method to obtain the velocity change during time steps under a transient state

condition. Another approach to the pathline tracking under an unsteady state condition,

which is so called, the pathline-based particle tracking approach, was developed by

Bensabat et al. (2000)[5.R1]. This approach is characterized by inter-element refinement,
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in-element tracking path refinement, bilinear spatial-temporal interpolation of particle

velocity, and a predictor-corrector scheme for the numerical integration during the

particle tracking process. In the simulation of one-dimensional subsurface flow in

variably saturated porous media, the LE approach is performed by combining a single-

step reverse particle tracking (SRPT) scheme with a conventional finite element

approach in the convection and diffusion terms of flow equation (Huang et al.,

1994)[5.R3]. This method is especially efficient and robust for simulating highly

nonlinear flow problems under extreme, initially dry soil conditions with ponded

infiltration. The method has been further improved by Lin et al. (1997)[5.R5], who

developed a 3D finite element computer model (FEMWATER) with a hybrid LE

approach. After this, Li et al. (2000)[5.R4] obtained an effective solution by applying an

adaptive multi-grid approach to the problems. In addition, Yeh et al. (2003)[5.R11]

developed the BEST3D model by using a backward particle tracking algorithm to

simulate hydrodynamics and sediment-salinity-reactive chemical transport in bays and

coastal areas. Based on the BEST3D algorithm, the overland/subsurface transport

module in WASH123D model (Yeh et al. 2004)[5.R10] was applied to simulate the

contaminant and sediment transport in a watershed system.
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In this study, an algorithm is proposed to improve the numerical implementation of the

mixed LE (MLE) and FEM approach. To develop a more robust model for subsurface

flow governed by Richard’s equation, Cheng et al. (1996) [5.R2] have developed a

procedure to avoid the stepwise velocity calculation as in the previous models based on

the in-element particle tracking. This procedure considers the velocity change over each

time step with the bilinear interpolations in space and time. This approach applies the

FEM to the incoming flux-boundaries nodes, and the LE approach to the interior nodes

for resolving the numerical difficulties due to a sharp front.

The objective of this study is to develop a 3D groundwater model with a mixed LE and

FEM approach for analyzing the flow behavior in the saturated/unsaturated porous

media. The flux boundary nodes used for solving the Richard’s equation usually

generate highly nonlinear and sharp front problems. On the incoming-flux boundary,

there is conceptual difficulty in calculating the Lagrangian value, because the particle

tracking cannot be performed. To circumvent this problem, the matrix equations for

interior nodes and Dirichlet boundary nodes were first obtained by using the LE

approach in this study, and then the FEM method was used for the flux conditions to

obtain matrix equations at flux boundary nodes. The proposed numerical scheme will

provide reasonable accuracy by applying relatively large time step sizes in subsurface
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flow with significantly reduced computational cost by using the particle tracking
algorithm. The analysis of subsurface flow transient problems can also help the resource
managers to control the groundwater in watersheds during the flooding or drought
seasons.
5.2 Governing equations:
For the problems of the three-dimensional subsurface density dependent flow through
saturated-unsaturated porous media, the governing equations can be derived from the
law of mass balance conservation (Yeh et al. (2004) [5.R13]) as Eq. (5.2-1).
%F%zv-[f-<7h+%l72) +Z—:q, (5.2-1)
where h is the unknown, denotes the pressure head; p is the density of water; p, is
the reference density of water; t is time; z is the elevation head; p* is the density of
the source water; g is the source/sink per unit volume per unit time. The water capacity
F can be obtained by

ds,

6
F=a'=+p'6, +n, d—;, (5.2-2)

Ne

and the hydraulic conductivity tensor K is defined as

_(/po) pog=, _(p/po) 5 ]
W) o T gy (629

=i

where «'is the modified compressibility of medium; 6, is the effective moisture

content; n, is the effective porosity; B’ is the compressibility of water; S, is the
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degree of saturation; u, is the fluid dynamic viscosity at zero biogeochemical
concentration; u is the fluid dynamic viscosity with dissolved biogeochemical
concentrations; k, is the saturated permeability tensor; k, is the relative permeability
or relative hydraulic conductivity; k,, is the referenced saturated hydraulic
conductivity tensor.

In Cartesian coordinate system, Eq. (5.2-1) can be written in advection form as Eq. (5.2-

4).
p _Oh
ZF—=V-K-Vh+ Vs -Vh+Q, (5.2-4)
po Ot
in which
— P BK(XZ)% aK(yZ)_) aK(ZZ) —>>
VF = _< 1+ ] + k ) (52‘5)
po\ 0Oh oh oh fixed (6y.2)
and
a/(p d(p p*
ue =[5 () e 35 () Kom 4 35 (00 Ko SNCES
LE = |5y )+ a5 \g) Rom T, 5 ) e e T (5.2-6)
Eq. (5.2-4) can be further written as the following advection form:
ﬁp(a—h+v7|7h) —V-K-Vh+ Qg whereVy = 227 (5.2-7)
po \0t ’ pF
Eq. (5.2-7) can be written in the Lagrangian form as
LIPS S (5.2-8)
po Dt L .

Boundary conditions:

Dirichlet boundary conditions
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The Dirichlet boundary condition for subsurface water flow can be expressed as

hlrpe = hp, (5.2-9)
where I}, is the boundary where the Dirichlet boundary condition is set, and hp is
the pressure head at the Dirichlet boundary node.

Neumann boundary conditions

The Neumann boundary condition of subsurface water flow can be expressed as

7.k ?OVh - (5.2-10)

Inr

—

where n is an outward-pointing unit normal vector of the boundary, Iy is the
boundary where the Neumann boundary condition is specified, and gy denotes the
flux due to the gradient of hydraulic head.

Cauchy boundary conditions

The Cauchy boundary condition for subsurface water flow can be expressed as

= (qcr, (56.2-11)

I'cr

—ﬁ-l?-(@www)
p

where [ is the boundary where the Cauchy boundary condition is set, and q.r
denotes the flux due to the total head gradient.

Variable boundary conditions

The variable boundary conditions for subsurface flow are usually applied at the

interface between the atmosphere and fluid, which depends on the weather conditions,
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such as precipitation and dryness. For precipitation condition, the pressure head or the
flux is specified at the boundary, which is determined by the excess precipitation rate
q,(q, < 0) and the allowed ponding depth h,,. If the flux, which is allowed by the

subsurface pressure head distribution, is less than the excess precipitation rate, i.e.

>q, (5.2-12)

Ivr

|—ﬁ-1?-(%\7h+\7z)

<lgqy| or —71-17-(%\7!1+|72)

I'yr

then the ground surface ponding will reach its maximum depth, thus the variable
boundary condition can be written in the form of

hlr = hyp. (5.2-13)
If the flux, which is allowed by the subsurface pressure head distribution, is greater than

the excess precipitation rate, i.e.

|—ﬁ-1?-(%|7h+|7z)

> |q,| or —71-1?-(%\7!1+|72)

<qp  (5.2-14)

Ivr

Iyr

then the ponding is not allowed to be greater than h,, no ponding is built up on the

ground surface, and the variable boundary conditions becomes

—r‘i-l?-(%?h+|72)

= qp- (5.2-15)
Ivr
For dryness condition, each of the following boundary conditions can be used:
1. The pressure head is set equal to the minimum pressure head h,,,:

hlr, = him. (5.2-16)
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2. The flux through the boundary is set equal to evaportranspiration rate q.; (qer > 0):

= qet- (5.2-17)

Iyp

—ﬁ-[?.<@|7h+ Vz)
p

5.3 Numerical method:

Mixed Lagrangian-Eulerian and finite element method

Eq. (5.2-8) can be written as Eq. (5.3-1) by introducing the mixed Lagrangian-Eulerian

method.

(5.3-1)
n+1

= o[V [R-OR)] + s} + A=)V [R-Oh)] +Que)

where the superscript “n + 1” denotes the new time step, and the superscript “*”
denotes to the target point where the particle stops in the backward particle tracking. w
is the temporal fractional factor. At is the time which is consumed by the backward
particle tracking.

Implementation of boundary conditions in the Lagrangian step

Since the particle tracking can only be done within the domain, the necessity of

boundary conditions depends upon the direction of the ‘virtual’ flow (r_i . I_/)T) at the

boundary. We may face two cases on the boundary nodes:
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Case 1. If the ‘virtual’ flow is zero or outgoing (ﬁ . I7T > 0), we can find the target
point during the backward tracking. Then this node will be computed in the Lagrangian
step as the inner nodes.

Case 2. If the ‘virtual® flow is incoming (7 - V; < 0), the backward tracking will fail
on the boundary nodes. Then this boundary node will not be computed in the
Lagrangian step, and the boundary condition at this boundary node is necessary.
Dirichlet boundary conditions

At an incoming flow boundary with the Dirichlet boundary node I, the value of
pressure head at the boundary node is set directly equal to the Dirichlet boundary value
at the current time step. In the Lagrangian step, we can set the boundary condition as

h = hp, (5.3-2)
where hy, is the Dirichlet value of pressure head.

Neumann boundary conditions

For an incoming flow boundary with the Neumann boundary node, the value of pressure
head at boundary node can be computed by Eq. (5.2-10), where gy is the given real
flux of flow due to the diffusion terms. By introducing the FEM procedure, Eq. (5.2-10)
can be written as

— J aﬁ-?-%vmr: J Noqur drl, (5.3-3)
I, I,

e e
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where N, is the shape function; I, isthe length of boundary segment e.

Cauchy boundary conditions

For the Cauchy boundary condition at the incoming boundary node, by the procedure
similar to the Neumann boundary condition, Eq. (5.2-11) can be derived as Eq. (5.3-4),

and can be solved by the FEM procedure.

—f N, - K- <@ Vh + Vz) dl' = f Noqcrdrl'. (5.3-4)
I, p Ie

Variable boundary conditions

The variable boundary conditions in the Lagrangian step are similar to the Dirichlet, and
Cauchy boundary conditions.

During the periods of precipitation, the Dirichlet type and the Cauchy type condition
can be implemented as

h; = hy, (5.3-5)

or

_J Naﬁ . I? . <@ Vh + VZ) dr = j NanF dF. (53-6)
I p Ie

During dry periods, the Dirichlet type and the Cauchy type condition can also be
implemented in a similar way to the above equations as

h; = h,,, (5.3-7)

or
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_ f N7i-K- (p Oh + Vz) dr = f N, qcp dr. (5.3-8)
I, P Ie

The governing equation need to be computed at most twice to determine the proper

equations for the variable boundary conditions.

Numerical formulation

Once the target point is determined by considering the boundary conditions, we can

apply the Ritz-Galerkin FEM to Eq. (5.3-1), and obtain the following FEM formulation.

Ne
1 _
—Z N, pFNﬁdQ h"+1+wz VN, - K - VNg d2 | hj*t
At Qe Po Q d
p=1 e e
Ne
12(1 N, 2 FN dﬂ)h A )Z(J VN, -K-VUN d[))h*
= —_— _— —w . .
bt \Jo, “po ) o, 7 TP (539

vol [ moneran) 1o [ )
o)

e

+w<f Naﬁ-?-Vh"+1dr>+(1—w)<f Nﬁ-l?-Vh*dF)
I Ie

The global assembling of the above equation will produce a global matrix system in

form of

% [M]{h"*1} + w[S]{h"*1} = % [MI{h*} — (1 — 0)[SH{h*} + {0} + {B}, (5.3-10)

where
p
M, = Zf N, = FNg do,
eEM, Qe Po
Sy= ). f VN, - K - VNg d2, (5.3-11)
eEM, Qe
._ijNQ”+1dQ+(1 w)Zj NoQrg df2,
eeM, Le eeEM, 2e
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BizwzfNaﬁ-f?-th+1dr+(1—w)zfNaﬁ-l?-Vh*dr
I,

eeEM, "¢ eEM, Fe

Description of the MLE model

To improve the numerical accuracy and efficiency in the 3D subsurface flow computing,
the Lagrangian step and the Eulerian step are applied to obtain the h* and h™*! in the
MLE numerical scheme as follows:

Lagrangian step: the backward particle tracking method is applied to calculate h* at all
the inner nodes, outgoing-flux nodes, and impermeable boundary nodes by considering
the incoming flow boundary conditions.

Eulerian step: the FEM scheme is introduced to obtain A™*! at all nodes by solving Eq.
(5.3-1) with all the boundary conditions.

The computational procedure of the MLE model in transient simulation is described in
Fig. 5.3-1. During the global nonlinear loop in the suggested MLE model, the solutions
of the nonlinear equations can be obtained by the Newton-Raphson iteration or the
Picard iteration. After checking the convergency, the convergent solutions are updated
by the computed pressure head H for the current time step, and then the updated values
HP will be used as the initial values for the next time step during the global time step
loop.

5.4 Numerical results and discussions
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To verify the developed MLE algorithm, three example cases are conducted: a three-
dimensional column subsurface flow problem, a three-dimensional subsurface flow
problem and a three-dimensional pumping well problem.

Example 1 is a transient response of a column due to a specific pressure head on the top
surface. Example 2 shows the transient behavior of flow due to drainage, rainfall and
evaporation in the subsurface media. Example 3 is designed to simulate the response of
the subsurface media with an injective source such as a single well.

Example 1: Column infiltrating problem

The column problem is modified from one example presented in 3DFEMWATER report
(Yeh et al., 1992)[5.R12]. The dimension of the column is 200 cm X 50 cm X 50 cm,
and the domain is discretized by 2 x 2 x 60 = 240 elements with 3 x 3 X 61 = 549
nodes, as shown in Fig. 5.4-1. The column is assumed to contain the soil with the
saturated hydraulic conductivity as Ky = K¢,y) = 1cm/day; K, = 10 cm/day;
Kieyy = Kiyx) = Kyz) = K(zy) = K(xz) = Kzx) = 0. The porosity of the soil is 0.45
and the field capacity is 0.1. The unsaturated characteristic hydraulic properties of the

soil are given as.

h—h
=0, (6, — er)( a ) (5.4-1)
S S hb _ ha
-6,
K. = , (5.4-2)
6. -0,
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where 6 is the water content, 6 is the saturated water content, 4, is the residual
water content or field capacity, h is the pressure head, h, and h, are the parameters
used to compute the water content and the relative hydraulic conductivity, and K, is
the relative hydraulic conductivity.

The initial conditions are assumed as a pressure head of —50 cm distributing in the
whole domain. The boundary conditions are as follows: the Dirichlet boundary
condition is specified by a pressure head of 0 cm at the bottom, and a pressure head of
5 cm on the top surface.

The time step size is set equal to 0.1 day. The transient solution by the particle tracking
algorithm is performed with the tolerant absolute error of pressure head (2 x 1073 cm),
and the relaxation factors of 1.0 for nonlinear iterations. The input parameters used in
this simulation are summarized in Table 5.4-1.

The pressure head distribution in the vertical direction along the column center
(x =y = 25cm) at different time computed by the MLE (particle tracking) model and
the FEM model are plotted in Fig. 5.4-2.

As shown in Fig. 5.4-2, the pressure head increases with the time marching. The water
content varies from the beginning unsaturated state to the saturated state at ¢t = 4.5 day.

We also calculate the pressure head by the meshless method, as describing in Chapter 4.
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All the FEM, MLE-FEM and LMQDQNR show encouraging results except at t = 0.1.
Fig. 5.4-3 shows the moisture content distribution at various times. We can see that after
t > 4.5 days, the moisture content in the whole domain reaches to the saturated
moisture content value of 0.45, and the steady state is achieved.

Example 2: Three-dimensional drainage problem

The three-dimensional drainage problem is selected to investigate a varied saturated
flow due to rainfall or a recharge rate in the subsurface porous media. This example is
modified from one of the examples proposed by Yeh et al. (2004) [5.R13]. To perform
the transient simulation, different variable boundary conditions are used to simulate the
recharge and the evaporation effects in the three-dimensional subsurface system. The
region of interest is 200 dm x 200 dm x 100 dm, which is discretized by 20 x 20 x
10 = 4000 elements with the element size of 10 x 10 x 10 dm?3, resulting in
21 x 21 x 11 = 4851 nodes, as shown in Fig. 5.4-4. The number of the sub-elements
in the x-, y-, and z-direction for the 3D backward particle tracking are 4, 4, and 4,
respectively.

The interest region is assumed to contain the same material with the saturated hydraulic
conductivity K, setting by K, =K, =K,, =1dm/day and K, =K,, =K, =

vz
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0 dm/day. The unsaturated characteristic hydraulic properties of the medium are

described by

A

0 = 97’ + (05 - Qr) m, (54-3)
6 —6,\"

K, = ( r) , (5.4-4)
95'_ er

where h, =0dm, A=10dm?, =20, 6,=0.25, and 6, =0.05 are the
parameters used to compute the moisture content, and n = 2 is the parameter to
compute the relative hydraulic conductivity.

The boundary conditions are given as: no flux is imposed on the left (x = 0), on the
back (y =200dm), and at the bottom (z = 0) side of the region; on the right
(x =200dm) and front (y = 0) sides, the pressure head is assumed to vary from
h=0 at z=30dm to h =30dm at the bottom (z = 0); the variable boundary
conditions are used on all other boundaries of the flow region. The ponding depth is
assumed equal to zero for all variable boundary surfaces. The incoming fluxes of the
variable boundary are assumed equal to 1 dm/day as a rainfall rate on the top surface
(variable B.C.-1 in Fig. 5.4-5) for the first 25 days, and a potential evaporation rate of
0.5dm/day for the second 25 days. In addition, the variable boundary conditions for
the front and right sides above the water surface are imposed to zero flux rate (variable

B.C. —Il in Fig. 5.4-5). The initial condition is set as the pressure head h = 30 —
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z [dm], which means the water table is initially located at z = 30 dm over the whole
domain.

In the transient simulation with the particle tracking algorithm, the time step size is set
equal to 0.5 day, the time derivative weighting factor w is set equal to 1.0 as the
backward difference, and the relaxation factor for nonlinear iteration (2 is set equal to
0.5 as under relaxation to improve the numerical solutions. The absolute error tolerance
of the pressure head is 2 x 1073 dm for nonlinear iterations. The input parameters
used in the 3D drainage simulation are summarized in Table 5.4-2.

The pressure head contours computed by the MLE approach are presented in Fig. 5.4-6
and Fig. 5.4-7, and the Darcy velocity distributions are shown in Fig. 5.4-8 and Fig. 5.4-
9. From Fig. 5.4-6, the pressure head within the unsaturated zone during the rainfall
recharge period is gradually increased. In the subsequent potential evaporation period,
the pressure head within the unsaturated zone keeps increased due to the infiltration
from the upper zone, finally the subsurface system arrives at steady state as shown in
Fig. 5.4-7. Fig. 5.4-8 shows that the Darcy velocity within the unsaturated zone is
increased downward during the rainfall recharge period. In the subsequent evaporation
period, the Darcy velocity is decreased downward as shown in Fig. 5.4-9.

Example 3: Three-dimensional source drainage problem

5-19



The third example is selected to verify the simulation of a three-dimensional source
drainage problem. The computational domain and the parameters are the same as
example 2. To simulate the behavior of subsurface transient flow with the source effect,
different boundary conditions are applied in this study. The boundary conditions are set
as: on the right (x =200 dm) and front (y = 0) sides, the pressure head is assumed
to vary from h =0 at z=30dm to h = 30 dm at the bottom (z = 0); no flux is
imposed on the other boundaries. An injection of 1000 dm3/day is imposed as the
source in the center of the region at z = 30 dm.

In the transient simulation, the time step size is set equal to 0.5 day. The convergence
tolerance of pressure head is set equal to 2 x 10~3 dm for nonlinear iterations. The
time derivative weighting factor w is set equal to 1.0 for backward difference, and the
relaxation factor for nonlinear iteration (2 is set equal to 0.5 for exact relaxation to
improve the numerical solution.

The initial conditions are the same as example 2. Fig. 5.4-10 and Fig. 5.4-11 show the
pressure head distribution with the injection source at t = 50 days along the cross
section at x = 100 dm and y = 100 dm, respectively. The Darcy velocity field is
shown in Fig. 5.4-12. These figures show the behavior of the injection inflow and the

drainage outflow in the porous media.
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The water table rises slightly due to the injection until the balance with the drainage is

reached.

5.5 Conclusions

This study proposed the development of a 3D mixed Lagrangian-Eulerian (MLE)

approach model. For the subsurface modeling, the backward particle tracking algorithm

is used to overcome the numerical difficulties and instability in the vicinity of a sharp

front in initially dry soil.

The numerical model is available for the subsurface density dependent flow through

saturated/unsaturated porous media in the anisotropic aquifer system. The problem is

highly nonlinear, and the sharp front requires the grid refinement, which need small

time-step sizes in FEM approach. Even fine grids are used, it is possible to use large

time-step sizes if we apply particle tracking to deal with the advection term. But it is

difficult to deal with the flux boundary nodes in the particle tracking method.

To improve the numerical performance of either the LE or the FEM approach, the LE

method using the backward particle tracking algorithm is applied to all the interior

nodes and the FEM method is employed directly to the incoming-flux boundary nodes

to obtain the finite element equations for the boundary conditions. By using the MLE
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numerical model, the responses of the subsurface system with hydrologic conditions are

simulated and verified by three simplified cases.

In the first application, the transient numerical simulation is performed to obtain the

spatial and temporal distributions of the pressure head and the moisture content, with a

specific pressure head on the unsaturated column soil. These numerical simulation

results show good agreement by comparing with the results due to the conventional

FEM.

In the second application, the transient numerical simulation by the MLE numerical

model is performed to obtain the spatial distribution of the pressure heads and the Darcy

velocities. By considering the effects from the rainfall and the evaporation on the top

boundary, and the drainage effects on the side boundary, the MLE model gives

reasonable results. The applicability of this model for solving problems with

discontinuous boundary conditions is demonstrated.

In the third application, an injective source at a singular inner point is considered as the

inflow in the three-dimensional drainage systems. The computational results by the

MLE numerical model show reasonable behaviors. Thus the ability to deal with the

singular source points by this method is verified.
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Table 5.4-1. Parameters Used in the Three Dimensional Column Problem

Parameters

Input Value

Study domain

200 cm X 50 cm X 50 cm

Saturated hydraulic conductivity (K(xx), K(yy)s K(ZZ)) ( ;:; 1 g:} 10 ;:}1’)
Saturated water content (6;) 0.45

Residual water content (6,.) 0.10

Parameter (hg, hy,) (0m,—1m)

Time step size (4t) 0.1 day

Total simulation time (T) 20 days

Table 5.4-2. Parameters Used in the Three Dimensional Drainage Problem.

Parameters

Input Value

Study domain

200dm x 200 dm x 100 dm

Saturated hydraulic conductivity (K, Ky, Ky,)

1dm/day,1dm/day, 1 dm/day

Porosity of the medium (6,)

0.25

Residual water content (6,.)

0.05

Parameters (hg, 8, n, A)

0,2.0,2, 10 dm?

Time step size (At)

0.5 day

Total simulation time (T)

50 days
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Fig. 5.4-2: Distribution of pressure head in the z-direction at various times
by MLE-FEM, FEM and LRBFDQNR.
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Fig. 5.4-3: Distribution of moisture content in z-direction along the column center at
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various times by MLE-FEM, FEM and LRBFDQNR.
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Fig. 5.4-4: Discretization of the computational domain for the recharge problem.
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Fig. 5.4-5: Boundary conditions and initial conditions for the three-dimensional

drainage problem.
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Fig. 5.4-6 Distribution of the pressure head for recharge period (t = 25 days).
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Fig. 5.4-7 Distribution of the pressure head for evaporation period (t = 50 days).
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Fig. 5.4-10 Distribution of the pressure head with source
along x = 100 dm (t=50 days).
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Fig. 5.4-11 Distribution of the pressure head with source
along y = 100 dm (t=50 days).
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Fig. 5.4-12 Distribution of the Darcy velocity at t=50 days.
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Chapter 6.  Conclusions and scope for future works

According to the results of 1D linear shallow water equations tests in section 2.4.1 and

section 2.4.6, we can conclude that the boundary conditions can be chosen arbitrarily

from the velocity or the water depth with the coupling formula. In general, the water

depths in realistic engineering problems are much easier to be obtained than the

velocities. This conclusion can be useful in the numerical experiments that are lacking

of boundary data. According to the results in sections 2.4.2 to 2.4.5, we can see that the

accuracy is not sensitive with the variety of global node number and RBF types. It is

concluded that the selection of local nodes is very important through the results in Fig.

2.3-1. The LMQDQ with Newton-Raphson method is accurate in cases with only

Dirichlet boundaries. It is worthy to develop this method in the future.

According to the numerical results in 3.4.1 and 3.4.2, the applicability of the MLE-FEM

numerical scheme is demonstrated. However, the input boundary conditions will not be

used in the computation at the outgoing boundary points. That is, we may face different

problems if we need to set the wall-type boundary conditions in the present model. This

is recommended for future studies.

According to the results of time space tests in Fig. 4.4-1 to Fig. 4.4-3, we can obtain the

best accuracy by setting the corresponding nt with different At. Fig. 4.4-4 to Fig. 4.4-
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6 show that the correction procedure will improve the accuracy of the computational

results largely, and the error accumulation phenomenon is resolved. The availability of

the LRBF methods applying to the time space is verified. This method can be

implemented to problems with variable At to obtain high accuracy temporal

derivatives.

From the 1D linear results in Fig. 4.4-7, and the 1D nonlinear results in Fig. 4.4-8, the

accuracy of the LMQDQNR method is verified. The 3D linear and nonlinear in Fig. 4.4-

9 and Fig. 4.4-10 further support the availability. According to the column case, the

results by LMQDQNR consist with the results by FEM as well, thus the applicability of

this numerical method is demonstrated.

From Fig. 4.7-6 we can see that the accuracy of MQ method is obviously related to the

condition number, and we can conclude that the best accurate results are distributed

around 10'? < CN < 10'3. Thus we can adjust the parameter ¢ by simply considering

the condition number.

This study proposed the development of a 3D mixed Lagrangian-Eulerian (MLE)

approach model. For the subsurface modeling, the backward particle tracking algorithm

is used to overcome the numerical difficulties and instability in the vicinity of a sharp

front in initially dry soil.
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The numerical model is available for the subsurface density dependent flow through

saturated/unsaturated porous media in the anisotropic aquifer system. The problem is

highly nonlinear, and the sharp front requires the grid refinement, which need small

time-step sizes in FEM approach. Even fine grids are used, it is possible to use large

time-step sizes if we apply particle tracking to deal with the advection term. But it is

difficult to deal with the flux boundary nodes in the particle tracking method.

To improve the numerical performance of either the LE or the FEM approach, the LE

method using the backward particle tracking algorithm is applied to all the interior

nodes and the FEM method is employed directly to the incoming-flux boundary nodes

to obtain the finite element equations for the boundary conditions. By using the MLE

numerical model, the responses of the subsurface system with hydrologic conditions are

simulated and verified by three simplified cases.

In the first application, the transient numerical simulation is performed to obtain the

spatial and temporal distributions of the pressure head and the moisture content, with a

specific pressure head on the unsaturated column soil. These numerical simulation

results show good agreement by comparing with the results due to the conventional

FEM.
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In the second application, the transient numerical simulation by the MLE numerical

model is performed to obtain the spatial distribution of the pressure heads and the Darcy

velocities. By considering the effects from the rainfall and the evaporation on the top

boundary, and the drainage effects on the side boundary, the MLE model gives

reasonable results. The applicability of this model for solving problems with

discontinuous boundary conditions is demonstrated.

In the third application, an injective source at a singular inner point is considered as the

inflow in the three-dimensional drainage systems. The computational results by the

MLE numerical model show reasonable behaviors. Thus the ability to deal with the

singular source points by this method is verified.

According to the results in Chapter 2 and Chapter 4, the LMQDQNR method has good

performances in problems with the shock waves or sharp fronts not too strong. From the

results in Chapter 3 and Chapter 5, we can conclude that the particle tracking technique

can be used to solve problems with strong sharp fronts or shock waves. It should be

possible to introduce the particle tracking technique first to solve the advection terms in

Lagrangian step, then solve the Eulerian step by the LMQDQNR method. This

combination can be useful to make up the shortage of the LMQDQNR method in

solving problems with strong sharp fronts problems.
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