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Abstract

In this thesis, we will summarize some approaches to obtain sharp upper
bounds of the first nonzero eigenvalues of the Laplacian operators on closed
surfaces, including sphere S?, real projective plane RP? and torus T?, in terms

of their areas.
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Chapter 1

Introduction

In 1912, H. Weyl [W] proved that given a bounded domain {2 C R™ with volume V/, the k-
th Dirichlet eigenvalue A\, and the k-th Neumann eigenvalue ji;, have asymptotic formulas

as k — oo,

2
n

Aky M ~ Cn(‘k/)

where C,, = (27)%w;?/" is a universal constant and w,, is the volume of the unit ball in
R™. In 1961, Polya [Pq] gave a famous conjecture that for any finite volume 2 C R” and

for any positive integer k,

Moreover, P. Yang and S.-T. Yau [[Y'Y]] proved that for any compact orientable Riemmanian

surface X, of genus y with area A, we have

8m(y + 1).

A <
=4



Also, P. Li and Yau [LY|] proved that in the nonorientable case,

24 (v + 1)

<
A < 1

We would like to find geometrical upper bounds for \; of two-dimensional 1 (orientable)
Riemannian surfaces 3., of genus v of the form
C(v)k
A < Gk
Area(X,)
where C'(7y) is a constant depending only on . This question was raised by Yau in his sur-

vey article [[Y1], and then N. Korevaar [K]] gave an affirmative result that in the orientable

case,

where C' is a universal constant.

Another interesting question is: given 7 and %, what is the optimal constant? Does
that optimal surface exist? What are the optimal surfaces (metrics)? In the case k£ = 1,
more precisely, we ask for two quantities as follows. If we fixe an orientable surface > of

genus v, we define
N () = sup{Ai(9)A(g) : g smooth metric on X},
and in the case of nonorientable surface, we also define

M (v) = sup{A1(9)A(g) : g smooth metric on ¥}

'The analogous upper bound for \; of Riemannian manifold of dimension more than two is always
false. Every compact smooth manifold admits a Riemmanian metric of volume one and arbitrary large A1,
see [CD].



There are few surfaces for which the optimal metric are known to exist.

* For S?, Hersch proved that \*(0) = 87 and the round metric is the unique 2 optimal

metric from 1970.

« For RP?, Li and Yau proved that A\# (0) = 127 and the metric induced by Veronese
minimal embedding of RPP? into S* is a optimal metric from 1982. Uniqueness is

proven by Montiel and Ros [MR] from 1986.

« For T2, Nadirashvili proved that \*(1) = 872/+/3 and the flat metric on equilateral

torus is the unique optimal metric from 1996.

» For Klein bottle K, we have \# (1) = 127 E(2/2/3) where E(-) is the complete
elliptic integral of the second kind and the optimal metric induced by a minimal
immersion of the Klein bottle into S* is smooth and unique from work of several

authors, see [N1],[JNP],[EGJ].

We also mention a parallel spectral problem for compact Riemannian manifolds with
nonempty boundary here; however, it won’t be discussed in detail in this thesis. Let (M, g)
be a compact n-dimensional Riemannian manifold with boundary 9M # () and Laplacian

A,. Given a function u € C>°(0M ), then let @ be the harmonic extension of u, i.e.

U=1u on OM

Let v be the outward unit conormal along O . Define the Dirichlet-to-Neumann map
to be the map T : C*°(OM) — C>(9M) given by

ou

Tu =22,
“ ov

T is a nonnegative self-adjoint operator with discrete spectrum {0 = 0y < 07 < 03 <

--+ — oo}. The eigenvalues in this problem were first discussed in 1902 by Steklov and

%In this question, it always means uniqueness up to homothety. Two surfaces (M7, g1) and (Ma, go) are
homothety if there is a diffeomorphism F' : My — Ms so that F* g, = cg; for for some positive constant c.



are often called Steklov eigenvalues. In [FS1]], A. Fraser and R. Schoen proved a coarse

upper bound for a compact surface (3, g) of genus v with [ boundary components:
o1L,(0%) < 2m(y +1)
where L,(0Y) is the length of 93 with respect to g. We can also ask for the quantities
o*(v, k) = sup{o1(9)Ly(0X) : g smooth metric on X}
if ¥ is orientable, and
o (v, k) = sup{o1(g)L,(0%) : g smooth metric on ¥}
if X is nonorientable.

The optimal cases are summarized as the following:

* For 2-disk, Weinstock [We] proved that o*(0, 1) = 27 and is achieved uniquely (up
to o-homothety E) by Euclidean disk from 1954.

* Forannulus, Fraser and Schoen [FS3] proved that o*(0, 2) ~ 27/1.2 and is achieved

uniquely (up to o-homothety) by the critical catenoid.

+ For Mébius band, Fraser and Schoen [FS3] proved that o#(0,1) = 271/3 and is

achieved uniquely (up to o-homothety) by the critical Mdbius band.

Notations

Let zp € R™™. We denote (n + 1)-ball by B"™!(zy) = {x € R"" : |z — z¢|* < r?} and
n-sphere by S”(xg) = dB""!(x). In particular, zo = 0 and 7 = 1, we just denote B"!

and S”, respectively.

3Two surfaces (M7, g1) and (M, go) are o-homothety if there is a conformal diffeomorphism F : M; —
M5 which is a homothety on the boundary, i.e. F*go = pgy for some positive p € C>°(M7) and p = c on
OM, for some positive constant c.



Let (M™, g) be an m-dimensional compact Riemannian manifold without boundary.
In local coordinate (z',...,2™), the metric can be written as g = g¢;;dz'da?, here we
use Einstein summation convention. Denote g = (g;;)~* and |g| := det(g;;). The
volume of M with respect to g is V(g) = V(M) = [,,; dp, (if m = 2, we denote A(g)),
where dj, = \/del ...dx™ is the measure induced by g. Denote the sets M (M) =
{smooth metrics on M} and M;(M) = {g € M(M) : V,(M) = 1}. The Laplacian

associated with g on M is

1 0 0
Ag=——=7-0/l9l9" 5
g /’g’&B oxJ

Since M is compact without boundary, by Green’s identity, A is a self-adjoint operator on

Hilbert space H3 (M) = C>(M ) endowed with the norm [u? = [y, w*dpg+ [y, [Vul[*dp,
where u € C*(M). By spectrum theory, there are a unbounded increasing sequence of

nonnegative numbers (counted with multiplicity)
{0:)\0<)\1§)\2§)\3§—>OO}

satisfying the equation Ajuy, + A\gu, = 0 for some nontrivial functions u, € H3(M),
which are called eigenvalues of A,. Moreover, the set of eigenfunctions {uy, } 7>, forms

an orthogonal basis of H3(M). Let u € H?(M). Denote the Dirichlet integral of u by

D(u) = Dyfu) = [ |Vuldp,

where V, denotes the gradient operator with respect to g and |V ul* = g(V,u, V,u).

Also, denote the Rayleigh quotient of u by

R(u) = Ry(u) = D,(u)/ [ udn,



We can also realize eigenvalues through Courant max-min principle:

A = sup inf ){R(u)‘/ wodp, =0,Yv € V}
M

VeG, uEH%(M

where Gy, is the set of k-dimensional subspaces of (M) containing constant functions.

In particular,

M= inf {R()ue COO(M),/Mud,ug — o).

ueH2(M)

(One can refer to [C] and [SY|] for more details.)



Chapter 2

Sharp upper bound on S?

In section 2.1, we try to understand a type of conformal automorphisms on S?. In section
2.2, we prove balancing proposition that one can use these automorphisms to balance
coordinate functions on S? so that their integrations on S? are all zero. Then, we use

balancing proposition and max-min principle to prove Hersch’s theorem.

2.1 Conformal automorphisms on sphere

Firstly, we summarize several formulas involving conformal transformations. Secondly,
we will try to understand a type of conformal automorphisms on sphere, which is a key to
prove Hersch’s theorem, and is also used in proving theorems in [LY]] and [MR]. Thirdly,
we summarize several formulations of these conformal automorphisms and their behav-

iors.

Definition 2.1.1. Let (M, g) and (N, h) be Riemannian manifolds. A differentiable map
f + M — N is called conformal (isometric, resp.) if f*h = pg for some positive
Sfunction p € C*(M) (f*h = g, resp.). The set of conformal diffeomorphisms (isometric
diffeomorphism) of M onto N will be denoted by Conf(M, N) (Isom(M, n), resp.). If
N = M, the group of conformal (isometric, resp.) automorphisms of M is denoted
by Conf(M) (Isom(M), resp.). A conformal class (or conformal structure) on M can
be represented by a metric g on M, and we denote the class by g := {¢g = pg : p €

C>(M), p > 0O},



When conformal transformation of metric is concerned, the formulas in the followings

are useful. Let g be a smooth metric on M™ and let p € C*°(M) and p > 0 on M. Then

oy

Dpg = p~ By + (5 = Dp " Vy(p).

In particular, M is of dimension two, i.e. m = 2, then
Npg = p 1A, 2.1)
If p = c for some constant ¢ > 0 (without dimensional assumption on M),
M(eg) = Aulo),
We also have the relation
ditpg = p" 2 dpsy (22)
and for every u € H2(M)
IV poul®> = p7 |V ul?. (2.3)

Remark 1. In the case that X is a compact surface, Dirichlet integral is a conformal in-
variant. Although \;(g) is not invariant under homothety, A\;(g)A(g) is invariant under
homothety. We may normalized ¢ so that A(g) = 1, then our main question becomes

asking for sup{)\l(g)‘g e My (2)}.

Lemma 2.1.2. Let ¢ : (M™,g) — (N, go) C R™ be a conformal immersion, where g
is induced from Euclidean space. Set ¢* gy = pg for some positive function p € C*°(M).

Then

[Vo[* == IV(X;09)|* =mp
j=1



where X = (Xy,---,X,) : N — R" is the inclusion map. In particular, if ¢ is an

isometric immersion, then
V[ = m.
Proof. Letp € M and {Ej, - -- , E,, } be an orthonormal basis of 7, M.

V(X0 6) ) = 3 9(T(X; 0 6), V(X; 06)) ()

J=1 J=1

aii( Ei(X; 09))’(p)

I
M=

Vo[ (p)

I
=
=
Q
—~
=

S|
—
o

]

From now on, (%) denotes the standard inner product of R” and |z|> = (z,z) for
every ,y € R™. Recall that given any A € S", we can define the stereographic projection

with respect to A
ma:SMN{A} — AV = {y e R"": (A,y) =0} = R"
given by

wa(z) = 1—<A,:1:>(m — <A, ZL‘>A), (2.4)



and its differential map at v € S"\{A} is

1

b= T

(v + (A, z)ma(x) — <A,$>A) (2.5)
where v € T,S". The inverse map
b AN — S"\{A4})

is given by

- 2y + (lyP? - DA
TrAl(y) = 1+ |y‘2

(2.6)

It is well-known that stereographic projections are conformal maps. Through stereo-
graphic maps, we can regard S™ as the one-point compactification R™ U {co} of R" en-

dowed with the same conformal structure.

At first, we quote a classification theorem of conformal automorphisms, which can be

by proven by complex analysis for n = 2 and is due to Liouville for the case n > 3.

Definition 2.1.3. Let 2o € R"™ and r > 0. We call the map

ixo,r(x) = m + x9

an inversion with respect to the sphere S} (x).

Proposition 2.1.4 ([BP] theorem A.3.4 & A.3.7). Let n > 2. Every conformal diffeomor-

phism ¢ between two domains of R" has the form

o(x) = adi(x) +b

where o > 0, A € O(n), i is either the identity or an inversion and b € R™.

Corollary 2.1.5 ([BP] corollary A.3.8 & A.3.9). (1) By thinking of S™ as R™ U {oo},

10



Conf(S™) consists of all and only the mappings of the form
o(xr) = aAi(x) +b

where a > 0, A € O(n), i is either the identity or an inversion and b € R™.

(2) Conf(B") consists of all and only the mappings of the form

p(x) = Ai(z)

where A € O(n), i is either the identity or an inversion with respect to a sphere

orthogonal to S™.
We have another interpretation of Con f(B™).

Proposition 2.1.6 ([BP] theorem A.4.1). Isom(B"™) = Conf(B"), where B" is endowed
with hyperbolic metric 4(1 — |z|*)~26;;dz"dz?. In particular, the group operates transi-

tively on B".
Now we list four formulations of certain conformal automorphisms of S™ in literatures.

(1) ([LY]) Let a be a point in B"™! and A = a/|a|. At each point on S", we assign
a vector V4 () to be the projection of A onto tangent plane T,S", more precisely,

Va(x) = A — (A, z). The vector field can be extended on B"" by solving
Ly, (6;dz'dx?) = p 6;;dx’da?

for some positive smooth function p on M, where Ly, is the Lie derivative with
respect to V4. Remark that by taking trace or using proposition R.1.6, it is equivalent
to solve
A46: o
Ly, (————dr'dx’) = 0.
W )
The conformal vector field generates a one-parameter group of conformal diffeo-

morphisms {¢{'} C Conf (EnH) of B"". There is a unique T > 0 so that

11



(T)

s 2

(0) = a. Then we denote ©(") simply by ¢,.

(2) ([LY]])) A homothety of R” = S™\{A}, more precisely, 7' o a o 74 (x) for some

a > 0.

(3) (IMR]) Define ¥, € Con f(S™) given by

where A = (1 — [a]?)~2, p = (A — 1)|a| 2.

(4) ([SY]) Define ®, € Conf(B""") given by

. (1= la)z + (1 +2(a,z) + |z[*)a
‘ 1+2<a,x>+\a!2\xl2

We verify below that these formulations are equivalent.
ORA0)

The pushforward of V(x) by dm 4 is

dra(Va(z)) = — <1A7 5 {(A-(A,2)2) + (1 (A,2))malx) — (1 (4,2)?) A}

= (1 + (4, x))ﬂA(a}) — 1 EA{:Z}@ {z — <A,x>z4}

_ (1 + <A,ac>)7m(ac) — (A, z)ma()

= ma(x)

according to (2.4) and (2.5). Hence, ) (z)| = w3 oel omy(z).
2)=03)

By (.4) and (2.9),

N

nloaomy(z) = WZl(l—zW(x - <A,x>A))

_ 2ax + {a?(1 + <A,x>) — 2a<A, x> + (<A, x> —1)}A
a?(1+ <A, m>) +(1- <A, x>) .

12



1 1
Choose o = +lal _ la = A(1 + |a|) such that 73" o & 0 m4(0) = a. Then
Vi—lal /1o

the denominator of ;" o av o 4 () is

Llaly {o0)) o (@),

1= lal lal

=1 _1|a|{(1 + <C‘LT> +lal + {a,2)) + (1 - @z) _ jal + (a,))}
2

=Tt (a,2))

— (a1 + (a,z))

1 —al?

= 2X°(1 + |al)(1 + (a, z))

and the numerator is

221+ lalo (0 <7;T>> ~2A(1+ |ar><7éf> + <<7;T> SO
= 9\(1 + |a])s
+ {1 — |al <(1 + <a|;:|t> + |a| + <a,l‘>) —(1- <C‘L;|x> — |a| + <a,x>)> —2\(1 + |a|)<C|L;T;> |Z|

(1+ <a’x>) —2X\(1+ |a|)<a’x>}a

=2\(1+|a|)z + { al? af?

1 —1a

=201+ fa e+ (M1 + <w>) - <a’x>)a}.

|al? |af?
Thus, we have

1o 1+|a]
4 1 —|al

oma(z) = V().

G)=®

By direction calculation, one can show that Wg,(x) = ®,(x) where 5 = 5 for any

2
1+ |al

13



a € B!, Use the relation between (2) and (3), we obtain

(I)a(x) = \Ifga(.f)

=70 Lt |Ba| o 7TA<JZ>
4\ 1-8dl

= ()

Since the map in (2) is obvious conformal on S™, it follows that the maps in other for-

mulations are all conformal.

From the map in (3) or (4), one can assign continuously a conformal map for every

point a € B™*1. In fact, one can show that
Conf(S™)/SO(n + 1) = B"*, (2.7)

where SO(n + 1) = Isom(S™).

We also verify below that the explicit form of the map in (1) is that in (4). Notice that
the extended conformal automorphism on B in (1) is NOT the map in (3). Although
U,(0) = a, it is not conformal on B"™!. The PDE in (1) is not easy to solved. We
try another way to construct the map in (4) so that ®,(z) € Conf (EnH) and ¢,(0) =
a. Observe that @, in formulation (2) is a homothety of R* = S"\{A} and ®_, is a
homothety of R™ = S™\{— A} with the same dilation factor, it follows that &, = (®_,)~'.
Hence the condition ®,(0) = a is equivalent to ®,(—a) = (®_,) "' (—a) = 0.

Now, our goal is to construct a conformal automorphism of R"*! U {oo} which maps
B""' ontoitselfand maps —a to 0. At first, we know that the inversions have the following

properties.
Proposition 2.1.7 ([BP] proposition A.3.1). (1) iy, |sn(ae) = id.

14



(2) Leti =iy, ,. H denotes a hyperplane and S, S’ denote spheres.
(i) zo € H <% H(itself) > xo.
(ii) x0¢H<—i>SBx0.
(i) zo & S <5 S' % .

Letv € R"™! and r > 0 to be determined. Consider the map
iO,l ° Tv o Z.fa,r

which map —a to 0, where 7, (x) = z + v is the translation map. By proposition (2)
(iii), i_, - (S™) is a sphere away from —a. We want T;,0i_, . (S"™) = S™ so that i ;07,0i_,,
maps B""! onto itself. Tt requires that i_,,.(S™) is a sphere of radius 1 and we can solve
r = 4/1—lal?. Since i_a,\/m(S”) = S}(—2a), we take v = 2a. Finally, we write
explicitly ®,(z) = ig1 0T 0i__ \/m(x)

The map ®,(x) in (4) satisfies the following property:

Lemma 2.1.8. Leta € B™*!. Ifz € B""'\B""L__(—q). Then

V1-laf?

| Dy () — x|2 <1-— |a|2.

Proof. By definition,

L4ﬂfﬁ+mw\
1+2< x> + |al?|z|?)?

(1 —[al*)?|=f?

|Pa(z) — 2] =

2.8)
1+ 2<a :c> + |al?|x|?)
Since (1 + 2<a,x> + |a]?|z|*) — |z + al®* = (1 — |a]?)(1 — |z|*) > 0, we have
14 2(a,z) + laP|z]* > |z + a® > 1= |a]. (2.9)

15



Hence, by (2:8), €.9) and |o[? < 1,

|Py(7) — z|* < 1—|al?.

2.2 Hersch’s theorem

In the following, we will prove balancing proposition, which is an important technique
to find an immersion whose coordinate functions consisting of test functions for the first

eigenvalue.

=N

Proposition 2.2.1 ([S]). Let i be a probability measure on B", i.e. 1(B") = 1. Assume

i has no point mass on OB™. Then there exists a € B" such that

J () du(z) = 0.

Proof. Define F' : B® — B" by F(a) = [g» ®.(z) du(z). At first, we claim that
Ve > 0,38 > 0so that | F(a) — a| < e ifr(a) == /1 — a2 < 4.

Given € > 0. Since there is no point mass on 0B", there exists 6; > 0 such that for
every z € OB", u(B" N B} (z)) < ¢/3. Forevery a € B" withr = r(a) < § :=

max{d;/2,¢/3}, since for every = € B'(—a),

’x—l—a/|a|’2§ ’x—kaf%—‘—a+a/|a|‘2§r+1—|a| < 2r < 6y,

16



then we have B}!(—a) C B} (—a/|a|). By lemma and the above observation,

Fla)—al = | [, u(e)dp(@) ~a

-,
B'IL

< (I)a - d + (I)a — d
< oy 1B —aldp@) + [ (@) ol duo)

®4(2) — al du(x)

< Lo rdpte)+ [ (1®a()| + |al)dp(x)
B"\Bn(—a) B NBj, (—a/|al)

<§+%<5
3 3 ’

This implies that F' can be extended continuously onto B" with F‘aBn = 1dggn. By

degree theory argument, F' is surjective and hence F'~!(0) is not empty. [
We quote here a well-known theorem on Riemann surfaces.

Proposition 2.2.2 (Uniformization theorem). Let 3. be a oriented surface and g be a metric

on Y, then there is exact (except S*) one § € [g] so that

I, x(3)>0
K@) =47 0, x(X)=0
-1, x(¥)<o0

where K is Gaussian curvature and x is Euler characteristic.
Now, we can start the proof of Hersch’s theorem.

Theorem 2.2.3 ([S]). For (52, g), we have

AM(g9)A(g) < 8.

Equality holds if and only if g is the standard metric, up to homothety.

Proof. By uniformization theorem, there is a conformal diffeomorphism ¢ : (S?,g) —

(S2, go) C R3, where g, is the standard Euclidean metric. Define a probability measure

17



on B® by
M= ¢*(Ag)/Ag(S2)

where ¢,.(A,) is the pushforward measure defined by (gzﬁ* (Ag)) (V) = A4, (qﬁ_l(V)) for
any measurable subset VV C B°. By balancing proposition 2.2.1, there is a € B? such that

1
0= [ a0 () = 5y [ a0 by
Set 1) = &, o ¢ which satisfies
/ X; 0t dpy =0
by

for j = 1,2,3, where X’s are coordinate functions. Take X; o ¢’s as test functions in

Courant max-min principle and then sum over j, we have

> Milo) [

J=1 S

(X 00y < Y. [ IV 00)duy = [ V0P,
2 = S2 S2

Set 1*gy = pg where p € C>(S?) is positive. Since the image of ¢ lies in S?, by (2.2) and
lemma P.1.2,

M(9)A(g) = Ml9) /S dpy < /S VY [* dpg = /S 2p (p~ 9" dpo) = 8.

When the equality holds, X;01)’s are all eigenfunctions. Namely, Ay = — ;1. It follows

that
1
0= §A|¢|2 =AY+ [VY[> = =\g? + [V = =\ + [V

Hence, ¥*go = pg = 1|Vi[*g = 1 \ig. O

18



Chapter 3

Sharp upper bound on RP?

In section 3.1, we recall the definition of minimal immersions in manifolds and find a con-
nection between eigenfunction vectors and minimal immersions into spheres. In section
3.2, we define conformal area and then we prove Li-Yau’s theorem that conformal area
provides a sharp inequality of \; by using Hersch’s trick. Also, we prove that when the
isometric immersion of a given surface is minimal, its conformal area is exactly area of the
surface. In section 3.3, we define \;-minimal surfaces, which is found when the equality
in Li-Yau’s sharp inequality holds. Then we prove a rigidity theorem of \;-minimal sur-
faces due to Montiel and Ros. Finally, we use Li-Yau’s sharp inequality, computation of
conformal area to find sharp upper bound of \; on RP? in terms of its area. Also, we use

Montiel-Ros’ rigidity theorem to prove uniqueness of the optimal metric.

3.1 Minimal immersions into sphere

In this section, we summarize some results in Chap.1 §2, §3, §4 of [L] and give several
important examples of minimal immersion into sphere.

Let ¢ : M™ < M" be an immersed m-dimensional manifold in an ambient n-
dimensional manifold. Let g be a metric on M. Forany p € M C M, we have orthogonal

splitting
T,M = T,M & N,M
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into the tangent and normal space of M at p, respectively. Forany X € T, M, XT denotes
the tangent part and XV denotes the normal part of X. Let V be the Levi-Civita connection
on M. For any vector X, and vector field Y around p, the Levi-Civita connection on M

is given by
VY (p) = (VxY)" (p).
We can also define the normal part
B(X,Y)(p) = (VxY)"(p).
Note that
B(X,Y) = (VxY)" = (Vy X + [X,Y])¥ = (Vy X)" = B(Y, X).

Hence, B(X,Y") depends only on X, and Y, and B is a C*°-section of the bundle 7 (M) ®
T*(M)® N (M) called the second fundamental form of M in M. Atevery pointp € M,
B is a symmetric bilinear map of 7, M into N,M. We can define the mean curvature

vector field by

1
H, = %Trg(Bp)-

Locally, if F, ..., I, are an orthonormal basis of 7,,M, then

Hy= 3 (V5B ()

i=1

If H = 0 on M, then we call ¢ to be a minimal immersion and M to be a minimal

submanifold.

Proposition 3.1.1 ([L] proposition 8). Let ¢ : M™ — R™ be an isometric immersion

20



and let H be the mean curvature vector field of ¢. Then
Ap=mH

where denote Ap = (A¢y, -+, Ady,).

Proof. Let p € M and choose an orthonormal basis {E;}!™, of T,,M. Then for each
i, B¢ = E; (actually = ¢, E;) and E;E;¢p = Vg, E; where V denotes the Euclidean
connection. Hence,

Ap=> {EE;¢ — (Vg,E)o} => {VEEi — Vg E;}

= Z{V&.E@-}N = mH.

O

Lemma 3.1.2 ([L], p.15). Let M C R" be an embedded submanifold. If ¢ : M™ —

M C R" is an immersion with mean curvature vector fields H in M and H in R". Then
mH = (mH)" = (A¢)”.

Proof. Since

H=Y (Vg E)" =Y (Ve.E)")N = (Ve E)")" = (H)"

K3 K3 (2

where V, V are the connections on M and R™, respectively. Then, the result follows the

previous proposition. [
Now, we set M = S™.

Proposition 3.1.3 ([L] proposition 12). Let M™ be a Riemannian manifold with dimension

m and let ¢ : M — S™ be an isometric immersion. Then ¢ is minimal if and only if

Ap = —mao.
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Proof. By lemma ¢ is minimal if and only if A¢(p) is parallel to the normal direction

of sphere at ¢(p) for every p € M, i.e. Ap(p) = A(p)o(p), for every p € M. Since

|6]* = 1, we have

0= ;AW = (¢, Ad) + [Vo* = Mo* + [Vo* = A+ [Vo ]

Hence, by lemma 2.3

A= —|V¢|? = —m.

As an immediate consequence, we have a more general proposition.
Proposition 3.1.4 (by Takahashi, [L] proposition 13). Let M™ be a Riemannian manifold

with dimension m and let ¢ : M — R"! be an isometric immersion such that

Ap = —N\p
for some constant A # 0. Then we have the following:
1. A>0.
2. ¢(M) C S™(r) where r* = 1.

3. The immersion ¢ : M — S™(r) is minimal.

Remark 2. The proposition above plays an important role as a connection between minimal

immersions into spheres and eigenfunction vectors of Laplacian.

Example 1. (Veronese surface) The immersion

6y : 2 — S
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given by

bo(z,y,2) = (\/_acy,\/_a:z V3yz, \/_(x —9?), ;(3:2+y2—2z2)) 3.1)

provides a minimal embedding of RP? with curvature 1 into S*, and it is called Veronese

embedding. The area of ¢,.(RP?) is 6.

Example 2. (Clifford torus) The immersion

b R —» Sl(\}_) « SH( ) s’

Sl

given by

1 . )
¢cl (‘T? y) R~ <€27rza:’ 62ﬂ1y>

7 (3.2)

provides a minimal embedding of Clifford torus qu = R? / I'sq with normalized flat

metric, whose \y = 2, into S°, where the lattice Ty, := Z(1,0) & Z(0,1). The area of
(ﬁcl(qu) Is 271'2.

Example 3. (Equilateral torus) The immersion

bog : B2 —>Sl(\/1_) < 8() x S(—) O 8°

-
-

given by

1 dmiy i(z—-% mi(z+-L
bualsy) = (2R ) (3)
provides a minimal embedding of equilateral torus qu = R? / Iy with normalized flat
metric, whose | = 2, into S°, where the lattice T, := Z(1,0) & Z(3, @) The area of
eq(T2,) is 4% /\/3 (greater than the area of Clifford torus).
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3.2 Conformal area

Definition 3.2.1. Let 3 be a compact surface which admits a conformal map ¢ into n-
dimensional sphere S™. Let g be the metric on 3. and gy be the standard metric on S".

Define the n-dimensional area of ¢ by

Ac(n, ) = sup(Sn)/E(a o @) djg,

oceConf

1
= sup 5/ V(00 ¢)2du,.
aeConf(S™) )

The n-conformal area of 3. is then defined to be

Ac(n, Z) = Hq%f Ac(nu ¢)

where ¢ run through all conformal maps into sphere.

Theorem 3.2.2 ([LY]] theorem 1). Let ¥ be a compact surface with metric g. Then
M(9)A(g) < 2A.(n,X) (3.4)

for all n where A.(n,Y) is defined. Equality holds if and only if 3. is a minimal surface
of S™ given by an isometric immersion whose coordinate functions consist of first eigen-

functions.

Proof. Givene > 0. Let ¢ : ¥ — S" be a conformal map so that
Ac(n,¢) < Ac(n, X) +¢.
By Hersch’s trick, there is a € B"*! such that

/(I)aogzﬁd,ug:O.
>
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Apply max-min principle on X; o &, 0 ¢, for j = 1,...,n + 1, then we have

n+1
M(9)A(9) = Mi(g) /2 D, 0 ¢ dpg = Ai(g) Z_: /E(Xj o ®,0¢)du,

n+1

<) LIV 0 @0 0)du, = [ V(@400 duy
By definitions of conformal area,

L19(@00 0)F dity < 24.(n.6) < 2(An,5) + ).
Therefore,
M(9)A(g) < 2(Ac(n, %) +¢).

Inequality (B.4) follows by letting ¢ — 0.
Now, we assume the equality of (B.4) holds. Since both sides of (B.4) is invariant under

homothety, we may assume
Ai(g) =2, (3.5)
hence
Au(n,E) = A(g). (3.6)
Let ¢, : X — S™ be a sequence of conformal maps such that

lim A.(n, ¢r) = Ac(n,X). (3.7)

k—o00
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Since for any k and ¢ € Conf(S™)

Ac(n,pogp) =  sup / (00 ¢ 0 dr) dpg,
o€Conf(Sn) /X

= sup /E(T o ¢p) dtg,

T€Con f(S™)
- Ac(n7 ¢k)7
we may also assume, for every k,
/ on djy = 0.
%
Therefore, for each k,
2A(g) = 2/E || dptg < /E IV or|? dug < 24.(n, dr). (3.8)

Letting k — oo, (8.6) and (B.7) implies that
Jim Au(n, éx) = Ac(n, %) = A(g), (3.9)
—00

then {¢;}5, C H3(3,S") is a bounded sequence. It’s well-known that the embedding
H2(X2,S") C L?(3,S") is compact. Hence, up to subsequence, there is a function ¢ €

L*(%,S") so that as k — oo

¢/€ - ¢ in H%(E’Sn),
b — 0 in L2(3,SM).

It’s clear that

[W)? =1, (3.10)
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almost everywhere, and by (B.§) and (B.9)
2 S K 2 _
LIV duy = lim [ [Voufdu, = 24(9) @3.11)
It follows that ¢, — 1 strongly in H2(%,S"). From (B.10) and (B.11)),

LIV ditg = o) [ [of g

hence X; o ¢’s are eigenfunction associated with A\;(g). In particular, 1 is a smooth

conformal map from ¥ to S”. Taking Laplacian on ||, we have
VY[* = Ni(g) = 2.
By lemma P.1.2, + is an isometry and then it follows proposition that ¢/ is minimal.

]

Let M™ be a smooth manifold. Let 7', S be tensors of (p, ¢)-type. Let <T, S > denote
g
the pointwise inner product induced by g on (p, q)-tensor and |T'|> := <T, T> denote the
g

tensor norm.

Lemma 3.2.3. Let 3 — M™ be a compact immersed surface with metric g. Then
SN
B> ’B|gd:u9
are invariant under conformal transformation of M, where B:=B-H g is the trace-free

second fundamental form.

Proof. Let g = pg for some positive smooth function p on X. In local coordinate, we

0 0

0217 922

0 0

937" D™

require tangent to > and normal to Y. We shall use the following

ranges of indices:

1<, 5,k,...<2; 3<a,8,7,...<m.
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For metric g, by definition,

® o g0 j 9
B = Fijdl' ®d.1'J & %

where f% is the Christoftel symbols. We have

1

~ ~ak

F%— g

( 0. 9. _ia)

2 R P L

_lak(a .+i._i..)
29 azzgk] aI]ng axkglj
_|_

Ly kg 9p dp dp

1 x0logp
27 gk T

Then
~ 1 N
B=B- §(V10gp) g.

It follows that

Therefore,
~ . 1 B 1
B—Hj=(B~-(Vigp)¥g) = p~'(H = 5(Vlog p)")pg = B — Hyg.

Together with (2.2), we get

|B — Hl3dug = | B — Hyldp,.
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Proposition 3.2.4 ([LY]] proposition 1). Let 3 be a compact minimal surface with metric

g of S™ given by the isometric immersion ¢ : X — S™. Then
Ac(n, ¢) = A(X).

Proof. Let 7 be a stereographic projection into R". Then composition 7o ¢ is a conformal
mapping of Y into R". B, H and g denote the second fundamental form, mean curvature
vector and metric of 7 o ¢(X) in R™. On the other hand, given any 0 € Conf(S"),
composition o o ¢ is a conformal mapping of Y into S”. B, H and g denote the second

fundamental form, mean curvature vector and metric of o o #(¥) in S”. By lemma 3.2.3,
[ 1B~ [P, = [ 1B~ THgldus
2 2
Since |B — H§|? = |B|? — 2|H|? and 0 o ¢(X) is similar,
JUBE =2/f1P)dysg = [ (1B = 2(H )y (3.12)
By Gauss equation, for the Gauss curvature & of 7 o (%) we have
> Loimn e
K = S@IAP ~ |BP).
Also, for the Gauss curvature K of o o ¢(X) we have
_ 1 _
K=1+ 5(4|Hy2 —|BP).
Then (3.12)) becomes

/Z<2|H|2 —2R)dp, = /Z(2|ﬁ|2 — 9K + 2)dyy.
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It follows Gauss-Bonnet theorem that

L VA Pdug = [ HPdp + Ao o 9(2)). (3.13)

Note that the left hand side is independent of o, hence it is invariant under Con f(S™).

From the assumption that ¢ is minimal,

A(Z) = [ |APdg
= [1HPdiz+ Ao 0 6(2))

> Ao o ¢(X)).

This implies

]

Corollary 3.2.5. Let ¢ : (X,g9) — S" be an isometric immersion with mean curvature

vectors H in S™ and H in R". Then the Willmore energy

[\ H Py = [ [H g + A(S) (3.14)

is invariant under Con f(S").

Proof. Let £y, Es, 3, ...,y Vyy1 be an orthonormal basis of T:,,]R”Jrl and extended to
vector fields around p so that £y, Ey € TX and v, 11 € NS™. Denote i := (B(E, Ej), Va),

1<1,7 <2,3 < a<n+ 1. The mean curvature is

n+1 n+1 1 2

H(p) = 2 H(p)va(p) == Z_; 3 ; hg; (P)Va(p).

30



Since v,11(p) = x(p), forany i=1,2,

his™ (p) = (Ve Ei, ni1)(p) = —(Ei, Vi vni) (p) = —(Ei, E)(p) = —1.

Then
H(p) = H(p) — Vnsa(p)- (3.15)
Hence,
|H|? = an(Ha)%a +1=|H*+1.
a=3
From (B.13), we know that (B.14) is invariant under Con f(S™). O

3.3 )\;-minimal surfaces

When the equality in Li-Yau’s theorem holds, we find a specific class of surfaces .

Definition 3.3.1. Let ¢ : (3, g) — R” be an isometric immersion with coordinate func-
tions consisting of eigenfunctions associated with \1(g), then g is said to be \,-minimal
and ¢ is said to be \\-minimal with respect to g. We may also define \i.-minimal in a

similar way.

Remark 3. Takahashi’s theorem asserts that if ¢ is A{-minimal, then ¢ : > —
S"(\/%) Besides, if we assume ¢ : ¥ — S™, then \; = 2.

Example 4. The minimal immersions (3.1), (8.3) and (3.3) are all \\-minimal.
This class of surfaces has a rigidity theorem as follows:

Theorem 3.3.2 ([MR] Theorem 1). For any metric g on a compact surface ¥, there exists
at most one metric g’ € [g] which admits a \\-minimal isometric immersion into the unit
sphere, i.e. g is \\-minimal with \1(g) = 2. In particular, any conformal automorphism

of a non-spherical \i-minimal surface is a homothety.
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At first, we need to compute the differential map of W,|s». For every z € S" and

veT,S",
AT, (v) v+ (u<a,v>)a B <a,v> ¥.(2).
)\(<a,x> +1) <a, a7> +1
It follows that
— 2 . .
\I/Z(Cswdl‘ldl‘]) = Méﬁdmldﬁ'

If > is a compact surface with metric g, for any fixed branched conformal immersion
¢ : ¥ — S™ we can consider the area function A, : Conf(S") — R which maps a
conformal automorphism o of S™ to the area induced by the immersion ¢ o ¢. For any

a € B", we obtain

Ap(T,) = 1/ 1_—|a|2’v o|2d (3.16)
o Ya 5 2(<a,1’>+1)2 g Hg- .
In particular, if ¢ is an isometry, then
1—|af?
Ap(W, :/ ——————dp,. 3.17
6(Va) 5 (<a,m>—‘f—1)2 Hg ( )

Let ¢ : (3, g) — S™ be an isometric immersion with mean curvature vectors H in S™

and H in R"*!. By proposition B.1.1 and (B.13), we have A¢p = 2H = —2¢+2H. Given

any a € B"™!, we define f : X — Rby f = <a, gb> + 1. By direct computation,
Alogf = f_Q{_2<a'7 ¢>2 - 2<CL, ¢> + 2f<a'7ﬁ> - |aT|2}

where we decompose T,R™" ™ = T,o(X) & Ny((X2),S") & Ny(S™,R"™) with a =

o +a" + (a,6)¢. Then [a”|* = |a]* — |aV|? — {a, $)2. Hence,

L — af?

((a,0) +1)2

2((a, ) + Vo, 1) + o[>

Alog f = -1+ (<a,¢>+1)2

_|_
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Integrating over ¥ and applying (B.17), we get

+1)(a, H) + |a"]?
<a, ¢> +1)2

A(D) :A¢(\Ifa)+/22<<a’¢>( diy. (3.18)

We quote a rigidity theorem due to Obata here.

Theorem 3.3.3 ([O] theorem A). For a connected complete Riemannian manifold (M™, g),
m > 2, it is isometric to the standard unit sphere if and only if there is a non-constant

function f such that
Vif=—1g

where V2 f denotes the Hessian of f.

Let > be a compact surface. If g; is a metric on ¥, then A; and dy; denote the Laplacian

and the volume form corresponding to g;.

Proof theorem 3.3.J. Suppose that there exist two A;-minimal metrics g1, g» € [g] with
A(g1) = M(g2) = 2. Letg; : ¥ — S™, j = 1,2, be the corresponding \;-minimal
immersions. We also assume that these immersions are full, i.e. ¢,;(X) does not lie on any
hyperplane of R for each j. Set g, = pog; for some positive function p.

By Hersch’s trick, there is @ € B"2*! such that the conformal immersion ¢3 = W, 00, :

Y — S™2 satisfies

| ésdu =o.

We denote by g3 the induced metric on > from the immersion ¢3 and set g3 = p39;.
Applying max-min principle on X; o ¢3, forz = 1,...,ny + 1, and from conformal

invariance of the Dirichlet integrals, we get

Mg A(g) = Mi(g1) [ [éaldya

< [ 19000 = [ V65 dps. (3.19)
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By lemma R.1.2, |V,,¢3]> = 2 in the last integral. Since Willmore energy (B.14) is

invariant under conformal automorphisms of the sphere, we have

L Vsaldiss = 2A4(g0) <2 [ |HsPdps =2 [ [HofPdps— (3.20)

where H; is the mean curvature vector in R™*1 associated with ¢;. By proposition 3.1.1],

2Hy; = Apy = —XA1(g2)p2 = —2¢,. Hence,
2 [\ HoPdps =2 [ 102 dps = Ma(92)Algo). (3.21)
> >

From (B.19), (.20) and (B.21]), we have \;(g1)A(g1) < Ai(g2)A(g2). We can exchange

the role of ¢g; and g,, then we obtain the equality by the same argument. Therefore, the

inequalities in (B.19) and (B.20) become equality. The equality in (B.19) implies that X; o

¢3’s are eigenfunctions of Ay, associated with the eigenvalue \;(g;), that is,

Aipz = —A1(g1)P3. (3.22)

On the other hand, the equality in (8720) implies that ¢3 is a minimal immersion into S"2,

by proposition B.1.3,

Asts = —2s. (3.23)

It follows (R.1)), (8.22) and (B.23) that

p3 ALy = Aggs = —2¢3 = A1 ¢3.

Then p3 = 1 and hence g3 = g1. Moreover, ¢3 : ¥ — S is also \;-minimal with respect

to 9.

Now we have two A\;-minimal immersions ¢ and ¢3 such that ¢3 = ¥, o ¢, for some
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a € B"*. Since A(g3) = A(g1) = A(gs), from (B.18) we conclude that
a2
= | T kg,
I ({a,¢2) +1)2

where a™2 € Ny, (3, S™). Therefore, o’ = 0. Let the function f : ¥ — R defined by

f = (a, ¢2). In local coordinate with ranges of indices as before, the Hessian of f with

respect to go 1S

9 0. 0 0 P
o) = Aaas 9
\V4 f(axw 893@) Or O <6L,§Z52> Fzg B <a,¢2>

0 0
> - <CL, FZ@>

:<a,V el

oat OJ

= (a, F;}QH@),

since a2 = 0. Observe that

B,
It = (V.o —, ¢o)

2at O1)

0,0 o 0

= 8xi<axj’¢2> - <%7 %>

= —(92)ij-

Hence, V2f = —fg».

There are only two cases as follows.
(1) f = 0. Because ¢, are supposed full, a = 0. Then ¢, = ¢35 and hence g, = ¢;.

(ii) f # 0. By Obata’s theorem B.3.3, (X, g) is the unit 2-sphere with standard metric
and ¢, : ¥ — S? is the identity map. Since the metric g; = g3 is induced by the

diffeomorphism ¢35 = ¥, 0 ¢ : ¥ — S?, (X, ¢;) is also the standard 2-sphere.

However, in this case, it may occur that py # 1.

O

Theorem 3.3.4 ([LY]] corollary 5 and [MR] Theorem 2). For any metric g on RP?, we
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have

M(9)A(g) < 12m.

Equality holds if and only if g is the induced metric given by Veronese embedding (B.1),

up to homothety.

Proof. By uniformization theorem, RP? has only one conformal class. Observe that Veronese

immersion (B.1]) is A\;-minimal. From theorem and proposition B.2.4, we have the in-

equality above. Finally, Montiel-Ros’ theorem ensures the sufficient direction. [
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Chapter 4

Sharp upper bound on T?

In previous chapters, uniformization theorem ensures that S? and RPP? both have only one
conformal class, so it is easier to deal with these surfaces. However, T? has infinitely
many conformal classes. We need to develop a theory to deal with torus and an intuitive
way is variational method. In section 4.1, we will introduce a general variational method
of eigenvalue functionals \; from work of El Soufi and Ilias [EI2]. In section 4.2, we
define critical points of eigenvalue functionals and study the structure of critical points on
T?. In section 4.3, we assume the existence and regularity theorem of maximum metric

on T? holds, then prove the sharp inequality of first eigenvalues on T2,

4.1 Variational method on eigenvalue problem

Let M™ be a closed smooth manifold of dimension m > 2 with Riemannian metric g.
Forany k € N, we denote by Ej(g) := Ker(A,+ \i(g)I) the eigenspace corresponding
to \x(g) and by I : L?*(M,g) — Ej(g) the orthogonal projection on E(g). We will
denote by ¢ the variational derivative at { = 0 and by 6, 0™ left and right variational
variational derivatives at t = 0, respectively.

Let %k be any positive integer. It is natural to find the critical points for functional .
Although the functional )\ is continuous ([BU] theorem 2.2), it is not differentiable in
general due to multiplicity. We will explore this phenomenon and investigate a proper

way to define critical points of \.
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Proposition 4.1.1 (Basic formulas). Let g € M(M). Let {g:} C M(M) be a differen-

tiable deformation of g for t € (—¢,¢) such that go = g. Let h := dg.

(1) dlog(det A;;(t)) = A(0)0A;(t), where A(t) is a differentiable family of invert-

ible matrices.
(2) ddprg, = 3Try(h)dpy = (h, %g>g.
(3) 6gi = —hid,
(4) 8V (91) = Jar 5Trg(h) dig = f1s (. 39) dig

(5) Denote A" := dA,,. Then, in local coordinate,

1 | .0
/ — 1) - 1]
A = Trg %axz («/\g\(h 2Trg(h)g >8:1:j)
0 0
= — ,LJ4 _— ] -
h 5’ B div(h) + 2VTrg(h)

Theorem 4.1.2 ([EI2] theorem 2.1). Let g € M(M) and let {g:}ic(—c) be an analytic

deformation of g with gy = g. Then

(1) The derivatives 6~ \p(g;) and 6" \.(g;) exist and are eigenvalues of the operator

Pypp =110 A" : Ei(g9) — Ex(g).

(2) If\e(g) > M—1(g), then 6~ \i(g:) and 6 N\ (g;) are the greatest and the least eigen-

values of Py, on Ei(g), respectively.

(3) If \i(9) < Ai—1(9g), then 5=\ (g;) and 6 Ny (g;) are the least and the greatest eigen-

values of Py j, on Ey(g), respectively.

Proof. (1) Denote A; := Ay, and dy; := dpug,. Observe that, for any ¢, A, is self-
adjoint with respect to the L? inner product induced by g, but not necessarily to that
induced by g. Consider the unitary isomorphism U; : L*(M,g) — L*(M, g;) defined
by Uu = (|‘g‘|)1/4u for any u € L*(M, g). After conjugation by U;, we obtain an ana-
lytic family P, := U; ' o A, o U, of operators. It is easy to see that, for all t € (—¢,¢),

P, is self-adjoint with respect to the L? inner product induced by g. Let n = dimEy(g).
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Applying Rellich-Kato perturbation theory of unbounded operator (see [Ka] chapter 7) to
P, forany t € (—¢,¢), there exist n eigenvalues A(t), ..., A, (t) of P, associated with
an L?*(M, g)-orthonormal family of eigenfunctions vy (t), . .., v,(t) of P; so that A;(0) =
-+ = A, (0) = M\(g). Moreover, for all 1 <4 < n, both A;(¢) and v;(t) depend analyti-

cally on . Let u;(t) := Uv;(t) foreach ¢t € (—e,e) and 1 < i < n. We have

Agui(t) + Ni(t)u(t) = 0, (4.1)

and the family {u;(¢),...,u,(t)} is orthonormal in L*(M, g;). Since A;(¢) is analytic
with A;(0) = A\x(g) and A, (g;) is continuous, by shrinking ¢, there are two integers 1 <

P, q < n such that

Mlar) = Ay(t) fort e (—e,0)
Ay(t) fort e (0,¢).

Therefore,

6" Ar(ge) = A;;(O)

and

5 Melgr) = AL (0).

Differentiating both sides of (#.1)) at t = 0, we get

A'u; 4+ Al 4+ A(0)u; + Ay(g)u, = 0

where u} := du;(t) and u; := u;(0). Multiplying by u; and integrating with dy, over M,
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we have

o:/ Aud /-A’-d AfO/-id /)\ Al d
M“J U;dfbg + M“J U;afg + 1() MUJU g + " k(9>u3uz g

- /M u; A udpg + Nj(0)6;; + /M(Auj + Ak (9)ug)uidpuyg
From (£10),
/M Uj A Ui Afhg :(0)04

Since {uy, ..., u,} forms an orthonormal basis of E},(g) with respect to the L? inner prod-

uct induced by g, we have

In particular, A7,(0) and A;(0) are eigenvalues of Py ;.
(2) Assume A\g(g) > Ag—1(g), then A;(0) > A\p_1(g) for all 1 < i < n. By continuity and
shrinking ¢ again, we have A;(t) > \y_1(g) forall 1 <i <mnandt € (—¢,¢). It follows

that A;(t) > Ag(g¢) and hence A\;(g¢) = min{A;(¢), ..., A,(¢)}. It implies that
6" Me(gr) = max{A7(0),...,A,(0)}

and
" Ai(g¢) = min{A[(0),..., A (0)}.

(3) The proof is similar to that of (2). [

In the proof above, one can easily deduce that P ;, is symmetric with respect to the
L? inner product induced by g. Now, we write down the corresponding quadratic form

explicitly as follows:

Lemma 4.1.3 ([E12] lemma 2.1). Let {g;} be an analytic deformation of the smooth metric
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g and let h := 6g,. Then the operator — Py, is symmetric with respect to the L* inner

product induced by g and the corresponding quadratic form on Ey(g) is given by

1
Qn(u) == — /M uPy pudp, = — /M <du ® du — ZAQUZg, h>gd,ug, 4.2)
Jorall u € Ei(g).

Proof. Inthe previous proof, since {u1, . .., u, } forms an orthonormal basis of E}(g) with

respect to the L? inner product induced by g, it suffices to prove that (4.2) holds for all

u = u,;. Observe that

Qh(ui) = - /M uiPk,hui dug = —A;<O) /M UZQ dﬂg = _A;(())-

For simplicity of indices, we omit the index ¢ in w;(t), u := 0u;(t) and A;(¢). By max-min
principle,

[ 90O diy = A®) [ a?(O)disy = 0.

Differentiating both sides at ¢ = 0, in local coordinate, we have

g ou 8u ou’ 8u ou 8u
0 /M((Sg () 5 g o + /9 i 9 /g D s V)
_ 2 _ ! _ 2
(6A(1)) /Mu dpt, — 2A(0) /M wd dyy — A(0) /Mu (dpie). 4.3)

Collecting the terms involving ', we obtain

2/ Vou, V') d —2/A0 'd :—Q/A A(O)u)udp, = 0.
[ (Vgu, V') dpg =2 | AO)urldpy = ~2 | (Agu+ A(O)u)u'dp,

With proposition §.1.1], (.3)) gives

0=~/ (dueduh) duy+ [ <;]V9u|2g, ) dig = N(0) = [ <;A(0)u29, h) .
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It follows that
1
"0 — L 2
A(0) = — /M <du ® du — 2(|Vgu] + ul u)g, h>gdug
Lo
=— /M <du ® du — ZAQU g,h>gdug.

]

Remark 4. In [FS2], Fraser and Schoen derived the results in this section with smooth

deformations of metrics.

4.2 The structure of extremal metrics of eigenvalue func-
tionals

In this section, we will explore the relation between the analytic notion of \;-extremal
metric and the geometric notion of \;-minimal metric.
As remark [, we regard )\, as a functional on M; (3) in our maximum problem. From

now on, we will restrict Ay to M;(X%).

Definition 4.2.1. g € M{(M) is called \i-critical (or \p-extremal) if for any volume-

preserving analytic deformation {g;} C M1(X) of g, one has
0 Ak(g¢) x 6 M(ge) <0;
this means that either
Ae(g) < Aelg) + o(t)
or
Ae(g) = Me(g) + o(t)

ast — 0. Namely, g is a locally maximizing or locally minimizing metric of \.
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Theorem 4.2.2 ([E12] theorem 3.1). Let M be a closed smooth manifold and g € My (M).

If g is \p-extremal, then g is \-minimal.

Let S?(M, g) denote the space of L? symmetric (0, 2)-tensor fields on M with respect

to metric g.

Lemma 4.2.3 ([EI2] proposition 3.1). Let g € My(M). If g is Ap-extremal, then, for
all h € S*(M,g) satisfying [y; Trghdp, = 0, there exists u € Ei(g9)\{0} such that

Proof. Let h € S*(M, g) satisfying [,; Tr,hdu, = 0. Consider a volume-preserving an-

alytic deformation of ¢ defined by ¢; = (V(‘;(th)h) )2/m(g 4 th) for small t. From definition

of \;-extremal and theorem H.1.2, the operator Py, ;, admits non-negative and non-positive
eigenvalues on Ej(g). Namely, the quadratic form ()}, admits at least one isotropic direc-

tion. O]

Proof of theorem #.2.3. Let K C S?(M, g) be the convex hull of
Lo
{du ® du — ZAgu g:u€ Ey(g)}

We claim that g € K. Suppose g ¢ K, since K is a convex cone contained in a finite-
dimensional subspace, Hahn-Banach theorem guarantees the existence of h € S?(M, g)

such that

/M <g, h>gdug >0

and

1 2
/M <du ® du — ZAQU g, h>gdpg <0

forall u € Fi(g)\{0}. Let




Then, [}, <g, ho>gd,ug = 0 and, for any u € Ey(g)\{0},

1
Qny(u) = — /M <du ® du — ZAQUQg, h0>gdug

= — /M <du ® du — iAgy?g, h>gdug + mVl(m(/M <g, h>9dﬂg)(/M IVul2dp,)

1 2
g Uiy (o), dmo) ([ Ay

> 0.

This contradicts lemma #.2.3. Therefore, g € K and there exists independent eigenfunc-

tions uy, ..., u, € Ex(g) such that

n

1
g="> (du; ® du; — ZAgufg).

=1

The trace-free part of left hand side is zero. Hence,

n 12
(dui ® du; — Vil g) =0.
i=1 m
The remaining coefficients of g is
n Vul 2 1.
=3 VR S (vl g
=1 M i=1
"m—2 )\k(g) -
S o Ch ] T 2
ZZ::I o |Vu;|* + 5 ;uz
Then
“.m—2 Me(9) &
— |V = 522 2 1. 4.4
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Set f =Y u? — %@. From (4.4), we get

(319u) Mo 14))
(

H

<.
I

—

n

(m—2)A,f = 2(m — 2(
guf)—1)—2( m —2)A(g (;u?‘)

<(g
2

= 2mA(g (zn:u ) - 2)/\k(g)<2u12) —4m

=1 =1

=4Xe(9)f-

Ifm = 2, then f = 0. If m > 2, since the Laplacian has no negative eigenvalues, this also

implies that f = 0. Namely, >, u? = (o Putin (B.4), then we get X", |Vu;|> = m,

it follows that ¢ := (uy,...,u,) : M — S"! is an isometry immersion into sphere and

hence \;-minimal. [l

Remark 5. (i) In[EI2], they even prove that when A\i(g) > Ax—1(g) or Ai(9) < Agr1s

Ag-extremal and \;-minimal are equivalent.

(i1) Although Nadirashvili ([N1]] theorem 5) prove this theorem for 2-dimensional case

earlier, we use the more transparent approach by El Soufi and Ilias.

Now, our discussion goes back to surface T? and eigenvalue functional \;. We want
to classify all \;-extremal metrics on T?. At first, we recall eigenvalue problems on flat
tori. (One can refer to [C] chapter 2 §2.) Let I" be a lattice of rank n, that is, there exists

n linearly independent vectors 74, ..., 7, in R" such that
I' = {Z()éj’)/j‘aj € Z,j = 1,...,71}.
j=1

Then R"/T" determines a flat torus. We usually consider the functions on flat torus to be
complex-valued. The Laplacian will act on complex-valued functions by acting on their
real and imaginary parts separately. One may easily check that the same eigenvalues are

obtained with the same multiplicity as that of real-valued functions. It is well-known that
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eigenfunctions on R”/I" associates with the dual lattice I'* as follows, where
" :={¢ € R"((,7) € Zforall y € I'}.

I'* is also a lattice of rank n. For each ¢ € I'*, we define a complex-valued function v,

on R" given by

uc(z) = exp(2m'<(’, x>)

Then v, is invariant under the action of I' and hence well-defined on R"/I". Moreover, u,

determines an eigenfunction satisfying
Aug + 4% ¢ Pue = 0. (4.5)

Theorem 4.2.4 ([EIl] theorem 2.1). Let g be a metric on T? admitting a full \,-minimal

immersion ¢ : X — S™. Then either:

(i) (T?,g) is isometric to the normalized Clifford torus (T3,,27°gs,), n = 3 and ¢

equals ¢ up to isometry of S?, or

(ii) (T2, g) is isometric to the normalized equilateral torus (T?,, %geq), n =>5and ¢

equals ¢, up to isometry of S°.

Lemma 4.2.5 ([EIl] proposition 2.2). Let 1y,...,nn be N continuous functions on a
domain Q of R™ and assume that the N* functions: 2n;(1 < j < N), n; + n and
nj — (1 < j < k < N) are non-constant and mutually distinct modulo 2. If ¢ =
(D1, ..y Pns1) : Q — S™such that all its components ¢; are in the vector space generated

by {cosn;,sinn;} ., then there is an isometry R of S" such that
Ro¢ = (are, ... a.e™r 0, ...,0)

where r < (n +1)/2, j1,...,jr € {1,...,N} and o, ..., «, are positive constants

satisfying 5_, o = 1. In particular, R(¢(€2)) C S'(aq) x -+ x S'(a,) x {0}.
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We skip the elementary proof of lemma.

Proof of theorem §.2.4. 1t is well-known that for any smooth metric g on T? there exists
(a,b) € R? satisfying 0 < a < $ and v/1 — a2 < b such that (T?, g) is homothetic to flat
torus (T2, := R?*/T(a,b), gup) with T'(a,b) = Z(1,0) @ Z(a,b) ((BGM]). Montiel-Ros’
theorem enables us to restrict our case that metric g is flat. The assumption that g
admits a A\;-minimal isometric immersion into the unit sphere implies that \;(g) = 2.
Since A1 (gap) = 4,)%2 via calculating dual lattice and using (#.5), (T2, g) is isometric to
(T2 b b2 gab) Let E,p := E1(gap) and ¢ : (T2 o b2 gab) — S” be a full \;-minimal

isometric immersion.

* If a® + b* > 1, then dimFE, ;, = 2 and there is no such ¢.

e Ifa®> +b* = 1 and (a,b) # (1/2, \/_/2) then E, ; is generated by cos 7, sinn;,
1 <j <2 withn(z,y) = Z¥ and ny(z,y) = 2n(z — %). From lemma §.2.5,
we have n = 3 and, up to isometry of S3, ¢ has the form ¢ = (a;e™™, ape™) with
oy, a9 > 0and a% + a% = 1. Since ¢ is isometric, we deduce thata = 0, b = 1 and

a1 = ay = \/2/2. Hence, ¢ equals ¢, up to isometry of S3.

o If (a,b) = (1/2,v/3/2), then E,; is generated by cosn;,sinn;, 1 < j < 3,
with mi(z,y) = T2, m(z,y) = 2n(x — %) and ns(z,y) = 2m(z + ). From
lemma #.2.9, we have n = 5 and, up to isometry of S°, ¢ has the form ¢ =
(1€ e, aze™) with ay,an, 3 > 0 and af + a3 + o2 = 1. Since ¢ is
isometric, we deduce that a; = s = a3 = /3 /3. Hence, ¢ equals ¢, up to

isometry of S°.
[

Corollary 4.2.6 ([EL1] corollary 2.1). (T?, g) is \\-minimal if and only if it is homothetic

to (Tzqhgsq) or (szgeq)'

4.3 Sharp upper bound of the first eigenvalue on torus

We will skip the long and difficult proof of existence and regularity theorem.
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Theorem 4.3.1 (Existence and regularity theorem of maximal metric, [N1]). There exists

a metric go on T? so that M\1(go)A(go) = sup  Ai1(g)A(g) and go is smooth.
gEM(T?)

Remark 6. In [N1]], Nadirashvili’s argument relies on coordinates of torus. In a recent
preprint paper [P¢], Petrides proved that on any Riemannian surface, in any given con-
formal class, there always exists a maximizing metric which is smooth except at a finite
set of conical singularities by a more general regularity argument introduced by Fraser
and Schoen [FS3|] concerning the parallel theorem in Steklov eigenvalue problem. With

several modifications, one can get a new proof of the theorem above.

Theorem 4.3.2 ([N1] theorem 1). For any metric g on T?, we have
M(9)A(g) < 87%//3.

Equality holds if and only if g is the flat metric given by the equilateral torus (B.3), up to
homothety.

Proof. From existence theorem §.3.1, there is a maximizing metric ¢ on T? and it is
smooth. We may normalize g such that g € M;(M). Since maximizing metric must
be \i-extremal, theorem implies that g is A;-minimal. The corollary of clas-
sification theorem indicates that only g,, and % geq are candidates. Note that A\ (gs,) =

472 < 35 = X1(Z gey), it follows that g = Zg.,. O

48



Chapter 5

Open problems

* Find the sharp upper bound for \; on surface with genus v > 2. On surface of genus
two, in [JLNP], they conjectured that A\j(2) = 16w. Moreover, there are some
numerical evidences which show that the maximizing metric may occur finitely

many conical singularities.

* Find the sharp upper bound for A\, with £ > 2 on surface with genus v > 1. In [N2],

Nairashvili proved an inequality of A, on S2.

* Yau [[Y2] conjectured that a minimal embedded hypersurface of a Euclidean sphere

endowed with the induced metric must be \;-minimal.
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