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中文ᄔ要

本論文將統整一些在球面、投影實平面以及輪胎面上求得以面積表

示的拉普拉斯算子第一特徵值最優上界之方法。
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Abstract

In this thesis, we will summarize some approaches to obtain sharp upper

bounds of the first nonzero eigenvalues of the Laplacian operators on closed

surfaces, including sphere S2, real projective planeRP2 and torusT2, in terms

of their areas.
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Chapter 1

Introduction

In 1912, H. Weyl [W] proved that given a bounded domainΩ ⊂ Rn with volume V , the k-

th Dirichlet eigenvalue λk and the k-th Neumann eigenvalue µk have asymptotic formulas

as k →∞,

λk, µk ∼ Cn

( k
V

) 2
n

where Cn = (2π)2ω−2/n
n is a universal constant and ωn is the volume of the unit ball in

Rn. In 1961, Polya [Po] gave a famous conjecture that for any finite volume Ω ⊂ Rn and

for any positive integer k,

λk ≥ Cn

( k
V

) 2
n ,

µk ≤ Cn

( k
V

) 2
n .

Moreover, P. Yang and S.-T. Yau [YY] proved that for any compact orientable Riemmanian

surface Σγ of genus γ with area A, we have

λ1 ≤
8π(γ + 1)

A
.
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Also, P. Li and Yau [LY] proved that in the nonorientable case,

λ1 ≤
24π(γ + 1)

A
.

We would like to find geometrical upper bounds for λk of two-dimensional 1 (orientable)

Riemannian surfaces Σγ of genus γ of the form

λk ≤
C(γ)k

Area(Σγ)

whereC(γ) is a constant depending only on γ. This question was raised by Yau in his sur-

vey article [Y1], and then N. Korevaar [K] gave an affirmative result that in the orientable

case,

λk ≤ C
(γ + 1)k
Area(Σγ)

where C is a universal constant.

Another interesting question is: given γ and k, what is the optimal constant? Does

that optimal surface exist? What are the optimal surfaces (metrics)? In the case k = 1,

more precisely, we ask for two quantities as follows. If we fixe an orientable surface Σ of

genus γ, we define

λ∗(γ) = sup{λ1(g)A(g) : g smooth metric on Σ},

and in the case of nonorientable surface, we also define

λ#(γ) = sup{λ1(g)A(g) : g smooth metric on Σ}.

1The analogous upper bound for λ1 of Riemannian manifold of dimension more than two is always
false. Every compact smooth manifold admits a Riemmanian metric of volume one and arbitrary large λ1,
see [CD].
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There are few surfaces for which the optimal metric are known to exist.

• For S2, Hersch proved that λ∗(0) = 8π and the round metric is the unique 2 optimal

metric from 1970.

• For RP2, Li and Yau proved that λ#(0) = 12π and the metric induced by Veronese

minimal embedding of RP2 into S4 is a optimal metric from 1982. Uniqueness is

proven by Montiel and Ros [MR] from 1986.

• For T2, Nadirashvili proved that λ∗(1) = 8π2/
√

3 and the flat metric on equilateral

torus is the unique optimal metric from 1996.

• For Klein bottle K, we have λ#(1) = 12πE(2
√

2/3) where E(·) is the complete

elliptic integral of the second kind and the optimal metric induced by a minimal

immersion of the Klein bottle into S4 is smooth and unique from work of several

authors, see [N1],[JNP],[EGJ].

We also mention a parallel spectral problem for compact Riemannian manifolds with

nonempty boundary here; however, it won’t be discussed in detail in this thesis. Let (M, g)

be a compact n-dimensional Riemannian manifold with boundary ∂M ̸= ∅ and Laplacian

∆g. Given a function u ∈ C∞(∂M), then let ũ be the harmonic extension of u, i.e.


∆gũ = 0 onM

ũ = u on ∂M

Let ν be the outward unit conormal along ∂M . Define the Dirichlet-to-Neumann map

to be the map T : C∞(∂M)→ C∞(∂M) given by

Tu = ∂ũ

∂ν
.

T is a nonnegative self-adjoint operator with discrete spectrum {0 = σ0 < σ1 ≤ σ2 ≤

· · · → ∞}. The eigenvalues in this problem were first discussed in 1902 by Steklov and
2In this question, it always means uniqueness up to homothety. Two surfaces (M1, g1) and (M2, g2) are

homothety if there is a diffeomorphism F : M1 →M2 so that F ∗g2 = cg1 for for some positive constant c.
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are often called Steklov eigenvalues. In [FS1], A. Fraser and R. Schoen proved a coarse

upper bound for a compact surface (Σ, g) of genus γ with l boundary components:

σ1Lg(∂Σ) ≤ 2π(γ + l)

where Lg(∂Σ) is the length of ∂Σ with respect to g. We can also ask for the quantities

σ∗(γ, k) = sup{σ1(g)Lg(∂Σ) : g smooth metric on Σ}

if Σ is orientable, and

σ#(γ, k) = sup{σ1(g)Lg(∂Σ) : g smooth metric on Σ}

if Σ is nonorientable.

The optimal cases are summarized as the following:

• For 2-disk, Weinstock [We] proved that σ∗(0, 1) = 2π and is achieved uniquely (up

to σ-homothety 3) by Euclidean disk from 1954.

• For annulus, Fraser and Schoen [FS3] proved that σ∗(0, 2) ≈ 2π/1.2 and is achieved

uniquely (up to σ-homothety) by the critical catenoid.

• For Möbius band, Fraser and Schoen [FS3] proved that σ#(0, 1) = 2π
√

3 and is

achieved uniquely (up to σ-homothety) by the critical Möbius band.

Notations

Let x0 ∈ Rn+1. We denote (n+ 1)-ball by Bn+1
r (x0) = {x ∈ Rn+1 : |x− x0|2 < r2} and

n-sphere by Sn
r (x0) = ∂Bn+1

r (x0). In particular, x0 = 0 and r = 1, we just denote Bn+1

and Sn, respectively.
3Two surfaces (M1, g1) and (M2, g2) are σ-homothety if there is a conformal diffeomorphismF : M1 →

M2 which is a homothety on the boundary, i.e. F ∗g2 = ρg1 for some positive ρ ∈ C∞(M1) and ρ ≡ c on
∂M1 for some positive constant c.
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Let (Mm, g) be an m-dimensional compact Riemannian manifold without boundary.

In local coordinate (x1, . . . , xm), the metric can be written as g = gijdx
idxj , here we

use Einstein summation convention. Denote gij = (gij)−1 and |g| := det(gij). The

volume ofM with respect to g is V (g) = Vg(M) =
∫

M dµg (if m = 2, we denote A(g)),

where dµg =
√
|g|dx1 . . . dxm is the measure induced by g. Denote the setsM(M) =

{smooth metrics onM} andM1(M) = {g ∈ M(M) : Vg(M) = 1}. The Laplacian

associated with g onM is

∆g = 1√
|g|

∂

∂xi
(
√
|g|gij ∂

∂xj
).

SinceM is compact without boundary, by Green’s identity,∆g is a self-adjoint operator on

Hilbert spaceH2
1(M) = C∞(M) endowed with the norm |u|2g =

∫
M u2dµg +

∫
M |∇u|2dµg

where u ∈ C∞(M). By spectrum theory, there are a unbounded increasing sequence of

nonnegative numbers (counted with multiplicity)

{0 = λ0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · → ∞}

satisfying the equation ∆guk + λkuk = 0 for some nontrivial functions uk ∈ H2
1(M),

which are called eigenvalues of ∆g. Moreover, the set of eigenfunctions {uk}∞
k=1 forms

an orthogonal basis ofH2
1(M). Let u ∈ H2

1(M). Denote the Dirichlet integral of u by

D(u) = Dg(u) =
∫

M
|∇gu|2dµg

where ∇g denotes the gradient operator with respect to g and |∇gu|2 = g(∇gu,∇gu).

Also, denote the Rayleigh quotient of u by

R(u) = Rg(u) = Dg(u)/
∫

M
u2dµg.

5



We can also realize eigenvalues through Courant max-min principle:

λk = sup
V ∈Gk

inf
u∈H2

1(M)
{R(u)

∣∣∣ ∫
M
uv dµg = 0, ∀v ∈ V }

where Gk is the set of k-dimensional subspaces of H2
1(M) containing constant functions.

In particular,

λ1 = inf
u∈H2

1(M)
{R(u)

∣∣∣u ∈ C∞(M),
∫

M
u dµg = 0}.

(One can refer to [C] and [SY] for more details.)
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Chapter 2

Sharp upper bound on S2

In section 2.1, we try to understand a type of conformal automorphisms on S2. In section

2.2, we prove balancing proposition that one can use these automorphisms to balance

coordinate functions on S2 so that their integrations on S2 are all zero. Then, we use

balancing proposition and max-min principle to prove Hersch’s theorem.

2.1 Conformal automorphisms on sphere

Firstly, we summarize several formulas involving conformal transformations. Secondly,

we will try to understand a type of conformal automorphisms on sphere, which is a key to

prove Hersch’s theorem, and is also used in proving theorems in [LY] and [MR]. Thirdly,

we summarize several formulations of these conformal automorphisms and their behav-

iors.

Definition 2.1.1. Let (M, g) and (N, h) be Riemannian manifolds. A differentiable map

f : M −→ N is called conformal (isometric, resp.) if f ∗h = ρg for some positive

function ρ ∈ C∞(M) (f ∗h = g, resp.). The set of conformal diffeomorphisms (isometric

diffeomorphism) ofM onto N will be denoted by Conf(M,N) (Isom(M,n), resp.). If

N = M , the group of conformal (isometric, resp.) automorphisms of M is denoted

by Conf(M) (Isom(M), resp.). A conformal class (or conformal structure) onM can

be represented by a metric g on M, and we denote the class by [g] := {g′ = ρg : ρ ∈

C∞(M), ρ > 0}.
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When conformal transformation of metric is concerned, the formulas in the followings

are useful. Let g be a smooth metric onMm and let ρ ∈ C∞(M) and ρ > 0 onM . Then

∆ρg = ρ−1∆g + (m
2
− 1)ρ−2∇g(ρ).

In particular,M is of dimension two, i.e. m = 2, then

∆ρg = ρ−1∆g. (2.1)

If ρ ≡ c for some constant c > 0 (without dimensional assumption onM ),

λk(cg) = 1
c
λk(g).

We also have the relation

dµρg = ρm/2dµg (2.2)

and for every u ∈ H2
1(M)

|∇ρgu|2 = ρ−1|∇gu|2. (2.3)

Remark 1. In the case that Σ is a compact surface, Dirichlet integral is a conformal in-

variant. Although λ1(g) is not invariant under homothety, λ1(g)A(g) is invariant under

homothety. We may normalized g so that A(g) = 1, then our main question becomes

asking for sup{λ1(g)
∣∣∣g ∈M1(Σ)}.

Lemma 2.1.2. Let ϕ : (Mm, g) → (N, g0) ⊂ Rn be a conformal immersion, where g0

is induced from Euclidean space. Set ϕ∗g0 = ρg for some positive function ρ ∈ C∞(M).

Then

|∇ϕ|2 :=
n∑

j=1
|∇(Xj ◦ ϕ)|2 = mρ
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where X = (X1, · · · , Xn) : N ↩→ Rn is the inclusion map. In particular, if ϕ is an

isometric immersion, then

|∇ϕ|2 = m.

Proof. Let p ∈M and {E1, · · · , Em} be an orthonormal basis of TpM .

|∇ϕ|2(p) =
n∑

j=1
|∇(Xj ◦ ϕ)|2(p) =

n∑
j=1

g
(
∇(Xj ◦ ϕ),∇(Xj ◦ ϕ)

)
(p)

=
n∑

j=1

m∑
i=1

(
Ei(Xj ◦ ϕ)

)2
(p)

=
m∑

i=1

n∑
j=1

(
(ϕ∗Ei)Xj

)2
(p)

=
m∑
i

g0
(
ϕ∗Ei, ϕ∗Ei

)
(p)

=
m∑
i

(ϕ∗g0)(Ei, Ei)(p)

= ρ(p)
m∑
i

g(Ei, Ei)(p)

= mρ(p).

From now on, ⟨x, y⟩ denotes the standard inner product of Rn and |x|2 = ⟨x, x⟩ for

every x, y ∈ Rn. Recall that given anyA ∈ Sn, we can define the stereographic projection

with respect to A

πA : Sn\{A} −→ AN := {y ∈ Rn+1 : ⟨A, y⟩ = 0} ∼= Rn

given by

πA(x) = 1
1− ⟨A, x⟩

(
x−

⟨
A, x

⟩
A
)
, (2.4)
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and its differential map at x ∈ Sn\{A} is

dπA|x(v) = 1
1− ⟨A, x⟩

(
v + ⟨A, x⟩πA(x)−

⟨
A, x

⟩
A
)

(2.5)

where v ∈ TxSn. The inverse map

π−1
A : AN −→ Sn\{A}

is given by

π−1
A (y) = 2y + (|y|2 − 1)A

1 + |y|2
. (2.6)

It is well-known that stereographic projections are conformal maps. Through stereo-

graphic maps, we can regard Sn as the one-point compactification Rn ∪ {∞} of Rn en-

dowed with the same conformal structure.

At first, we quote a classification theorem of conformal automorphisms, which can be

by proven by complex analysis for n = 2 and is due to Liouville for the case n ≥ 3.

Definition 2.1.3. Let x0 ∈ Rn+1 and r > 0. We call the map

ix0,r(x) = r2 x− x0

|x− x0|2
+ x0

an inversion with respect to the sphere Sn
r (x0).

Proposition 2.1.4 ([BP] theorem A.3.4 & A.3.7). Let n ≥ 2. Every conformal diffeomor-

phism φ between two domains of Rn has the form

φ(x) = αAi(x) + b

where α > 0, A ∈ O(n), i is either the identity or an inversion and b ∈ Rn.

Corollary 2.1.5 ([BP] corollary A.3.8 & A.3.9). (1) By thinking of Sn as Rn ∪ {∞},
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Conf(Sn) consists of all and only the mappings of the form

φ(x) = αAi(x) + b

where α > 0, A ∈ O(n), i is either the identity or an inversion and b ∈ Rn.

(2) Conf(Bn) consists of all and only the mappings of the form

φ(x) = Ai(x)

where A ∈ O(n), i is either the identity or an inversion with respect to a sphere

orthogonal to Sn.

We have another interpretation of Conf(Bn).

Proposition 2.1.6 ([BP] theorem A.4.1). Isom(Bn) = Conf(Bn), where Bn is endowed

with hyperbolic metric 4(1 − |x|2)−2δijdx
idxj . In particular, the group operates transi-

tively on Bn.

Nowwe list four formulations of certain conformal automorphisms of Sn in literatures.

(1) ([LY]) Let a be a point in Bn+1 and A = a/|a|. At each point on Sn, we assign

a vector VA(x) to be the projection of A onto tangent plane TxSn, more precisely,

VA(x) = A− ⟨A, x⟩. The vector field can be extended on Bn+1 by solving

LVA
(δijdx

idxj) = ρ δijdx
idxj

for some positive smooth function ρ on M , where LVA
is the Lie derivative with

respect to VA. Remark that by taking trace or using proposition 2.1.6, it is equivalent

to solve

LVA
( 4δij

(1− |x|2)2dx
idxj) = 0.

The conformal vector field generates a one-parameter group of conformal diffeo-

morphisms {φ(t)
a } ⊂ Conf(Bn+1) of Bn+1. There is a unique T ≥ 0 so that
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φ(T )
a (0) = a. Then we denote φ(T )

a simply by φa.

(2) ([LY]) A homothety of Rn = Sn\{A}, more precisely, π−1
A ◦ α ◦ πA(x) for some

α > 0.

(3) ([MR]) Define Ψa ∈ Conf(Sn) given by

Ψa(x) =
x+ (µ

⟨
a, x

⟩
+ λ)a

λ(
⟨
a, x

⟩
+ 1)

where λ = (1− |a|2)− 1
2 , µ = (λ− 1)|a|−2.

(4) ([SY]) Define Φa ∈ Conf(Bn+1) given by

Φa(x) =
(1− |a|2)x+ (1 + 2

⟨
a, x

⟩
+ |x|2)a

1 + 2
⟨
a, x

⟩
+ |a|2|x|2

.

We verify below that these formulations are equivalent.

(1)⇔ (2)

The pushforward of VA(x) by dπA is

dπA

(
VA(x)

)
= 1

1− ⟨A, x⟩
{
(
A−

⟨
A, x

⟩
x
)

+
(
1− ⟨A, x⟩2

)
πA(x)−

(
1− ⟨A, x⟩2

)
A}

=
(
1 + ⟨A, x⟩

)
πA(x)− ⟨A, x⟩

1− ⟨A, x⟩
{x−

⟨
A, x

⟩
A}

=
(
1 +

⟨
A, x

⟩)
πA(x)− ⟨A, x⟩πA(x)

= πA(x)

according to (2.4) and (2.5). Hence, φ(t)
a (x)

∣∣∣
Sn

= π−1
A ◦ et ◦ πA(x).

(2)⇔ (3)

By (2.4) and (2.6),

π−1
A ◦ α ◦ πA(x) = π−1

A

( α

1−
⟨
A, x

⟩(x−
⟨
A, x

⟩
A)
)

=
2αx+ {α2(1 +

⟨
A, x

⟩
)− 2α

⟨
A, x

⟩
+ (

⟨
A, x

⟩
− 1)}A

α2(1 +
⟨
A, x

⟩
) + (1−

⟨
A, x

⟩
)

.
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Choose α =
√

1 + |a|
1− |a|

= 1 + |a|√
1− |a|2

= λ(1 + |a|) such that π−1
A ◦ α ◦ πA(0) = a. Then

the denominator of π−1
A ◦ α ◦ πA(x) is

1 + |a|
1− |a|

(1 +

⟨
a, x

⟩
|a|

) + (1−

⟨
a, x

⟩
|a|

)

= 1
1− |a|

{(1 +

⟨
a, x

⟩
|a|

+ |a|+
⟨
a, x

⟩
) + (1−

⟨
a, x

⟩
|a|

− |a|+
⟨
a, x

⟩
)}

= 2
1− |a|

(1 +
⟨
a, x

⟩
)

= 2
1− |a|2

(1 + |a|)(1 +
⟨
a, x

⟩
)

= 2λ2(1 + |a|)(1 +
⟨
a, x

⟩
)

and the numerator is

2λ(1 + |a|)x+ {1 + |a|
1− |a|

(1 +

⟨
a, x

⟩
|a|

)− 2λ(1 + |a|)

⟨
a, x

⟩
|a|

+ (

⟨
a, x

⟩
|a|

− 1)} a
|a|

= 2λ(1 + |a|)x

+ { 1
1− |a|

(
(1 +

⟨
a, x

⟩
|a|

+ |a|+
⟨
a, x

⟩
)− (1−

⟨
a, x

⟩
|a|

− |a|+
⟨
a, x

⟩
)
)
− 2λ(1 + |a|)

⟨
a, x

⟩
|a|
} a
|a|

= 2λ(1 + |a|)x+ { 1
1− |a|

(1 +

⟨
a, x

⟩
|a|2

)− 2λ(1 + |a|)

⟨
a, x

⟩
|a|2

}a

= 2λ(1 + |a|)
{
x+

(
λ(1 +

⟨
a, x

⟩
|a|2

)−

⟨
a, x

⟩
|a|2

)
a
}
.

Thus, we have

π−1
A ◦

√√√√1 + |a|
1− |a|

◦ πA(x) = Ψa(x).

(3)⇔ (4)

By direction calculation, one can show that Ψβa(x) = Φa(x) where β = 2
1 + |a|2

for any
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a ∈ Bn+1. Use the relation between (2) and (3), we obtain

Φa(x) = Ψβa(x)

= π−1
A ◦

√√√√1 + |βa|
1− |βa|

◦ πA(x)

= π−1
A ◦

√√√√1 + |a|2 + 2|a|
1 + |a|2 − 2|a|

◦ πA(x)

= π−1
A ◦

1 + |a|
1− |a|

◦ πA(x)

= Ψ2
a(x)

Since the map in (2) is obvious conformal on Sn, it follows that the maps in other for-

mulations are all conformal.

From the map in (3) or (4), one can assign continuously a conformal map for every

point a ∈ Bn+1. In fact, one can show that

Conf(Sn)/SO(n+ 1) ∼= Bn+1, (2.7)

where SO(n+ 1) = Isom(Sn).

We also verify below that the explicit form of the map in (1) is that in (4). Notice that

the extended conformal automorphism on Bn+1 in (1) is NOT the map in (3). Although

Ψa(0) = a, it is not conformal on Bn+1. The PDE in (1) is not easy to solved. We

try another way to construct the map in (4) so that Φa(x) ∈ Conf(Bn+1) and Φa(0) =

a. Observe that Φa in formulation (2) is a homothety of Rn = Sn\{A} and Φ−a is a

homothety ofRn = Sn\{−A}with the same dilation factor, it follows thatΦa = (Φ−a)−1.

Hence the condition Φa(0) = a is equivalent to Φa(−a) = (Φ−a)−1(−a) = 0.

Now, our goal is to construct a conformal automorphism of Rn+1 ∪ {∞} which maps

Bn+1 onto itself andmaps−a to 0. At first, we know that the inversions have the following

properties.

Proposition 2.1.7 ([BP] proposition A.3.1). (1) ix0,r|Sn
r (x0) = id.

14



(2) Let i = ix0,r. H denotes a hyperplane and S, S ′ denote spheres.

(i) x0 ∈ H i←→ H(itself) ∋ x0.

(ii) x0 ̸∈ H i←→ S ∋ x0.

(iii) x0 ̸∈ S
i←→ S ′ ̸∋ x0.

Let v ∈ Rn+1 and r > 0 to be determined. Consider the map

i0,1 ◦ Tv ◦ i−a,r

which map−a to 0, where Tv(x) = x+ v is the translation map. By proposition 2.1.7 (2)

(iii), i−a,r(Sn) is a sphere away from−a. Wewant Tv◦i−a,r(Sn) = Sn so that i0,1◦Tv◦i−a,r

maps Bn+1 onto itself. It requires that i−a,r(Sn) is a sphere of radius 1 and we can solve

r =
√

1− |a|2. Since i−a,
√

1−|a|2(Sn) = Sn
1 (−2a), we take v = 2a. Finally, we write

explicitly Φa(x) = i0,1 ◦ T2a ◦ i−a,
√

1−|a|2(x).

The map Φa(x) in (4) satisfies the following property:

Lemma 2.1.8. Let a ∈ Bn+1. If x ∈ Bn+1\Bn+1√
1−|a|2

(−a). Then

|Φa(x)− x|2 < 1− |a|2.

Proof. By definition,

|Φa(x)− x|2 =
(1− |a|2)2

∣∣∣x+ |x|2a
∣∣∣2

(1 + 2
⟨
a, x

⟩
+ |a|2|x|2)2

= (1− |a|2)2|x|2

(1 + 2
⟨
a, x

⟩
+ |a|2|x|2)

(2.8)

Since (1 + 2
⟨
a, x

⟩
+ |a|2|x|2)− |x+ a|2 = (1− |a|2)(1− |x|2) ≥ 0, we have

1 + 2
⟨
a, x

⟩
+ |a|2|x|2 ≥ |x+ a|2 > 1− |a|2. (2.9)

15



Hence, by (2.8), (2.9) and |x|2 ≤ 1,

|Φa(x)− x|2 < 1− |a|2.

2.2 Hersch’s theorem

In the following, we will prove balancing proposition, which is an important technique

to find an immersion whose coordinate functions consisting of test functions for the first

eigenvalue.

Proposition 2.2.1 ([S]). Let µ be a probability measure on Bn, i.e. µ(Bn) = 1. Assume

µ has no point mass on ∂Bn. Then there exists a ∈ Bn such that

∫
Bn

Φa(x) dµ(x) = 0.

Proof. Define F : Bn −→ Bn by F (a) =
∫

Bn Φa(x) dµ(x). At first, we claim that

∀ε > 0, ∃δ > 0 so that |F (a)− a| < ε if r(a) :=
√

1− |a|2 < δ.

Given ε > 0. Since there is no point mass on ∂Bn, there exists δ1 > 0 such that for

every z ∈ ∂Bn, µ(Bn ∩ Bn
δ1(z)) < ε/3. For every a ∈ Bn with r = r(a) < δ :=

max{δ1/2, ε/3}, since for every x ∈ Bn
r (−a),

∣∣∣x+ a/|a|
∣∣∣2 ≤ ∣∣∣x+ a

∣∣∣2 +
∣∣∣− a+ a/|a|

∣∣∣2 ≤ r + 1− |a| ≤ 2r ≤ δ1,

16



then we have Bn
r (−a) ⊂ Bn

δ1(−a/|a|). By lemma 2.1.8 and the above observation,

|F (a)− a| =
∣∣∣ ∫

Bn
Φa(x)dµ(x)− a

∣∣∣
≤
∫

Bn
|Φa(x)− a| dµ(x)

≤
∫

Bn\Bn
r (−a)

|Φa(x)− a| dµ(x) +
∫

Bn∩Bn
r (−a)

|Φa(x)− a| dµ(x)

<
∫

Bn\Bn
r (−a)

r dµ(x) +
∫

Bn∩Bn
δ1

(−a/|a|)
(|Φa(x)|+ |a|)dµ(x)

<
ε

3
+ 2ε

3
< ε.

This implies that F can be extended continuously onto Bn with F
∣∣∣
∂Bn

= id∂Bn . By

degree theory argument, F is surjective and hence F−1(0) is not empty.

We quote here a well-known theorem on Riemann surfaces.

Proposition 2.2.2 (Uniformization theorem). LetΣ be a oriented surface and g be ametric

on Σ, then there is exact (except S2) one g̃ ∈ [g] so that

K(g̃) =


1, χ(Σ) > 0

0, χ(Σ) = 0

−1, χ(Σ) < 0

whereK is Gaussian curvature and χ is Euler characteristic.

Now, we can start the proof of Hersch’s theorem.

Theorem 2.2.3 ([S]). For (S2, g), we have

λ1(g)A(g) ≤ 8π.

Equality holds if and only if g is the standard metric, up to homothety.

Proof. By uniformization theorem, there is a conformal diffeomorphism ϕ : (S2, g) →

(S2, g0) ⊂ R3, where g0 is the standard Euclidean metric. Define a probability measure µ

17



on B3 by

µ = ϕ∗(Ag)/Ag(S2)

where ϕ∗(Ag) is the pushforward measure defined by
(
ϕ∗(Ag)

)
(V ) = Ag

(
ϕ−1(V )

)
for

any measurable subset V ⊂ B3. By balancing proposition 2.2.1, there is a ∈ B3 such that

0 =
∫

B3 Φa(x) dµ(x) = 1
Ag(S2)

∫
S2

Φa ◦ ϕ dµg.

Set ψ = Φa ◦ ϕ which satisfies

∫
Σ
Xj ◦ ψ dµg = 0

for j = 1, 2, 3, where Xj’s are coordinate functions. Take Xj ◦ ψ’s as test functions in

Courant max-min principle and then sum over j, we have

3∑
j=1

λ1(g)
∫
S2

(Xj ◦ ψ)2 dµg ≤
3∑

j=1

∫
S2
|∇(Xj ◦ ψ)|2 dµg =

∫
S2
|∇ψ|2 dµg.

Set ψ∗g0 = ρg where ρ ∈ C∞(S2) is positive. Since the image of ψ lies in S2, by (2.2) and

lemma 2.1.2,

λ1(g)A(g) = λ1(g)
∫
S2
dµg ≤

∫
S2
|∇ψ|2 dµg =

∫
S2

2ρ (ρ−1ψ∗dµ0) = 8π.

When the equality holds,Xj◦ψ’s are all eigenfunctions. Namely,∆ψ = −λ1ψ. It follows

that

0 = 1
2

∆|ψ|2 = ψ ·∆ψ + |∇ψ|2 = −λ1ψ
2 + |∇ψ|2 = −λ1 + |∇ψ|2.

Hence, ψ∗g0 = ρg = 1
2 |∇ψ|

2g = 1
2λ1g.
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Chapter 3

Sharp upper bound on RP2

In section 3.1, we recall the definition of minimal immersions in manifolds and find a con-

nection between eigenfunction vectors and minimal immersions into spheres. In section

3.2, we define conformal area and then we prove Li-Yau’s theorem that conformal area

provides a sharp inequality of λ1 by using Hersch’s trick. Also, we prove that when the

isometric immersion of a given surface is minimal, its conformal area is exactly area of the

surface. In section 3.3, we define λ1-minimal surfaces, which is found when the equality

in Li-Yau’s sharp inequality holds. Then we prove a rigidity theorem of λ1-minimal sur-

faces due to Montiel and Ros. Finally, we use Li-Yau’s sharp inequality, computation of

conformal area to find sharp upper bound of λ1 on RP2 in terms of its area. Also, we use

Montiel-Ros’ rigidity theorem to prove uniqueness of the optimal metric.

3.1 Minimal immersions into sphere

In this section, we summarize some results in Chap.1 §2, §3, §4 of [L] and give several

important examples of minimal immersion into sphere.

Let ϕ : Mm ↩→ M
n be an immersed m-dimensional manifold in an ambient n-

dimensional manifold. Let g be a metric onM . For any p ∈M ⊂M , we have orthogonal

splitting

TpM = TpM ⊕NpM
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into the tangent and normal space ofM at p, respectively. For anyX ∈ TpM ,XT denotes

the tangent part andXN denotes the normal part ofX . Let∇ be the Levi-Civita connection

onM . For any vector Xp and vector field Y around p, the Levi-Civita connection onM

is given by

∇XY (p) = (∇XY )T (p).

We can also define the normal part

B(X,Y )(p) = (∇XY )N(p).

Note that

B(X, Y ) = (∇XY )N = (∇YX + [X,Y ])N = (∇YX)N = B(Y,X).

Hence,B(X,Y ) depends only onXp and Yp andB is a C∞-section of the bundle T ∗(M)⊗

T ∗(M)⊗N(M) called the second fundamental form ofM inM . At every point p ∈M ,

B is a symmetric bilinear map of TpM into NpM . We can define the mean curvature

vector field by

Hp = 1
m

Trg(Bp).

Locally, if E1, . . . , Em are an orthonormal basis of TpM , then

Hp = 1
m

m∑
i=1

(∇Ei
Ei)N(p).

If H ≡ 0 on M , then we call ϕ to be a minimal immersion and M to be a minimal

submanifold.

Proposition 3.1.1 ([L] proposition 8). Let ϕ : Mm −→ Rn be an isometric immersion
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and let H be the mean curvature vector field of ϕ. Then

∆ϕ = mH

where denote ∆ϕ := (∆ϕ1, · · · ,∆ϕn).

Proof. Let p ∈ M and choose an orthonormal basis {Ei}m
i=1 of TpM . Then for each

i, Eiϕ = Ei (actually = ϕ∗Ei) and EiEiϕ = ∇Ei
Ei where ∇ denotes the Euclidean

connection. Hence,

∆ϕ =
∑

i

{EiEiϕ− (∇Ei
Ei)ϕ} =

∑
i

{∇Ei
Ei −∇Ei

Ei}

=
∑

i

{∇Ei
Ei}N = mH.

Lemma 3.1.2 ([L], p.15). Let M ⊂ Rn be an embedded submanifold. If ϕ : Mm −→

M ⊂ Rn is an immersion with mean curvature vector fields H inM and H in Rn. Then

mH = (mH)T = (∆ϕ)T .

Proof. Since

H =
∑

i

(∇Ei
Ei)N =

∑
i

((∇Ei
Ei)T )N = (

∑
i

(∇Ei
Ei)N)T = (H)T

where ∇, ∇ are the connections onM and Rn, respectively. Then, the result follows the

previous proposition.

Now, we setM = Sn.

Proposition 3.1.3 ([L] proposition 12). LetMm be a Riemannianmanifold with dimension

m and let ϕ : M −→ Sn be an isometric immersion. Then ϕ is minimal if and only if

∆ϕ = −mϕ.
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Proof. By lemma 3.1.2 ϕ is minimal if and only if∆ϕ(p) is parallel to the normal direction

of sphere at ϕ(p) for every p ∈ M , i.e. ∆ϕ(p) = λ(p)ϕ(p), for every p ∈ M . Since

|ϕ|2 = 1, we have

0 = 1
2

∆|ϕ|2 = ⟨ϕ,∆ϕ⟩+ |∇ϕ|2 = λ|ϕ|2 + |∇ϕ|2 = λ+ |∇ϕ|2.

Hence, by lemma 2.3

λ = −|∇ϕ|2 = −m.

As an immediate consequence, we have a more general proposition.

Proposition 3.1.4 (by Takahashi, [L] proposition 13). LetMm be a Riemannian manifold

with dimensionm and let ϕ : M −→ Rn+1 be an isometric immersion such that

∆ϕ = −λϕ

for some constant λ ̸= 0. Then we have the following:

1. λ > 0.

2. ϕ(M) ⊂ Sn(r) where r2 = m
λ
.

3. The immersion ϕ : M −→ Sn(r) is minimal.

Remark 2. The proposition above plays an important role as a connection betweenminimal

immersions into spheres and eigenfunction vectors of Laplacian.

Example 1. (Veronese surface) The immersion

ϕv : S2 −→ S4
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given by

ϕv(x, y, z) =
(√

3xy,
√

3xz,
√

3yz,
√

3
2

(x2 − y2), 1
2

(x2 + y2 − 2z2)
)

(3.1)

provides a minimal embedding of RP2 with curvature 1 into S4, and it is called Veronese

embedding. The area of ϕve(RP2) is 6π.

Example 2. (Clifford torus) The immersion

ϕcl : R2 −→ S1( 1√
2

)× S1( 1√
2

) ⊂ S3

given by

ϕcl(x, y) = 1√
2

(
e2πix, e2πiy

)
(3.2)

provides a minimal embedding of Clifford torus T2
sq := R2

/
Γsq with normalized flat

metric, whose λ1 = 2, into S3, where the lattice Γsq := Z(1, 0) ⊕ Z(0, 1). The area of

ϕcl(T2
sq) is 2π2.

Example 3. (Equilateral torus) The immersion

ϕeq : R2 −→ S1( 1√
3

)× S1( 1√
3

)× S1( 1√
3

) ⊂ S5

given by

ϕeq(x, y) = 1√
3

(
e

4πiy√
3 , e

2πi(x− y√
3

)
, e

2πi(x+ y√
3

)
)

(3.3)

provides a minimal embedding of equilateral torus T2
eq := R2

/
Γeq with normalized flat

metric, whose λ1 = 2, into S5, where the lattice Γeq := Z(1, 0) ⊕ Z(1
2 ,

√
3

2 ). The area of

ϕeq(T2
eq) is 4π2/

√
3 (greater than the area of Clifford torus).
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3.2 Conformal area

Definition 3.2.1. Let Σ be a compact surface which admits a conformal map ϕ into n-

dimensional sphere Sn. Let g be the metric on Σ and g0 be the standard metric on Sn.

Define the n-dimensional area of ϕ by

Ac(n, ϕ) := sup
σ∈Conf(Sn)

∫
Σ
(σ ◦ ϕ)∗dµg0

= sup
σ∈Conf(Sn)

1
2

∫
Σ
|∇(σ ◦ ϕ)|2dµg.

The n-conformal area of Σ is then defined to be

Ac(n,Σ) := inf
ϕ
Ac(n, ϕ)

where ϕ run through all conformal maps into sphere.

Theorem 3.2.2 ([LY] theorem 1). Let Σ be a compact surface with metric g. Then

λ1(g)A(g) ≤ 2Ac(n,Σ) (3.4)

for all n where Ac(n,Σ) is defined. Equality holds if and only if Σ is a minimal surface

of Sn given by an isometric immersion whose coordinate functions consist of first eigen-

functions.

Proof. Given ε > 0. Let ϕ : Σ→ Sn be a conformal map so that

Ac(n, ϕ) ≤ Ac(n,Σ) + ε.

By Hersch’s trick, there is a ∈ Bn+1 such that

∫
Σ

Φa ◦ ϕ dµg = 0.
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Apply max-min principle on Xj ◦ Φa ◦ ϕ, for j = 1, . . . , n+ 1, then we have

λ1(g)A(g) = λ1(g)
∫

Σ
|Φa ◦ ϕ|2 dµg = λ1(g)

n+1∑
j=1

∫
Σ
(Xj ◦ Φa ◦ ϕ)2 dµg

≤
n+1∑
j=1

∫
Σ
|∇(Xj ◦ Φa ◦ ϕ)|2 dµg =

∫
Σ
|∇(Φa ◦ ϕ)|2 dµg.

By definitions of conformal area,

∫
Σ
|∇(Φa ◦ ϕ)|2 dµg ≤ 2Ac(n, ϕ) ≤ 2(Ac(n,Σ) + ε).

Therefore,

λ1(g)A(g) ≤ 2(Ac(n,Σ) + ε).

Inequality (3.4) follows by letting ε→ 0.

Now, we assume the equality of (3.4) holds. Since both sides of (3.4) is invariant under

homothety, we may assume

λ1(g) = 2, (3.5)

hence

Ac(n,Σ) = A(g). (3.6)

Let ϕk : Σ→ Sn be a sequence of conformal maps such that

lim
k→∞

Ac(n, ϕk) = Ac(n,Σ). (3.7)
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Since for any k and φ ∈ Conf(Sn)

Ac(n, φ ◦ ϕk) = sup
σ∈Conf(Sn)

∫
Σ
(σ ◦ φ ◦ ϕk)∗dµg0

= sup
τ∈Conf(Sn)

∫
Σ
(τ ◦ ϕk)∗dµg0

= Ac(n, ϕk),

we may also assume, for every k,

∫
Σ
ϕk dµg = 0.

Therefore, for each k,

2A(g) = 2
∫

Σ
|ϕk|2 dµg ≤

∫
Σ
|∇ϕk|2 dµg ≤ 2Ac(n, ϕk). (3.8)

Letting k →∞, (3.6) and (3.7) implies that

lim
k→∞

Ac(n, ϕk) = Ac(n,Σ) = A(g), (3.9)

then {ϕk}∞
k=1 ⊂ H2

1(Σ,Sn) is a bounded sequence. It’s well-known that the embedding

H2
1(Σ,Sn) ⊂ L2(Σ, Sn) is compact. Hence, up to subsequence, there is a function ψ ∈

L2(Σ, Sn) so that as k →∞


ϕk ⇀ ψ inH2

1(Σ,Sn),

ϕk → ψ in L2(Σ,Sn).

It’s clear that

|ψ|2 ≡ 1, (3.10)
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almost everywhere, and by (3.8) and (3.9)

∫
Σ
|∇ψ|2 dµg = lim

k→∞

∫
Σ
|∇ϕk|2 dµg = 2A(g). (3.11)

It follows that ϕk → ψ strongly inH2
1(Σ,Sn). From (3.10) and (3.11),

∫
Σ
|∇ψ|2 dµg = λ1(g)

∫
Σ
|ψ|2 dµg,

hence Xj ◦ ψ’s are eigenfunction associated with λ1(g). In particular, ψ is a smooth

conformal map from Σ to Sn. Taking Laplacian on |ψ|2, we have

|∇ψ|2 = λ1(g) = 2.

By lemma 2.1.2, ψ is an isometry and then it follows proposition 3.1.3 that ψ is minimal.

LetMm be a smooth manifold. Let T, S be tensors of (p, q)-type. Let
⟨
T, S

⟩
g
denote

the pointwise inner product induced by g on (p, q)-tensor and |T |2g :=
⟨
T, T

⟩
g
denote the

tensor norm.

Lemma 3.2.3. Let Σ ↩→Mm be a compact immersed surface with metric g. Then

B̊, |B̊|2gdµg

are invariant under conformal transformation ofM , where B̊ := B−Hg is the trace-free

second fundamental form.

Proof. Let g̃ = ρg for some positive smooth function ρ on Σ. In local coordinate, we

require ∂
∂x1 ,

∂
∂x2 tangent to Σ and ∂

∂x3 , . . . ,
∂

∂xm normal to Σ. We shall use the following

ranges of indices:

1 ≤ i, j, k, . . . ≤ 2; 3 ≤ α, β, γ, . . . ≤ m.
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For metric g̃, by definition,

B̃ = Γ̃α
ijdx

i ⊗ dxj ⊗ ∂

∂xα

where Γ̃α
ij is the Christoffel symbols. We have

Γ̃α
ij = 1

2
g̃αk

( ∂

∂xi
g̃kj + ∂

∂xj
g̃ik −

∂

∂xk
g̃ij

)
= 1

2
gαk

( ∂

∂xi
gkj + ∂

∂xj
gik −

∂

∂xk
gij

)
+ 1

2
ρ−1gαk

( ∂ρ
∂xi

gkj + ∂ρ

∂xj
gik −

∂ρ

∂xk
gij

)
= Γα

ij −
1
2
gαk ∂ log ρ

∂xk
gij.

Then

B̃ = B − 1
2

(∇ log ρ)Ng.

It follows that

H̃ = 1
2

Trg̃B̃

= 1
2
ρ−1Trg(B − 1

2
(∇ log ρ)Ng)

= ρ−1(H − 1
2

(∇ log ρ)N).

Therefore,

B̃ − H̃g̃ = (B − 1
2

(∇ log ρ)Ng)− ρ−1(H − 1
2

(∇ log ρ)N)ρg = B −Hg.

Together with (2.2), we get

|B̃ − H̃g̃|2g̃dµg̃ = |B −Hg|2gdµg.
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Proposition 3.2.4 ([LY] proposition 1). Let Σ be a compact minimal surface with metric

g of Sn given by the isometric immersion ϕ : Σ −→ Sn. Then

Ac(n, ϕ) = A(Σ).

Proof. Let π be a stereographic projection intoRn. Then composition π◦ϕ is a conformal

mapping of Σ into Rn. B̂, Ĥ and ĝ denote the second fundamental form, mean curvature

vector and metric of π ◦ ϕ(Σ) in Rn. On the other hand, given any σ ∈ Conf(Sn),

composition σ ◦ ϕ is a conformal mapping of Σ into Sn. B, H and g denote the second

fundamental form, mean curvature vector and metric of σ ◦ ϕ(Σ) in Sn. By lemma 3.2.3,

∫
Σ
|B̂ − Ĥĝ|2dµĝ =

∫
Σ
|B −Hg|dµg.

Since |B̂ − Ĥĝ|2 = |B̂|2 − 2|Ĥ|2 and σ ◦ ϕ(Σ) is similar,

∫
Σ
(|B̂|2 − 2|Ĥ|2)dµĝ =

∫
Σ
(|B|2 − 2|H|2)dµg. (3.12)

By Gauss equation, for the Gauss curvature K̂ of π ◦ ϕ(Σ) we have

K̂ = 1
2

(4|Ĥ|2 − |B̂|2).

Also, for the Gauss curvature K of σ ◦ ϕ(Σ) we have

K = 1 + 1
2

(4|H|2 − |B|2).

Then (3.12) becomes

∫
Σ
(2|Ĥ|2 − 2K̂)dµĝ =

∫
Σ
(2|H|2 − 2K + 2)dµg.
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It follows Gauss-Bonnet theorem that

∫
Σ
|Ĥ|2dµĝ =

∫
Σ
|H|2dµg + A(σ ◦ ϕ(Σ)). (3.13)

Note that the left hand side is independent of σ, hence it is invariant under Conf(Sn).

From the assumption that ϕ is minimal,

A(ϕ(Σ)) =
∫

Σ
|Ĥ|2dµĝ

=
∫

Σ
|H|2dµg + A(σ ◦ ϕ(Σ))

≥ A(σ ◦ ϕ(Σ)).

This implies

A(Σ) = A(ϕ(Σ)) = Ac(n, ϕ).

Corollary 3.2.5. Let ϕ : (Σ, g) → Sn be an isometric immersion with mean curvature

vectors H in Sn and H in Rn+1. Then the Willmore energy

∫
Σ
|H|2dµg =

∫
Σ
|H|2dµg + A(Σ) (3.14)

is invariant under Conf(Sn).

Proof. Let E1, E2, ν3, . . . , νn, νn+1 be an orthonormal basis of TpRn+1 and extended to

vector fields around p so thatE1, E2 ∈ TΣ and νn+1 ∈ NSn. Denotehα
ij := ⟨B(Ei, Ej), να⟩,

1 ≤ i, j ≤ 2, 3 ≤ α ≤ n+ 1. The mean curvature is

H(p) =
n+1∑
α=3

Hα(p)να(p) :=
n+1∑
α=3

1
2

2∑
i=1

hα
ii(p)να(p).
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Since νn+1(p) = x(p), for any i = 1,2,

hn+1
ii (p) = ⟨∇Ei

Ei, νn+1⟩(p) = −⟨Ei,∇Ei
νn+1⟩(p) = −⟨Ei, Ei⟩(p) = −1.

Then

H(p) = H(p)− νn+1(p). (3.15)

Hence,

|H|2 =
n∑

α=3
(Hα)2να + 1 = |H|2 + 1.

From (3.13), we know that (3.14) is invariant under Conf(Sn).

3.3 λ1-minimal surfaces

When the equality in Li-Yau’s theorem holds, we find a specific class of surfaces .

Definition 3.3.1. Let ϕ : (Σ, g) −→ Rn be an isometric immersion with coordinate func-

tions consisting of eigenfunctions associated with λ1(g), then g is said to be λ1-minimal

and ϕ is said to be λ1-minimal with respect to g. We may also define λk-minimal in a

similar way.

Remark 3. Takahashi’s theorem 3.1.4 asserts that if ϕ is λ1-minimal, then ϕ : Σ →

Sn(
√

2
λ1

). Besides, if we assume ϕ : Σ→ Sn, then λ1 = 2.

Example 4. The minimal immersions (3.1), (3.2) and (3.3) are all λ1-minimal.

This class of surfaces has a rigidity theorem as follows:

Theorem 3.3.2 ([MR] Theorem 1). For any metric g on a compact surface Σ, there exists

at most one metric g′ ∈ [g] which admits a λ1-minimal isometric immersion into the unit

sphere, i.e. g is λ1-minimal with λ1(g) = 2. In particular, any conformal automorphism

of a non-spherical λ1-minimal surface is a homothety.
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At first, we need to compute the differential map of Ψa|Sn . For every x ∈ Sn and

v ∈ TxSn,

dΨa|x(v) =
v + (µ

⟨
a, v

⟩
)a

λ(
⟨
a, x

⟩
+ 1)

−

⟨
a, v

⟩
⟨
a, x

⟩
+ 1

Ψa(x).

It follows that

Ψ∗
a(δijdx

idxj) = 1− |a|2

(
⟨
a, x

⟩
+ 1)2

δijdx
idxj.

If Σ is a compact surface with metric g, for any fixed branched conformal immersion

ϕ : Σ → Sn, we can consider the area function Aϕ : Conf(Sn) → R which maps a

conformal automorphism σ of Sn to the area induced by the immersion σ ◦ ϕ. For any

a ∈ Bn+1, we obtain

Aϕ(Ψa) = 1
2

∫
Σ

1− |a|2

(
⟨
a, x

⟩
+ 1)2

|∇gϕ|2dµg. (3.16)

In particular, if ϕ is an isometry, then

Aϕ(Ψa) =
∫

Σ

1− |a|2

(
⟨
a, x

⟩
+ 1)2

dµg. (3.17)

Let ϕ : (Σ, g)→ Sn be an isometric immersion with mean curvature vectors H in Sn

andH in Rn+1. By proposition 3.1.1 and (3.15), we have ∆ϕ = 2H = −2ϕ+ 2H . Given

any a ∈ Bn+1, we define f : Σ→ R by f =
⟨
a, ϕ

⟩
+ 1. By direct computation,

∆ log f = f−2{−2⟨a, ϕ⟩2 − 2
⟨
a, ϕ

⟩
+ 2f⟨a,H⟩ − |aT |2}

where we decompose TϕRn+1 = Tϕϕ(Σ) ⊕ Nϕ(ϕ(Σ),Sn) ⊕ Nϕ(Sn,Rn+1) with a =

aT + aN +
⟨
a, ϕ

⟩
ϕ. Then |aT |2 = |a|2 − |aN |2 − ⟨a, ϕ⟩2. Hence,

∆ log f = −1 + 1− |a|2

(
⟨
a, ϕ

⟩
+ 1)2

+
2(
⟨
a, ϕ

⟩
+ 1)⟨a,H⟩+ |aN |2

(
⟨
a, ϕ

⟩
+ 1)2

.
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Integrating over Σ and applying (3.17), we get

A(Σ) = Aϕ(Ψa) +
∫

Σ

2(
⟨
a, ϕ

⟩
+ 1)⟨a,H⟩+ |aN |2

(
⟨
a, ϕ

⟩
+ 1)2

dµg. (3.18)

We quote a rigidity theorem due to Obata here.

Theorem3.3.3 ([O] theoremA). For a connected complete Riemannianmanifold (Mm, g),

m ≥ 2, it is isometric to the standard unit sphere if and only if there is a non-constant

function f such that

∇2f = −fg

where∇2f denotes the Hessian of f .

LetΣ be a compact surface. If gj is ametric onΣ, then∆j and dµj denote the Laplacian

and the volume form corresponding to gj .

Proof theorem 3.3.2. Suppose that there exist two λ1-minimal metrics g1, g2 ∈ [g] with

λ1(g1) = λ1(g2) = 2. Let ϕj : Σ → Snj , j = 1, 2, be the corresponding λ1-minimal

immersions. We also assume that these immersions are full, i.e. ϕj(Σ) does not lie on any

hyperplane of Rnj+1 for each j. Set g2 = ρ2g1 for some positive function ρ.

ByHersch’s trick, there is a ∈ Bn2+1 such that the conformal immersionϕ3 = Ψa◦ϕ2 :

Σ→ Sn2 satisfies

∫
M
ϕ3 dµ1 = 0.

We denote by g3 the induced metric on Σ from the immersion ϕ3 and set g3 = ρ3g1.

Applying max-min principle on Xi ◦ ϕ3, for i = 1, . . . , n2 + 1, and from conformal

invariance of the Dirichlet integrals, we get

λ1(g1)A(g1) = λ1(g1)
∫

Σ
|ϕ3|2dµ1

≤
∫

Σ
|∇g1ϕ3|2dµ1 =

∫
Σ
|∇g3ϕ3|2dµ3. (3.19)
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By lemma 2.1.2, |∇g3ϕ3|2 = 2 in the last integral. Since Willmore energy (3.14) is

invariant under conformal automorphisms of the sphere, we have

∫
Σ
|∇g3ϕ3|2dµ3 = 2A(g3) ≤ 2

∫
Σ
|H3|2dµ3 = 2

∫
Σ
|H2|2dµ2. (3.20)

whereHj is the mean curvature vector in Rn2+1 associated with ϕj . By proposition 3.1.1,

2H2 = ∆ϕ2 = −λ1(g2)ϕ2 = −2ϕ2. Hence,

2
∫

Σ
|H2|2dµ2 = 2

∫
Σ
|ϕ2|2dµ2 = λ1(g2)A(g2). (3.21)

From (3.19), (3.20) and (3.21), we have λ1(g1)A(g1) ≤ λ1(g2)A(g2). We can exchange

the role of g1 and g2, then we obtain the equality by the same argument. Therefore, the

inequalities in (3.19) and (3.20) become equality. The equality in (3.19) implies thatXi ◦

ϕ3’s are eigenfunctions of ∆g1 associated with the eigenvalue λ1(g1), that is,

∆1ϕ3 = −λ1(g1)ϕ3. (3.22)

On the other hand, the equality in (3.20) implies that ϕ3 is a minimal immersion into Sn2 ,

by proposition 3.1.3,

∆3ϕ3 = −2ϕ3. (3.23)

It follows (2.1), (3.22) and (3.23) that

ρ−1
3 ∆1ϕ3 = ∆3ϕ3 = −2ϕ3 = ∆1ϕ3.

Then ρ3 ≡ 1 and hence g3 = g1. Moreover, ϕ3 : Σ→ Sn2 is also λ1-minimal with respect

to g1.

Now we have two λ1-minimal immersions ϕ2 and ϕ3 such that ϕ3 = Ψa ◦ϕ2 for some
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a ∈ Bn+1. Since A(g3) = A(g1) = A(g2), from (3.18) we conclude that

0 =
∫

Σ

|aN2 |2

(
⟨
a, ϕ2

⟩
+ 1)2

dµg2

where aN2 ∈ Nϕ2(Σ,Sn2). Therefore, aN2 ≡ 0. Let the function f : Σ → R defined by

f = ⟨a, ϕ2⟩. In local coordinate with ranges of indices as before, the Hessian of f with

respect to g2 is

∇2f( ∂

∂xi
,
∂

∂xi
) = ∂

∂xi

∂

∂xj

⟨
a, ϕ2

⟩
− Γk

ij

∂

∂xk
⟨a, ϕ2⟩

= ⟨a,∇ ∂

∂xi

∂

∂xj
⟩ − ⟨a,Γk

ij

∂

∂xk
⟩

= ⟨a,Γn2+1
ij ϕ2⟩,

since aN2 ≡ 0. Observe that

Γn2+1
ij = ⟨∇ ∂

∂xi

∂

∂xj
, ϕ2⟩

= ∂

∂xi
⟨ ∂
∂xj

, ϕ2⟩ − ⟨
∂

∂xi
,
∂

∂xj
⟩

= −(g2)ij.

Hence,∇2f = −fg2.

There are only two cases as follows.

(i) f ≡ 0. Because ϕ2 are supposed full, a = 0. Then ϕ2 = ϕ3 and hence g2 = g1.

(ii) f ̸≡ 0. By Obata’s theorem 3.3.3, (Σ, g2) is the unit 2-sphere with standard metric

and ϕ2 : Σ → S2 is the identity map. Since the metric g1 = g3 is induced by the

diffeomorphism ϕ3 = Ψa ◦ ϕ2 : Σ → S2, (Σ, g1) is also the standard 2-sphere.

However, in this case, it may occur that ρ2 ̸≡ 1.

Theorem 3.3.4 ([LY] corollary 5 and [MR] Theorem 2). For any metric g on RP2, we
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have

λ1(g)A(g) ≤ 12π.

Equality holds if and only if g is the induced metric given by Veronese embedding (3.1),

up to homothety.

Proof. By uniformization theorem,RP2 has only one conformal class. Observe that Veronese

immersion (3.1) is λ1-minimal. From theorem 3.2.2 and proposition 3.2.4, we have the in-

equality above. Finally, Montiel-Ros’ theorem 3.3.2 ensures the sufficient direction.
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Chapter 4

Sharp upper bound on T2

In previous chapters, uniformization theorem ensures that S2 and RP2 both have only one

conformal class, so it is easier to deal with these surfaces. However, T2 has infinitely

many conformal classes. We need to develop a theory to deal with torus and an intuitive

way is variational method. In section 4.1, we will introduce a general variational method

of eigenvalue functionals λk from work of El Soufi and Ilias [EI2]. In section 4.2, we

define critical points of eigenvalue functionals and study the structure of critical points on

T2. In section 4.3, we assume the existence and regularity theorem of maximum metric

on T2 holds, then prove the sharp inequality of first eigenvalues on T2.

4.1 Variational method on eigenvalue problem

Let Mm be a closed smooth manifold of dimension m ≥ 2 with Riemannian metric g.

For any k ∈ N, we denote by Ek(g) := Ker(∆g +λk(g)I) the eigenspace corresponding

to λk(g) and by Πk : L2(M, g) → Ek(g) the orthogonal projection on Ek(g). We will

denote by δ the variational derivative at t = 0 and by δ−, δ+ left and right variational

variational derivatives at t = 0, respectively.

Let k be any positive integer. It is natural to find the critical points for functional λk.

Although the functional λk is continuous ([BU] theorem 2.2), it is not differentiable in

general due to multiplicity. We will explore this phenomenon and investigate a proper

way to define critical points of λk.
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Proposition 4.1.1 (Basic formulas). Let g ∈ M(M). Let {gt} ⊂ M(M) be a differen-

tiable deformation of g for t ∈ (−ε, ε) such that g0 = g. Let h := δg.

(1) δ log(detAij(t)) = Aij(0)δAij(t) , where A(t) is a differentiable family of invert-

ible matrices.

(2) δdµgt = 1
2Trg(h)dµg =

⟨
h, 1

2g
⟩

g
.

(3) δgij
t = −hij .

(4) δV (gt) =
∫

M
1
2Trg(h) dµg =

∫
M

⟨
h, 1

2g
⟩

g
dµg

(5) Denote ∆′ := δ∆gt . Then, in local coordinate,

∆′ = −1
2

Trg(h)∆g −
1√
|g|

∂

∂xi

(√
|g|(hij − 1

2
Trg(h)gij) ∂

∂xj

)

= −hij ∂

∂xi

∂

∂xj
− div(h) + 1

2
∇Trg(h)

Theorem 4.1.2 ([EI2] theorem 2.1). Let g ∈ M(M) and let {gt}t∈(−ε,ε) be an analytic

deformation of g with g0 = g. Then

(1) The derivatives δ−λk(gt) and δ+λk(gt) exist and are eigenvalues of the operator

Pk,h := Πk ◦∆′ : Ek(g)→ Ek(g).

(2) If λk(g) > λk−1(g), then δ−λk(gt) and δ+λk(gt) are the greatest and the least eigen-

values of Pk,h on Ek(g), respectively.

(3) If λk(g) < λk−1(g), then δ−λk(gt) and δ+λk(gt) are the least and the greatest eigen-

values of Pk,h on Ek(g), respectively.

Proof. (1) Denote ∆t := ∆gt and dµt := dµgt . Observe that, for any t, ∆t is self-

adjoint with respect to the L2 inner product induced by gt but not necessarily to that

induced by g. Consider the unitary isomorphism Ut : L2(M, g) → L2(M, gt) defined

by Utu = ( |g|
|gt|)

1/4u for any u ∈ L2(M, g). After conjugation by Ut, we obtain an ana-

lytic family Pt := U−1
t ◦ ∆t ◦ Ut of operators. It is easy to see that, for all t ∈ (−ε, ε),

Pt is self-adjoint with respect to the L2 inner product induced by g. Let n = dimEk(g).
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Applying Rellich-Kato perturbation theory of unbounded operator (see [Ka] chapter 7) to

Pt, for any t ∈ (−ε, ε), there exist n eigenvalues Λ1(t), . . . ,Λn(t) of Pt associated with

an L2(M, g)-orthonormal family of eigenfunctions v1(t), . . . , vn(t) of Pt so that Λ1(0) =

· · · = Λn(0) = λk(g). Moreover, for all 1 ≤ i ≤ n, both Λi(t) and vi(t) depend analyti-

cally on t. Let ui(t) := Utvi(t) for each t ∈ (−ε, ε) and 1 ≤ i ≤ n. We have

∆tui(t) + Λi(t)ui(t) = 0, (4.1)

and the family {u1(t), . . . , un(t)} is orthonormal in L2(M, gt). Since Λi(t) is analytic

with Λi(0) = λk(g) and λk(gt) is continuous, by shrinking ε, there are two integers 1 ≤

p, q ≤ n such that

λk(gt) =


Λp(t) for t ∈ (−ε, 0)

Λq(t) for t ∈ (0, ε).

Therefore,

δ−λk(gt) = Λ′
p(0)

and

δ+λk(gt) = Λ′
q(0).

Differentiating both sides of (4.1) at t = 0, we get

∆′ui + ∆u′
i + Λ′

i(0)ui + λk(g)u′
i = 0

where u′
i := δui(t) and ui := ui(0). Multiplying by uj and integrating with dµg overM ,

39



we have

0 =
∫

M
uj∆′uidµg +

∫
M
uj∆u′

idµg + Λ′
i(0)

∫
M
ujuidµg +

∫
M
λk(g)uju

′
idµg

=
∫

M
uj∆′uidµg + Λ′

i(0)δij +
∫

M
(∆uj + λk(g)uj)u′

idµg

From (4.1),

∫
M
uj∆′uidµg = −Λ′

i(0)δij.

Since {u1, . . . , un} forms an orthonormal basis ofEk(g)with respect to the L2 inner prod-

uct induced by g, we have

Pk,hui = −Λ′
i(0)ui.

In particular, Λ′
p(0) and Λ′

q(0) are eigenvalues of Pk,h.

(2) Assume λk(g) > λk−1(g), then Λi(0) > λk−1(g) for all 1 ≤ i ≤ n. By continuity and

shrinking ε again, we have Λi(t) > λk−1(g) for all 1 ≤ i ≤ n and t ∈ (−ε, ε). It follows

that Λi(t) ≥ λk(gt) and hence λk(gt) = min{Λ1(t), . . . ,Λn(t)}. It implies that

δ−λk(gt) = max{Λ′
1(0), . . . ,Λ′

n(0)}

and

δ+λk(gt) = min{Λ′
1(0), . . . ,Λ′

n(0)}.

(3) The proof is similar to that of (2).

In the proof above, one can easily deduce that Pk,h is symmetric with respect to the

L2 inner product induced by g. Now, we write down the corresponding quadratic form

explicitly as follows:

Lemma 4.1.3 ([EI2] lemma 2.1). Let {gt} be an analytic deformation of the smooth metric
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g and let h := δgt. Then the operator −Pk,h is symmetric with respect to the L2 inner

product induced by g and the corresponding quadratic form on Ek(g) is given by

Qh(u) := −
∫

M
uPk,hu dµg = −

∫
M

⟨
du⊗ du− 1

4
∆gu

2g, h
⟩

g
dµg, (4.2)

for all u ∈ Ek(g).

Proof. In the previous proof, since {u1, . . . , un} forms an orthonormal basis ofEk(g)with

respect to the L2 inner product induced by g, it suffices to prove that (4.2) holds for all

u = ui. Observe that

Qh(ui) = −
∫

M
uiPk,hui dµg = −Λ′

i(0)
∫

M
u2

i dµg = −Λ′
i(0).

For simplicity of indices, we omit the index i in ui(t), u′
i := δui(t) andΛi(t). By max-min

principle,

∫
M
|∇gtu(t)|2dµg − Λ(t)

∫
M
u2(t)dµg = 0.

Differentiating both sides at t = 0, in local coordinate, we have

0 =
∫

M
(δgij(t)) ∂u

∂xi

∂u

∂xj
dµg + 2

∫
M
gij ∂u

′

∂xi

∂u

∂xj
dµg +

∫
M
gij ∂u

∂xi

∂u

∂xj
(δdµt)

− (δΛ(t))
∫

M
u2dµg − 2Λ(0)

∫
M
uu′ dµg − Λ(0)

∫
M
u2(δdµt). (4.3)

Collecting the terms involving u′, we obtain

2
∫

M

⟨
∇gu,∇gu

′
⟩

g
dµg − 2

∫
M

Λ(0)uu′dµg = −2
∫

M
(∆gu+ Λ(0)u)u′dµg = 0.

With proposition 4.1.1, (4.3) gives

0 = −
∫

M

⟨
du⊗ du, h

⟩
g
dµg +

∫
M

⟨1
2
|∇gu|2g, h

⟩
g
dµg − Λ′(0)−

∫
M

⟨1
2

Λ(0)u2g, h
⟩

g
.
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It follows that

Λ′(0) = −
∫

M

⟨
du⊗ du− 1

2
(|∇gu|2 + u∆gu)g, h

⟩
g
dµg

= −
∫

M

⟨
du⊗ du− 1

4
∆gu

2g, h
⟩

g
dµg.

Remark 4. In [FS2], Fraser and Schoen derived the results in this section with smooth

deformations of metrics.

4.2 The structure of extremal metrics of eigenvalue func-

tionals

In this section, we will explore the relation between the analytic notion of λk-extremal

metric and the geometric notion of λk-minimal metric.

As remark 1, we regard λk as a functional onM1(Σ) in our maximum problem. From

now on, we will restrict λk toM1(Σ).

Definition 4.2.1. g ∈ M1(M) is called λk-critical (or λk-extremal) if for any volume-

preserving analytic deformation {gt} ⊂ M1(Σ) of g, one has

δ+λk(gt)× δ−λk(gt) ≤ 0;

this means that either

λk(gt) ≤ λk(g) + o(t)

or

λk(gt) ≥ λk(g) + o(t)

as t→ 0. Namely, g is a locally maximizing or locally minimizing metric of λk.
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Theorem 4.2.2 ([EI2] theorem 3.1). LetM be a closed smooth manifold and g ∈M1(M).

If g is λk-extremal, then g is λk-minimal.

Let S2(M, g) denote the space of L2 symmetric (0, 2)-tensor fields onM with respect

to metric g.

Lemma 4.2.3 ([EI2] proposition 3.1). Let g ∈ M1(M). If g is λk-extremal, then, for

all h ∈ S2(M, g) satisfying
∫

M Trgh dµg = 0, there exists u ∈ Ek(g)\{0} such that

Qh(u) = 0.

Proof. Let h ∈ S2(M, g) satisfying
∫

M Trgh dµg = 0. Consider a volume-preserving an-

alytic deformation of g defined by gt = ( V (g)
V (g+th))

2/m(g + th) for small t. From definition

of λk-extremal and theorem 4.1.2, the operator Pk,h admits non-negative and non-positive

eigenvalues on Ek(g). Namely, the quadratic form Qh admits at least one isotropic direc-

tion.

Proof of theorem 4.2.2. LetK ⊂ S2(M, g) be the convex hull of

{du⊗ du− 1
4

∆gu
2g : u ∈ Ek(g)}.

We claim that g ∈ K. Suppose g ̸∈ K, since K is a convex cone contained in a finite-

dimensional subspace, Hahn-Banach theorem guarantees the existence of h ∈ S2(M, g)

such that

∫
M

⟨
g, h

⟩
g
dµg > 0

and

∫
M

⟨
du⊗ du− 1

4
∆gu

2g, h
⟩

g
dµg < 0

for all u ∈ Ek(g)\{0}. Let

h0 = h−
( 1
mV (g)

∫
M

⟨
g, h

⟩
g
dµg

)
g.
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Then,
∫

M

⟨
g, h0

⟩
g
dµg = 0 and, for any u ∈ Ek(g)\{0},

Qh0(u) = −
∫

M

⟨
du⊗ du− 1

4
∆gu

2g, h0
⟩

g
dµg

= −
∫

M

⟨
du⊗ du− 1

4
∆gu

2g, h
⟩

g
dµg + 1

mV (g)
(
∫

M

⟨
g, h

⟩
g
dµg)(

∫
M
|∇u|2dµg)

− 1
4V (g)

(
∫

M

⟨
g, h

⟩
g
dµg)(

∫
M

∆u2dµg)

> 0.

This contradicts lemma 4.2.3. Therefore, g ∈ K and there exists independent eigenfunc-

tions u1, . . . , un ∈ Ek(g) such that

g =
n∑

i=1
(dui ⊗ dui −

1
4

∆gu
2
i g).

The trace-free part of left hand side is zero. Hence,

n∑
i=1

(
dui ⊗ dui −

|∇ui|2

m
g
)

= 0.

The remaining coefficients of g is

1 =
n∑

i=1

|∇ui|2

m
− 1

2

n∑
i=1

(|∇ui|2 − λk(g)u2
i )

= −
n∑

i=1

m− 2
2m

|∇ui|2 + λk(g)
2

n∑
i=1

u2
i .

Then

n∑
i=1

m− 2
2m

|∇ui|2 = λk(g)
2

n∑
i=1

u2
i − 1. (4.4)
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Set f = ∑n
i=1 u

2
i − m

λk(g) . From (4.4), we get

(m− 2)∆gf = 2(m− 2)
(( n∑

i=1
|∇ui|2

)
− λk(g)

( n∑
i=1

u2
i

))

= 4m
(
λk(g)

2
( n∑

i=1
u2

i

)
− 1

)
− 2(m− 2)λk(g)

( n∑
i=1

u2
i

)
= 2mλk(g)

( n∑
i=1

u2
i

)
− 2(m− 2)λk(g)

( n∑
i=1

u2
i

)
− 4m

= 4λk(g)f.

Ifm = 2, then f = 0. Ifm > 2, since the Laplacian has no negative eigenvalues, this also

implies that f = 0. Namely,∑n
i=1 u

2
i = m

λk(g) . Put in (4.4), then we get
∑n

i=1 |∇ui|2 = m,

it follows that ϕ := (u1, . . . , un) : M → Sn−1 is an isometry immersion into sphere and

hence λk-minimal.

Remark 5. (i) In [EI2], they even prove that when λk(g) > λk−1(g) or λk(g) < λk+1,

λk-extremal and λk-minimal are equivalent.

(ii) Although Nadirashvili ([N1] theorem 5) prove this theorem for 2-dimensional case

earlier, we use the more transparent approach by El Soufi and Ilias.

Now, our discussion goes back to surface T2 and eigenvalue functional λ1. We want

to classify all λ1-extremal metrics on T2. At first, we recall eigenvalue problems on flat

tori. (One can refer to [C] chapter 2 §2.) Let Γ be a lattice of rank n, that is, there exists

n linearly independent vectors γ1, . . . , γn in Rn such that

Γ = {
n∑

j=1
αjγj|αj ∈ Z, j = 1, . . . , n}.

Then Rn/Γ determines a flat torus. We usually consider the functions on flat torus to be

complex-valued. The Laplacian will act on complex-valued functions by acting on their

real and imaginary parts separately. One may easily check that the same eigenvalues are

obtained with the same multiplicity as that of real-valued functions. It is well-known that
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eigenfunctions on Rn/Γ associates with the dual lattice Γ∗ as follows, where

Γ∗ := {ζ ∈ Rn|
⟨
ζ, γ

⟩
∈ Z for all γ ∈ Γ}.

Γ∗ is also a lattice of rank n. For each ζ ∈ Γ∗, we define a complex-valued function uζ

on Rn given by

uζ(x) = exp(2πi
⟨
ζ, x

⟩
).

Then uζ is invariant under the action of Γ and hence well-defined on Rn/Γ. Moreover, uζ

determines an eigenfunction satisfying

∆uζ + 4π2|ζ|2uζ = 0. (4.5)

Theorem 4.2.4 ([EI1] theorem 2.1). Let g be a metric on T2 admitting a full λ1-minimal

immersion ϕ : Σ→ Sn. Then either:

(i) (T2, g) is isometric to the normalized Clifford torus (T2
sq, 2π2gsq), n = 3 and ϕ

equals ϕcl up to isometry of S3, or

(ii) (T2, g) is isometric to the normalized equilateral torus (T2
eq,

8π2
√

3 geq), n = 5 and ϕ

equals ϕeq up to isometry of S5.

Lemma 4.2.5 ([EI1] proposition 2.2). Let η1, . . . , ηN be N continuous functions on a

domain Ω of Rm and assume that the N2 functions: 2ηj(1 ≤ j ≤ N), ηj + ηk and

ηj − ηk(1 ≤ j < k ≤ N) are non-constant and mutually distinct modulo 2π. If ϕ :=

(ϕ1, . . . , ϕn+1) : Ω→ Sn such that all its components ϕi are in the vector space generated

by {cos ηj, sin ηj}N
j=1, then there is an isometry R of Sn such that

R ◦ ϕ = (α1e
iηj1 , . . . , αre

iηjr , 0, . . . , 0)

where r ≤ (n + 1)/2, j1, . . . , jr ∈ {1, . . . , N} and α1, . . . , αr are positive constants

satisfying
∑r

j=1 α
2
j = 1. In particular, R(ϕ(Ω)) ⊂ S1(α1)× · · · × S1(αr)× {0}.
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We skip the elementary proof of lemma.

Proof of theorem 4.2.4. It is well-known that for any smooth metric g on T2 there exists

(a, b) ∈ R2 satisfying 0 ≤ a ≤ 1
2 and

√
1− a2 ≤ b such that (T2, g) is homothetic to flat

torus (T2
a,b := R2/Γ(a, b), gab) with Γ(a, b) = Z(1, 0) ⊕ Z(a, b) ([BGM]). Montiel-Ros’

theorem 3.3.2 enables us to restrict our case that metric g is flat. The assumption that g

admits a λ1-minimal isometric immersion into the unit sphere implies that λ1(g) = 2.

Since λ1(gab) = 4π2

b2 via calculating dual lattice and using (4.5), (T2, g) is isometric to

(T2
a,b,

2π2

b2 gab). Let Ea,b := E1(gab) and ϕ : (T2
a,b,

2π2

b2 gab) → Sn be a full λ1-minimal

isometric immersion.

• If a2 + b2 > 1, then dimEa,b = 2 and there is no such ϕ.

• If a2 + b2 = 1 and (a, b) ̸= (1/2,
√

3/2), then Ea,b is generated by cos ηj, sin ηj ,

1 ≤ j ≤ 2, with η1(x, y) = 2πy
b

and η2(x, y) = 2π(x − ay
b

). From lemma 4.2.5,

we have n = 3 and, up to isometry of S3, ϕ has the form ϕ = (α1e
iη1 , α2e

iη2) with

α1, α2 > 0 and α2
1 + α2

2 = 1. Since ϕ is isometric, we deduce that a = 0, b = 1 and

α1 = α2 =
√

2/2. Hence, ϕ equals ϕcl, up to isometry of S3.

• If (a, b) = (1/2,
√

3/2), then Ea,b is generated by cos ηj, sin ηj , 1 ≤ j ≤ 3,

with η1(x, y) = 4πy√
3 , η2(x, y) = 2π(x − y√

3) and η3(x, y) = 2π(x + y√
3). From

lemma 4.2.5, we have n = 5 and, up to isometry of S5, ϕ has the form ϕ =

(α1e
iη1 , α2e

iη2 , α3e
iη3) with α1, α2, α3 > 0 and α2

1 + α2
2 + α2

3 = 1. Since ϕ is

isometric, we deduce that α1 = α2 = α3 =
√

3/3. Hence, ϕ equals ϕeq, up to

isometry of S5.

Corollary 4.2.6 ([EI1] corollary 2.1). (T2, g) is λ1-minimal if and only if it is homothetic

to (T2
sq, gsq) or (T2

eq, geq).

4.3 Sharp upper bound of the first eigenvalue on torus

We will skip the long and difficult proof of existence and regularity theorem.
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Theorem 4.3.1 (Existence and regularity theorem of maximal metric, [N1]). There exists

a metric g0 on T2 so that λ1(g0)A(g0) = sup
g∈M(T2)

λ1(g)A(g) and g0 is smooth.

Remark 6. In [N1], Nadirashvili’s argument relies on coordinates of torus. In a recent

preprint paper [Pe], Petrides proved that on any Riemannian surface, in any given con-

formal class, there always exists a maximizing metric which is smooth except at a finite

set of conical singularities by a more general regularity argument introduced by Fraser

and Schoen [FS3] concerning the parallel theorem in Steklov eigenvalue problem. With

several modifications, one can get a new proof of the theorem above.

Theorem 4.3.2 ([N1] theorem 1). For any metric g on T2, we have

λ1(g)A(g) ≤ 8π2/
√

3.

Equality holds if and only if g is the flat metric given by the equilateral torus (3.3), up to

homothety.

Proof. From existence theorem 4.3.1, there is a maximizing metric g on T2 and it is

smooth. We may normalize g such that g ∈ M1(M). Since maximizing metric must

be λ1-extremal, theorem 4.2.2 implies that g is λ1-minimal. The corollary 4.2.6 of clas-

sification theorem indicates that only gsq and 2√
3geq are candidates. Note that λ1(gsq) =

4π2 < 8π2
√

3 = λ1( 2√
3geq), it follows that g = 2√

3geq.
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Chapter 5

Open problems

• Find the sharp upper bound for λ1 on surface with genus γ ≥ 2. On surface of genus

two, in [JLNP], they conjectured that λ∗
1(2) = 16π. Moreover, there are some

numerical evidences which show that the maximizing metric may occur finitely

many conical singularities.

• Find the sharp upper bound for λk with k ≥ 2 on surface with genus γ ≥ 1. In [N2],

Nairashvili proved an inequality of λ2 on S2.

• Yau [Y2] conjectured that a minimal embedded hypersurface of a Euclidean sphere

endowed with the induced metric must be λ1-minimal.
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