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y2 = f(x) := x3 + Ax+ B, A,B ∈ K.

m E K

m(E/K) := { 1(K,E[m]) −→
∏
v

1(Kv, E)},

E[m] m E v K Kv

K v

1(K,E[m]) −→ 1(K,E) −→ 1(Kv, E).

m(E/K)

E(K)

E(K)/mE(K) �
� ��

m(E/K) .

2(E/K) F2

2

d2(E/K) := F2 2(E/K).

D ∈ K K

Dy2 = x3 + Ax+B

D K∗/K∗2

F = K(
√
D) EF F E

E F F = K EF = E

d2(E
F ) F

EF (K)

E K F2

d2(E
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E[2]

(a, 0) (b, 0) (c, 0) a, b, c f(x) :=

x3 + Ax + B = 0 K(E[2]) f(x)

Δf := −16(4A3 + 27B2)

K E

(K(E[2])/K) ∼= S3 K v0

v0 Δf < 0 Kv0

v0 2 E v0

v0(Δf )

r ≥ 0 EF/K d2(E
F/K) = r

E(K)[2] = 0

K E K

E(K)[2] = 0 0 ≤ r ≤ d2(E/K) r ≡ d2(E/K) ( 2) E

E ′/K d2(E
′/K) = r

2

E EF

MK

K v ∈MK Kv K v ∈MK

K Rv Kv πv π

Mv := πRv Rv Uv = R∗
v kv = Rv/Mv

Kv Lw w

Lw v Lw



w Lv Lw Kur
v

Kv v ∈ (Kur
v /Kv)

(Kur
v /Kv)

∼ �� (k̄v/kv)

v x 	→ x|kv |

K̄ K̄v

K Kv L/K Lw/Kv GL/K (L/K)

GLw/Kv (Lw/Kv) L/K Kw/Kv

GK = GK̄/K Gv = GK̄v/Kv
)

Gv K̄

Gv
� � �� GK

Gv GK v

GK Gv A

A

GK Gv
q(K,A) q(Kv, A)

q(GK , A)
q(Gv, A)

q(K,E) q(Kv, E)
q(K,E(K̄)) q(Kv, E(K̄v))

q(K,E) −→ q(Kv, E)

q(K,E(K̄)) −→ q(Kv, E(K̄)) −→ q(Kv, E(K̄v))

E(K̄) −→ E(K̄v).

q(K,E[m]) −→ q(Kv, E[m])

φ : A −→ B

A[φ] = φ ⊂ A.

φ G G A[φ] G



m [m]

E(K̄)

GK

0 �� E[m]
i �� E(K̄)

[m]
�� E(K̄) �� 0

0 �� E(K)[m]
i �� E(K)

[m]
�� E(K)

δ

�������
�����

�����
�����

����

1(K,E[m])
i∗ �� 1(K,E)

[m]∗ �� 1(K,E) �� · · · ,

0 −→ E(K)/mE(K) −→ 1(K,E[m]) −→ 1(K,E)[m∗] −→ 0.

K Kv

0 −→ E(Kv)/mE(Kv) −→ 1(Kv, E[m]) −→ 1(Kv, E)[m∗] −→ 0.

v ∈MK
1
f (Kv, E[m])

E(Kv)/mE(Kv)
� � �� 1(Kv, E[m]) .

v

E(K)/mE(K) �
� ��

��

1(K,E[m]) �� ��

l
��

1(K,E)[m∗]

��∏
v∈MK

E(Kv)/mE(Kv)
� � ��

∏
v∈MK

1(Kv, E[m])
i∗ �� ��

∏
v∈MK

1(Kv, E)[m∗],

m

m(E/K) := { 1(K,E[m])
i∗◦l �� ∏

v∈MK

1(Kv, E) }
=

⋂
v∈MK

{ 1(K,E[m]) �� 1(Kv, E) }



X(E/K) := { 1(K,E) ��
∏

v∈MK

1(Kv, E) }
=

⋂
v∈MK

{ 1(K,E) �� 1(Kv, E) }.

m(E/K) = l−1(
∏
v∈MK

1
f (Kv, E[m])).

0 �� E(K)/mE(K) ��
m(E/K) �� X(E/K)[m] �� 0.

0 �� E(K)/mE(K) ��

��

1(K,E[m]) ��

��

1(K,E)[m] ��

��

0

0 ��
∏

v∈MK

1(Kv, E) ��
∏

v∈MK

1(Kv, E) �� 0.
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E E ′ K

F F

EF E F/K ψ : E → EF

F

σ GK GF

E(K̄)
ψ

��

σ
��

EF (K̄)

σ
��

E(K̄)
−ψ

�� EF (K̄)

F = K(
√
D) E EF

ψ : E −→ EF (x, y) 	→ (x,
√
Dy)

(σ ◦ ψ)(x, y) = σ(x,
√
Dy) = (xσ,−

√
Dyσ)

(−ψ ◦ σ)(x, y) = −ψ(xσ, yσ) = (xσ,−
√
Dyσ).
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m = 2

E K EF E

E[2] = EF [2]

E[2] EF [2] ψ =

−ψ E[2] �

2(E/K) 2(E
F/K) 1(K,E[2])

F

2(E/K) 2(E
F/K)

2

E(Kv)

A,B ∈ Rv

x 	→ α2x, y 	→ α3y,

α ∈ K∗
v Rv

E

Kv Δf

E v v(Δf )

Δf α12Δf �

v(Δf )

Ẽ πv E

v Kv P ∈ E(Kv) [α : β : γ]

α, β, γ ∈ Rv ᾱ, β̄, γ̄ ∈ kv

P̄ = [ᾱ : β̄ : γ̄] ∈ Ẽ(kv)

ϕv : E(Kv) −→ Ẽ(kv), P 	→ P̄

Ẽns Ẽ Ẽns

E0(Kv) := ϕ−1
v (Ẽns(kv))



E(Kv) ϕv E0(Kv)

Ẽns(kv) E1(Kv) := ϕ−1
v (0) E0(Kv)

0 �� E1(Kv) �� E0(Kv)
ϕv �� Ẽns(kv) �� 0.

E1(Kv) p p = char. kv

Ê Rv

E1(Kv) = Ê(Mv).

i > 0

Ê(Mi
v)/Ê(Mi+1

v ) ∼= Mi
v/Mi+1

v .

p = char. kv r > v(p)/(p− 1)

Ê(Mr
v)

∼= Mr
v.

Ê Ẽ

E Kv

Lw/Kv Ê

Lw Lw/Kv

(Lw/Kv)

E Kv m p :=

char.kv ϕv

E(Kv)[m] ∼= Ẽ(kv)[m] E(Kv)/mE(Kv) ∼= Ẽ(kv)/mẼ(kv).

E1(Kv) p m E1(Kv)

0 �� E1(Kv) ��

[m]

��

E(Kv)
ϕv ��

[m]

��

Ẽ(kv) ��

[m]
��

0

0 �� E1(Kv) �� E(Kv)
ϕv �� Ẽ(kv) �� 0



0 �� E(Kv)[m] �� Ẽ(kv)[m] �� 0 �� E(Kv)/mE(Kv) �� �� Ẽ(kv)/mẼ(kv) �� 0 .

�

E[m] ∼= Ẽ[m].

Kv kv Kur
v k̄v �

E Kv

Ẽ

kv E

E Kv E

q ∈ Mv

Lw/Kv E(Lw) = L∗
w/q

Z qZ q

Gv

E(K̄v) = K̄∗
v/q

Z.

j j(E) E

1728(4A)3/Δf = −1728(4A)3/16(4A3 + 27B2).

j(E) �∈ Rv E

q v q = − v j(E)

E Kv E

Lw kw

kw E Lw

j E Kv

E Et Kv

E Et



Lw

Lw E Lw Et �

< , >v:
1(Kv, E[m])× 1(Kv, E[m]) −→ Q/Z,

1
f (Kv, E[m]) = E(Kv)/mE(Kv)

( , )v : E(Kv)/mE(Kv)× 1(Kv, E)[m] −→ Q/Z.

Lw/Kv

σ ∈ GLw/Kv

< aσ, bσ >w=< a, b >w .

Lw/Kv

Lw/Kv : E(Lw) −→ E(Kv)

P 	→ ∑
σ P

σ σ Gv/Gw

( , )w : E(Lw)/mE(Lw)

¯
Lw/Kv

��

× 1(Lw, E)[m] �� Q/Z

( , )v : E(Kw)/mE(Kw) × 1(Kw, E)[m]

Lw/Kv

��

�� Q/Z

¯
Lw/Kv Lw/Kv

v k/kv

v k E v

k/kv : Ẽ(k) −→ Ẽ(kv)

P
∑

σ P
σ σ (k/kv)



1
f (Kv, E[2])

E(Kv)/2E(Kv)

v E(C) 2E(C) = E(C) v

E(R) 2E(R)

v Q = E(Kv)/E1(Kv)

0 �� E1(Kv) ��

[2]
��

E(Kv) ��

[2]
��

Q ��

[2]

��

0

0 �� E1(Kv) �� E(Kv) �� Q �� 0.

Q

�

v � 2∞ F2(
1
f (Kv, E[2])) = F2(E(Kv)[2])

v � 2∞ E v

1
f (Kv, E[2]) ∼= E[2]/( v−1)E[2]

v

2 E1(Kv)

E(Kv)[2] ∼= Q[2] E(Kv)/2E(Kv) ∼= Q/2Q.

Q

0 �� Q[2] �� Q
[2]

�� Q �� Q/2Q �� 0

|Q[2]| = |Q/2Q| F2

1
f (Kv, E[2]) = F2 E(Kv)[2]

E v

E(Kv)[2] ∼= Ẽ(kv)[2] E(Kv)/2E(Kv) ∼= Ẽ(kv)/2Ẽ(kv).



0 �� Ẽ[2] ��

v−1
��

Ẽ(k̄v)
[2]

��

v−1
��

Ẽ(k̄v) ��

v−1
��

0

0 �� Ẽ[2] �� Ẽ(k̄v)
[2]

�� Ẽ(k̄v) �� 0.

0 �� Ẽ(kv)[2] �� Ẽ(kv)
[2]

�� Ẽ(kv) �� Ẽ[2]/( v − 1)Ẽ[2] �� 0.

1
f (Kv, E[2]) ∼= E(Kv)/2E(Kv)

∼= Ẽ(kv)/2Ẽ(kv)
∼= Ẽ[2]/( v − 1)Ẽ[2]
∼= E[2]/( v−1)E[2].

z ∈ E(Kv) z̄ v [z] [z̄]

z z̄ E(Kv)/2E(Kv) Ẽ(kv)/2Ẽ(kv) ρ

ρ(σ) = yσ− y 2y = x x ∈ E(Kv) [ρ] 1
f (Kv, E[2])

[ρ] 	→ [x] 	→ [x̄] 	→ ( v − 1)ȳ 	→ ( v−1)y = ρ( v),

v

P ∈ Ẽ(k̄v) P ∈ ( v − 1)(Ẽ(k̄v))

P ∈ Ẽ(k1) k1/kv n [m]P = 0

m ∈ N Ẽ(k1) k2/k1

m k2/kv ¯
v

v k2

k2/kv(P ) = k1/kv( k2/k1(P )) = k1/kv([m]P ) = 0,

P 1(k2/kv, Ẽ(k2))

P = Q v −Q Q ∈ Ẽ(k2)

�



E EF EF E

F w F v

EN(Kv) := Lw/Kv(E(Lw))

2E(Kv)
1
f (Kv, E[2]) = E(Kv)/2E(Kv)

1(Kv, E[2])

1(Kv, E
F [2]) = 1(Kv, E[2]).

1
f (Kv, E[2]) ∩ 1

f (Kv, E
F [2]) = EN(Kv)/2E(Kv).

< , >v
1
f (Kv, E[2]) 1

f (Kv, E
F [2])

1
f (Kv, E[2]) + 1

f (Kv, E
F [2])

Υ 1
f (Kv, E

F [2])

1(Kv, E[2]) −→ 1(Kv, E)[2].

1
f (Kv, E[2])

( , )v Υ EN(Kv)/2E(Kv)

EN(Kv)/2E(Kv)

{ 1(Kv, E)[2]
Fw/Kv �� 1(Fw, E)[2] } = 1(Fw/Kv, E(Fw)).

Υ = 1(Fw/Kv, E(Fw)).

σ (Fw/Kv)
1(Fw/Kv, E(Fw))

ρ P := ρ(σ) ∈ E(Fw) P + P σ = 0

P P ′ P − P ′ ∈ (σ − 1)(Fw)

P EF (Kv)

EF (Kv) −→ EF (Kv)/2E
F (Kv) −→ 1

f (Kv, E[2])



η Q 2Q = P

τ ∈ Gv

η(τ) =

⎧⎨
⎩
Qτ −Q ∈ E[2], τ ∈ Gw;

−Qτ −Q ∈ E[2], τ �∈ Gw.

eta E(Kv) ξ = ρ− η

ξ(τ) = −Qτ +Q, τ ∈ Gv,

ξ

�

C∗

C

1(Fw/Kv, E(Fw))
∗ ∼= E(Kv)/EN(Kv).

δv(E,F/K) := F2(E(Kv)/EN(Kv)).

δv(E,F/K)

EN(Kv) 2E(Kv)

�

F/K w

F v v

F Fw/Kv

Fw/Kv

1(Fw/Kv, E0(Fw)) −→ 1(kw/kv, Ẽns(kw))

M −→ 1(Fw/Kv, E0(Fw)) −→ 1(Fw/Kv, Ẽns(kv)) −→ N

M = 1(Fw/Kv, E1(Fw)) N = 2(Fw/Kv, E1(Fw))
q(Fw/Kv, E1(Fw)) = 0 q > 0



Fw/Kv (Fw/Kv) (kw/kv)

πv Lw r ≥ 0

Mr
w/Mr+1

w
∼= kw

(kw/kv)

q(Fw/Kv,Mr
w/Mr+1

w ) = 0, q > 0.

0 −→ Ê(Mr+1
w ) −→ Ê(Mr

w) −→ Mr
w/Mr+1

w −→ 0

q(Fw/Kv, Ê(Mr
w)) =

q(Fw/Kv, Ê(Mr+1
w )).

q ρr
q(Fw/Kv, Ê(Mr

w))

ρr+1 + ∂ξr ρr+1

q(Fw/Kv, Ê(Mr+1
w )) ξr Ê(Mr+1

w ) ξ =
∑∞

r=0 ξr⋂∞
r=0 Ê(Mr) = 0 ρ1 = ∂ξ q((Fw/Kv, Ê(Mw)) = 0

E1(Fw) = Ê(Mw)

�

Fw/Kv E v

NFw/Kv(E(Fw)) = E(Kv)

(E(Kv)/NFw/Kv(E(Fw)))
∗ ∼= 1(Fw/Kv, E(Fw))

1(Fw/Kv, E(Fw)) ∼= H1(kw/kv, Ẽ(kw))

�

F/K v E Kv v(Δf )

EN(Kv) = E(Kv)

Δf = q
∏
n≥1

(1− qn)24,



q v(q)

q �∈ Fw/Kv(F
∗
w) K∗

v/NFw/Kv(F
∗
w)

2 q

E(Kv)/EN(Kv) ∼= K∗
v/NFw/Kv(F

∗
w)q

Z = 1.

�

1(Fw/Kv, E(Fw)) = 0

�

Fw/Kv E/Kv

v(Δf ) EN(Kv) = E(Kv)

E E

E EF Kv

1(Fw/Kv, E
F (Fw)) = 0.

σ (Fw/Kv)

E(Kv)/EN(Kv) = {P ∈ EF (Fw) | P σ + P = 0}/(σ − 1)EF (Fw),

1(Fw/Kv, E
F (Fw))

�

F/K

w F v

v F/K

v � 2∞ E(Kv)[2] = 0

E v F/K v v(Δf )

v Δf < 0

v E v F/K

1
f (Kv, E[2]) = 1

f (Kv, E
F [2]) δv(E,F/K) = 0



1
f (Kv, E[2]) = 1

f (Kv, E
F [2]),

EN(Kv) = E(Kv),

δv(E,F/K) = 0,

Fw = Kv EN(Kv) = E(Kv)

v Δf < 0 Kv f

Kv E(Kv) ∼= 1

Fw/Kv Fw = C E(Fw)

EN(Kv) E(Kv) EN(Kv)

EN(Kv) = E(Kv)

�

v � 2∞ E v v F/K

1
f (Kv, E[2]) ∩ 1

f (Kv, E
F [2]) = 0, δv(E,F/K) = F2(E(Kv)[2]).

v kw = kv Kv Fw

E(Kv)/2E(Kv) ∼= Ẽ(kv)/2Ẽ(kv) ∼= E(Fw)/2E(Fw).

(Fw/Kv)

0 = 2E(Kv)/2E(Kv) = EN/2E(Kv).

1
f (Kv, E[2]) ∩ 1

f (Kv, E
F [2]) = EN(Kv)/2E(Kv) = 0

δv(E,F/K) = F2(E(Kv)[2]) �

F σ GF/K GF/K

C ±1

C(±1) = {c ∈ C | cσ = ±c}.



d2(E/K)

2∞(E/K) := −→
n

2n(E/K)

2n(E/K) −→ 2m(E/K) m ≥ n

E[2n] −→ E[2m] E[2∞]
⋃
nE[2

n]

0 ��
2∞(E/K) �� 1(K,E[2∞])

loc ��
∏

v
1(Kv, E).

0 �� E[2] �� E[2∞]
[2]

�� E[2∞] �� 0

2(E/K) ��
2∞(E/K)

[2]
��

2∞(E/K).

2 2∞(E/K)[2] 2(E/K)

2∞(E/K) Z2

1(K,E[2∞]) �� 1(F,E[2∞])GF/K = 1(F,E[2∞])(1) ,

2∞(E/K) ��
2∞(E/F )(1).

1(F/K,E(K)[2∞])

E(K)[2∞] B = −1( 2∞(E/F )(1))

B ��
2∞(E/F )(1) �� 2(F/K,E(K)[2∞])

0 ��
2∞(E/K) �� B

loc ��
∏

v
1(Fv/Kv, E(Fv)).

2(F/K,E(K)[2∞])∏
v

1(Fv/Kv, E(Fv))

�



E ∼= EF F 2∞(EF/F ) = 2∞(E/F )

2∞(EF/F )(∓1) = 2∞(E/F )(±1).

EF

2∞(EF/K)
F

��
2∞(E/F )(−1)

EF E F

2∞(E/K)⊕ 2∞(EF/K) −→ 2∞(E/F )

f : A→ B g : B → C

g ◦f : A→ C

A
f

��

g◦f
��

B ��

g

��

f ��

��

0

0 �� C C �� 0,

f −→ (g ◦ f) −→ g −→ f −→ (g ◦ f) −→ g.

2∞(E/K)⊕ 2∞(EF/K)
⊕ F

��
2∞(E/F )(+1) ⊕ 2∞(E/F )(−1),

2∞(E/F )(+1) ⊕ 2∞(E/F )(−1) ��
2∞(E/F ),

(x, y) x+y

2∞(E/F ) Z2

2∞(E/F )(+1)
2∞(E/F )(−1) (x, y)

x = xσ = −yσ = y = −x 2x = 0

2∞(E/F )(+1)[2]⊕ 2∞(E/F )(−1)[2]



z ∈ 2∞(E/F ) 2z 2z = x+ y x = z + zσ ∈ 2∞(E/F )(+1)

y = z − zσ ∈ 2∞(E/F )(−1)

2∞(E/F )/2 2∞(E/F )

�

0 −→ Q2/Z2 ⊗Z E(K) −→ 2∞(E/K) −→X(E/K)2 −→ 0

X(E/K)2 2 X(E/K)

0 �� E(K)/2E(K) ��

[2]
��

2(E/K) ��

i∗
��

X(E/K)[2] ��

i
��

0

0 �� E(K)/22E(K) ��

[2]��

22(E/K) ��

i∗��

X(E/K)[22] ��

i��

0

[2]

��
i∗
��

i

��
0 �� E(K)/2nE(K) ��

[2]��

2n(E/K) ��

i∗��

X(E/K)[2n] ��

i��

0

r E(K)

d2(E/K) = r + F2 E(K)[2] + F2X(E/K)[2],

F2 2∞(E/K)[2] = r + F2X(E/K)[2].

F2 2∞(E/K)[2] = d2(E/K)− F2 E(K)[2].

F K

d2(E/K) + d2(E
F/K) ≡ d2(E/F ) + F2(E(F )[2]) ( 2).

E

EF E[2] = EF [2] �



(E(F )) + F2(X(E/F )[2]) ≡
∑
v

δv(E,F/K) ( 2).

�

d2(E
F/K) ≡ d2(E/K) +

∑
v

δv(E,F/K) ( 2).

E/F

E/F
∑

v δv(E,F/K) ≡ (E(F )) + F2(X(E/F )[2]) ( 2)

≡ F2 2∞(E/F ) ( 2)

≡ d2(E/F )− F2(E(F )[2]) ( 2)

≡ d2(E/K) + d2(E
F/K) ( 2).

�

T K

1(K,E[2]) −→
∏
v/∈T

1(Kv, E).

locT : 1(K,E[2]) −→
∏
v∈T

1(Kv, E[2]).

T 2

ST ⊂ ST ⊂ 1(K,E[2])

ST = { 1(K,E[2]) −→ ∏
v/∈T

1(Kv, E[2])/ 1
f (Kv, E[2])}

ST = {ST −→ ∏
v∈T

1(Kv, E[2])}.
(SF )T SFT 2 EF

ST ⊂ 2(E/K) ⊂ ST

VT := locT ( 2(E/K)) ⊂
∏
v∈T

1
f (Kv, E[2])

V F
T := locT ( 2(E

F/K)) ⊂
∏
v∈T

1
f (Kv, E

F [2]).



F2 S
T − F2 ST =

∑
v∈T F2

1
f (Kv, E[2])

�

v v(Δf )

F/K F/K

v v(Δf )

2

v Δf > 0 Kv

T p K F/K p

E(Kp)[2] �= 0

d2(E
F/K) = d2(E/K)− F2 VT + d

d

0 ≤ d ≤ F2(
⊕
p∈T

1
f (Kp, E[2])/VT )

d ≡ F2(
⊕
p∈T

1
f (Kp, E[2])/VT ) ( 2).

d2(E
F/K)− F2 V

F
T = d2(E/K)− F2 VT .

T v �∈ T
1
f (Kv, E[2]) = 1

f (Kv, E
F [2])

ST = { 1(K,E[2]) −→
∏
v/∈T

1(Kv, E[2])/
1
f (Kv, E[2])} = (SF )T

ST = {ST −→
∏
v∈T

1(Kv, E)[2])} = SFT

ST ⊂ 2(E
F/K) ⊂ ST

0 �� ST ��
2(E/K)

locT �� VT �� 0

0 �� ST ��
2(E

F/K)
locT �� V F

T
�� 0.



d := F2 V
F
T

t := Σp∈T F2

1
f (Kp, E[2]). p ∈ T

1
f (Kp, E[2]) ∩ 1

f (Kp, E
F [2]) = 0, p ∈ T.

c ∈ 2(E/K) ∩ 2(E
F/K)

locT (c) ∈
∏
p∈T

1
f (Kp, E[2]) ∩ 1

f (Kp, E
F [2]) = 0,

c ∈ ST

2(E/K) ∩ 2(E
F/K) = ST .

2(E/K) + 2(E
F/K) ⊂ ST

F2 VT + d = F2( 2(E/K)/ST ) + F2( 2(E
F/K)/ST )

≤ F2(S
T/ST )

= Σp∈T F2

1
f (Kp, E[2]).

= t

0 ≤ d ≤ t− F2 VT = F2(
⊕
p∈T

1
f (Kp, E[2])/VT ),

δv(E,F/K) = 0 v �∈ T

∑
v

δv(E,F/K) =
∑
p∈T

δp(E,F/K) =
∑
p∈T

F2(E(Kp)[2]) = t

d2(E
F/K) ≡ d2(E/K) + t ( 2)

d ≡ t− F2 VT ≡ F2(
⊕
p∈T

1
f (Kv, E[2])/VT ) ( 2).

�

E F/K T

F2(
⊕

p∈T
1
f (Kp, E[2])/VT ) ≤ 1

d2(E
F/K)) = d2(E/K)− 2 F2 VT +

∑
p∈T

F2

1
f (Kp, E[2])

E(Kp)[2] = 0 p ∈ T d2(E
F/K) = d2(E/K)



F2(
⊕

p∈T
1
f (Kp, E[2])/VT ) = 0

0 ≤ d ≤ 0 d = 0 F2(
⊕

p∈T
1
f (Kp, E[2])/VT ) = 1 0 ≤ d ≤

1 d ≡ 1 ( 2) d = F2(⊕p∈T 1
f (Kp, E[2])/VT )

d2(E
F/K) = d2(E/K)− F2 VT + d

= d2(E/K)− 2 F2 VT +
∑

p∈T
1
f (Kp, E[2])

T �

M := K(E[2]) c ∈ 1(K,E[2])

1 ρ σ ∈ GK

c(σ) ∈ E[2]/(σ − 1)E[2]

ρ(σ) ρ c̃ ∈ 1(M,E[2])

c

1(K,E[2]) −→ 1(M,E[2]).

c̃ c̃

c̃ : GM −→ E[2].

(M/K) ∼= S3 σ ∈ GK C
1(K,E[2]) φ : C −→ E[2]/(σ − 1)E[2]

γ ∈ GK γ|MKab = σ|MKab c(γ) = φ(c) c ∈ C

F2 {c1, . . . , ck} C

N/M MKab ∩N =M

c̃1 × · · · × c̃k : GM −→ E[2]k

(N/M) ∼= E[2]k N

(NKab/M) ∼= (N/M)× (MKab/M),

GM � (NKab/M) ∼= E[2]k × (MKab/M).

τ ∈ GM τ |MKab = 1

ci(τ) ≡ φ(ci)− ci(σ) ( (σ − 1)E[2]), 1 ≤ i ≤ k.



ci(τσ) = ci(τ) + ci(σ)
τ ≡ φ(ci) ( (σ − 1)E[2]), 1 ≤ i ≤ k.

{ci}ki=1 C γ := τσ

N Γ := (M/K) ∼= (E[2])

0 �� 1(Γ, E[2]) �� 1(K,E[2]) �� 1(M,E[2])Γ.

1(Γ, E[2]) = 0 Γ′ Γ 2

β := (12)

1(Γ, E[2]) �� 1(Γ′, E[2]) �� 1(Γ, E[2])

[Γ : Γ′] = 3 1(Γ, E[2]) 2 ◦
1(Γ′, E[2])

Γ′ = {e, β} E[2] = {0, (x1, 0), (x2, 0), (x3, 0)} [ϕ] ∈ 1(Γ′, E[2])

ϕ ϕ(β)β + ϕ(β) = 0 ϕ(β) = 0 (x3, 0)

ϕ(β) = (x1, 0)
β − (x1, 0) ϕ

1(Γ′, E[2]) = 0 1(Γ, E[2])

1(K,E[2]) �
� �� 1(M,E[2])Γ = (GM , E[2])Γ.

c̃1, . . . , c̃k ∈ (GM , E[2])
Γ F2

W := GM/ (c̃1 × · · · × c̃k)

N W W = (N/M) c̃1 × · · · × c̃k

ψ : W � � �� E[2]k.

c̃i Γ ψ Γ

Γ W w ∈ W α̃ ∈ (N/K) α ∈ Γ

wα := α̃ · w · α̃−1 α̃′

α̃′ = α̃ ·w′ w′ W α̃′ ·w · α̃′−1 = α̃ ·w · α̃−1 W

E[2] Γ W ∼= E[2]j j ≤ k

j = k

j = F2 (W,E[2])Γ ≥ k,



(E[2], E[2])Γ = Γ(E[2], E[2]) = {0, id},

{c̃1, . . . , c̃k}
MKab ∩ N = M (MKab/M)

Γ Q := M ∩ Kab

K G := (Kab/K) H := (Kab/Q)

G̃ := (MKab/K) H̃ := (MKab/Q) M/Q Kab/Q

H̃ (M/Q)× (Kab/Q)

(M/Q) (MKab/M)

Γ (MKab/M)

(Q/K) (Kab/Q) = H G

Γ (MKab/M)

Γ (MKab ∩ N/M) (MKab ∩ N/M)

(N/M) = W W ∼= E[2]k Γ

MKab ∩N =M �

E(K)[2] = 0 c1 c2
1(K,E[2])

γ ∈ GK γ|MKab = 1 c1(γ) c2(γ) F2 E[2]

Γ := (M/K) Γ ∼= S3 Γ ∼= Z/3Z

E[2] Γ 1(Γ, E[2]) = 0 Γ ∼= Z/3Z

: 1(K,E[2]) �
� �� (GM , E[2])Γ.

c̃1 c̃2 c1 c2 c̃i : GM −→ E[2] Ni

(c̃i) c̃i : (Ni/M) −→ E[2] Γ

E[2] Γ c̃i

(Ni/M) Γ

N = N1 ∩ N2 (Ni/N) (Ni/M)

N1 = N2 N1 ∩N2 =M

N1 = N2 c̃1 c̃2 : (N/M) → E[2]

τ ∈ (N/M) c̃1(τ) c̃2(τ)



N1 ∩ N2 = M (N1N2/M) ∼= (N1/M) × (N2/M) ∼= E[2] × E[2]

P1, P2 ∈ E[2] (P1, P2)

τ ∈ (N1N2/M) c̃1(τ) = P1 c̃2(τ) = P2

Γ (MKab ∩N1N2/M) (N1N2/M)

E[2] E[2]2 Γ

MKab ∩N1N2 =M.

GM � (N1N2K
ab/M) ∼= (MKab/M)× (N1N2/M).

γ ∈ GM γ|MKab = 1 γ|N1N2 = τ �

m K

K Z

m(p) ≤ 0 p m(p) = 0 p

p m(p) = 0 1

p m(p) = 0

m :=
∏

p p
m(p) I K

m IS(m) I

{p ∈ I| p m},
Km,1 a ∈ K×

⎧⎨
⎩

p(a− 1) ≥ m(p), p m

ap > 0, p m.

i : Km,1 −→ IS(m), a 	→ (a)

Cm = IS(m)/i(Km,1)

m m

K(m)/K m

m

Cm −→ (L(m)/K), pn1
1 . . . pnt

t 	→
∏

(pi, K(m)/K)ni ,

(pi, K(m)/K) K(m)/K pi



E/K

(K(E[2])/K) ∼= S3 K v0

• v0 Δf < 0 Kv0

• v0 � 2∞ E v0 v0(Δf )

M := K(E[2]) Σ K

2 E

d Σ − {v0}
K(8d) K 8d K[8d] 2

K K(8d)

σ ∈ GK

σ|M ∈ (M/K) ∼= S3 2

σ|K[8d] = 1

σ E[2]/(σ − 1)E[2] ∼= Z/2Z

σ

(MK[8d]/K) ∼= (M/K)× (K[8d]/K)

M ∩K[8d] = K [M : K(
√
Δf )] = 3 K(

√
Δf )∩

K[8d] = K

K(
√
Δf )

2

3
M

K(
√
Δf ) ∩K[8d] M ∩K[8d] K[8d]

K

������������

������������

2

2k2

[M ∩ K[8d] : K] = 1 2 2k2 6 S3

3 M ∩K[8d] ⊂ K(
√
Δf ) M ∩K[8d] =

K

K[8d]/K v0

K(
√
Δf )/K v0 v0 Δf < 0 Kv0

v0 � 2∞ w0 K(
√
Δf ) v0

e v0(Δf ) = w0(Δf ) = 2 w0(
√
Δf )



v0(Δf ) 2 | e e = 2

�

σ ∈ GK

C := 2(E/K) ⊂ 1(K,E[2]) φ : C −→ E[2]/(σ − 1)E[2]

K[8d] K

γ ∈ GK γ|MK[8d] = σ|MK[8d] c(γ) = φ(c) c ∈ C

φ σ γ F/K

γ

v ∈ Σ− {v0} F

F/K p �∈ Σ

E(Kp)[2] �= 0

c 	→ c̃

C ⊂ 1(K,E[2]) �� (M,E[2])Γ.

N1/M
⋂
c∈C c̃ N = N1K(8d) c ∈ C

GN
� � �� GN1

� � ��

0

���
��

��
��

�
GM

c̃
��

E[2]

p K

Σ (N/K) γ γ|K[8d] =

σ|K[8d] = 1 [K(8d) : K[8d]] h

γh
∣∣
K(8d)

= 1 (K(8d)/K) ∼= IS(8d)/i(K8d,1) p

γ|K(8d) ∈ (K(8d)/K) ph ∈ i(K8d,1) ph = (π) π ≡ 1

( 8d) v0

F = K(
√
π)

• v ∈ Σ−{v0} F v � 2 π ∈ 1+Mn
v ⊂

Kv 1 + Mv −→ 1 + M̄v

π Kv v π > 0 Kv

v | 2 π Kv π ≡ 1 ( 8)



• F/K p p(π) v(p) =

0 v �= p v �∈ Σ

• E(Kp)[2] �= 0 p|E[2] = σ|E[2] 2

�

EF E F/K

p �∈ Σ d2(E
F/K) = d2(E/K) + 1.

d2(E/K) > 0 EF E F/K

p �∈ Σ

d2(E
F/K) = d2(E/K)− 1.

p T = {p}
p �∈ Σ p � 2∞ E p

1
f (Kp, E[2]) ∼= E[2]/( p −1)E[2] = E[2]/(σ − 1)E[2].

F2

1
f (Kp, E[2]) = 1.

locT : 2(E/K) −→ 1
f (Kp, E)−̃→E/(σ − 1)E

p = γ γ

locT ( 2(E/K)) = φ( 2(E/K))

VT = φ( 2(E/K))

d2(E
F/K) = d2(E/K)− 2 F2 VT + F2

1
f (Kp, E),

d2(E
F/K) =

⎧⎨
⎩
d2(E/K) + 1, φ( 2(E/K)) = 0;

d2(E/K)− 1, φ( 2(E/K)) �= 0.

φ φ = 0

d2(E/K) > 0 φ 2(E/K) �

E/K

r ≥ 0 E ′/K d2(E
′/K) = r



EF E F/K

v0 EF v0 E E

y2 = f(x) = x3 + Ax + B F = K(
√
D) EF y2 =

fD(x) := x3+D2Ax+D3B ΔfD = D6Δf v0

ΔfD = D6Δf < 0 v0 � 2∞ v0(ΔfD) = 6 v0 D + v0(Δf )

EF [2] = E[2] K(EF [2]) = M

(K(EF [2])/K) ∼= S3

EF/K

r ≥
d2(E/K) r−d2(E/K) E

E ′ d2(E/K) = r 0 ≤ r ≤ d2(E/K) d2(E/K)− r

E E ′ d2(E
′/K) = r �

E/K E(K)[2] = 0 d2(E/K) >

1 E EF K d2(E
F/K) = d2(E/K)− 2

M := K(E[2]) f(x) = x3 +Ax+B

A,B Δf 8Δ∞
8Δ K(8Δ∞)

K

d2(E/K) > 1 c1, c2 F2 2(E/K)

γ ∈ GK

• γ|MK(8Δ∞) = 1

• c1(γ), c2(γ) F2 E[2]

N K MK(8Δ∞)

2(E/K) N p K

E 2 (N/K)

γ p π ≡ 1 ( 8Δ) F = K(
√
π)

v 2Δ∞ F/K p F/K

T = {p} E p

1
f (Kp, E[2]) ∼= E[2]/( p −1)E[2] = E[2]/(γ − 1)E[2] = E[2]



p = γ

locT (c1) locT (c2)
1
f (Kp, E[2]) c1(γ) c2(γ) F2

E[2] locT : 2(E/K) → 1
f (Kp, E[2])

F2

1
f (Kp, E[2])/VT = 0 T = {p} F2 VT = 2

F2

1
f (Kp, E[2]) = 2

d2(E
F/K) = d2(E/K)− 2 F2 VT + F2

1
f (Kp, E[2])

= d2(E/K)− 2

�

K E K

E(K)[2] = 0 0 ≤ r ≤ d2(E/K) r ≡ d2(E/K) ( 2) E

E ′/K d2(E
′/K) = r

F2 1 0 ≤ r ≤
d2(E/K) (d2(E/K)−r)/2 E E ′

d2(E
′/K) = r �

2 E

2 d2(E
F/K)

K E K

2 (K(E[2])/K) ∼= S3 j(E) j

E j(E) �= 0 K v

(j(E))v ∈ R (j(E))v < 1728 r ≡ d2(E/K) ( 2) E

E ′/K d2(E
′/K) = r

k = Q(j(E)) ⊂ K E0 k j

j(E0) = j(E) E0 E j

K̄ F K (K(E[2])/K) ∼=
S3 j(E) �= 0, 1728 E0 E K K(E0[2]) = K(E[2])

[k(E0[2]) : k] ≥ [K(E0[2]) : K] = [K(E[2]) : K],

(k(E0[2])/k) ∼= S3 E0 y2 = f0(x)

j(E)− 1728 = j(E0)− 1728 = c6(E0)
2/Δf0 .



Δf0 < 0 kv ⊂ Kv E0/k

d2(E
F
0 /k) F k

EF (K)[2] = E(K)[2] = 0 1(K/k,EF (K)[2]) = 0

: 1(k, EF [2]) �
� �� 1(K,EF [2]) .

2(E
F
0 /k) ��

2(E
F
0 /K) d2(E

F/K)

F K

�


