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ABSTRACT

The registration of two-dimensional geo-spatial data depends on conjugate features
and point features are generally considered for this need. Since the enormous increase in
the volume of geo-spatial data, the difference between various types of data makes it
difficult to extract conjugate point features. In addition to point features, line features,
with frequent appearance in the scene and more geometric contribute, are deemed
favorable for being primitives under collinear condition.

This study exploits the vector form line features and derives trajectory-based
transformation models, including similarity, affine and projective, which are all line-
preserving transformations. Besides, the minimum solution of solving transformation
parameters is analyzed by geometric and numerical approach. The parameter estimation
is based on the least squares adjustment. Some line features are also used for evaluating
quality of transformation to assess comprehensively.

The simulation analyzes the impact of line feature-related factors, divided into
geometry and observable quality. The geometry-related factors include distribution,
number and orientation of line features. The observable quality is affected by length and
measurement quality. The simulated results show that distribution and orientation of line
features have significant influence on transform quality.

In experiment, the registration of close-range imagery pairs using 19 line features
with projective transformation can reach 0.39 pixel errors, which is close to point-based
one. Moreover, the registration of two 1/1000 digital topographic maps using 7 line
features based on similarity transformation have 0.348 meter errors. If 7 line features with
5 point features are used as conjugate features, the root mean square errors could decrease
t0 0.220 meters.

Keywords: Two-dimensional Geo-spatial Data Registration, Trajectory-based Line

Features, Vector Form Line, Close-range Imagery, Digital Topographic Maps
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(UV) LUV & 5 gk d 4

(X,Y) XY 4 5 chghd i o
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U=8,X+SY+S,

2-3
V=-8,X+SY+S, (2-3)
#79(S,,S,,S,,S,) LAp ik g
S,=Scosa
S,=Ssina
S, =T,
Sdva °
[U}:[UA}+tX{UB—UA}
e o (2-4)

29 (UV) LUV &5 hd st b E s
CRARICRARET S5 %
[dU,dV] 23 &= %% & [dU,dV] =[U,-U,,V,-V,] ;

t .2 73 o

Yot - FOEATIE 0 2 BE MPEAT I e 28N S 2R AT A (2-1)F N

i

@-4) 4 B 8 & XY 2 UV 4R & 59 s gl 51 9] ARl i i
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S, (Y,dU - X,dV ) =S, (X,dU +Y,dV)-S.dV +5,dU +U,dv -V,dU =0 (2.5)
S, (dXdV —dYdU )+ S, (dYdV +dXdU ) =0

(2-6)
S,
Y, dU-X,dvV -X,dU-Y,dv -dv du][S,| [-U,dV+V,dU 2.7
dXdv —dydu dvdv+dXxdu 0 0 ||S, | 0

Sd
¥ (S,,S,,S,,S,) Ap g S
(XA’YA) A (UA’VA) S dask S 4 12

dX,dY] ~ [dU,dV] 5.2 % S oo B o
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Pt A - B LR Koo MEREG gt o R R - B

FRE T AN RE AR 4o 2-4 907 0 B4 T 7 AU BT 7

BHEME T AT BN (28)F) 5

»
>




U =S (cosa—ssina)X +S, (sina+scosa)Y +T,
V =-S sinaX +S cosaY +T,

(2-8)
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O WA S IRt 3 &
T, #& Upp> » THE;

T AA Vs 5 THE o
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U=AX+AY+A,

2-9
V=AX+AY A, &)

#e (Abm At Agas A Ay A12) A b i i % #c;
Ay =S, (cosa—dsina)

Ay =S, (sina+dcosa)

A,=-S;sina
A,=S,cosa ;

A12 =-I-v °

o RN e B R IR AR o 5 (2-1) 3 SN (2-4)E M AR o &
» (297 o e I M B (2-10) ~ 2 (2-10) 0 1 R AR R est (2:12) 0 F
LA R B A O SRS AR R AR s - B AU
S o0y SR R UR S E
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A XAV +AY,dV +AdV - A, X,dU - A Y,dU - A,dU..

2-10
_U,dV +V,dU =0 SRR
Ay, dXdV + A,dYdV — A dXdU — A,dYdU =0 (2-11)
A
Ans
XV Ydv o dv -X,dU -Y,dUu -dU7| A, | [U.dV-V,du (2-12)
dXdv dYdv 0 —dXdU -dydu 0 || A,| 0
Ay
LA

27 (Ao Aoy Aoz A Ay Ay T ik 53

(XA’YA) (UAvV ) H PR SHET AL,

dX,dY] ~ [dU,dV] 2% s g dcen= 5 £ o
[aX,av] - [ REE TS £

223 P E R - B HE

HREERE S BT e 2 Bl ¥ 2bd PraadEd S § B g 2
LA L AT e TR R REEE TS REF O RFRLIF N AR
g o PN T  NIT R B lfeenig i > B R s W EAR R S e 2 o K dp
B2 P RER L - T e PR LB TG o ol 25 4t o Bl R

WER R 8 F T 6 FAT S ENE S w8 2 Az B 1 R
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Perspective center 1

. Perspective center 2

Image 1

Image 2

Object plane

Bl 25 SREPEHESF

_ P X+R,Y +P,
P X +P,Y +1
_ PR X+RY+FR,
P X +P,Y +1

(2-13)

27 (R Py Py Py R P P, Py ) LB 4 S o

Bt (2-1)2 M (2-4)E A AR s RO E G > T A EE AT
PRV E Az - st R BN 2 AR 0 4oV (2-14) ~ 54 (2-15) 0 1 A N e
7(2-16) - T EARE LS 0 - B E RPFHE RS A S AR R R E

P,X,dV +P,Y,dV + P dv —P,X,dU —P,Y,dU —P,dU +...

2-14
P (X V40U = X,U,dV )+ P, (YV,dU —Y,U,dV )+V,dU -U,dV =0 -19)

P, dXdV +P,dYdV — P,dXdU — P,dYdU ...

P, (U,dXdV -V,dXdU ) - P, (U,dYdV -V,dYdU ) =0 (2-15)
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X dv Y dv dv -X du -Y du -du X Vdu - X U dv YVdU -YU dv P -V dU + U dv
A A A A A A A A A A A A 10 A A (2_16)

dXdv dydv 0 —dXxdu —dYydu 0 -U dXdv +V dXdu -U dvdv +V dydu 0
A A A A

(Poo1 Powr Pozs Pros Pry Pio Py P ) AR 3 5
CRANURATEF FY ey

[dX,dY]" ~ [dU,dV] &% & $dgcin= oo £ o

23 % FEiRE A

FoeRBpPEicr B FIHFRARE S E BT LA FBA LB F P BE
TE s BEREENL AR 2 REN T RE - 2 B AR LR
B e B oyt o gt SRV R BB TR A AE o

231 FH#cst

BBt LR & B = %k T £ #73] (General least squares adjustment model)f% & »
4o (2-17) 77 0 T A g S A28 135 54 (2-5) ~ 34 (2-6) ~ 34 (2-10) ~ 54 (2-11) ~ 5
(2-14) 2 5% (2-15) s 4 058 > 423N > 4k S A S EO BBIE ¢ 7 E M Sl
$F 82 2 5 e 5 T L g0 (Stochastic model) & 235 E ARS8
BB OB PIRA AR BRI ZRE 0 4054 (2-18) 0 Flt 0 BRI R R MK
ERERFLBBUETLES -

d0 0 g O S A A Sl T A B S e B e (2-2) 54 (2-8)
BRHA N de (2-3) N (2-9) 4 A 0 A F Al R Ank 0 LB W Sl B
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Af+Be=w, e~(0,X=0;P") (2-17)
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Ox, Oxuy. Oxu, 9%y, Oxxs Oxue Oxus 9xuv,
2
Oxy, Oy, Ovu, Ovy, Ovx, Ovv, Ovu, Ovy,
O-XAUA O-YAUA O-UA O-UAVA O-UAXB O_UAYB O-UAUB O-UAVB
O-X AVA O_YAVA O-U AVA O-VA O-VA X B O_VAYB O-VAU B O-VAVB
_ 2
Z_ O_XAXB O-YAXB GUAXB O-VAXB O-XB O-XBYB O-XBUB O-XBVB (2 18)
) R
GX AYB O-YAYB GU AYB JVAYB JX BYB O-YB GYBU B GYBVB
2
GXAUB GYAUB O-UAUB O-VAUB O-XBUB GYBUB GUB O-UBVB
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AR -
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2.3.2 TN
AT 0N R g B R BLR B ) = %k T £ #53](Indirect observations least squares
adjustment model)f2 & » 458 (2-21) 0 T £ B H S AN EE BN 0 BE R A
YELZ o ARG W o BF S BN LR

Aé+e=w, e~(0,X=0;P") (2-21)

HP A EFEERE N RN A Sl s e
S A Awln g
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o, L AE i EL
P 2 ip B gt ;
PR 2N BiEe g o
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dXdV - dYdU =| XY |UV]cos(a+90") (2-24)

dXdU +dYdV = | XY |UV |cosx (2-25)
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2,6.1.1 EHMFR

P B I R AT Sl A2 Aaei > G SR BHRE%T S
EFIE Bl g aE L > dos8(2-26) ~ 54 (2-27) 0 LB PR L 2 5
SRR > 4eg (2-28) o

o’ o T
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B ooy A5 i BRPEDERREL o

n n n
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2 X Yi X Y XYi
oy, Oy, —4

ol +o’ ol o’
( - I ), (2-30)
= semi_a=.4..,

=semi_b=,/4

= A=

min

30



(ﬂ’max’/im.n) KJPLY/{”IIE' TIch 'B‘ 23 ﬁn .
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TR LA RN HEE TR
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D=\[(X, +rxa)-X, T +[(¥, +rxb)-Y. ]

[ —aX, +ax, —bY, +bY, (139
(a®+b?)

D, = D +D,+D,+D, (2-37)
4
HeD ALY 0P
D, ~D, A Brgti| e Mhd EFEYE o
s
Dtotal = % (2-38)

’/E[ 4 Dtotal {g’ggﬁﬁéﬁih *gl’ ;
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# 33 FE-ApmEHkELEE
. AR B
LS P E
F&E ok R @ o R
a (rad) 0.3 0.3001 4.6726e-4 0.3000 3.7816e-4
S 0.8 0.8000 2.4819e-4 0.8000 3.0253e-4
T, (pixels) 9 9.005 0.509 9.000 0.523
T, (pixels) 7 6.992 0.538 7.032 0.523
034 Fr- MEREELE
. ERPFHK B
gk JE
$FEcE BEHR FEKE BHHA
S, 0.8 07999 4.0044e-4 0.7999 4.6423e-4
S, 0.9 0.8999 3.9179e-4 0.9000 4.2318e-4
5 (rad) 02 01999 7.5287e-4 0.2001 7.5878e-4
a (rad) 0.2 0.1999 6.5113e-4 0.1999 5.3674e-4
T, (pixels) 8 8001 0514 8.020  0.527
T, (pixels)y -3 -2997 0575  -2.945  0.549
35 Re- MREHGEL S
. E AR BER
gk &
P8iE RHKRKR $EKE ZHEFAR
Poo 1.21 1.2099  5.4954e-4  1.2101  5.8863e-4
Pos 0.04 0.0399  6.1317e-4  0.0400  4.9765e-4
Po2
, -135.65 -135.483 1.365 -135.556  0.905
(pixels)
P10 0.13 0.1301  6.6992e-4  0.1300  5.0608e-4
Pu 0.96 0.9600  4.1639%-4  0.9599  4.4069e-4
P12
-178.81 -178.728 1.182 -178.800  0.808

(pixels)
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. EARPFAK B
Kk Z
28cE BHFER L&kE 2LHER
P20 7.80e-5 7.8059e-5 5.0420e-7 7.8059e-5 4.0277e-7
P21 -6.40e-5 -6.3997e-5 4.1127e-7 -6.4028e-5 3.4890e-7

i

% 36 MABEHFRACEIRPLEEEELAFRA S, { ERIVRA
HoSS e g S R R A AT A BES R S AL B o AP R 0 S

w1t 0.05 e B A B P ER TR LB K 0.4 o B R RE R
Prich i o

% 36 FEh- FEMHAETE
in 2 o 5t i 3% S 1 3
AR5 , ’ '

Otal_x (pixels) 0.65 0.65 0.75 0.76 1.35 1.10

Ot _y (pixels) 0.67 0.65 0.85 0.79 1.25 0.97
Ol 20 (pixels) — 0.94 0.92 1.13 1.10 1.86 1.47

3.13 3 MEAcCD B
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A RERFEELI RGBTSR BT RP e e  ERGEL e ) TEF
LB REHRIN Y T OELRD g o

d 4tk 100 =X F k2 o Ho R T SRS AN A E S Bl AT el B
Bt R 4o 330 P EHEEE S A bz BEEAENY R R R A

FREEE ] o
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3 37 F - ip ik 2k
&3k 2k a (rad) S T, (pixels) T, (pixels)
SHiE 0.3 0.8 9 7

% 3-8 FEk- 0t S

6 a Tu TV
LT RS S, Sy

(rad) (rad) (pixels) (pixels)
FHE 08 09 0.2 0.2 8 -3

. 39 FE- P EE LK

LTSS F&iE
Poo 1.2057
Po1 0.0410

Po2 (pixels) -135.6517
P10 0.1321
Pu 0.9605

P12 (pixels) -178.8053
P2o 7.8000E-05
P21 -6.4000E-05

41



322 - REMRFH A F BEE R SR REOPE
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(@23 & ()% 284

B 3-4 A F TS R R )

FHRPGEEIERMER % > 4 3100 3 BT OEMER G K
FAR AR L 3 ha o A PEE LR TN 66

R R L SR L B4R TR RS BB TR SIS
Bohod 311 4% 313~ % 3-155 F 4Bt Y AANES 2R ARL > TR
B4z Beojphd e S8z B2 B4M M o0& 3-12- 4 314~ % 3-16-

d ek =% X FFR A 47 4cB] 35 B 36 B 370 % s Fiog
A EL S L A RIS F 2 FHMEEY ARNTE L Bk
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HPEE LGP AR B S e R 2 h AN B A
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% 3-10 & % F]F PIRAERHER S %

0 i 3% 7 bt 3% SR 2T
A At BIWAT WIGLE BRNALAF BIAE EWLH
G » 0.53 2.70 0.63 3.63 1.01 54.05
Gty 0.57 2.66 0.78 4.69 0.95 33.05
T 20 0.78 3.80 1.00 5.94 1.40 67.49
(¥ i=: pixels)
% 3-11 A T pliEdp g S8 hH R
PPN PN
o (rad) 3.3440E-04 1.9228E-03
S 2.6350E-04 1.8400E-03
T, (pixels) 0.415 2.007
T, (pixels) 0.455 1.904
# 3-12 R ta T oAp ik S fcdp Bk
a S T, T,
a 1.00 -0.07 -0.35 0.84
S 1.00 -0.88 -0.55
T, 1.00 0.15
T, 1.00
% 3-13 & # FF PR s S BTG R
By AH BN H
S, 3.4581E-04 2.3392E-03
S, 4.7456E-04 3.2511E-03
5 (rad) 6.7951E-04 4.0943E-03
a (rad) 5.5780E-04 3.0599E-03
T, (pixels) 0.434 2.638
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By LE PSS
T, (pixels) 0.484 3.379
% 3-14 R na T btk e Sogcdp M Tk
S, S a T, T,
S, 1.00 -0.06 -0.16 -0.83 -0.10
S, 0.26 -0.04 -0.19 -0.63
S 1.00 -0.73 -0.41 -0.72
a 1.00 0.29 0.78
T, 1.00 0.33
T, 1.00
% 315 & # FF RlRR s R R ST R
[P B WA
Poo 4.5006E-04 4.2281E-02
Po1 4.0712E-04 9.2022E-03
Po2 (pixels) 1.109 19.010
P1o 5.7713E-04 1.7897E-02
Pu 5.0162E-04 2.3041E-02
P12 (pixels) 0.578 17.303
P2o 5.2492E-07 2.3997E-05
P21 2.1839E-07 9.6354E-06
# 3-16 & 304 T SR S fcap M Tl
Poo P1o Pu P12 P20 P21
Poo 1.00 0.97 0.89 -0.96 0.98 0.12
Po1 0.14 0.67 -0.45 0.10 0.95
Po2 -0.91 -0.95 0.97 -0.90 -0.32
P1o 1.00 0.79 -0.93 0.98 -0.05
Pu 1.00 -0.95 0.78 0.54
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BMPEBOFREN AR F RO FRLIAEEIH A TR

B 3-9- B 3-10 - B 3-11 & = fE4 S it L 5 % o B 3-10(b) 2 M)
3-11L(b) A A F PR T E > T U F PR AL PR L 2 e o E M v
TR ARE O EAWF A & A FFLR  F B g ARG e L B R
FEAOBEATRRED O PG AR A BERER T B AP
B2 5 B 3-10(a)2 B 3-11(a)H 4r P 3% F B B A ] 0 Bl R BB 4o T
FHRLEERT AGGI PV U EA E R DLEH R PR
Ao B RPFHT A AoBL R 3 B E R O FREEHI I R Food kR

BRERTARESR

F 3-17 #c & 75 PIiRAp g H 2RI HH R

13 & 8 i
a (rad) 3.2982E-04 3.4192E-04
S 2.3796E-04 2.8543E-04
T, (pixels) 0.324 0.454

T, (pixels) 0.407 0.453

% 318 #cE® FF R0 MR S RIL AN R

13 @ 8 &

S, 5.9577E-04 3.4337E-03

S, 8.0211E-04 3.7306E-03

s (rad) 4.8193E-04 1.9943E-03

a (rad) 5.3101E-04 2.0281E-03
T, (pixels) 0.331 0.461
T, (pixels) 0.444 0.495

% 3-19 #c P F]F RIA S P BT SH R
13 @ 8 i

Poo 6.5637E-04 4.4587E-03

47



13 B 8 i
Po1 5.5862E-04 3.9564E-03
Po2 (pixels) 0.554 g, IR 4
P10 6.5125E-04 4.1368E-03
Pu 5.9701E-04 2.8175E-03
P12 (pixels) 0.645 0.675
Pao 2.9675E-07 3.3847E-07
P21 3.1578E-07 5.7964E-07
% 320 B S ORIEARMMHR S %
AP 02 3 3% 7 bt i 3% R 2 T
13 B 8 i 13 B 8 B 13 B 8
Cotal x 0.45 0.58 0.71 3.06 0.94 4.67
Crotal_y 0.52 0.57 0.90 3.23 0.96 4.01
Ciotal 2D 0.69 0.82 1.17 4.89 1.38 6.88
(¥ i=: pixels)
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3320 HIBERT A MR S % B 5 FIT Ok T SRRy 0 b
X3 o duf BPERL S REIT7TERIG ERPFI4]4 L2E IR » PR
% o AR AT LB TS b B P > & 3-22 chip ik Sk
HE X o ITBLEEEHFAEFRL 2 3o gk fdclr X3 »
ST R LR ﬂ’ﬂiiiéﬁﬁhwﬁﬁﬁﬁﬂ’iigiﬁ+’
PP FA BTSN S B R L 0 2 324 MPHE SRR FiRA
v T B FEH R RA -

Bl 3-13~ B 3-14~ B] 3-15 & = AR FH B F AR A F R B D A
I3 HESR AP LB AR PP GREL BV RIS 0 2 7§
ERRE S U RS IIE N SO S U SNt SR TR
B3% e anF A s od PIRFTHOGEL RS %> RP L AF T 3
v PRI R 0 ] RS RS

£ R

4 321 2w TG ORI RE S %
AP 0 4 o B SRR

TMER FTMTHFE TN T HF OTNER O TNREHE

ot x 053 3.08 0.62 4.67 0.98 9.19
ot _y 0.56 1.07 0.77 1.12 0.93 1.18
Coa 20 0.77 3.26 0.99 4.80 1.37 9.27
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(¥ i=: pixels)

Fe 3-22 2 o T3 PIEEA R SIS R

TR R 0T
a (rad) 3.3521E-04 3.4251E-04
S 2.6266E-04 2.7905E-04
T, (pixels) 0.413 3.060
T, (pixels) 0.455 1.019
% 323 2 o F]F R D SR S HIL G R
JFue R ITmTE
S, 3.4662E-04 2.4213E-03
S, 4.7411E-04 7.0938E-04
o (rad) 6.7833E-04 4.5506E-03
a (rad) 5.5771E-04 6.3024E-04
T, (pixels) 0.434 3.262
T, (pixels) 0.484 0.792
% 324 2w FF RIRASH P SBOL S R
TR R i T fF
Poo 4.4504E-04 4.4152E-03
Po1 4.0691E-04 5.6765E-03
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Y =Y, +sdY

U=U,+tdU
V =V, +tdV

{UA+th =S, [ X, +5sdX]+S,[Y, +sdY]+S,
=

V, +tdV =-S [ X, +sdX ]+S,[Y, +sdY ]+S,

—S, [Xa+5dX |+ S, [Ys+sdY]+S, -V,

=t=
av
:>UA+_Sb[XA+SdX]+SCT\EYA+SdY]+Sd -V

2dU =S, [ X, +5dX]+S,[Y,+sdY ]+S,

=U,dV +(=S, [ X, +5dX |+S,[Y, +sdY [+ S, =V, )dU =(S,[ X, +sdX ]+ S, [Y, +sdY ]+ S, )dV

—U,dV — X,dUS, —sdXdUS, +Y,dUS, +sdYdUS, +dUS, —dUV, =...

X ,dVS, +sdXdVS, +Y,dVS, +sdYdVS, +dVS,

= Y,dUS, — X,dVS, — X ,dUS, —Y,dVS, —dVS, +dUS, +dVU,, —dUV, = ...

[dXdVS, —dYdUS, +dYdVS, +dXdUs, |s

Y s F B R RSN B

{YAdUSa - X,dVS, =X, dUS, =Y, dVS, ~dVS, +dUS, +dVU, ~dUV, =0,

(dXdV —dYdU)S, +(dYdV +dXdU)S, =0

[R50 A A o

Sa
Y,dU-X,dvV —X,du-Y,dv —dv du7|s,
dXdV —dYdU dYdv+dXdu 0 0 ||S,

Sq

{—UAdV +VAdU} )
- 0
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U =Ap X +AY + A,
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X = X, +sdX
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dv
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dv
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=>t=

=U,+

dU = Ay [ X, +5dX ]+ Ay [Y, +sdY [+ A,

—U,dV + X, dUA, +sdXdUA, +Y,dUA, +sdYdUA, +dUA, —V,dU =...

X ,dVA,, +SAXdVA, +Y,dVA, +sdYdVA, +dVA,

= X ,dVA,, +Y,dVA, +dVA, — X ,dUA, —Y,dUA, —dUA, U ,dV +V,dU =...
[~dXdVA, —dYdVA, +dXdUA, +dYdUA, ]s

NP s E Ak 5T RS B
X ,dVA, +Y,dVA, +dVA, — X ,dUA, —Y,dUA, —dUA, —-U,dV +V,dU = o#
dXdVA,, +dYdVA,, —dXdUA,, —dYdUA, =0

v aaE 4oor

Ao
Ao
[XAdV Y, dv dv -X,dU -Y,duU —dU} As, {UAdV—VAdU} 4
dXdv dYdv 0 -dXdU -dydu 0 |l A, 0

Ay
LAz
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o

U - PoX +PR,Y +P,
PoX +P,Y +1

_ PoX+RY+P,
Py X +PB,Y +1

X = X, +sdX
Y =Y, +sdY
U=U, +tdU
V =V, +tdV
U +tdU — Poo [ X a +50X |+ Py [Y, +5dY |+ Py,
A Pyo[ X o +50X ]+ Py, [Y, +s0Y ] +1
=
V. tdy = Po[Xa+sdX ]+P,[Y,+sdY]+P,
A =

Py [ Xa 50X |+ Py [Y, +sdY ]+1

1 (Plo[XA+st]+Pﬂ[YA+SdY]+Plz ]
VA

t=—
dV { Py [X,+sdX ]+ Py [Y, +sdY]+1

U +L(F’10[XA+st]+PH[YA+de]+P12_ j Py [XatsdX ]+ Py[Y, +sdY ]+ Py,
A A

dV | Py [X,+sdX]+P,[Y,+sdY]+1 - Pyo [Xa+50X ]+ Py [Y, +sdY ]+1

=U,dv _I_[Plo[XA+SdX]+ Pll[YA+SdY]+ R _ A] _[POO[XA+SdX]+ POl[YA+SdY]+ Poz]

Po[ X4 +5dX ]+ Py, [Y, +sdY | +1 | P [Xa+SdX ]+ Py [Y, +sdY ]+1
Po[Xa+5dX ]+ Py [Y, +5dY |+ Py, Po[X,+5dX ]+ Py, [Y,+sdY ]+P,

—U,dV -V,dU = av -
Po[Xa+5dX ]+ Py, [Y, +sdY ]+1 Py [Xa+5dX |+ Py, [Y, +5dY ] +1

ULV _V,dU = dV {Py [ X, +5dX ]+ Py, [Y, +sdY ]+ Ry, } —dU {P, [ X, +sdX ]+ P, [Y, +sdY |+ R, }

Py [ X +5dX ]+ P, [V, +sdY ]+1

= (U,dV =V, dU )[ Py (X, +5dX )+ Py, (Y, +sdY ) +1]=...
dV [ Py (X, +5dX )+ Py, (Y, +5dY )+ Py, | =dU [ By (X, +5dX )+ B, (Y, +sdY )+ P, |

= (U,dV —V,dU ) X ;P +5(U,dV —V,dU )dXP,, + (U ,dV —V,dU )Y, P, +5(U,dV —V,dU )dYP,, +...
(U,dV —V,dU ) = X ,dVP,, + SdXdVP,, +Y,dVP, +sdYdVP,, +dVR, — X ,dUP,, — sdXdUR, — ...
Y,dUR, —sdYdUR, —dUP,

= (U,dV —V,dU ) X ,Py, +(U,dV =V, dU )Y,P,, +(U,dV -V,dU ) +...

~X,dVP, —Y,dVP, —dVP, + X ,dUP,, +Y,dUP, + dUP, =..

~5(U,dV —V,dU )dXP,, — (U ,dV —V,dU )dYP,, + sdXdVP,, +sdYdVP,, — sdXdUR, —sdYdUP,
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— —X,dVP, —Y,dVP, —dVP,, + X ,dUP, +Y,dUP, + dUP, +...
X o (U ,dV —V,dU )Py +Y, (U,dV =V, dU ) P,, + (U ,dV —V,dU ) =...
[dXdVP,, +dYdVR,, — dXdUR, —dYdUR, —(U,dV —V,dU )dXP,, — (U ,dV —V,dU )dYR, ]s
NP s E Ak 5T RS B
X ,dVP,, +Y,dVP,, +dVP, — X ,dUP, —Y,dUP, —dUR, — X , (U .V —V,dU ) P,,
Y, (U,dV -V,dU )R, —(U,dV -V,dU ) =0 #
dXdVP,, +dYdVR, —dXdUR, —dYdUR, — (U ,dV —V,dU ) dXP,, —(U,dV —V,dU )dYR,, =0

[N 1545 A A

O-U O-U O-U
o N (= o

{XAdV Ypdv dv =X ,dU  -Y,dU  —dU X ,V,adU =X U adV YAvAdU—YAUAdv}

V,dU +U v #
dXxdV  dvdv 0 —dXdU -dvdU 0 —U,dXdV +V,dXdU U ,dYdV +V,dYdU )

0

50 0 .U T
N P

o

oo
[y
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R

SRS R e 0 R A(E MBI 1235 4) 0 KN (2-14) - MRS A 2 AR 0 i Rl R e T

XAV, Y,dv, dv, -X,dU, -Y,dU, —du, X, (V4dU,-U,dv,) Y, (V,du,-U dv)
dx,dv, dY,dv, 0 —dXdu, -dvdu, 0  dX,(U,dV,-V,dU,) dY,(U,dv,-V,du,) @)
)
X,dV, Y,dv, dv, -X,du, -Y,dU, -du, X, (V,dU,-U,dV,) Y, (V,dU,-U,dV,) ‘)
dX,dv, dv,dv, 0 -dX,du, -dY,du, 0 dX,(U,dV,-V,dU,) dY,(U,dv,-V,dU,)|a)
XpdV, Ydv, dvy -X,dU, -Y,dU; -dU; X, (V,dU;-U,dV;) Y, (V,dUs-U,dV;) (Z)
dX,dv; dY,dv, 0 —dX,dU, -dY,du, 0  dX,(U,dV,-V,dU,) dY,(U,dV;-V,dU;) 8
Xn\dVy Yydv, dv, -X,du, -Y,du, -du, X, (V,dU,-U,dV,) Y, (V,dU,-U,dV,) @g)
dX,dv, dv,dv, 0 -dX,du, -dvdu, 0 dX,(U,dV,-V,dU,) dY,(U,dv,-V,du,)
Bo 3N WP R 12 3EMT FenSie o 2(2) s 1 (4)~ X (6)p ik i
dX,dv, dv,dv, 0 —dX,dU, -dY,dU, 0 dX,(U,dV,-V,dU,) dY,(U,dV,-V,du,) )

dX,dv, dY,dv, 0 -dX,du, -dY,du, 0 dX,(U,dVv,-V,dU,) dY,(U,dv,-V,du,)|@)
dX,dV, dv,dV, 0 -dX,dU, -dv,dU, 0 dX,(U,dV,-V,du,) dv,(U,dv,-v,du,)|®
= 3 #rif 4 )|

= B2k dX, =mdX, ~ dY,=mdY, ~ dU, =mdU, - dV, =mdV, - dX, =ndX, ~ dY, =ndY, ~ dU, =ndU, ~ dV, =ndV,
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= (9)=(2)-m*x(4)
=> (10) = (4) —n?x (6)

0 0 0 0 0 0 dX,(U,dV,-V,du,)-m?dX, (U, dv,-V,du,) dY,(U,dV,-V,du,)-m?dY, (U, dV,-V, dU,) )
0 0 o 0 0 0 dX,(U,dv,-V,du,)-n’dX,(U,dv,-V,du,) dY,(U,dv,-V,du,)-n%dY,(U,dV, -V, du,) (L0)
dx.dv, dv,dv, 0 —dXdu, -dvdu, 0 dx, (U, dv, -V, dU,) dv, (U, av, -V, du,) (11)

[(UpQV, -V, dU, ) -m(U,, dV, -V, dU, )]

—~ (12)=(9)-m (10)
[(U,,dV, =V, dU,)-n (U, dV; -V, dU,) |
0 0 o0 0 0 o0 0 0 (12)
0 0 0 0 0 0 dX,(U,dv,-V,du,)-n%dX,(U,dV,-V,du,) dvY,(U,dV,-V,du,)-n’dY,(U, dv,-V, dU,)|(13)
dx,dv, dv,dv, 0 -dX,dU, -dv,du, O dx, (U, dv, -V, du,) dy, (U, dv, -V, du,) (14)

—HEP PR AT T PN - TE AR 4p R

&% = R i» 12 Mikhail and Weerawong (1997)# 4! e

\\\?{r

P E R BEGUEP o 38 (15)~(22)2 N (1)~(8)H AR T k> WE AL T 5N
AR RIMAREE B L2 3 4 MT FenBie 0 8 (15) ~ (17) ~ (19) ~ (QL)4p 1 FiT o

|l
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[ p,cosacosa’ p,sinacosa’ cosa' p,cosasing'
sinacosa'  —cosacosa’ 0 sinasina'
p,cosacosa’ p,sinacosa’ cosa' p,cosasing’
sinacosa’ —cosacosa’ 0 sinasing'
p;cosacosa’ pysinacosa’ cosa' pycosasina’
sinacosa’  —cosacosa’ 0 sinasina'
p,cosacosa’ p,sinacosa’ cosa' p,cosasina’

| sinacosa’  —cosacosa’ 0 sinasina'

[pcosacosa’ psinacosa’ cosa' p,cosasing!’
p,cosacosa’ p,sinacosa’ cosa' p,cosasing’
p;cosacosa’ pysinacosa’ cosa' p;cosasinga’

| p,COsacosa’ p,sinacosa’ cosa' p,cosasina’

= #f 4 s

= (22) =(15)-(17)

= (23)=(17)-(19)

= (24)=(19)-(21)

(p,—Pp,)cosacosa’ (p,—p,)sinacosa’ 0
(p,—py)cosacosa’ (p,—p;)sinacosa’ 0
(ps—Pp,)cosacosa’ (p,—p,)sinacosa’ 0

p,cosacosa’ p,sinacosa’ cosa'

psinasina' sina' —pp,'cosa —p,p,'sina |(15)
—cosasina' 0 -p,'sina P, 'cosa (16)
p,sinasina’ sina' —p,p,'cosa  —p,p, 'sina |(17)
—cosasina’ 0 -p,'sina p,'cosa |(18)
pysinasina' sina' —p,p;'cosa —p,p;'sina [(19)
—cosasina’ 0 —p;'sina p;'cosa  |(20)
p,sinasina' sina' -p,p,'cosa —p,p,'sina [(21)
—cosasina' 0 -p,'sina p,'cosa |(22)
psinasing' sina' —pp,'cosa —p.p,'sina |(15)
p,sinasina’ sina' -p,p,'cosa —p,p,'sina |(17)
p;sinasina’ sina' —p,p,'cosa —pyp;'sina [(19)
p,sinasina’ sina' -p,p,'cosa  —p,p,'sina |(21)
(p,—Pp,)cosasina’ (p,—p,)sinasinag’ 0 (—p,p,+ P,p,')cosa  (—p,p,"+ P, P, ")sina |(22)

(p,—ps)cosasina’ (p,-py)sinasina’ 0
(ps—p,)cosasina' (p,—p,)sinasine’ 0

p,cosasina’

109

)
(=P, P, + PyP;)cosa (=P, p,+ P;P;)sine |(23)
(—PsPs '+ PoPs')cosa (—psps'+ PP, )sina |(24)

p,sinasina’ sina’ —p,p,'cosa —P4P, Sina (21)



= (25)=(22)-
— (26) = (23) -
[ 0

0

p,cosacosa’

= (27) = (25)-

0

0

(ps—p,)cosacosa’

p,cosacosa’

e T T LY ERL Lt

(ps—p,)cosacosa’

(pz Ps)
( 2 p3)(24)
(Ps—ps)
0 0 0 0 0
0 0 0 0 0
(ps—p,)sinacosa’ 0 (py—p,)cosasina’ (p;—p,)sinasina’ 0
p,sinacosa’ cosa' p,cosasina’ p,sinasing’ sing'
n(26) ncwE
0 0 0 0 0
0 0 0 0 0

(p;—p,)sinacosa’ 0 (p,—p,)cosasina’ (p,—p,)sinasing’ 0

p,sinacosa’ cosa’ p,cosasina’

& 3 F7 3N AP ik #

110

(_ p1 p1 + pz pz I)_

(_pz P, + p3p31)’

+p;p, I)

p,sinasina’ sina’

(p—p,)
(pz_p3)
( )

(P.—p,)
(_ p3 p3 + p4 p4 ')COSO!
-p,p, 'cosa

0

(p,—p;)
(pa_pA)

(_ PsP; '+ P, P, l) cosa

—p,p, 'cCosax

e (_p2p2'+ papg')COSa (_p1p1'+ pzpz)

Py (_pspa + Py Py ')COSa (_pzpz "+ Py Ps )

( PsPs'+ P, P, ')Cosa (_pz P,"+ P;P; I)

(p.-p,) )
O]
26
EP*P;( P;Ps '+ P, P, )sina §24;
(=Pspy+ P, )sina (21)
—p,p, 'sina ]
0
( 2_ )( P33+ PPy )sma (26)
P, - P, - (24)
(_ PsPs '+ P, P, I)Sma 21
—-p,p,'sina



