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Abstract
In this master thesis, we review the notion about the Wang-Yau quasi-local mass
from the physical background to the mathematical construction. Finally, we dis-
cuss the positivity argument of Wang-Yau quasi-local mass in Wang-Yau’s original
paper.
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Chapter 1

Introduction

Mass is matter. It is an important quantity in its own right. It is also a fundamental
ingredient in general relativity. Unfortunately, it is not possible to define a mass
within an arbitrary region in general spacetimes [8]. However, in asymptotically
flat spacetimes, one can do it. This leads to the Bondi mass [1, 13] at null infinity
and the ADM mass at spacial infinity. Although the ADM mass is a physical
quantity, its positivity is not straightforward as one expects. Here is the original
conjecture.

Conjecture (Positive Mass Conjecture). For any asymptotically flat initial data
set satisfying the dominant energy condition, its ADM energy is positive except for
the initial data set in the Minkowski spacetime.

Finally, in around 1980, Schoen and Yau [14, 15] proved the above conjecture.
Later, Witten [22] used the spinor method to give another approach.

Theorem 1.1 (Positive Mass Theorem). Let (Ω, gij , pij) be a complete, asymp-
totically flat 3-manifold satisfying the dominant energy condition. Then the ADM
mass of each end of Ω is non-negative.

However there is no local notion of mass due to the equivalence principle. In
any point, we can let Christoffel symbols to be 0. Hence the local energy density
is meaningless [8, Section 20.4]. In 1982, Penrose [11] proposed a problem.

Problem. Find a suitable quasi-local definition of energy-momentum in general
relativity.

After that, many suggestions were proposed. Some approach the problem through
the Hamilton-Jacobi method, for instance, the Brown-York quasi-local mass [2]
[3] and the Liu-Yau quasi-local mass [6]. For a detailed survey on the quasi-local
mass, see [17].
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Definition 1.1 (Brown-York Quasi-Local Mass). Let Σ be a 2-surface which
bounds a spacelike region Ω in a spacetime M . Suppose Σ has positive Gauss
curvature. Then the Brown-York quasi-local mass is defined to be

mBY =
1

8π

(∫
X(Σ)

k0dX(Σ) −
∫
Σ
kdvΣ

)

where k is the mean curvature of Σ with respect to the outward normal of Ω and
k0 is the mean curvature of the isometric embedding X : Σ ↪→ R3.

Definition 1.2 (Liu-Yau Quasi-Local Mass). Let Σ be an embedded 2-surface
in a spacetime M . Suppose Σ has positive Gauss curvature. Then the Liu-Yau
quasi-local mass is defined to be

mLY =
1

8π

(∫
X(Σ)

k0dvX(Σ) −
∫
Σ
|H|dvΣ

)

where H is the mean curvature vector in M and k0 is the mean curvature of the
isometric embedding X : Σ ↪→ R3.

Remark 1.1. Brown and York used R3 as the reference while Liu and Yau took the
norm of mean curvature vector in M .
For positivity of the Brown-York and Liu-Yau quasi-local mass, we have the fol-
lowing theorems.

Theorem 1.2. [16] Suppose Ω has non-negative scalar curvature and k > 0. Then
mBY ≥ 0. Moreover, mBY = 0 if and only if Ω is flat.

Theorem 1.3. [6, 7] Suppose H is spacelike. Then mLY ≥ 0. Moreover, mLY = 0
only if M is isometric to R3,1 along Σ.

However there exists some cases in the Minkowski spacetime with strictly pos-
itive Brown-York quais-local mass as well as the Liu-Yau quasi-local mass [9]. In
2008, Mu-Tao Wang and Shing-Tung Yau used the momentum term to fix the
problem [20].

Definition 1.3 (Wang-Yau Quasi-Local Mass). Let X : Σ ↪→ M be a spacelike
embedding with spacelike mean curvature vector and assume the set of admissible
functions is nonempty. Then the Wang-Yau quasi-local mass is defined to be

mWY = inf
τ∈A

{H(Σ, X0, τ)− H(Σ, X, τ)}

where X0 is an isometric embedding into R3,1 and A is the set of all admissible
functions. The definition of H and the admissible function see Section 3.

2
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Remark 1.2. The Brown-York and Liu-Yau quasi-local mass involve an isomet-
ric embedding into R3, yet the Wang-Yau quasi-local mass involves an isometric
embedding into the Minkowski space.
The rigidity of Wang-Yau quasi-local mass is assured by the following theorem (see
Theorem 3.7).

Theorem A. Let X : Σ ↪→ M be an embedding into a spacetime M . Suppose M
satisfies the dominant energy condition and the mean curvature vector of X(Σ) is
spacelike. Then the Wang-Yau quasi-local mass is non-negative and the equality
holds if X is isometric to R3,1 along X(Σ).

Remark 1.3. The Wang-Yau quasi-local mass is defined only when the mean cur-
vature vector of Σ is spacelike. There are some important surfaces in general
relativity that have not been well-studied. Also there are conjectures involving
the timelike mean curvature vector, so it is important to know the timelike case.
Remark 1.4. Wang and Yau used the spacelike condition to find the suitable gauge.

The rest of this thesis is organized as follows. In section 2, we fix notations and
review the action principle and the Hamilton formulation to motivate the quasi-
local mass. In section 3, we define the Wang-Yau quasi-local mass and sketch the
proof of its positivity. You can assume section 3.2 and 3.3 for the proof toward
positivity.

3
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Chapter 2

Preliminary

Quasi-local mass is a physical notion, so it is helpful to know the physics back-
ground before jumping into the mathematical formulation. In this chapter, we
first recall some notations and review the action principle and the Hamiltonian
formulation of the Einstein equations.

2.1 Notations
Throughout this thesis, we adopt the Einstein convention and the units so that
the speed of light and the gravitational constant are dimensionless and normalized
to 1. The manifold Σ is preserved to denote a Riemannian 2-surface. Let M be a
smooth n-manifold with metric g. In local coordinate {xi}, the Riemann curvature
tensor and the Ricci curvature tensor are defined by

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

and
Ric(X,Y ) = gij ⟨R (∂i, X)Y, ∂j⟩ .

We denote
Rijkl = ⟨R (∂k, ∂l) ∂j , ∂i⟩

and
Rij = Ric (∂i, ∂j) .

In the case of hypersurface, the mean curvature is associated with the outward
normal vector unless otherwise specified. Suppose M is a 4-manifold with metric
g. Then M is said to be a spacetime if g is of signature (+++−). For any frame
on M , index 4 is always assumed to be the timelike direction.

4
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2.2 Constraint equations and dominant en-
ergy condition

The important equation connecting the ambient and submanifold geometry is the
Gauss-Codazzi equation. Let M be a spacetime with metric g and Ω ⊂ M be
a spacelike hypersurface with timelike unit normal vector ν. Let {ei}3i=1 be an
orthonormal frame on Ω. Then the Gauss equation reads

Rijkl = R̃ijkl +KljKki −KkjKil

where R̃ is the Riemann curvature tensor on Ω and
Kij = ⟨∇eiν, ej⟩

is the second fundamental form while the Codazzi equation is
R4jkl = −∇kKlj +∇lKkj

where we let ν be indexed 4. Contract both sides of the Gauss equation by the
induced metric h on Ω, then we have

hikRijkl = Rjl +R4j4l = R̃jl +KKjl −Ki
jKil

where K is the trace of the second fundamental form. Contract again, then we get

R44 +
1

2
R =

1

2

(
R̃+K2 −KijK

ij
)
. (2.1)

On the other hand, contract both sides of the Codazzi equation, then we see that
R4k = gjlR4jkl = −∇kK +∇jKkj = ∇j (−Kgjk +Kkj) . (2.2)

Equations (2.1) and (2.2) are called the constraint equations.
Here we focus on spacetimes that satisfy the Einstein equations

Rij −
1

2
Rgij = 8πTij

where T is the energy-momentum tensor. Let

µ =
1

2

(
R̃+K2 −KijK

ij
)

and
Ji = ∇k (−Kgik +Kik) .

The dominant energy condition says that for every timelike vector V ,
T ijViVj ≥ 0

and that T ijVi is non-spacelike. This means that the energy density is non-negative
to any observer and that any energy flow can never be faster than light. It can be
shown that

µ ≥ |J |
using the submanifold geometry and the dominant energy condition. For more
introductions on the energy condition, see [4].

5
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2.3 Action principle
Through out this thesis, we assume that the matter field is vacuum. Given a
compact spacetime M , it is known that the vacuum Einstein equations can be
obtained from the Hilbert-Einstein action

SEH =
1

16π

∫
M

RdvM .

Here R
√
−det g/16π is the Lagrangian density LEH . Let g(t) be a smooth family

of metrics on M such that g(0) = g. We calculate the variation of the action with
respect to the family of metrics. Denote ∂

∂t

∣∣
t=0

by δ.

Proposition 2.1. The variation of SEH with respect to the metric g, namely
δSEH , is given by

− 1

16π

∫
M

(
Rij − 1

2
gijR

)
δgijdvM +

1

16π

∫
M

∇l
(
gij∇jδgil − gij∇lδgij

)
dvM .

(2.3)

Proof. In local coordinate, we have
d

dt

∫
M

RdvM =
d

dt

∫
M

gijRij

√
− det g dx

=

∫
M

(
∂

∂t
gij
)
Rij

√
−det g + gij

(
∂

∂t
Rij

)√
−det g

+R
∂

∂t

√
−det g dx.

(2.4)

We point out the key identities. It is straightforward to see that
∂

∂t
gij = −gikgjl

∂

∂t
gkl. (2.5)

For the second term, contract the Riemann curvature tensor to derive

Rij = ∂kΓ
k
ij − ∂jΓ

k
ik + Γk

klΓ
l
ij − Γl

ikΓ
k
lj .

So
∂

∂t
Rij =∂k

(
∂

∂t
Γk
ij

)
− ∂j

(
∂

∂t
Γk
ik

)
+

(
∂

∂t
Γk
kl

)
Γl
ij + Γk

kl

∂

∂t
Γl
ij −

(
∂

∂t
Γl
ik

)
Γk
lj − Γl

ik

∂

∂t
Γk
lj

=

[
∂k

(
∂

∂t
Γk
ij

)
+ Γk

kl

∂

∂t
Γl
ij − Γl

ik

∂

∂t
Γk
lj

]
−
[
∂j

(
∂

∂t
Γk
ik

)
+ Γk

lj

∂

∂t
Γl
ik − Γl

ij

∂

∂t
Γk
kl

]
=

[
∂k

(
∂

∂t
Γk
ij

)
+ Γk

kl

∂

∂t
Γl
ij − Γl

ik

∂

∂t
Γk
lj − Γl

kj

∂

∂t
Γk
il

]
−
[
∂j

(
∂

∂t
Γk
ik

)
+ Γk

lj

∂

∂t
Γl
ik − Γl

ij

∂

∂t
Γk
kl − Γl

kj

∂

∂t
Γk
il

]
=∇k

(
∂

∂t
Γk
ij

)
−∇j

(
∂

∂t
Γk
ik

)
.

6
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Hence

gij
∂

∂t
Rij = ∇k

(
gij

∂

∂t
Γk
ij

)
−∇j

(
gij

∂

∂t
Γk
ik

)
= ∇k

(
gij

∂

∂t
Γk
ij − gik

∂

∂t
Γl
il

)
=
(
∇i∇j − gij∇k∇k

) ∂

∂t
gij =

(
gikgjl∇k∇l − gijgkl∇k∇l

) ∂

∂t
gij

= ∇l

(
gij∇j

∂

∂t
gil − gij∇l

∂

∂t
gij

)
. (2.6)

For the last term, use identities

∂

∂t
det g = tr

(
adj (g) ∂

∂t
g

)
and

adj g = (det g) g−1

to derive
∂

∂t
det g = (det g) gij ∂

∂t
gij .

So
∂

∂t

√
−det g =

1

2

√
− det g gij

∂

∂t
gij . (2.7)

Plug (2.5), (2.6) and (2.7) into (2.4), then we obtain the variation formula.

Remark 2.1. The first term in the variation is the Einstein tensor

Gij = Rij − 1

2
Rgij .

If M is closed, then the second term in (2.3) is zero. We can directly read the
vacuum Einstein equations from

δSEH = − 1

16π

∫
M

(
Rij − 1

2
gijR

)
δgijdvM .

However, there are boundaries in general spacetimes, thus δSEH has a nonzero
divergence term. As a consequence, we can’t derive the vacuum Einstein equations.
Therefore once the spacetime has a boundary, it is appropriate to consider an
action with a boundary term. York [23] proposed such a term by considering the
induced metric h on ∂M . For convenience, assume that ∂M is spacelike and N is
a future-directed timelike normal vector of ∂M . For any vector X along ∂M , we
can decompose it into vector on ∂M and the normal part, that is

X = XT − ⟨X,N⟩N.

So the induced metric h on ∂M is given by

hij = gij + ninj

where ni denotes ⟨∂i, N⟩.

7
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Remark 2.2. The tensor hij has 16 components.

Lemma 2.1. Consider the variation of SEH with respect to the metric g such that
the metric is fixed on the boundary. Then∫

M
∇l
(
gij∇jδgil − gij∇lδgij

)
dvM = −2

∫
∂M

δKdv∂M

where K is the mean curvature of ∂M associated with N .

Proof. By Stokes’ theorem, we have∫
M

∇l
(
gij∇jδgil − gij∇lδgij

)
dvM =

∫
∂M

gij (∇jδgil −∇lδgij)n
ldv∂M .

With the induced metric h, we get

gij (∇jδgil −∇lδgij)n
l =

(
hij − ninj

)
(∇jδgil −∇lδgij)n

l.

Note that
nlninj (∇jδgil −∇lδgij)

is anti-symmetric in i and l. So

nlgij (∇jδgil −∇lδgij) = hijnl (∇jδgil −∇lδgij) .

Since δg = 0 on ∂M , its tangential derivative is 0. Hence, in local coordinate {ya}
on ∂M ,

hij∇jδgil =

(
hab

∂xi

∂ya
∂xj

∂yb

)
∇jδgil = hab

∂xi

∂ya

(
∂xj

∂yb
∇jδgil

)
= 0.

Then we have
hijnl (∇jδgil −∇lδgij) = −hijnl∇lδgij .

Now consider the variation of the mean curvature K of ∂M , since δg = 0 on ∂M ,
we have

δK = δ
(
hij∇inj

)
= δ

[
hij

(
∂inj − Γk

ijnk

)]
= −hij

(
δΓk

ij

)
nk

= −1

2
hijgkl (∇iδgjl +∇jδgil −∇lδgij)nk =

1

2
hijnl∇lδgij

where we use the observations

hil∇lδgij = 0

and
0 = δ

(
gijninj

)
= 2gijniδnj = 2njδnj .

The proof is completed by comparing expressions.

8
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Therefore let’s introduce the boundary term to get the action

S1 = SEH +
1

8π

∫
∂M

Kdv∂M .

Remark 2.3. The above boundary term leads to the action S1 used by Brown-York
[3].

Corollary 2.1. The variation of S1 is given by

δS1 = − 1

16π

∫
M

(
Rij − 1

2
gijR

)
δgijdvM .

Proof. Use Proposition 2.1 and Lemma 2.1.

In particular, the above corollary holds when ∂M is nonempty. Note that we can
directly read the vacuum Einstein equations from δS1.

2.4 Hamiltonian formulation
In this section, we review the Hamiltonian formulation. To start, we need to
decompose the spacetime (M, g) into space part and time part. Assume from now
on that the spacetime M is foliated by a family of spacelike hypersurfaces Ωt where
t lies in the interval [t1, t2] and e4 be a future-directed timelike unit normal vector
of Ωt and ∂Ωt = Σt. This is a reasonable assumption since we believe there is a
way to define time in the physical spacetime. Note that

∂M = Ωt1 ∪ Ωt2 ∪B3

where B3 is the union of Σt. Let e3 be a spacelike unit outward normal vector
along Σt such that it is orthogonal to e4. Such t acts as a time function so that
each Ωt is of the same time. Now consider a vector T satisfying

⟨T,∇t⟩ = 1.

This T can be decomposed into the lapse function L and shift vector S as

T = Le4 + S.

Here S is orthogonal to e4. Let h be the induced metric on Ωt. Denote e3 and e4
by v and u respectively. The spacetime M then look like Figure 1.

9
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Figure 1. The spacetime M .

Before introducing the Hamiltonian density of the spacetime, we need to relate
the geometry of the hypersurface to that of the spacetime.

Lemma 2.2.

R44 = K2 −KijK
ij −∇i

(
ui∇ju

j
)
+∇i

(
uj∇ju

i
)
.

Proof.

R44 = Riju
iuj

= Rk
jkiu

iuj = uj (∇k∇j −∇j∇k)u
k

= ∇k

(
uj∇ju

k
)
−
(
∇ku

j
) (

∇ju
k
)
−∇j

(
uj∇ku

k
)
+
(
∇ju

j
) (

∇ku
k
)

= K2 −KjkK
jk −∇j

(
uj∇ku

k
)
+∇k

(
uj∇ju

k
)
.

The Lagrangian density LEH can be written as

LEH =
1

16π
R
√

−det g =
1

8π

(
R44 +

1

2
R−R44

)√
− det g.

Therefore by (2.1) and Lemma 2.2 we have

LEH =
1

16π

[
R̃+KijK

ij −K2 + 2∇i

(
ui∇ju

j
)
− 2∇i

(
uj∇ju

i
)]

L
√

deth.

So the action S1 becomes

1

16π

∫
M

R̃+KijK
ij −K2 + 2∇i

(
ui∇ju

j
)
− 2∇i

(
uj∇ju

i
)
dvM +

1

8π

∫
∂M

Kdv∂M .

Recall that
∂M = Ωt1 ∪ Ωt2 ∪B

10
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where B = ∪t∈[t1,t2]Σt. In particular,∫
M

∇i

(
ui∇ju

j
)
dvM = −

∫
Ωt1

∇ju
jdvΩt1

−
∫
Ωt2

∇ju
jdvΩt2

+

∫
B
KdvB.

Similarly we can decompose
∫
∂M Kdv∂M into the corresponding parts, and one

finds that the first two terms in the above are cancelled.

Corollary 2.2. The action S1 is expressed as

1

16π

∫ t2

t1

∫
Ωt

R̃+KijK
ij −K2 + 2∇i

(
ui∇ju

j
)
− 2∇i

(
uj∇ju

i
)
dvΩtLdt

+
1

8π

∫ t2

t1

∫
Σt

KLdvΣtdt.

Note that ∫
Ωt

∇i

(
uj∇ju

i
)
dvΩt = −

∫
Σt

uiuj∇jvidvΣt

and ∫
Σt

KdvΣt =

∫
Σt

(
gij − vivj

)
∇ividvΣt .

Hence
−
∫
Ωt

∇i

(
uj∇ju

i
)
dvΩt +

∫
Σt

KdvΣt =

∫
Σt

kdvΣt

where k is the mean curvature of Σt associated with v. Therefore S1 becomes

1

16π

∫ t2

t1

(∫
Ωt

R̃+KijK
ij −K2dvΩt +

∫
Σt

2kdvΣt

)
Ldt.

Denote the Lagrangian of Ωt and Σt by L and LYork, that is

S1 =

∫ t2

t1

∫
Ωt

LdxLdt+
∫ t2

t1

∫
Σt

LYorkdyLdt.

So
L =

1

16π

(
R̃+KijK

ij −K2
)√

deth. (2.8)

Lemma 2.3.
Kij =

1

2L

(
ḣij − ∇̃iSj − ∇̃jSi

)
.

Here ∇̃ is the covariant derivative on Ωt and ḣij = hki h
l
jLThkl where L is the Lie

derivative.

11
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Proof.

Kij =
1

2
Luhij =

1

2

(
uk∇khij + hik∇ju

k + hkj∇iu
k
)

=
1

2L

[
Luk∇khij + hik∇j

(
Luk

)
+ hkj∇i

(
Luk

)]
=

1

2L
hki h

l
j (LThkl − LShkl) =

1

2L

(
ḣij − ∇̃iSj − ∇̃jSi

)
.

Here we use the identity

hki h
l
jLShkl = hki h

l
j (S

p∇phkl + hpl∇kS
p + hkp∇lS

p)

= Sp∇̃phij + ∇̃iSj + ∇̃jSi.

The conjugate momentum to h is defined by

πij =
∂L
∂ḣij

.

Then by (2.8) and Lemma 2.3, we get

πij =
1

16π

(
Kij − hijK

)√
deth.

Proposition 2.2. The action S1 can be written in the form∫ t2

t1

[∫
Ωt

πij ḣij − LH − SiH
idx+

1

8π

∫
Σt

Lk − Sivj
(
Kij −Khij

)
dvΣt

]
dt

where
H =

1

16π

(
KijK

ij −K2 − R̃
)√

deth

and
H i = − 1

8π
∇̃jπ

ij .

Proof. Note that(
Kij − hijK

)
∇̃jSi + Si∇̃j

(
Kij − hijK

)
= ∇̃i

[
Sj

(
Kij − hijK

)]
.

Then by direct calculation, we get the expression.

The Hamiltonian density is obtained from the Legendre transformation [18, p460]

H = πij ḣij − L.

12
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Proposition 2.3. The Hamiltonian is given by∫
Ωt

LH + SiH
idx− 1

8π

∫
Σt

Lk − Sivj
(
Kij −Khij

)
dvΣt

where
H =

1

16π

(
KijK

ij −K2 − R̃
)√

deth

and
H i = − 1

8π
∇̃jπ

ij .

Proof. It follows from the Legendre transformation and Proposition 2.2.

The case H = Hi = 0, which is satisfied by the vacuum Einstein equations, gives
us the notion of energy, that is, the surface Hamiltonian

H (T, e4) = − 1

8π

∫
Σ
Lk − Sivj

(
Kij −Khij

)
dvΣ.

Note that we start from T and e4, so the surface Hamiltonian depends on these
two vectors. For convenience, we write it into the following form

H (T, e4) = − 1

8π

∫
Σ
Lk − Sivj (Kij −Kgij) dvΣ.

13
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Chapter 3

Wang-Yau Quasi-Local Mass

3.1 The definition
We know from the previous section, the surface Hamiltonian is given by

H (T, e4) = − 1

8π

∫
Σ
Lk − Sivj (Kij −Kgij) dvΣ. (3.1)

The quasi-local energy of Σ is then defined by

H (T, e4)− H (T0, ĕ4) (3.2)

where H (T, e4) is the physical one and H (T0, ĕ4) is the reference one. The issue
here is the choice of the background reference and the vectors T, T0, e4 and ĕ4. We
recall an embedding theorem by Nirenberg [10] and Pogorelov [12].

Theorem 3.1. Let σ be a metric on S2 with positive Gauss curvature. Then there
exists a unique isometric embedding of σ into R3 up to Euclidean rigid motions.

One natural reference is R3, we can use the above theorem to embed a 2-surface
with positive Gauss curvature. However there is an example [9] such that the
quasi-local mass is positive while the 2-surface lies in R3,1. Wang and Yau instead
took R3,1 as the reference. But if we write down the components of such embedding
as
(
X1, X2, X3, X4

)
, we only have three constrains, that is

ηij
∂Xi

∂xa
∂Xj

∂xb
= σab

where σ is the induced metric of the 2-surface and η is the standard metric on
R3,1. Thus we have one degree of freedom. Wang and Yau then fix T0 to be any
constant timelike Killing unit vector and proved the following embedding theorem
associated with T0 and the embedding satisfies some equation.

14
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Theorem 3.2. Let (Σ, σ) be a Riemannian 2-manifold diffeomorphic to S2. Let
λ be a function on Σ such that

∫
Σ λdvΣ = 0 and τ be the solution of ∆τ = λ.

Suppose
κ+

(
1 + |∇τ |2

)−1 det
(
∇2τ

)
> 0 (3.3)

where κ is the Gauss curvature of σ. Then there exists a unique spacelike isometric
embedding X : Σ ↪→ R3,1 satisfying

⟨H0, T0⟩ = −∆τ (3.4)

where H0 is the mean curvature vector of X(Σ). Here all differential operators are
with respect to σ.

The above τ is the time function. Before we prove Theorem 3.2, we need some
lemmas.

Lemma 3.1. Let (Σ, σ) be a Riemannian 2-manifold and X : Σ ↪→ R3,1 be an
isometric embedding. Then the mean curvature vector H of X(Σ) is ∆X.

Proof. Given a local coordinate {xi}2i=1 on Σ, we compute the second fundamental
form

II (∂i, ∂j) = (∇∂iX∂jX)⊥ = ∇∂iX∂jX − ∇̃∂i∂j = ∂i∂jX − Γk
ij∂kX.

Therefore
H = σijII (∂i, ∂j) = ∆X.

Lemma 3.2. Let X : Σ ↪→ R3,1 be an isometric embedding and X̂ = X − τT0

where τ = −⟨X,T0⟩. Then the Gauss curvature of X̂ is given by(
1 + |∇τ |2

)−1
[
κ+

(
1 + |∇τ |2

)−1
det
(
∇2τ

)]
.

Proof. Let ĕ3 be the outward normal of X̂(Σ) in R3. We can extend ĕ3 parallelly
along T0 in R3,1. Since ĕ3 is orthogonal to T0, we have

⟨ĕ3, ∂iX⟩ =
⟨
ĕ3, ∂iX̂ + ∂iτT0

⟩
=
⟨
ĕ3, ∂iX̂

⟩
= 0.

Thus {ĕ3, ĕ4} is an orthonormal basis for the normal bundle of X(Σ). In fact, we
can check directly that

ĕ4 =
1√

1 + |∇τ |2
(T0 +∇τ) .

Decompose the second fundamental form as

II (∂iX, ∂jX) = −h3ij ĕ3 + h4ij ĕ4

15
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where h3ij and h4ij are the second fundamental forms associated with ĕ3 and ĕ4
respectively. Since R3,1 is flat, by the Gauss equation, we have

0 = R̂1212 − h322h
3
11 + h422h

4
11 + h312h

3
21 − h412h

4
21

= R̂1212 − deth3 + deth4.
(3.5)

By the definition of τ , we derive

h4ij = −⟨∂i∂jX, ĕ4⟩ = − 1√
1 + |∇τ |2

⟨∂i∂jX,T0 +∇τ⟩

=
1√

1 + |∇τ |2
(∂i∂jτ − Γijk∂kτ) =

∇i∇jτ√
1 + |∇τ |2

.

Note that the determinant of the induced metric of X̂(Σ) is given by

detσ
(
1 + |∇τ |2

)
.

Divide both sides of (3.5) by detσ
(
1 + |∇τ |2

)
, we get the desired expression.

Proof of Theorem 3.2. We first prove the uniqueness problem. Assume X1 and X2

be two embeddings given by Theorem 3.2. Let

τi = −⟨Xi, T0⟩ .

Consider the projection X̂i = Xi − τiT0 of Σ onto R3. By Lemma 3.2, the Gauss
curvature of X̂i is(

1 + |∇τi|2
)−1

[
κ+

(
1 + |∇τi|2

)−1
det
(
∇2τi

)]
> 0.

The metric on X̂i(Σ) can be computed as⟨
dX̂i, dX̂i

⟩
= ⟨dX, dX⟩+ dτ2i .

On the other hand, by Lemma 3.1, we have

⟨∆(X1 −X2) , T0⟩ = 0.

Hence ⟨X1 −X2, T0⟩ is a constant. So dτ1 = dτ2. As a consequence, the induced
metrics of X̂1(Σ) and X̂2(Σ) are the same. Therefore by Theorem 3.1, X̂1(Σ) is
the same as X̂2(Σ) up to Euclidean rigid motion. Now since dτ1 = dτ2, X1(Σ) and
X2(Σ) are the same up to rigid motion.

For the existence, we solve λ = ∇τ . Consider the new metric σ + dτ2. The
Gauss curvature is the same as before and positive by assumption. Hence Theorem
3.1 gives an embedding X̂. The isometric embedding into R3,1 is then given by
X̂ + τT0.

16
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Figure 2. The picture of Proof of Theorem 3.2.

Remark 3.1. We use Theorem 3.1 to deal with the uniqueness in Theorem 3.2.

Corollary 3.1. Let
(
S2, σ

)
be a Riemannian manifold. Let τ be a function on S2

such that (3.3) holds. Then there exists a unique spacelike isometric embedding
X0 : S2 ↪→ R3,1 and τ as the time function.

Let X : Σ ↪→ R3,1 be the isometric embedding in Theorem 3.2 and τ be the
corresponding time function so that

τ = −⟨X,T0⟩ . (3.6)

We choose ĕ4 to be the unit normal vector in the normal direction of T0. Use (3.6),
one see that

ĕ4 =
1√

1 + |∇τ |2
(T0 +∇τ) .

So
⟨H0, ĕ4⟩ =

−∆τ√
1 + |∇τ |2

where we use (3.4). At this moment, we can write down the reference Hamiltonian
as

H (T0, ĕ4) = − 1

8π

∫
X(Σ)

L0k0 − Si
0v

j
0

[
(K0)ij −K0 (g0)ij

]
dvX(Σ)

where
L0 =

√
1 + |∇τ |2

and
S0 = −∇τ.

Here all the terms with 0 are in R3,1 and T0 =
√

1 + |∇τ |2u0−∇τ . There are still
two vectors unspecified, namely T and e4.

17
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Now let’s move on to the general spacetime. Given any basis {e3, e4} for the
normal bundle NΣ, Wang and Yau consider the vector

ke4 − pe3 − V

where V is the tangent part of W which satisfies

⟨W,X⟩ = ⟨∇Xe3, e4⟩

for any vector X and
p = K −Kijv

ivj .

This vector is closely related to the surface Hamiltonian. In fact, the expression
(3.1) can be written as

1

8π

∫
Σ
⟨ke4 − pe3 − V, Le4 + S⟩ dvΣ.

To maintain consistency with Wang-Yau’s notation, we denote ⟨∇Xe3, e4⟩ by
αe3(X).

Definition 3.1. Let X : Σ ↪→ M be a spacelike embedding into spacetime M . Let
τ be a smooth function on Σ and e3 be a spacelike normal vector. We denote

h (Σ, X, τ, e3) =

√
1 + |∇τ |2 ⟨H, e3⟩+ αe3 (∇τ) (3.7)

where H is the mean curvature vector of Σ in M .

Notice that h defined above is different from the original paper [20] by a minus
sign.
Remark 3.2. In term of the mean curvature vector H, we have

k = −⟨H, e3⟩ , p = −⟨H, e4⟩ .

Thus
h (Σ, X, τ, e3) =

⟨
ke4 − pe3 − V,

√
1 + |∇τ |2e4 −∇τ

⟩
.

The reference Hamiltonian is then equal to

1

8π

∫
Σ
h (Σ, X, τ, ĕ3) dvΣ =

1

8π

∫
Σ

√
1 + |∇τ |2 ⟨H, ĕ3⟩+ αĕ3 (∇τ) dvΣ.

Consider a coordinate transformation between bases {e3, e4} and {ê3, ê4}, that is,

e3 = coshϕ ê3 − sinhϕ ê4, e4 = − sinhϕ ê3 + coshϕ ê4 (3.8)

for some function ϕ.

18
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Proposition 3.1. If the mean curvature vector of the embedding X : Σ ↪→ M is
spacelike, then the integral ∫

Σ
h(Σ, X, τ, e3)dvΣ

has a global maximum and such maximum is achieved by some vector ē4 such that

⟨H, ē4⟩ =
−∆τ√
1 + |∇τ |2

.

Proof. Let {e1, e2} be a frame of TΣ. In terms of the transformation (3.8), we
have∫

Σ
h (Σ, X, τ, e3) =

∫
Σ

√
1 + |∇τ |2 ⟨H, e3⟩+ αe3 (∇τ) dvΣ

=

∫
Σ
−
√

1 + |∇τ |2
2∑

a=1

(coshϕ ⟨∇ea ê3, ea⟩ − sinhϕ ⟨∇ea ê4, ea⟩)

+ [αê3 (∇τ) +∇τ · ∇ϕ] dvΣ.

Since H is spacelike, take
ê3 = − H

|H|
and ê4 to be the future-directed timelike normal vector such that {ê3, ê4} is an
orthonormal frame. Using the integration by parts, the integral becomes

F (ϕ) =

∫
Σ
−
√

1 + |∇τ |2 coshϕ|H|+ αê3 (∇τ)− ϕ∆τdvΣ.

Note that the integral is a functional of ϕ. The first variation can be computed as

d

dt

∣∣∣∣
t=0

F (ϕ+ tα) =

∫
Σ
−
[√

1 + |∇τ |2 sinhϕ|H|+∆τ

]
αdvΣ.

So the critical point happens when√
1 + |∇τ |2 sinhϕ|H|+∆τ = 0.

Also since the functional is concave, this point is a maximum. Hence there is a
unique timelike unit normal vector ē4 such that

⟨H, ē4⟩ =
−∆τ√
1 + |∇τ |2

.
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Therefore we have a unique choice of ē4 in the spacetime such that

⟨H, ē4⟩ = ⟨H0, ĕ4⟩ . (3.9)

Finally, we assign T the vector
√

1 + |∇τ |2ē4 −∇τ .
Remark 3.3. The equality (3.9) is the equality (3) in [21]. This equation is to
choose the unique gauge of the spacetime.

Definition 3.2. Let X : Σ ↪→ M be a spacelike embedding. A smooth function τ
on Σ is said to be admissible if the following conditions hold.

1. Σ bounds an spacelike hypersurface Ω ⊂ M such that the Jang-Schoen-Yau
equation with the boundary data τ is solvable on Ω.

2. κ+
(
1 + |∇τ |2

)−1
det
(
∇2τ

)
> 0.

3. h (Σ, X, τ, e′3) < 0.

Here κ is the Gauss curvature of Σ and e′3 is given by Theorem 3.4.

Definition 3.3. Let X : Σ ↪→ M be a spacelike embedding into a spacetime M .
The Wang-Yau quasi-local mass is defined to be the infimum among

H(T, e4)− H (T0, ĕ4)

where τ = −⟨X,T0⟩ is admissible and X0 is the unique embedding into R3,1

associated with τ .

Remark 3.4. The physical and reference Hamiltonian are equal to

H (T, ē4) =

∫
Σ

√
1 + |∇τ |2 ⟨H, ē3⟩+ αē3 (∇τ) dvΣ

and
H (T0, ĕ4) =

∫
X(Σ)

√
1 + |∇τ |2 ⟨H0, ĕ3⟩+ αĕ3 (∇τ) dvX(Σ)

respectively.

3.2 Jang-Schoen-Yau equation
The Jang-Schoen-Yau equation was first proposed by Jang [5] to solve the positive
mass conjecture. Schoen and Yau used the Jang-Schoen-Yau equation to prove the
positive mass conjecture. In fact, their proof also reveals a deep relation between
the solvability of the Jang-Schoen-Yau equation and the existence of black hole. In
the case of the Wang-Yau’s work, the Jang-Schoen-Yau equation is used to derive
an equality between (3.11) and (3.12) in order to prove the positivity.
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Theorem 3.3. Let (Ω, g, p) be an initial data set. Then (Ω, g, p) is Minkowski
space if and only if there exists a function f and a flat metric k such that

pij =
DiDjf√
1 + |Df |2

and
gij = kij −DifDjf.

Using the above theorem, we derive the Jang-Scheon-Yau equation(
gij − DifDjf

1 + |Df |2

)(
DiDjf√
1 + |Df |2

− pij

)
= 0. (3.10)

Let (Ω, g, p) be an initial data set. We consider the Riemannian product manifold
(Ω× R, ḡ, p̄) where ḡ is the product metric and p̄ is a symmetric tensor extended
from p parallelly along the R-direction, i.e. p̄(·, v) = 0 for the downward unit vector
v in the R-direction. The Jang-Schoen-Yau equation aims to find a hypersurface
Ω̃ ⊂ Ω × R defined by the graph of a function f so as the mean curvature of Ω̃
is the same as the trace of the restriction of p̄ on Ω̃. It can be shown that the
condition is the same in (3.10). We denote the Levi-Civita connection on Ω×R by
∇̃ where it reduces to the usual Levi-Civita connection on Ω and R by the virtue
of the product metric.

Let τ be a smooth function on Σ. Denote the graph of τ on Σ by Σ̃ and that
of f on Ω by Ω̃. So it becomes a Dirichlet problem so that f = τ on the boundary.
We consider the expression on Σ̃

k̃ −
⟨
∇̃ẽ4 ẽ4, ẽ3

⟩
+ p̄ (ẽ4, ẽ3⟩ (3.11)

where k̃ is the mean curvature of Σ̃.

Theorem 3.4. Let X : Σ ↪→ M be a spacelike embedding. Let τ be a function
on Σ and Ω be a spacelike hypersurface such that ∂Ω = Σ. Suppose the Dirichlet
problem of Jang-Schoen-Yau equation with boundary condition that f = τ on Σ
is solvable. Then there exists a spacelike unit normal vector e′3 along Σ such that
(3.11) at p̃ ∈ Σ̃ is equal to

−
⟨
H, e′3

⟩
− 1√

1 + |∇τ |2
αe′3

(∇τ) (3.12)

evaluated at p ∈ Σ where p̃ = (p, τ(p)) ∈ Σ̃.

Theorem 3.4 links the geometry of Σ̃ with that of Σ.
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3.3 Shi-Tam inequality
The boundary term is crucial in the discussion of action principle and the notion of
the quasi-local mass. Shi and Tam [16] proved an inequality relating the integral
of the mean curvature of boundary to that of isometric embedding. To be precise,
they showed

Theorem 3.5. Let Ω be a compact Riemannian 3-manifold with nonnegative scalar
curvature. Suppose Σ = ∂Ω has positive Gauss curvature and positive mean
curvature k. Let X : Σ ↪→ R3 be an isometric embedding and k0 be the mean
curvature of X(Σ). Then ∫

Σ
kdvΣ ≤

∫
X(Σ)

k0dX(Σ).

The equality holds if and only if Ω is in R3.

Wang and Yau generalized the Shi-Tam’s work into the following theorem.

Theorem 3.6. Let Ω be a compact Riemannian 3-manifold with boundary Σ.
Suppose there exists a vector V on Ω such that

R ≥ 2|V |2 − 2divV

on Ω where R is the scalar curvature of Ω and

k > ⟨V, ν⟩

on Σ where ν is the outward normal vector of Σ and k is the mean curvature
of Σ associated with ν. Suppose also the Gauss curvature of Σ is positive. Let
X : Σ ↪→ R3 be an isometric embedding. Then∫

Σ
k − ⟨V, ν⟩ dvΣ ≤

∫
X(Σ)

k0dvX(Σ)

where k0 is the mean curvature of X(Σ).

Remark 3.5. If X = 0, then Theorem 3.6 reduces to the result of Shi-Tam.

3.4 The positivity
This section shows the positivity of the Wang-Yau quasi-local mass. The moral
is to compare the different forms of the integral (3.7) in various settings. We
first link the geometry of the projection X̂ with that of the isometric embedding
X : Σ ↪→ R3,1.
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Proposition 3.2.∫
X̂(Σ)

k̂dv
X̂(Σ)

=

∫
X(Σ)

−
√

1 + |∇τ |2 ⟨H0, ĕ3⟩ − αĕ3 (∇τ) dvX(Σ)

where k̂ is the mean curvature of X̂(Σ) in R3.

Proof. Let {ê1, ê2} be an orthonormal basis for X̂(Σ). Note that

k̂ =

2∑
a=1

⟨∇êa ĕ3, êa⟩ =
2∑

a=1

⟨∇êa ĕ3, êa⟩+ ⟨∇ĕ3 ĕ3, ĕ3⟩ − ⟨∇T0 ĕ3, T0⟩ .

Therefore k̂ = gij ⟨∇ei ĕ3, ej⟩ for any frame {ei} of R3,1 where gij = ⟨ei, ej⟩. Choose
{e1, e2} to be the orthonormal basis for X(Σ). Notice that {ĕ3, ĕ4} forms an
orthonormal basis for the normal bundle of X(Σ). Hence we have

k̂ =

2∑
a=1

⟨∇ea ĕ3, ea⟩ − ⟨∇ĕ4 ĕ3, ĕ4⟩ = −⟨H0, ĕ3⟩ −
1√

1 + |∇τ |2
⟨∇∇τ ĕ3, ĕ4⟩ .

The area forms of X(Σ) and X̂(Σ) have the following relation

dvX(Σ) =
1√

1 + |∇τ |2
dv

X̂(Σ)
.

Combine all the terms, then we obtain the Proposition 3.2.

Proposition 3.2 is related to the gravitational conservation law in the following
sense. If we assume u and t are tangent to B, then the surface Hamiltonian can
be simplified as [19]

H (T0, ĕ4) =

∫
Σ
(π0)ij u

i
0t

j
0dx

where (π0)ij is the conjugate momentum to the induced metric on B. Let D be the
region of the timelike hypersurface between X̂(Σ) and X(Σ). Since M is vacuum
and t0 is Killing, we have∫

∂D
(π0)ij u

i
0t

j
0dv∂D =

∫
D
∇i
[
(π0)ij t

j
0

]
dvD = 0.

One have
H (T0, ĕ4) = −

∫
X̂(Σ)

k̂dv
X̂(Σ)

by the conservation law and Proposition 3.2.
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Proposition 3.3. Let X : Σ ↪→ M be an embedding into a spacetime M with the
dominant energy condition and X0 : Σ ↪→ R3,1 be the isometric embedding given
by Theorem 3.2. Suppose τ is admissible. Then∫

X0(Σ)
h (Σ, X0, τ, ĕ3) dvX0(Σ) ≤

∫
X(Σ)

h
(
Σ, X, τ, e′3

)
dvX(Σ).

Proof. Since τ is admissible, h (Σ, X, τ, e′3) < 0. By Theorem 3.4,

k̃ −
⟨
∇̃ẽ4 ẽ4, ẽ3

⟩
+ p̄ (ẽ4, ẽ3) > 0.

Take X̃ to be the dual vector of
⟨
∇̃ẽ4 ẽ4, ·

⟩
− p̄ (ẽ4, ·) on the graph of τ over Σ,

namely Σ̃. One see that Ω̃ satisfies the condition in Theorem 3.6 by [14].Then by
Theorem 3.6, ∫

X̂(Σ)
k̂dv

X̂(Σ)
≥
∫
Σ̃
k̃ −

⟨
X̃, ẽ3

⟩
dv

Σ̃
.

Finally, from Theorem 3.4 and Proposition 3.2, we have∫
X0(Σ)

h (Σ, X0, τ, ĕ3) dvX0(Σ) ≤
∫
X(Σ)

h
(
Σ, X, τ, e′3

)
dvX(Σ).

Theorem 3.7. Let X : Σ ↪→ M be an embedding into a spacetime M . Suppose
M satisfies the dominant energy condition and the mean curvature vector of X(Σ)
is spacelike. Then the Wang-Yau quasi-local mass is non-negative and the equality
holds if X is isometric to R3,1 along X(Σ).

Proof. The following inequalities summarize the proof for the positivity.

H(T, ē4) =

∫
Σ
h (Σ, X, τ, ē3) dvΣ

≥
∫
Σ
h
(
Σ, X, τ, e′3

)
dvΣ

≥
∫
Σ
h (Σ, X0, τ, ĕ3) dvΣ = H (T0, ĕ4) .

(3.13)

The first inequality in (3.13) follows from the definition of H(T, ē4) as the local
maximum. The second inequality is from Proposition 3.3. The last one is from the
definition. As a consequence of the above inequalities, the Wang-Yau quasi-local
mass is non-negative. Now if X is isometric to R3,1, then we can take X0 : Σ ↪→
R3,1.
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