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Abstract

We only consider the inverse problem for estimating the size of
an inclusion D, D C €, in an elastic body with residual stress. The
constitutive equation of this elasticity system is not isotropic, due
to the presence of residual stresses. We prove that the size of the
inclusion can be estimated both from above and below by using only
one pair of traction-displacement measurement on the boundary of 2.

Keywords: Inverse Problem, Detecting inclusions, Elasticity system, Resid-
ual stress, Carleman estimate, Three-Sphere inequality, Lipschitz propaga-
tion of smallness
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1 Introduction

1.1 Elasticity system with residual stress

We consider the three dimension problem, so we assume n = 3. In linear
elastic systems, the general equation for linear elasticity with residual stress
is given by R

o=T+ (Vu)T + L(Vu), (1.1)

where L(Vu) is the incremental elasticity tensor and

~ 1

Vu = §(Vu + (Vu)) (1.2)
the residual stress T should satisfy

VI =0, T=T"]).

Applying Hartig’s law in three dimensions we can write
L(Vu) = H(Vu) + D(T, Vu). (1.3)
Then using the result in [12], we can express L(Vu) as

L(e) = AtrVu)l 4 2aVu + By (trVu) (trT) + Bo(trT)Vu

+B5((trVu)T + tr(VuT)I) + Bu(VuT + TVw), (1.4)

where A, v are Lamé parameters and (1, 52, O3, B4 are material parameters.
Now we have the equation

o =T+ (Vu)T + MNtrVu)I + 2fiVu
+01 (trVu) (trT) 4 Bo(trT)Vu (1.5)
+B3((trVu)T + tr(VuT)I) + Bo(VuT + TVu)
In this thesis, we will mainly focus on Equation (1.5). This equation is

much closer to the real elastic system than Lamé System. The results we
derive can be applied to a wider range.

1.2 Inverse problem

Now we begin by defining our mathematical model and present the results of
this paper from the point of view of Inverse Problem. We let A = A+ /31 (trT")
and p1 = i + 2 5o(trT). We can rewrite (1.5) as

o =T+ (Vu)T + AtrVu)l + 2uVu

+63((trVu)T + tr(Vul) ) + B4(§UT + T@u) (1.6)

4
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To simplify our derivation, we take 83 = 5, = 0. We consider the equation

o(z) = T(x) + (Vu)T(x) + Mz)(trVu) I + 2u(z)Vu. (1.7)

Figure 1: Q2

Let u be the displacement in elasticity system with general residual stress
0=V- [A@)tr(Vu)] 4 2u(z)Vu + T(z) + (Vu)T(z)| . (1.8)

We can re-express (1.8) in another format. If we define the elasticity
tensor C = (Cijkl>?,j,k,l:1 by

Cijrr = N0 + (61 + 6550i) + tjidin, (1.9)
then (1.8)) is equivalent to
V - (CVu) = 0, (CijpiOpux) =0 in Q. (1.10)
However C loses some symmetry properties, so that it maybe
Cijit 7# Ciirt, Cijir 7 Cijige- (1.11)

Let C be the elasticity tensor field of D. First we use (1.8) as our model
and introduce Neumann boundary conditions so that we have

>
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Figure 2: two condition

I
—5 O

V- ((xa\pC + XDC)VU) =0 Q V- (xaCVuyg)
(CVu)r = o0 (CVug)v

—~
—_

here we set [, u = [, uo = 0 for uniqueness.

For inverse problem, we assume we don’t know whether D really exists,
and the position and size of D are unknown. Consequently we assume the real
elastic coefficient of the known substance €2 is C and the elastic coefficient of
the substance D is C.

Our inverse problem is that: Can we estimate the size of the unknown
inclusion D without breaking €27

In order to achieve this goal, we can try to measure the stress, ¢, and
deformation, g, of the surface after giving appropriate external force without
destroying the material. We infer the size of D by the measurement results.

doi:10.6342/NTU201804025



V- ((xes pC + xpC)Vu) =0 Q V- (xaCVuy) =0
(CVu)r =¢ of) (CVu)v =

where fQ ug = 0. This is our inverse system.

1.3 Estimate size of an inclusion in an elastic body
with residual stress

In this research, the focus is on an inverse problem for the elasticity with
residual stresses (1.14). The main purpose is to estimate the size of an
unknown embedded domain in an elastic body. This embedded domain could
represent the region in which the defect occurs. In order to better define the
problem, we consider an elastic body with residual stresses. The residual
stresses are the remainder after the original cause of the stresses, e.g. thermal
treatment, has been removed. The existence of residual stresses may cause
premature failure of a structure. For the development of detecting inclusion
of elasticity system issue for this kind of inverse problems, we refer to [4], [3]
and [5].

To define our problem more precisely, let 2 be a connected open set in
R? with smooth boundary 9. Assuming that u(z) = (u;(z))?_; is a three-
dimensional vector field. We consider the following equilibrium equation for
u:

V.o=0in Q, (1.13)
where 0 = (0y;)7,_; is the stress tensor field given by
o(w) = T(x) + (Vu)T(x) + (@) (trVu)] + 2u(@)Vu,  (1.14)
7
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where Vu(z) = (Vu 4+ Vu!)/2 is the infinitesimal strain and X,z are Lamé
parameters. The tensor T'(x) = (t;(x))?_; represents the residual stress,
which satisfies V- T = 0 and t;; = ¢;; for all 1 < 5,1 < 3.

The expression (1.14) is a simple constitutive equation modeling the linear
elasticity with residual stress, which has been considered in existing literature
[18], [8], [15] and [16]. We consider (1.14) because for (1.13) with (1.14) we
have the three spheres inequalities, which are an essential tool in this research.

We already know we can express (1.14) into the new form

It is rather important to notice that, for this elasticity system, the minor
symmetry properties, i.e., Gz = Cjim and Cjj, = Cyjik, may not hold.
However, it still satisfies the major symmetry property, C;ji = Cgij, mean-
ing that (1.13) is a hyper elasticity system.

Now let D C € represent an unknown domain embedded in Q. Let C
denote the elasticity tensor in D. We consider the equilibrium system

V- ((xa\pC + xpC)Vu) = 0 in Q, (1.16)

where yg denotes the characteristic function of domain E. Let u be the
solution for (1.16) satisfying the Neumann condition

(CVu)r = ¢ on 012, (1.17)

where v is the unit exterior normal to 0€). Here we investigate the following
inverse problem: assuming that the background media C is known, we would
like to estimate the size of D using the knowledge of {p, ulsq} only.

The ultimate goal for this inverse problem is to retrieve all geometric
information of D by one pair of {p,u|gq} only. Detecting size of an inclu-
sion has been studied using various models but yields similar results. We
give three significant examples: modelling electrically conducting body [17],
modelling the Lamé system of elasticity [4] and modelling the elastic plates
[13].

In existing literature, the proof of important result is often based on three
spheres inequalities for (1.13), (1.14). The qualitative unique continuation
property (UCP) for (1.13), (1.14) has been proved in [18]. Our task here
is to derive a quantitative estimate of the UCP and three-sphere inequality
for (1.13) and (1.14). The main tool for deriving such quantitative estimate
is the Carleman estimate. Unfortunately, we can not apply the Carleman
estimate in [18] directly to our problem here. To overcome this difficulty,
we borrow some ideas in [14] to derive the estimates we need. The estimate

8
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of |D| is described in Theorem 3.1, which shows that |D| can be bounded
both from above and below by the difference of power for the unperturbed
system (without D) and the perturbed system (with D) under the fatness
condition (Assumption 4 of section 2). Of course, it is more informative to
study the problem without the fatness condition. To do this, we need the
quantitative form of the strong unique continuation property (SUCP) for
(1.13) and (1.14), i.e. doubling inequalities. However, whether the SUCP
holds for (1.13) and (1.14) or not is still an unsolved problem.

doi:10.6342/NTU201804025



2 Elementary concepts and notations

If you are already familiar with most PDE notations, you may skip this
section.

The next two sections will supplement some basic theories and their
proofs. The basic knowledge required for the whole article is as follows:
1. Basic measure theory 2. Basic theorem of calculus 3. Basic inequali-
ties, such as ab < ea® + %, etc. If you are already familiar with the above
mentioned mathematical skills, you may skip this section.

We will first define the notations we use, then briefly introduce the con-
cept of Sobolev Space and Weak Solution, and finally use Fourier transform
and dual space to generalize the differential concept to any real number.

2.1 Notations
Let U € R™ be open.

Definition 2.1. We define the following notations:
.Ut f:U—=R™,

f(U) = {f(z)]z € U}
2. Let v,u € R",

vt = g VU = U - U.

3. If u e R™,

Ju| = (ugul)?

s [1 iti=j
Y1 0 otherwise.

5. If 1 <p< o0,
LP(U) := {f|f is measureable and satisfy/ |fIP < oo}
U

and
1
Iy = ([ 1472
U
6.
L*(U) := {f|f is measureable and exists a constant K s.t. |f| < K a.e. on U}

and
HfHLoo(U) ‘= esssup |f|

10
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L,.(U) = {f|f € L'(V) for al V € U}.

8. If = (e, 9, ..., 0,) 18 & n-tuple of non-negative integer «; and x € R™,

o, n (673
% =11 @;

and .
la] = Z o
i=1
9. Denote
and

DY := DD ... D%
First, we introduce the concept of weak differential.

Definition 2.2 (Weak partial derivative). Suppose f € L} (U) and « is a

loc

multi-index. We say f is o weak partial derivative if there exist g € L}, .(U)
such that

/UfD"‘ndx:(—l)o‘|/Ugndx (2.1)

Vn € C§°(U). We denote
Def = g. (2.2)

It is easy to check weak-derivative is unique. Now we can define Sobolev
space.

2.2 Sobolev spaces

Definition 2.3 (Sobolev Spac). For any k£ € N and 1 < p < oo, we denote

WHhP(U) := {f € L},.(U)| weak derivativeD*f € Lp(U)V|a| <k} (2.3)

loc

We also define its norm as

1
1 fllr = 4 Ctoter Ju 1D 1 <p < oo, (2.4)
’ Z|a|§kz esssupy |[D*f|  p=oo.

We write H*(U) = W*2(U).
11
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Then we have the property
C>(U) N WHP(U) is dense in WP (u). (2.5)
For any k € N, apply Fourier transform we know f € L?(R) belongs to

H*(R") if and only if X
(L+[y")f € L*(®R™). (2.6)

Moreover, there exists a constant ¢ such that
1 R
ey < 1L+ W) Hllz2ey < cll fllmen) (2.7)
for all f € H*(R"™). So we extend k to real number.
Definition 2.4. For any 0 < s < oo we define
HYR") :=={f € L*(R") | (1+yl")f e L*R")}. (2.8)

Although we can define W*P? we choose not to do that because this article
does not need to use its properties. Finally to extend s to negative part by
dual space, we need the following notation.

Definition 2.5. We denote
WiP(U) = {f e WEP(U) | 3{fi} € CX(U) s.t. fr — fin WFP} (2.9)
Definition 2.6. If s > 0 we denote

H™*(U) := dual space to H;(U). (2.10)

12
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3 Assumptions and main result

3.1 Assumptions

First, we introduce some assumptions used in this paper. Our attention is

restricted to the dimension n = 3, which is physically relevant to elasticity.
Let © be a bound domain in R?, and unknown D C ). For convenience,

we order that C is the elasticity tensor if C satisfies the following conditions:

C= (Cijkl)?,j,k,zzl € L>(Q),

Cijkl = Cklij for all i,j, k’,l = 1, 27 3.

Let C and C be elasticity tensor relevant to Q and D, respectively. We
assume that C, which will be explained in detail in Assumption 1, satisfies
the Legendre condition(strongly convex), which guarantees the existence of
the direct Neumann problem.

We measure the traction ¢ and displacement u|gq = g from the boundary
of Q. Here we assume that ¢, g € L*(02, R3) and ¢ satisfy the compatibility
conditions. Let u be the displacement and satisfies the following elasticity
system B

V- ((XQ\DC —+ XDC)VU> =0 in Q,
u=g¢g on O, (3.1)
(CVu)-v=¢ on S

Let ug be the displacement with the same traction ¢ on the boundary and
satisfies

(CVug) -v=¢ on S

For any p € R3, it can be easily shown that uy + p also satisfies (3.2).
Therefore, we choose uy such that fQ ug = 0. Set gy := uplan. Then we can
estimate the size of D from g, ¢ and gy. It is important that we only need
the measurements g and ¢ while the value of gy is derived from the system
(3.1).

In order to obtain the estimation of inclusion, the following assumptions
are necessary.
Assumption 1. (Strongly convex with constant 6)
We assume that C is strongly convex and 7' is positive definite in €2, meaning
that a positive constant 6 exists such that

0|A|? < C(x)A- A for a.e. x € Q

and
On|* < T(z)n-n for ae. z € Q,

13
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for any 3 x 3 matrix A and n € R3.

Assumption 2.(9Q € C"! with constants rq and M)

For every x € R3, we set x = (2/,x3), where 2/ € R?. We assume that 9
belongs to O, with constants ry and M;. In other word, for any x, € 99,
a rigid transformation of coordinates exists such that zo = 0 and

QN By, (0) = {z € By (0)|z5 > o(£)},
where ¢ is C'! function on B,,(0) C R? satisfying
¢(0) = [Ve(0)[ =0

and
[t (B, ) < roMo.

Assumption 3.(Strictly contained with constant dy)
A positive constant dy exists such that dist(D, 0§2) > d.
Assumption 4.(Fatness-condition with constant h;)

1
|{z € D|dist(x,0D) > hy}| > §|D|,

for a given positive constant h;.

Assumption 5.(Bounds on the jump and uniform strong convexity for C
with constants § and n)

We also need the relation between C and C:

either there exist n > 0 and ¢ > 1 such that

nC<C-C<(-1)C ae. inQ, (3.3)
or there exists n > 0 and 0 < § < 1 such that

—(1-6)C<C—-C<—Cae. in Q. (3.4)

Here we denote that C < Cif CA-A < CA - A for every 3 x 3 matrix A.
Assumption 6.(C € C* N W*> with constant M.)
Let X be a norm space. We say that C € X if A\, u,t;; € X forall j,1 = 1,2, 3,

and let
3

IC]x = 11Mllx + 2llellx + Y il

ji=1

We assume C € C3 N W4*. For convenience, denote M > 0 such that

14
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Remarks. 1). In this paper, the only assumption of C is the elasticity tensor
which satisfies Assumption 5. It is a very mild assumption for an unknown
inclusion since the inclusion D may consist of any anisotropic material which
is either harder (case (3.3)) or softer (case (3.4)) than the surrounding mate-
rial in €2, and no additional regularity assumption is required on the elasticity
tensor inside D. 2). D can be disconnected. 3). The existence of residual
stresses may cause the loss of several symmetry properties. To overcome this
difficulty, we make an additional the Assumption 6 for regularity.

3.2 Main result(theorem)

Now we have

Theorem 3.1. Let Q be bounded domain in R3 and D be any measurable
subset of Q). Let C and C be elasticity tensors to € and D, respectively. If
Assumptions 1-6 hold and C satisfies (1.9):

if (3.8) holds, then we have

1 Cffag(go—g)'so§|D’§§02+fag(go—g)-so
0—1 fanﬂ'SO n faQQO'QO

if (3.4) holds, then we have

5 Cl_fag(go—g)-wS|D|S102_fag(go—g)-¢
1-9¢ Joq 90 - @ n Joq 90

where C, Cy only depend on dy, ||, 0, M, ro and My, and Cy, Cy only
depend on dy, |Q|, 0, M, ro, My, hy and ||ngLz(ag)/HgOHH_uz(aQ).

3.3 Strategy

We will introduce our basic analysis tools in section 4. Starting from sec-
tion 5, we will derive the main result according to the strategy listed in the

15
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following chart.

Carleman Estimate

for Second Order
(section 6.1)

Y
New System for The Carleman Estimate
Product of Two for The Product
Elliptic Operators Operators
(section 5.2) (section 6.3)
Y Y
Three Spheres Inequalities - Differential Type Boundary Estimate
(section 7.2) (section 8.1)
Y Y
Three Auxiliary Equations Lipschitz Propagation of Smallness
(section 9.1) (section 8.2)
Y Y
Estimate Boundary Energy U
(section 9.2)
Y Y

Main Result : Inclusion Estimate
(section 10)

16
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4 Standard estimate tools

The main purpose of this section is to try to make this article as self-contained
as possible. This section contains some inequalities that we will use in our
derivation of our new systems. You may skip this section at first reading.

4.1 Interior estimate

First, we recall the following standard regularity proposition which can be
found in [6]. First, we recall the following standard regularity proposition
which can be found in [6].

Proposition 4.1. Let u € W12(Q; R3) be a weak solution of (1.15). Assume
that C € CHY(Q) satisfies strong convezity condition, then u € I/Vlif(Q, R3).

Proposition 4.2. Let C € L*®(2) be strongly convex and F = (F})},_, €
L2(Q,R¥3), IfV € WL (Q; R?) satisfies

loc

/(Cz'jkzalvk)aj% = /F;aj%

for all o = (p;)3, € C5°(Q,R3), then for any r > 0 we have

[ wvpsef o ppwesc| o pR @y
air<|z|<agr asr<|z|<asr asr<|z|<asr

where 0 < ag < a; < as < ag < % and C' = C(0, a1, as, as, ay, ||Cl|1=)-
Proof of Proposition 4.2. Let n € C§°(R3) satisfy 0 < n < 1,
0 |$| S asr,
n(@)=q 1 ar <|z| < agr,

0 ayr <z,

and |Von| < Clz|1 for any multi-index a, where C' is independent of 7.
From the strong convexity condition, we obtain

17
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)\/HQ\VVP < /UZ(Cijklale)ajV% (4.2)
= /(Cz‘jklalvk)aj(n2‘/i) — 2n(Cijud Vi) V;0im (4.3)
= /Ffaj(UQVi) — 20(CijdiVir)Vi05m (4.4)
= [+ [ 2Emv - mCouaviovian  (45)

C C|\V|?
e/n2|VV|2+—/772|F|2+/ —%. (4.6)
€ azr<|z|<asr € |I|

When ¢ is small, we obtain (4.1). O

IN

Corollary 4.3 (Interior estimate). Let u € W2(Q;R?) be a weak solution
of (1.15) . Assume that C € C3(2) satisfies strong converity condition, then
u € W2 (Q:R?) and

loc
4
21/ mw%wwﬁsc/ 2, @)
k=1 arr<|z|<azr

azr<|z|<asr

for all r > 0, wh6r60<a3<a1<a2<a4<§ and
¢ = C<l797a17a2>a37a4a |’CHW3’°°)

Proof of Corollary 4.5. 1. By Proposition 4.2, we have

[ warse[ e
air<|z|<agr azr<|z|<aqr

For any ¢; € C§°(Q2) and ¢ € {1,2,3}, we have

= —/&Cijklalukajgoi —/(kal&l(@uk))(%g@z (49)
(4.10)

Apply Proposition 4.2 with F; = F;t = —0,C;r0yur, we have

/ vowP<c [ ol 0l + € | R,
air<|z|<agr azr<|z|<asr asr<|z|<aqr

18
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where Fy = (F},)?,_,. Sum up with respect to t = 1,2, 3, we have

/ [V2ul? < C'/ 2| 72| Vul?,
arr<|z|<azr azr<|z|<asr

where C' = C(6, a1, as, as, ay, |C|lw1.)-
2. Similarly, we obtain

[ wupsze (ol 2196 + |Vl

a1r<|z|<asr azr<|z|<asr

and

/ Viul> <O (|72 VPul® + 2|~ V2ul? + 2]~ Vul?),
arr<|z|<asr azr<|z|<asr

where C' = C(0, a1, as, as, ay, |C|lws.).
3. By Proposition 4.2, we have

/ Vi <c [ 2] 2Ju?
air<|z|<agr azr<|z|<asr

If [ >0, then
/ |2 ['Vul? (4.11)
a1r<|z|<asr
< / (asr)!|Vul? (4.12)
arr<|z|<asr
< C(agr) / (]2 u? (4.13)
azr<|z|<asr
T
<Clan) [y (4.14)
azr<|z|<asr asr
< o(®2y =212 4.15
<C(—) 2| |ul. (4.15)
as azr<|z|<aqr

Similarly, if [ < 0, then

/ ol [Val? < €2 | a2 uf?
arr<|z|<agr az azr<|z|<asr

where C' = C(1,0, a1, as, as, aq, ||C||lwr.).
4. We redo steps 1-3 with suitable range, then we have

[ aiwtpsc ol
arr<|z|<asr azr<|z|<asr

for k =2,3,4, where C' = C(l,0, ay, as, ag, ay, |C|lws.=). O

19
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4.2 Caccioppoli-type inequality
We introduce the following notation and definition.

Definition 4.4. Let
{CP (@) NEnET € Lo(9Q) (4.16)

which is said to satisfy Legendre condition(strongly convex), if there exists
a A > 0 such that

CPA-A> AAP, VAeR™™ (4.17)

Theorem 4.5 (General type of Caccioppoli’s inequality for Elliptic Sys-
tems). Let u € WH2(Q2; R™) be a solution of

Do(C’ Dgu’) = Do f7 = f; (4.18)

where Do f&, fiinL?, and C’f“jﬁD@uj satisfy the Legendre condition. Then for
any ball By(zy) C € and 0 <r < R we have

c
| Du|?dx < —/ lu — n|*dx (4.19)
/IBT(ZO) (R - T)Q IBR<ZL‘O)
+cR? / > fldr+ec / > () da (4.20)
BR(zg) 1<i<m Br(zg) 1<i<m,1<a<n

Vn € R™, where ¢ = ¢(n,m, A,sup|A|)

Proof. For convenience let xg = 0. First we construct a cut-off function
¢ € Cg°(R™) where ¢ satisfy 0 < ¢ <1 and

1, lz| <,
£(I> - H(ym‘)ﬂ r < |37| <R, (421)
0, R < ||

where 0 < H < 1 and |V*H| < C|z|71 for any multi-index a. From
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Legendre condition we have,
A [ &|DulPdx < / §2C3 Dou' Dg! da
Br Br

~ [ ecep.w - )Dyida
Br
- / 26(u' — ") O’ Dy DoEda
Br
+ E(u" — ni)Da(C’gﬁD[guj)da:
Br
= —/ 26 (u' — ni)ijﬂDgujDafd:c
Br

+ | W —n")Daffdr — | Eu" =) fidx

Br Br

_ / 26 (ul — ') O Dy Dyt
Br

. 1 .
+ [ & —n')Doffdx — é“ZE(uu —n')Rf;dx
Br

Bgr

_ / 26 (ul — ') O Dy Dt
Br

- / 26 f(u" — n')Dodr — / 262 f*Doudw
Br

Br
1 .
— [ €W —n")Rfidx
BR R
C
<e [ &|Dul*dv+ =
BR BR

c
<e §2Du2dx+—/ U—772d95+0/ Vik
Br | | (R—1)? BR| | Br

where ¢ = ¢(n, m, ¢, sup |C|). If € is small enough we can remove fBR &2 Dul*dx
into

ju — Pz + ¢ / P
Br

A | €|Dulfdr < A €| Dul*dx (4.22)
B, Br
c
< — u—nde+c/ fI?. (4.23)
G, e [
where ¢ = ¢(n,m, A, sup |C|). O

Let n =m =3 and f = f; = 0, we can reduce it to the simple form.
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Lemma 4.6. (Caccioppoli-type inequality) If C is strongly convez with form
(1.9) and v € W'2(Q,R3) is a solution to (1.15), then for any ball Br C
and 0 < r < R the the following Caccioppoli inequality holds

/T |Vul? < ﬁ/&% |u)? (4.24)

where C' = C(0,||C||L=).

Given u € W'(Q) and S be any measurable subset of €, set ug :=

/18] [su.

4.3 Poincaré inequality

In mathematics, Poincaré inequality allows us to get bounds only using its
derivatives and the geometry domain. This inequality is very important in
modern analysis. In general, there are two versions of poincare inequalities,
one is the compact support version, and the other is the subtracted average
version.

Theorem 4.7 (Poincaré inequality - boundary support). If domain U has
finite width, there exists a constant Q = Q(p,diam(U)) such that for all
fe ), we have

[f 2oy < elDf |l e (4.25)

Proof. For convenience we assume that U lies between hyperplanes z,, = 0
and z,, = ¢ > 0. Given f € C§°. Let (2/,x,) =z € U, we have

flz) = /0 " D bt (4.26)
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So that

1y = [ [ 116 Pz

/Rn 1 / | / D! )P’

< [ i s npan? ) pas,a
= [ [ pas i s,

< [ i s npan? ) pasa

< / / ()" / D f (! ) Pdtdade’
rn-1 Jo 0

cP P
<< / D, f (2)Pdz
< Q(p, diam(U))? | Do f e,

where Q(p, diam(U)) = M. O

pp
The following standard inequality can be found in [7].

Lemma 4.8 (Poincaré inequality - subtract mean). If U is convex and u €

Wh2(U), then we have

l|lu —us||r2@y) < (|S|)1 VB|VV]| 2w (4.27)

where d = diam(U) and ug = |S| = for any measurable S C U.

Proof. Since we know C1(U) is dense in W2(U), it is enough to show u €
CH(U). We have

|lz—yl
u(z) —uly) = —/0 Dyu(z + rn)dr (4.28)

where n = ﬁ Then integrate both sides of (4.28) over S, we obtain
lz—yl
|S](u(z) —ug) = /(u(m) —u(y))dy = — / / Dyu(x + rn)drdy. (4.29)
S s Jo
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Let
Vi) = { |Dyu(z)|, zeU

0, otherwise

we have

[u(z) — sl

lz—yl
< S// V(z + rn)drdy
< —/ / V(z + rn)drdy
S lz—yl<d JO
1 o0
= — / / V(x4 rn)dydr
’S| lz—y|<d
(z +rn)p" dpdndr
a / Jo
= V(x4 rn)dndr

= z —y|' "V (y)dy
n,S‘RJ oV )

dm / -
= — x —y| " Dyu(y)|dy 4.30
e U\ " Dru(y)] (4.30)

Let € (0,1], we have n(u — 1) < 0. Let R > 0 such that |U| = |Bg(x)| =
w, R". Tt is easy to find

/|x—yl"“ Vd
/ |z — y|" Dy
/ / 1= dsdr
OB(z,r)

R
= / P =D, ey
0

R
= / ™ pw,r"dr
0

1
= —R"Mw,
]

1
= —ul o
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Let p = %, then

1
/U |z —y|' "y < nwn "|U|n. (4.31)

1—n

Since |z — y|* | Du(y)| = |# — y| =" |z — y| =" |Dyu(y)|, then apply Holder
inequality to obtain

[ o= ol Do)y < ([l =l D)y o ot dy)?
U U U

(4.32)
So that

/U(/U |2 = y|"" | Dru(y)|dy)*da

< [([1e=sl 1Dt Pa( [ 1o -y "dpis
U JU U
1-1 1 n
<nu WL [ [ o = oDty Py
UvuJuU

-1 1 —n
< kWU / Dyuly)? / &~y dady
U U
_2 2
<wtw Ul [ 1Dt
U

Combine the last inequality and (4.30) with n = 3, we complete the proof. [
Now, if u € W'2(Q,R%), R <1, S = B, and E = Bj, we obtain

~

/ o — w2 < 0(5)6232/ Val, (4.33)
B r B~

R R

1
where u, = 5~ fBr u.

4.4 Sobolev inequality

In mathematics, there is a class of Sobolev inequalities for analysis of norms in
Sobolev spaces. These inequalities can be used to prove the Sobolev embed-
ding theorem, giving the inclusion relations of some Sobolev spaces. Further,
the Rellich-Kondrachov theorem states that under slightly stronger condi-
tions, some Sobolev spaces can be tightly embedded into another space.

Sobolev inequalities is really a big and important class of tools. Here we
only present the Theorem and reference.
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Theorem 4.9 (Sobolev inequality). When mp < n, there exists a finite
constant K such that for every u € C§°(R™)

/ u(z)|de < KUY | |Du(x))Pdx)? (4.34)
R® aj=m Y R"

np
n—mp "’

if and only if ¢ =

The detailed proof can be found in ([1]).
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5 Transformation of the original system into
two new systems

In order to obtain the three spheres inequalities for solution u to system
(1.15), we need a suitable form of Carleman estimate. For this purpose, we
transform system (1.15) with C satisfying (1.9) into a new system with the
uncoupled principal part. To begin with, we recall a standard property.

5.1 Auxiliary new system

Proposition 5.1. Let C be of the form (1.9) and satisfies Assumption 1.

We have 9 2
{ Sita&i& + plé? > 0[€)7, (5.1)
Sitpéi& + (A +2u) 7 > 0]€J%,
which means that
Ai(z, D) = (o + tjl)aijzl
and
Ag(x, D) := (A + 20)850 + 1)

Zjx]

are both uniform elliptic operators.

We assume that A, u, t; € W2(Q2). Then we can rewrite (1.15) in the
form

Ai(x, Dyu+ A+ p)V(V -u) = P (x, D)(u), (5.2)

where P; is the first order differential operator with W>(Q) coefficients.
We denote two auxiliary functions v(z) := V - u(z) and w(z) := V x u(z).
The equation becomes

Ay (xz,D)u = P(z, D)(u,v). (5.3)
Take the divergence on (5.3), we derive the equation
Az(z, D)o = Qs(x, D)(u) + Qu(x, D)(u, v), (5.4)

where Qa(x, D)(u) = —2(0;p) Au; — (0t 1) 0ju; and @y is first order differen-
tial operator with L>(2) coefficients. Take the curl on (5.3), and we have

Ay(xz, D)w = Ro(z, D)(u) + Ry(x, D)(u,v,w), (5.5)

where Ro(z, D)(u) = —(Vt;) x (Oyu) — Vi x Au and Ry is the first order
differential operator with L>°(Q2) coefficients. Now, we have the following
property.
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Proposition 5.2. If u satisfies (1.15) and \, p, tj € W*>(Q) for all j,1 =
1,2,3, then u also satisfies

Ayu = Py(u,v),

Agv = Q1 (u,v) + Q2(u), (5.6)
Ajw = Ry(u,v,w) + Ro(u)

where v .=V -u and w :=V X u.

5.2 New system for the product of two elliptic opera-
tors

We assume that A, u, t; € W4°(Q) for all j,1 = 1,2,3. Take A on system
(5.6). Since Au = V(V-u) =V x (V xu) =Vo—V x w, we have the
following proposition.

Proposition 5.3 (New system for the product of two elliptic operators). If
u satisfies (1.15) and N\, p,ty; € WH=(Q) for all j,1 = 1,2,3, then u also
satisfies

A(Ai(z, D)u) = Qi(x, D)(u, v, w),
A(Az(x, D)v) = Q5(x, D)(u,v, w), (5.7)
A(Ai(z, D)w) = Q3(x, D)(u, v, w),

where v .=V -u, w:=V Xu and Q;’ is third order differential operator with
L>(Q).
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6 Carleman estimates

In general, we need a suitable Carleman estimate to derive Three sphere
inequality. In order to make a long story short, we directly use Theorem of
[14] to obtain the suitable Carleman estimate we need. Because the theorem
involves many symbols, so we first explain the symbols used in it.

Let g = {gij(x)}” . be positive definite. So there exists g~ '(z) =
{97 (x)}?;_,, which is the inverse matrix of g(z). We know ¢g~'(z) is positive
definite.

For convenience, we shall use the following notations. Let g (z) = {¢% ()} Dz
and gy(z) = {g7 (z)}? =1 be two symmetric matrix real value functions which
satisfy:
1).Let a,b € R™ we denote

= Zaibi, la|? := (a,a) (6.1)
i=1

2). )
NP < g (w)6g; < AHeP (6.2)

for every z, ¢ € R3;
3).

Z 197 ( (Y)| < Az —y| (6.3)

3,j=1

for every z,y € R3. B B
Set Ay 1= maxpeqr,2) Zij:l 9 [lw2eomsy. Let Ly = Z?,j:l g7 0;0; be the
second order differential operator for k =1,2 and set £ := Lo(Ly).

4).

52\ 5
gl == (D _(g")%)>
ij=1
5).Let I' = {7i;}7,=1 be a matrix. Let m, and m* be the minimum and the
maximum eigenvalue of I' such that

m.|z|* < (Ta,z) < m*|z|* for everyz € R™. (6.4)

Sometimes we omit the lower index and obtain the following notations

Veu(z) =g Vu(z), (6.5)
Agu = div(Vyu(z)). (6.6)
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Note that A, # Ly. Let f € C5°(By, \ {0}) but we have
| 8g fI < |Lif| + |V £ (6.7)
where ¢ = ¢(A).

6.1 Second order type Carleman estimate
The following Carleman estimate is from Theorem 4.5 of [14].

Theorem 6.1 (Original second order type Carleman estimate). Let 5 be a
number such that B > wy, let

-7

p(s) = exp™ (6.8)

and let w(z) = p(o(z)) and o(z) = (Fx,x)é. There exist constant C', 11 and
ro, (C > 1,71 > 1,0 < 19 < 1) depending only on A\, A, m,,m* and 3 such
that for every u € Cg°(B7 \{0}) and for every T > 1y the following inequality
holds true

63/0_7_210_25142+ﬁ/07w_2f8|vgu]2 < C’/JQT”w_m(Agu)z. (6.9)
Then using our notations, we deduce for this inequality the following
lemma.

Lemma 6.2 (Carleman estimate for second order elliptic operator). There
exist C, By and ro (C > 1,60 > 1,0 < 19 < 1) depending only on \ and A
such that for every u € C§°(B,,\{0}) and for every B > [y we have

63/r_7_230?3|u|2+ﬁ/r7g0%|Vu|2 < C/r27+2<p%|L,;u|2 (6.10)

where v = ps(|z|) = exp(Blz|~T).

Proof. Let T' := I, so that m, = m* = 1 and o(z) = |z|2. In addition, we
have

p5(2) = exp(28]2]77) = ¢ (|z]) = w ().
So that (6.9) reduces to

ﬁS/T‘_T_ZgO%UZ—|—6/TTQO%|VQU|2 < C/T2T+2¢2(Agu>2. (6.11)
Applying (6.2) and (6.3), we have
|Vu| < |V ul (6.12)
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and use (6.7) we obtain

53/ T2 2|u]2+ﬁ/rTg0§\Vu|2 (6.13)
< 63/ T 2g0§u2+c,6’/7jg0%|vgu|2 (6.14)
< C/ TR (A gu)? (6.15)
< C/r27+2<p25|Lku\2 +C’/r27+2g025]Vu|2 (6.16)
We cancel the last term of (6.16) and completes the proof. ]

6.2 Auxiliary Carleman estimate form

We need the following standard proposition to derive a new Carleman esti-
mate (Theorem 6.4). This proposition can be found in [14], and we include
the proof in Appendix A for reader’s convenience.

Proposition 6.3. Given a € C'(R?\ {0}) and v € C*(R? \ {0}), we have
the following inequalities

/a21v2u12 < C’(/ a®|Liul* + /(a2 +|Va)?)|Vul?), i = 1,2, (6.17)
/a2|V3u|2 < 0(/ 02| Cul|V 2] + /(a2 VAR VEP),  (6.18)

where C'= C(\, ).

Proof of Proposition 6.3. To simplify the notation, we omit the index k in
Ly. For any [ € {1,2,3}, we have

/Lu@llua = /8 ”82 )Oru
— _/ Uﬁﬂu@lu—Q/a@lag’jafjualu—/aQ(Glgij)(?fjuﬁlu
= /ﬁg“@éu@iu%—{?j( 2 ’J)f)luﬁlu—2/aalagij8i2ju81u
—/az(ﬁlgij)afjualu
> )\Z/a2|valu\2—0/(\a] +1Va])|al [Vl V2],

I
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where C' = C(\,A). Summing up the last inequality with respect to [
and applying the inequality 2zy < ex? 4 1y? yield (6.17).
Let v € Cg°(R? \ {0}). Observe that

)\/a2|Vv|2 < /aQQ”@-v@jv

= —/azgijﬁfjvv—2/aﬁjagij@-vv—/a28jgij8¢vv,

we have

/a2]Vv]2 <C (/ a2| Lyvl[v] + /(a2 + ywy?n?) , (6.19)

where C' = C'(A\, A). Apply the inequality,
|L1(0u)| < 0,(Lyu)| + C|V3ul,

and take v = Lju to the inequality (6.19), we have

/a2|L1(8lu)\2 <c (/ o2|Lul[V2u| + /(a2 + |Va|2)|V2u\2> ,

where C' = C'(A, A). Summing up with respect to [ and applying inequality
(6.17) yield inequality (6.18). O

6.3 Production of two second order type Carleman es-
timate

By Lemma 6.2 and Proposition 6.3, we can derive a new Carleman estimate.
We include the proof of the following Theorem in Appendix A.

Theorem 6.4 (Carleman estimate for the product of two elliptic operators).
There exist C, B, and r, (C > 1,5, > 1,0 <r, < 1) depending only on A\, A
and Ay such that for every V- € C§°(B,,\{0}) and for every > f., we have

3
S [rrmenngove o [emageve. o)

k=0
Proof of Theorem 6.4. We will prove this theorem using arguments similar

to [14]. We recall the constant 7 = A~2 and the function ¢z = exp”*l"" as in
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section 4. By applying inequality (6.10) with the function V = r27 2y, we
have

ﬁ3/ 2742 QMQ :/83/r72g0/26)|7,,gT+2,U|2 SC/ 2742 2]L (T2T+2 )2
(6.21)
for every 8 > fy. Since

| La(r2™20)| < r272| Low| + Cr2™+ Vo] + Cre7lo], (6.22)
we have

8 / 2 < O / 462 Lyv]? + C / THGIVO? (6.23)

for every 8 > (31, where C' only depends on A and A. Apply inequality (6.10)

again with V = r?"*2y, we have
ﬁ/r7<p25|V(r27+2v)\2 < C/ 204202 (r2742) |2, (6.24)
By
IV (127 20) 2 + CriT+ 2y o2 > %704T+4,U|VU|27
(6.24) and
| Ly (r*™20)| < r¥7 2| Lyv| + Cr*™ V| + Or*7|v],
we have

é/ 57+4 2|vv|2

<ﬁ/r7g06|v 2T+2/U)‘2+C/8/ 57+2 2‘U|2

<C/ 2742 2|L 2T—|—2 ’2+Cﬁ/ 5T+2 2

SC/ 6746 2|L U|2+C/ 67+4 2|V’U|2+Cﬁ/ 5T+2 2

Reduce the last inequality to

6/ 57+4 2|VU|2<C/ 67+6 2|L U|2+C/B/ 5T+2 2 (625)
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for every 8 > f5. Combining (6.23) and (6.25) gives

53/ 27+2 2|U|2 < C/T5T+6¢%|LQU|2 (626)
for every 8 > (3. Let v = Lyu, then
/ 2742 2‘L u|2 < C/ 57+6 2|L L1U)| (627)

Apply (6.10) with V' = w and (6.27), we have
8 / 2 2]u|2+ﬁ4/rTg0%|Vu|2 <c/ T oL (6.28)
Apply inequality (6.17) with a = TETHgog, then
/r37+2<,0§|v2u|2 < C(/ T3 Lyul? —I—ﬁ2/r7<p§|Vu|2). (6.29)
Combine (6.27), (6.28) and (6.29), we have

6 / 3742 2|V2u|2<0/ 5746 2|L2(L1U)| (630)

for every 8 > fj.
Apply inequality (6.18) with a = r‘gT”LngB, then

/T5T+4¢%|v3u|2 S C/ 57+4 2|L (L1U)||V2u| +052/T3T+2¢%|v2u|2‘

(6.31)
Since
T5T+4|L2(L1u)||v2u|
_ T%T+1|VZU|T%T+3|L2(L1U)‘
1 1
S 5 37+2|v2u|2 + §T7T+6|L2(L1U)|2,
we have

/ PTG VR < O / Q3 Ly(Lyw) 2 + OB / TRV (6.32)
Combining (6.30) and (6.32) gives
/ P [ 4 2 / PRI VRl < C / TR Lo(Lau)[* (6.33)

for every 8 > f5. By (6.28) and (6.33), we obtain the claimed result. O
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7 Three spheres inequalities

In this section, we derive the main tool: three spheres inequalities for solution
u to system (1.15), the elasticity system with residual stress. The idea used
in [10] plays a key role in our arguments here. According to [10], we shall
need two suitable auxiliary tools interior estimate (Corollary 4.3) and the
Carleman estimate (Theorem 6.4) for our system.

In order to simplify the derivations and notations in this section, we only
consider 2 = Bg := {z € R3 : |z| < R}. Moreover, if X is a norm space
and C is an elasticity tensor, we shall denote C € X if A, i, t;; € X for all
7,0 =1,2,3, and let

3
IC]x = I+ 2lellx + Y llx
=1
7.1 Three spheres inequality - normal type

Now we have all the tools to obtain three spheres inequalities. By system
(5.7) with w =V X v and v = V - u, we rewrite

Ui):=| wkx) | : Q=R

Ly(u, v, w)
R(U(x)):= | L3(u,v,w) | :Q—R".
Li(u, v,w)

Let £; := A(A;) fori=1,---,6 and L7 := A(A,), (5.7) can be rewritten in
the form

fori=1,---,7, where R; is the third order differential operator with L>(2)
coefficients. Now, we have the following inequality

3
LU < CY |V (7.2)

k=0
for every i =1,2,--- 7, where C = C(M).

Theorem 7.1 (Three spheres inequalities). If C is a elasticity tensor satis-
fying (1.9) and Assumption 1 and 6, there exists a positive number r, < 1
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depending only on 6, M, such that for every 0 < r;i < ro < r3 = 2ry <
min{ R, r.} and for every u satisfying (1.15) in Bg, we have

/Br2 lul> < C </BT1 u2>5 (/BTS |u]2) 1_6, (7.3)

where the constants C' = C(0, M,r1,13), 6 = 6(0, M,11,713).

Proof of Theorem 7.1. From Assumption 1 and 6, we know that the constant
A, A and A; in Theorem 6.4 depend only on 6 and M.
Let £ € C5°(R?) satisfy 0 < ¢ < 1

0, |z| <7,
5(1‘) = L, %1 < ’JI| < 3%7
0, 2ry <|z

and |V*¢| < Clz|71® for any multi-index o. Apply Theorem 6.4 with u =
£1U;, then

3
Z 56—%/ T—T—2+l€(2T+2)(p%|kai|2

3
k=0 {3 <lz<=52}

sq/&%Qw@Un

— C/ 57+6 2‘£ (64 )‘2_'_0/ . r5T+6¢%’£iUi‘2
{3 <lo|<F I3 <|w|<2ro} {5 <lzl<=22}

forte=1,---,7. Sum up with respect toz=1,---,7, then
3
ZﬁG—Qk’/ r —7—2+k(2742) |vk‘U|2
=0 { L <Ja|< 22}
7
<c t/ PTG £ (64T 2
T <z <2y 22 <[z]<2r0}

=

7
+C / T5T+6Q0%|£iUi|2.
; {2 <le|< %2}

Let 8 be large enough and 73 be small enough (8 > %, 7, < %, where 3, and
r. are the constants in Theorem 6.4) and apply the inequality (7.2), and we
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can remove the second term on the right hand side and obtain the following
simpler inequality:

3
266%/ P 2+k(2742) 2’ka’2

3
k=0 {5 <lel<5%)

7
SCZ/ yOTH6 2‘£(£U)‘
i=1

T <Ja| <L Yu{ 222 <|z|<2ra)}

Since ¢g(r) is decreasing with r, the last inequality yields

8% /{ T2 ()
SO M Gl

g cz Jo o AN

312 <Ja|<2rp}

We reduce the last 1nequa11ty to

[
{7 <Ja|<ra}

3
<C / 7,,57' 2+2k 2( )|VkU|2
o Y {2 <lz[<5}
+CZ/ 57—2+2k¢2(%)|vk(]|2‘
(322 <|z|<2rs) 2

Apply Corollary 4.3(Interior estimate) to last inequality, and we get

[

{5 <lz|<r2}

<c| PTG u
{7 <Jal<r1}

+ C/ T5T_49026(7)|“’2'
{r2<|z|<3r2}

We reduce it to

<c| @+ | 62(8)luf?
{F<lz|<5} {72 <Jz|<2r2}

37

doi:10.6342/NTU201804025



2 T 2 T
for all B > B,, where ¢1(8) = 24D 5 1 ¢,(8) = 222 gd ¢ =

#20r2) #2(r2)

C(0,M,ry,ry). Adding f“x|<7;1 |u|* to both sides leads to
2

2 9 )
/m@ u]* < C¢(B) /ka |ul? + Ca(3) /93|<2r2 2, (7.4)

We observe that ¢; is increasing with 3 and that ¢, is decreasing with £3.
It f|x\<r1 ‘U|2 = 07 then f|:c|<r2 ’UP =0 as 6 —> oo. If f|$|<7"1 |u‘2 7£ 0 and
o1 (67) f|x\<r1 ul* < ¢2(58%) f‘xk% |u|?, there exists 8; > * such that

2 _ 2
@) [l =es [l
Set 8 = p; in (7.4), then we obtain

where
()7 = ()"
()= ()

It [, ful? 0 and 61(8%) [, .., [ul? > 62(8°) [, _,.. lul?, we have

6:

€ (0,1).

— U 2\1—-46 U 2\9
(/|z|<2r2| | ) (/|36|<2r2| | )

gbl(ﬂ*) 1-6 U 2\1—4 U 2\
ﬂ%wﬂ><4qy|><AQJ|>
<O U 2\1—-9 U 2 5,
—<Aqﬂ’)§ﬁmﬁ’>

where 0 can be chosen as above. This completes the proof. O
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7.2 Three spheres inequality - differential type

Corollary 7.2 (Three spheres inequalities - differential type). If C is an
elasticity tensor satisfying (1.9) and Assumptions 1 and 6, there exists a
positive number r, < 1 depending only on 6, M, such that, for every 0 <
r1 < re <rg=3ry <min{R,r.} and for every u satisfying (1.15) in Bgr, we

have
é 1-6
/ |Vu|2§0</ |Vu|2) </ |Vu|2> : (7.5)
Br, By, B,

where the constants C'= C(0, M,r1,13), 6 = 6(0, M,r1,713).

Proof of Corollary 7.2. Let u, := "% p, Wwand v :=u — u,, then v satisfies
the hypothesis of Theorem 7.1 and %v = Vu. We apply Caccioppoli’s in-

equality with r = ro, R = 3%, Theorem 7.1 and Poincaré inequality twice

with r = R =r; and r = rq, R= 2r9, respectively, then

/ Vuf? = / Vol?
B B

T2 2

Lt e )

< /B Tul) 0 ((22)52 (30,2 /B V)’

(12)2 - 1 31y

<o |

Vul) / Vul).
B3y,

1
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8 Lipschitz propagation of smallness

8.1 Boundary estimate

We prove the main theorem(Theorem 3.1) with the following auxiliary lem-
mas, which are the analogues of the lemmas in [4]. The proofs of the following
lemmas are shown in Appendix B.

Lemma 8.1 (Boundary estimate). Let C be a elasticity tensor satisfying
(1.9) and Assumptions 1, 2 and 6. For any positive integer m. If ug €
HY(Q,R3) is solution of (1.15), then we have

[ 9wl < ol an )
Q\Q(3m+1)p

where C' = C(0,||Cllwzes, 1o, Mo, |2], m).

Proof of Lemma 8.1. For convenience, we suppress the subscript 0 in .
Apply Hélder’s inequality, we have

1 2
f9\9(3m+1>p Vul < ’Q\Q(3m+1)p|f(fﬂ\ﬂ(gmﬂ)p [Vul’)s
= [N\Q@m+1)p] HVUHQm(Q\Q(gmH)p)-

Apply Sobolev inequality (see [1]), we have

IVuls@ < CIVull,y ) < Cllull,y o

Combine the last two inequalities, we obtain

IVuls@ny < CIOmsnlllul? (8.2)

o3 (9)

where C' = C(ro, My, |€2]). By the global estimates for the Neumann problem
(see [2]), we have

lullr) < Cillell 5t o0y
and

s < Callell g oy
By interpolation (see [11]), we have

ol 3.0y < Clllzzom, (5.3
where C' = C(ry, My, |2], C). By (A.3) of [17], we obtain the inequality

[0\Qamr1),l < Cp, (8.4)
where C' = C(ro, My, ||, m). Combining (8.2), (8.3) and(8.4) yields the
result. O
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8.2 Theorem of Lipschitz propagation of smallness

Lemma 8.2. (Lipschitz propagation of smallness) Let C be an elasticity
tensor satisfying (1.9) and Assumptions 1, 2 and 6. If up € H'(Q,R3) is
solution of (1.15), we have

/ Vgl > C’p/ |V |* (8.5)
By () Q

for any p > 0 and for every x € Qy,, where
Cp = Cp(0, M, [Qf, 70, My, [| @l 2 00) / |2l 1r-1/2062)» ) -

Proof of Lemma 8.2. For convenience, we suppress the subscript 0 in ug. By
Assumption 2, there exists py such that )y, is connected for every p < po.
Without loss of generality, we may assume, for this proof, p < py. Given
any y € Qo,, let v be an arc in Qg, joining = and y. We define {x;}-,
as follows: Set x; = z. If |x; — y| > 2p, we set z;.17 = v(t;), where t; =
max{t : |y(t) — z;| = 2p}. Otherwise let i = L and stop the process. Then,
by construction, the balls B,(z;) are pairwise disjoint, |z;+1 — ;| = 2p for
i=1,---,L—1, |z —y| < 2p.

By Corollary 7.2, we have fBTQ |Vu|* < C(fBT1 \Vu\Q)‘S(fBTS |Vu|?)1=9 with
Ty, T =p, re=3p, 13 =9p, C =C(0,M,p) and 6 = §(0, M, p). Since

[IVull 2B, @) < IVUll22(Bs, 20)) < C’|VUH5L2(B,)(M))||VU||1L5?Q)7

we have
| |Vu| |L2(Bp($i+1))

||vu||L2(Bp($i)) )
IVul|r2 @)

< (C
¥l

Sum up with respect to i, then we derive

[Vullr2(B, 1) IVullr2s, 0 _2)) 516

yeltel (8.6)
V|20 INKAIZI)

< Q1O+ HVUHP(B;)(I)) oL (8.7)

N | Vul| 20

Since B,(x;) N B,(x;) = 0 if i # j, we have L < ugi”'

with non-overlapping closed cubes of side [ = \2/—%. The number of the cubes

Let us cover {2,

.3
is controlled by N = @ZE . Clearly, any such cube is contained in B,(y) for

some y € {g,. Therefore, from (8.7) we have
C NVullram,@) o

< — (B @) oL, 8.8
pg( Wullioon ) (8.8)

||Vu||L2(Q10p)
[[Vul| L2

41

doi:10.6342/NTU201804025



Clearly, we have the following identity

IVl _ g V4l o

By trace inequality, then

By Lemma 8.1 and te last inequality, we have

1
||VU,||%2(Q/ Q10p) < CPSHSDH%?(BQ)

1
< Cps||Vul[72(q).
From (8.9) and (8.12), there exists p > 0 (p < pg) such that

[Vl |%2(Qmp)

>
||V“||i2(g)

1
2

for every 0 < p < p.
From (8.8) and (8.13), we have

CollVaullZ2i) < IVullZ2(5, @)

for every 0 < p < p and for every x € Qy,. If p > p, we also have

[owekz [ vz [ v
By () Bp(2) Q

for every x € €)g,. This completes the proof.

42

(8.9)

(8.10)
(8.11)

(8.12)

(8.13)

doi:10.6342/NTU201804025



9 Auxiliary lemmas

Below we will introduce two simple Lemma. With the help of these two
Lemma, we can prove that the main results are more concise and clear.

9.1 Three auxiliary equations

Lemma 9.1. [Three auziliary equations] Let C and C be elasticity tensors
and C also satisfy Assumption 1. If u , ug € H'(Q,R3) are weak solutions
for the traction problems (3.1), (3.2), respectively, then we have the following
identities:

/Q(XQ\DC+XD(3)V(u—u0)-V(u—uo)—/

D(C_C)VUO'VUOZ/ (9—90)-¢,

o0
(9.1)

/chu—uo)-V(u—u0)+/D(C—C)vu-vu:/ (G0 —g) - 0. (9.2)

o0N

/D(é — C)Vu - Vi = / (90— 9) - @, (9.3)

o0

where g, go € HY?(0, R3) are the displacement of u and wg, respectively, on
09.

Proof of Lemma 9.1. Set H := C — C. Let Dy and D5 be two subsets of Q.
Let u; and us be functions such that

div((xo\p,C + xp,C)Vu;) =0 in Q (9.4)
(CVw;) - v=¢ on 0N '

with g; := u;|gq for i = 1,2. For any w € H*(Q,R?), we have
/(C + xp, H)Vuy - Vw
Q
= —/ V((C+ xp,H)Vuy) - w + / (CVuy)v-w
Q o0

:O+/ Y-w
o9

:—/V((C+XD2H)Vu2)-w+/ (CVug)v - w
Q )

:/(C+XD2H)VU2-Vw.
Q
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Subtract [,(C + xp, H)Vuy - Vw from both sides of the last equation, then
we have

/Q(C o, H)V (11 — 1) - Vo = /Q(XDz b )HVuy - V. (9.5)

Since Cjji = Chuyj, taking w = uy in (9.5) yields

/(XDQ—XD1>HV“2'VU1 :/
Q

(b, 1) =) T = / o (g1—g2).

o0

Combine the last identity and (9.5) with w = u; — us, we have
/(C +xp, H)V(u1 — ug) - V(ug — ug)
Q
- /(XDz — Xp, ) HVuz - V(ur — us)
Q

=/(><D1 —XDQ)HVUz-VUva/ 0 (91— g2).
Q o0

The last identity implies
/(C + xp, H)V (u1 — us) - V(ur — us) +/ HVuy - Vuy
Q

Do\Dy
= / - (91— 92) +/ HVuy - Vus. (9.6)
o0 D1\Ds

1. We choose D; = D and Dy = ), hence u; = w and uy = uy. Substitute
them into (9.6), then

/Q(C+XDH)V(u—u0)-V(u—u0)+0:/BQgo-(g—go)+/]j(é—C)Vu0-Vuo.

This is identity (9.1).
2. We choose D; = () and Dy = D, hence u; = ug and us = u. Substitute
them into (9.6), then

/QCV(uo—u)-V(uo—u)+/D(é—C)Vu-Vu:/ v-(90—g)+0.

o

This is identity (9.2).
3. We choose w = ug and w = u in the weak formulation of the traction
problems (3.2) and (3.1), respectively, then we have

Q oN
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and

/ CVug - Vu = / g- . (9.8)
0 B

By subtracting (9.8) from (9.7) we obtain identity (9.3). O

9.2 Estimate boundary energy of strongly elliptic sys-
tem

Lemma 9.2. [Estimate boundary energy/ Let C and C be elasticity tensors.
Let & and &, 0 < & < &,, such that

§IA| < C(x)A - A < E&|A| for a.e. x €9, (9.9)
for any 3 x 3 matriz A, and let the jump C— C satisfies either (3.3) or (3.4).

Suppose that u, ug € H'(Q,R?) are weak solutions to the traction problems
(3.1) and (3.2), respectively. If (3.3) holds, then we have

n&/!w < /8 go—9) < (0-1)¢ /|VU0|2 (9.10)

if (3.4) holds, then we have

o6 [ 1wl < [ g e <50 [ Vwl o)

Proof of Lemma 9.2. Set H = C — C.
1. If (3.3) holds, from identity (9.1), we have

/gp-(go /HVUO Vuy < (60— 1)/CVU0 Vuy < (6—-1)&, /|Vuo|2
o) D
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For the middle term, we observe

/HVuOVuO

D
:/H(Vuo—Vu—l-Vu)-(Vuo—Vu—l—Vu)
:/HV(u—uo)-V(u—UQ)—I—/HVu-VzH—/HV(uO—u)-Vu

D D D

+/HVu~V(u0—u)

D
1
§(1+e)/HV(u—uo)-V(u—UO)—F(l-I—E)/HVU-VU
D D

g(l—l—e)(d—l)/DCV(u—uo)-V(u—u0)+€tl/DHVu-Vu

1
=(1+¢€)(0—-1) {/ CV(u—up) - V(u—1up)+ —/ HVU'VU}
D e@-1) Jp
for every € > 0. By € = 555 > 0 and identity (9.2), then we have
/ HVUO : VUO
D

<0 l/ CV(u—uo)'V(u—uo)—l—/ HVu-Vu}

D D
<0 [/ CV(u —ug) - V(u— uyp) +/ HVu~Vu]

Q D

=5/m(go—g)-90. (9.12)

From (3.3), we also have

/ HNug - Vug > 77/ CVug - Vug > em/ |Vuo|?. (9.13)
D D D

Combine (9.12) and (9.13), we complete the proof of (9.10).
2. If (3.4) holds from identity (9.3), we have

/69(9—90)-90

—/D(—H)Vu-Vuo
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1
< E/(—H)VU'VU+—/(—H)VUO-VUO (9.14)
2 D 26 D

for every € > 0. By identity (9.1), (9.2) and inequality (3.4), observing
that
C = xpC + xo\nC + X, pC — X pC = (xon pC + xpC) + X p(C — C),

we have
/D(—H)Vu-Vu
[ g=a) o+ [ €T =) Tl —uw)
<[ o= o+ [ OV—u) Vi)

< [ g e+ [ onC+ 0@ (=) Viu =

1
Z/(g—go)-wg[/ (g—go)-soJr/HVuo-Vuo]
o0 o0 D
541 1
0 Jan dJp

So we have

Z}—IUVU-VU

0+1 1
< — (g—go) -+ —/ HVuy - Vug. (915)
0 Jao 0 Jp

From (9.14) and (9.15), we obtain

/(9—%%¢
89
€eo+1 el 1
<22 — ) - i . = (= .
=575 aQ(g 90) 90+25/DHVU0 VU0+2€/D( H)Vug - Vug

for every € > 0. We take e = 9 > 0, then

1-9 1-9
o (9—90)-¢ < Y (—H)Vug - Vuy.
o0 D
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Hence

/{)Q(g—go)-so

0.Jp
1

< —(1—5)/ CVuo - Vg
0 D

1 —
D

From identity (9.1) and (3.4), we get

/m(g—go)w

> / (—H)Vug - Vug
D
> 77/ CVUO . VUO

D
Z”I&/ |Vl
D
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10 Proof of main result

Proof of Theorem 3.1. From Assumption 1 and 6, we choose & = # and
&, = 3M, such that Lemma 9.2 holds.
1. By standard regularity estimates and Poincaré inequality, we have

[Vuol| Lo () < Clluoll 0, ) < CllVuol 2@,

where C' = C(dy, |€2|). Since uq is the solution for (3.2), we also have

||Vu0||%2(9) < C/Q CVug - Vug = C’/ (CVug)v - Vug = C/ © - go,

o0 )
where C' = C(do, 0, |2]). Apply Lemma (9.2) and the last two inequalities,
and we obtain the lower bound for |D| with C' = C(dp, 6, |$2|).

2. Let Dy, = {z € D|dist(xz,0D) > hy} and € = min{f}—%, 2} Because
of Assumption 4, there exists {@Q;}~ ;, which are the non-overlapping closed
cubes with side € that cover Dj,, and which are contained in D. Now we

have the estimate

[vuk= [ vuPzL [ (v
D Uia Q*

=

where Q* is the cube in {@Q;}~, such that
/ |Vug|? = min [ |Vuel?.
@ b
Since Le > | Dy, |, we have

/ |V’U/O‘2 Z %/ |VU0|2 Z %/ |VU0|2, (101)
D € Q* € B(Z,e/2)

where 7 is the center of @*. By Lemma 8.2 and Assumption 3, we obtain

/ Vgl >
D

D
| ;7«1’ / |vu0|2
€ B(z,¢/2)

D
Z | hl|0§/ |vu0|2
Q

€3

Z Othll / CVUO . VU()
Q

=chhlr/so-go
(9]
D
ZO%/SO.QO?
Q
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where C' = C(0,dy, |, 70, Mo, M, by, || 0| 200) /|2l -1/2(0€2)). By Lemma
9.2, we obtain the upper bound of D. g
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11 Further work

The main contribution of our work is to overcome the need for loses some
symmetry properties(1.11) under elasticity system with residual stress. The
system we discussed has a wider range of applications and a closer physical
reality than Lamé system.

In general, we can complete our work, because we can derive the Lipschitz
propagation of smallness(8.2) with our Assumptions 1-6. And the key of this
derivation is that we obtain Three-Spheres Inequality(7.2), which is based on
we can transform the original elasticity system with residual stress(1.8) into
the product of two elliptic operators.

The work we have done is based on the assumption that f3 = 4 = 0 for
(1.6). In our future work, we can try to get rid of this hypothesis or assume
that some (3 or (B4 are a very small value to get a similar estimate. The
biggest difficulty will be how to convert the equation into new system for the
product of two elliptic operators.

o1
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Carleman Estimate

for Second Order
(section 6.1)

Y

New System for The
Product of Two
Elliptic Operators
(section 5.2)

Carleman Estimate
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(section 6.3)

U U
Three Spheres Inequalities - Differential Type Boundary Estimate
(section 7.2) (section 8.1)
U U
Three Auxiliary Equations Lipschitz Propagation of Smallness
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Main Result : Inclusion Estimate
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