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中中中文文文摘摘摘要要要

令 p 為一個質數，G 為一個有限群，且 G(p) 為收集 G 的元素中所有滿足元

素的階 (order)和 p互質的元素。如果對於所有的 G的不可約特徵標 (irreducible

character) χ，都沒辦法找到一個大於 1的自然數 a和一個 G的不可約 p-模特徵標

φ (irreducible p-modular character)使得 χ|G(p) = aφ，那我們就會說 G有 (L′, p)-性質

((L′, p)-property)。如果對於所有的 G的不可約特徵標 χ，都能找到一個 G的不可

約 p-模特徵標 φ 使得 χ|G(p) ≥ φ with multiplicity 1，那我們就會說 G有 (L′′, p)-性

質 ((L′′, p)-property)。又如果對於所有的質數 p，G恆有 (L′′, p)-性質，那我們就會

說 G有 L′′-性質 (L′′-property)。

在這篇碩士論文中，我們想要證明所有的對稱群 (symmetric groups)都有 L′′-性

質；所有的交錯群 (alternating groups)都有 (L′′,2)-性質；且對於所有比 2大的質

數 p，所有的交錯群都有 (L′, p)-性質。

關鍵詞：對稱群、交錯群、特徵標、p-模特徵標、(L′, p)-性質、(L′′, p)-性

質、L′′-性質。
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Abstract

Let p be a prime number, G be a finite group, and G(p) be the set of all g ∈ G such

that p - ord(g). We say G has the (L′, p)-property if for any irreducible character χ of G,

χ|G(p) 6= aφ for any irreducible p-modular character φ of G and any a ∈ N with a > 1.

We say G has the (L′′, p)-property if for any irreducible character χ of G, there exists an

irreducible p-modular character φ of G such that χ|G(p) ≥ φ with multiplicity 1. We say

G has the L′′-property if G has the (L′′, p)-property for all p.

In this thesis, we want to show that all symmetric groups have the L′′-property, all

alternating groups have the (L′′,2)-property, and all alternating groups have the (L′, p)-

property for all prime p > 2.

Keywords: symmetric groups, alternating groups, character, modular character, (L′, p)-

property, (L′′, p)-property, L′′-property.
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0 Notations and Preliminaries

In this thesis, we denote

n : a positive number,

p : a prime number,

Sn : the symmetric group of degree n,

An : the alternating group of degree n,

G : a finite group,

G(p) : the set of all g ∈ G such that p - ord(g),

H : a subgroup of G,

F : an arbitrary field,

F0 : a field with characteristic 0,

Fp : a field with characteristic p.

Definition 0.1.

(1) We say a simple FG-module V is absolutely simple if for any field extension L of F ,

the scalar extension L⊗F V is a simple LG-module. We say F is a s-splitting field for

G if char(F) = s and every simple FG-module are absolutely simple.

(2) We say (A,B,C) is a p-modular system if

A : a field complete with respect to a discrete valuation v with characteristic 0

B : the valuation ring of A with respect to v

C : the residue field of A with respect to v with characteristic p.

1
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Note that if we denote D as the maximal ideal of B, then we have C = B/D.

(3) We say (A,B,C) is a splitting p-modular system for G if (A,B,C) is a p-modular

system, A is a 0-splitting field for G, and C is a p-splitting field for G.

(4) In the following, we always assume (K0,R,Kp) is a splitting p-modular system for G,

and we denote m as the maximal ideal of R.

Remark.

If A contains lcm(ord(g) | g ∈ G)-th root of unity, then (A,B,C) is a splitting p-

modular system for G (cf., for example, [S1], theorem 24, page 94). In the case G = Sn, if

we denote Q as the p-adic completion of Q, then by theorem 2.10 and theorem 2.17, we

can choose K0 = Q and v = the p-adic valuation of Q.

Definition 0.2.

(1) Let V be an FG-module and let e ∈ N. We denote eV as the e-fold direct sum of V .

(2) Let M be an FG-module and let V = HomF(M,F). For any g∈G, m∈M, and φ ∈V ,

define g ·φ(m) = φ(g−1m). Then V is an FG-module via this definition and we say

V is the dual of M. We usually denote the dual of M as M∗.

Definition 0.3.

(1) Let M be an FG-module. Then we can regard M as an FH-module by restricting FG

to FH directly, and we denote it as ResG
H(M).

(2) Let V be an FH-module. We denote IndG
H(V ) = FG⊗FH V .

Definition 0.4.

2
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Let M be a K0G-module and let θg : M→M given by m 7→ g ·m. Let S be a K0-basis

of M and let |S|= a. Then we can write θg as the matrix ρg ∈ GLa(K0) with respect to S.

Now define

χM : G→ K0, g 7→ Tr(ρg).

Then χM is called the character of M (or of G). This definition is independend of the

choice of S, and also independend of the choice of K0. Note that if C is a conjugacy class

of G and g1, g2 ∈C, then χM(g1) = χM(g2).

Moreover, we say χM is irreducible if M is a simple K0G-module. There are only

finitely many irreducible characters.

Proposition 0.5.

Let M be a K0G-module and let e1E1, · · · ,ebEb be all composition factors of M, where

eiEi means there are ei simple K0G-modules Ei for ei ∈ N, and each Ei is distinct. Then

χM =
b

∑
i=1

eiχEi, where χM, χEi are characters of M, Ei respectively,

and the sum is unique, i.e. if χM =
b′

∑
j=1

d jχ j, where d j are integers, χ1, · · · ,χb′ are all

distinct irreducible characters with χ j = χE j for j = 1, · · · ,b, then d j = e j for j = 1, · · · ,b

and d j = 0 for j = b+1, · · · ,b′.

Proof.

Cf., for example, [S1] proposition 32, page 91.

Definition 0.6.

Let ∆ be the m := lcm(ord(g) | g ∈ G)-th root of unity in the algebraic clorsure of K0.

Then there is a valuation ṽ of K̃0 := K0(∆) such that ṽ|K0 = v, where v is a given valuation

3
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of K0 (cf., for example, [S2], proposition 3, page 28). The residue field K̃p of K̃0 can be

regarded as a field extension of Kp. If m = pkm′ for some m′ ∈ N with gcd(p,m′) = 1,

then K̃p contains the m′-th root of unity.

Let M be a KpG-module and let S be a Kp-basis of M. Similary as definition 0.4, for

any g ∈ G, we can define ρg ∈ GLa(Kp) with respect to S. Assume g ∈ G(p). Since ρm′
g

is the identity matrix, we can find λ1, · · · ,λa ∈ K̃p such that they are all eigenvalues of

ρg. Moreover, there exist roots of unity Λi in K̃0 such that Λi + m̃ = λi, where m̃ is the

maximal ideal of the valuation ring of K̃0. Define

φM : G(p)→ K̃0, g 7→
a
∑

i=1
Λi.

Then φM is called the p-modular character of M (or of G). This definition is independent

of the choice of S, and independent of the choice of the p-modular system (K0,R,Kp).

Note that if C is a conjugacy class of G(p) and g1, g2 ∈C, then φM(g1) = φM(g2).

Moreover, we say φM is irreducible if M is a simple KpG-module. There are only

finitely many irreducible p-modular characters.

Proposition 0.7.

Let M be a KpG-module and let e1E1, · · · ,ebEb be all composition factors of M, where

eiEi means there are ei simple KpG-modules Ei for ei ∈ N, and each Ei is distinct. Then

φM =
b

∑
i=1

eiφEi, where φM, φEi are p-modular characters of M, Ei respectively

and the sum is unique, i.e. if φM =
b′

∑
j=1

d jφ j, where d j are integers and φ1, · · · ,φb′ are all

distinct irreducible p-modular characters with φ j = φE j for j = 1, · · · ,b, then d j = e j for

j = 1, · · · ,b and d j = 0 for j = b+1, · · · ,b′.

Proof.

4
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Cf., for example, [S1] proposition 40, page 115.

Definition 0.8.

(1) If χ is the character of a K0G-module M, then we denote ResG
H(χ) as the character of

the K0H-module ResG
H(M).

(2) If φ is the p-modular character of a KpG-module M, then we denote ResG
H(φ) as the

p-modular character of the KpH-module ResG
H(M).

Remark.

Note that ResG
H(χ) = χ|H and ResG

H(φ) = φ |H(p) .

Definition 0.9.

Let M be a K0G-module. We say X is a RG-lattice of M if X is a finite generated

R-free RG-module such that K0⊗R X = M. Note that X/mX is a KpG-module. We say

X/mX is the reduction mod m of X , and say X/mX is a reduction mod m of M.

Proposition 0.10.

Let M be a K0G-module, χ be the character of M, and X be a RG-lattice of M. Then

the p-modular character of X/mX is χ|G(p) . Note that it is independent of the choice of

X .

Proof.

To see this, it suffices to show that if X , Y are RG-lattices of M, then the KpG-modules

X/mX and Y/mY have the same composition factors. For its proof, one may see, for

example, [S1] theorem 32, page 125.

5
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Definition 0.11.

Let χ1, · · · ,χm be all distinct irreducible characters of G, and let χ be a character of

G. Then by proposition 0.5, χ =
m
∑

i=1
aiχi for some non-negative integer ai ∈ Z. If ai 6= 0,

then we denote χ ≥ χi (with multiplicity ai).

Definition 0.12.

Let φ1, · · · ,φm be all distinct irreducible p-modular characters of G, and let φ be a

p-modular character of G. Then by proposition 0.7, φ =
m
∑

i=1
aiφi for some non-negative

integer ai ∈ Z. If ai 6= 0, then we denote φ ≥ φi (with multiplicity ai).

Let φ ′ be a p-modular character of G and φ ′ =
m
∑

i=1
biφi for some non-negative integer

bi ∈ Z. If ai ≥ bi for all i, then we denote φ ⊇ φ ′.

6
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1 Introduction

In this paper, we study (L, p), (L′, p), (L′′, p)-properties of Sn and An for a prime p.

With (K0,R,Kp) fixed, their definitions are:

Definition 1.1.

Let φ1, · · · ,φk be all distinct irreducible p-modular characters of G. Then we say G

has the (L, p)-property if one of the following happens:

(1) for any i = 1, · · · ,k, φi is liftable (we say φi is liftable if we can find an irreducible

character χi of G such that χi|G(p) = φi),

(2) for some i = 1, · · · ,k, φi is not almost liftable. (we say φi is almost liftable if we can

find an irreducible character χi of G such that χi|G(p) = aφi for some a ∈ N).

(In other words, if φ is almost liftable for any irreducible p-module characters φ , then φ

is liftable for any φ .)

We say G has the L-property if G has the (L, p)-property for all p.

Definition 1.2.

We say G has the (L′, p)-property if all irreducible (ordinary) characters χ of G satisfy

one of the following:

(1) χ|G(p) is an irreducible p-modular character of G,

(2) χ|G(p) ≥ φ1 and χ|G(p) ≥ φ2, where φ1, φ2 are two distinct irreducible p-modular

characters of G.

(In other words, χ|G(p) 6= aφ for any irreducible p-modular character φ of G and any a∈N

with a > 1)

We say G has the L′-property if G has the (L′, p)-property for all p.

7
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Definition 1.3.

We say G has the (L′′, p)-property if for any irreducible characters χ of G, there exists

an irreducible p-modular character φ of G such that χ|G(p) ≥ φ with multiplicity 1.

We say G has the L′′-property if G has the (L′′, p)-property for all p.

There are three main results in this thesis:

(1) The group Sn has the L′′-property for all n.

(2) The group An has the (L′′, p)-property for p = 2, and all n.

(3) The group An has the (L′, p)-property for p > 2, and all n.

The first is described in corollary 3.17.1, the second is described in corollary 4.15.1, and

the third is described in theorem 4.21.

Our motivation for studying (L, p)-property, (L′, p)-property and (L′′, p)-property came

from a fall 2016 course on finite group representations which was taught by professor Jing

Yu at National Taiwan University. In that course, we have completed all exercises except

the exercise 16.6 in the book “Linear Representations of Finite Groups” by Jean-Pierre

Serre. This exercise 16.6 is, with (K0,R,Kp) fixed:

e(P+
Kp
(G)) = e(PKp(G))∩R+

Kp
(G) if and only if d(R+

K0
(G)) = R+

Kp
(G).

The notations d, e mean the d, e of the cde-triangle (we put the definition of it on Ap-

pendix B). The notations RK0(G), RKp(G), and PKp(G) denote the Grothendieck groups

which are generated by K0G-modules, KpG-modules, and projective KpG-modules re-

spectively. The notations R+
K0
(G), R+

Kp
(G), and P+

Kp
(G) denote sets which collect the im-

age of K0G-modules, KpG-modules, and projective KpG-modules in RK0(G), RKp(G), and

PKp(G) respectively.

8
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We had no idea how to work out this exercise. So we wrote a letter to Serre, and he

wrote back a reply which we put here as Appendix A. In his reply letter, he said that the

exercise should be modified as the following:

e(P+
Kp
(G)) = e(PKp(G))∩R+

K0
(G) if and only if NR+

Kp
(G)⊂ d(R+

K0
(G)) for some N ∈ N,

and he gave us a proof of this statement (For a proof of this modified exercise, see Ap-

pendix B). However, is the question of the original exercise can be answered? According

to Serre they did not know the answer yet. This leads us to study a property on given

groups, which we called the (L, p)-property. It is easy to see that a given group has the

(L, p)-property if and only if the claim of the original exercise holds on the group.

To study the (L, p)-property, we then introduce the (L′, p)-property, and the (L′′, p)-

property. All these properties are properties about the decomposition matrices for the

group in questions. It is clear that the (L′′, p)-property implies the (L′, p)-property, and the

(L′, p)-property implies the (L, p)-property. In this thesis, we will see that from previous

work of James [J2], it follows easily that all the symmetric groups Sn have the L′′-property,

and we will prove that the groups An have the (L′′,2)-property and (L′, p)-property for p>

2. In the Master’s thesis [L], Liu proves that GL(2,q), SL(2,q), GL(3,q), and SL(3,q)

have the (L′, p)-property for any p, where q ∈ N is an arbitrary prime power. On the

other hand, by Fong-Swan theorem (cf., for example, [S1], theorem 38, page 135), all

p-solvable groups have the (L, p)-property.

Note that there are some groups which do not have the (L′, p)-property, but they have

the (L, p)-property. A non-abelian group H with order pk for some k ∈ N is an example.

Since the order of H is pk, the only irreducible p-modular character of H is the trivial

p-modular character φ , and it is liftable clearly. So H has the (L, p)-property. But since

H is non-abelian, there is a character χ of H such that χ(e)> 1, where e is the identity of

9
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H. So χ|H(p) = χ(e)φ , and hence H does not have the (L′, p)-property.

It is important to find irreducible p-modular characters which are almost liftable but

not liftable. Because if all irreducible p-modular characters of a given group G are almost

liftable, and one of them is not liftable, then it implies that G does not have the (L, p)-

property. The group O′NoC2, where O′N is the O’Nan group and C2 is the cyclic group of

order 2, give an example that there exists an irreducible 2-modular character of it which is

almost liftable but not liftable (communicated to us by Professor Hiss). Unfortunately, not

all irreducible 2-modular characters of O′N oC2 are almost liftable, and hence it has the

(L,2)-property. But at least, O′NoC2 tell us that such an irreducible p-modular character

really exists. For more information about O′N oC2, one can see [web], which contains

the decomposition matrix of O′N oC2.

In conclusion, we still can not prove that all groups have the (L, p)-property. We also

can not find any counter example to this.

10
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2 Specht modules, F0Sn-Modules, and FpSn-modules

2.1 The Definition of the Specht Module

In this subsection, we will introduce the definition of the Specht module. It is de-

scribed in definition 2.6. The Specht module plays an important role in the group repre-

sentation theory of Sn.

Definition 2.1.

Let µ = (µ1, · · · ,µm) be a sequence of positive integers. We say µ is a partition of n

if µi ≥ µi+1 for all i and
m
∑

i=1
µi = n. If there are the same terms in a partition, we usually

abbreviate it as in the following example:

(5,4,4,2,1,1) = (5,4(2),2,1(2))

We usually use a graph to represent a partition of n, i.e. a graph with m rows such that

the i-th row fills in µi marks lined up on the left. For example, (3,2) can be represented

by this graph:

× × ×

× ×

Definition 2.2.

Let µ = (µ1, · · · ,µm) be a partition of n. We say t is a µ-tableau if t is a graph with m

rows such that the i-th row fills in µi numbers lined up on the left; moreover, each number

in t is distinct and belongs to {1, · · · ,n}. For example, let µ = (3,2,1) be a partition of 6

11
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and let

t1 =

1 2 3

4 6

5

, t2 =

4 6 2

1 5

3

,

then t1, t2 are µ-tableaux.

Note that Sn can act on tableaux in an intuitive way. So we can define two subgroup

Ct , Rt of Sn as follows

Ct ={π ∈ Sn | π perserves each column of t},

Rt ={π ∈ Sn | π perserves each row of t}.

For example, Ct2 is the subgroup of S6 which is generated by (41), (43), (13) and (65).

Definition 2.3.

Let µ be a partition of n and let t1, t2 be µ-tableaux. We say t1, t2 are equivalent if

the numbers in each rows of t1, t2 are the same up to order. It is easy to see that it is

an equivalent relation. We denote the equivalence class of t1 by {t1}, and call {t1} as a

µ-tabloid. For example,

t1 =

2 1 3

4 6

5

, t2 =

3 2 1

6 4

5

are equivalent, and {t1} is a (3,2,1)-tabloid.

Proposition 2.4.

Let µ be a partition of n and let t1, t2 be two µ-tableaux. If t1 ∼ t2, then πt1 ∼ πt2 for

12
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all π ∈ Sn.

Proof.

It is easy to see by observing that Rπt2 = πRt2π−1.

Definition 2.5.

Let µ be a partition of n. Define

Mµ

F : the vector space over F whose basis is {{t} | {t} : µ-tabloid}.

Note that Mµ

F is an FSn-module by defining π{t}= {πt} for π ∈ Sn. It is well-defined by

the above proposition.

Definition 2.6.

For π ∈ Sn, define

sgn(π) =


1 if π is an even permutation

−1 if π is an odd permutation.

For any µ-tableau t, define

bt = ∑
π∈Ct

sgn(π)π ∈ FSn,

et = bt{t}= ∑
π∈Ct

sgn(π){πt} ∈Mµ

F .

Moreover, define

Sµ

F : the subspace of Mµ

F which is generated by all et .

The element et is called the polytabloid and Sµ

F is called the Specht module (with respect

to µ).

13
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Proposition 2.7.

For any µ-tableau t and any π ∈ Sn, we have πet = eπt . This means Sµ

F is an FSn-

module.

Proof.

Observe that πet = πbtπ
−1{πt}. So it suffices to show πbtπ

−1 = bπt , which is easy

to see by observing πCtπ
−1 =Cπt .

2.2 Simple F0Sn-Module and Simple FpSn-Module

In this subsection, we will introduce that all Specht F0Sn-modules form a complete set

of isomorphic classes of all simple F0Sn-modules. Note that Specht FpSn-modules may

not simple. We will also introduce a complete set of isomorphic classes of all simple

FpSn-modules.

Definition 2.8.

Let µ = (µ1, · · · ,µm1), λ = (λ1, · · · ,λm2) be two partitions of n. We say µ D λ if

r
∑

i=1
µi ≥

r
∑

i=1
λi for all r = 1, · · · ,m1

(note that m1 must be ≤ m2 in this case).

It is called the dominance order. Moreover, we say µ .λ if µ D λ and µ 6= λ . Note that

it is a partial order but not a totally order. For example,

(5,1,1). (4,2,1), (5,1,1). (4,1,1,1),

and (5,1,1), (4,3) has no such relation.

Lemma 2.9.

14
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Let µ , λ be two partitions of n, and let Θ be an FSn-homomorphism from Mµ

F to Mλ
F .

Then:

(1) If Sµ

F 6⊂ ker(Θ), then µ D λ .

(2) If µ = λ , then Θ|Sµ

F
= f IdSµ

F
for some f ∈ F .

Proof.

Cf., for example, [J1] lemma 4.10, page 16.

Theorem 2.10.

(1) Let µ , λ be two partitions of n. Then Sµ

F0
∼=F0Sn Sλ

F0
if and only if µ = λ .

(2) The set {Sµ

F0
| µ : partition of n} is a complete set of isomorphic classes of all simple

F0Sn-modules.

Proof.

(1) The if part is trivial. For the only if part, assume Sµ

F0
∼=F0Sn Sλ

F0
. Since char(F0) = 0,

there is an F0Sn-module V such that Mµ

F0
= Sµ

F0
⊕V . Let θ be an F0Sn-isomorphism

from Sµ

F0
to Sλ

F0
. Then define

Θ : Mµ

F0
= Sµ

F0
⊕V → Sλ

F0
⊂Mλ

F0
given by (x,y) 7→ θ(x)

Since Sµ

F0
6⊂ ker(Θ), by lemma 2.9 (1), we obtain µ D λ . So by symmetry, we con-

clude that µ = λ .

(2) By (1), each Sµ

F0
is different when µ varys. So |{Sµ

F0
| µ : partition of n}| is equal

to the number of conjugacy classes of Sn. Therefore it remains to show each Sµ

F0
is

simple.

15
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Let U ⊂ Sµ

F0
be a nonzero F0Sn-submodule. Since char(F0) = 0, we can write Sµ

F0
=

U⊕U ′ for some F0Sn-module U ′. So

Mµ

F0
= Sµ

F0
⊕V =U⊕U ′⊕V,

where V is as in (1). Now define

Θ : Mµ

F0
=U⊕U ′⊕V →Mµ

F0
given by (x,y,z) 7→ (x,0,0)

Then by lemma 2.9 (2), Θ|Sµ

F0
= f IdSµ

F0
for some f ∈ F0, i.e.

(x,0,0) = Θ|Sµ

F0
(x,y,0) = f IdSµ

F0
(x,y,0) = ( f x, f y,0)

for any x ∈U and y ∈U ′, i.e. x = f x and 0 = f y. Hence U ′ = 0 since U 6= 0. So

U = Sµ

F0
, i.e. Sµ

F0
is simple.

Definition 2.11.

Define a bilinear form 〈∗,∗〉 : Mµ

F ×Mµ

F → F given by

〈{a},{b}〉F = δ{a}{b} for any µ-tabloids {a}, {b}

So for any subspace V of Mµ

F , we can define

V⊥ = {x ∈Mµ

F | 〈x,v〉F = 0 for all v ∈V}.

16
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Note that by definition, it is easy to see that for any x, y ∈Mµ

F and any π ∈ Sn,

〈πx,πy〉F = 〈x,y〉F .

Thus if V is an FSn-module, then so is V⊥.

Definition 2.12.

Let µ = (µ1, · · · ,µm) be a partition of n. We say µ is p-regular if

p > |{k | µk = i}| for all i = 1, · · · ,n.

Otherwise we say µ is p-singular. For example, µ = (3,2,1,1) is 2-singular, and it is

p-regular for any prime p > 2.

Definition 2.13.

For any p-regular partition µ of n. Define

Dµ

Fp
= Sµ

Fp
/(Sµ

Fp
∩ (Sµ

Fp
)⊥).

Note that Sµ

Fp
= Sµ

Fp
∩ (Sµ

Fp
)⊥ if and only if µ is p-singular. So we define Dµ

Fp
only when

µ is p-regular (cf., for example, [J1], theorem 11.1, page 39).

Lemma 2.14.

Let µ , λ be partitions of n with µ is p-regular. Let U be an FpSn-submodule of Mλ
Fp

.

If Θ is a non-zero FpSn-homomorphism from Sµ

Fp
to Mλ

Fp
/U , then µ D λ .

Proof.

Cf., for example, [J1] lemma 11.3, page 39.

17
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Lemma 2.15.

The number of p-regular conjugacy classes of Sn is equal to the number of p-regular

partitions of n (We say a conjugacy class of a group G is p-regular if the order of elements

in the class is prime to p.).

Proof.

Cf., for example, [J1] lemma 10.2, page 36.

Lemma 2.16. (Submodule lemma)

If U is an FSn-submodule of Mµ

F , then either Sµ

F ⊂U or U ⊂ (Sµ

F)
⊥.

Proof.

Cf., for example, [J1] theorem 4.8, page 15.

Theorem 2.17.

(1) For any two p-regular partitions µ , λ of n, Dµ

Fp
∼=FpSn Dλ

Fp
if and only if µ = λ .

(2) The set {Dµ

Fp
| µ : p-regular partition of n} is a complete set of isomorphic classes of

all simple FpSn-modules.

Proof.

(1) The if part is trivial. For the only if part, assume Dµ

Fp
∼=FpSn Dλ

Fp
. Let θ be an FpSn

isomorphism from Dµ

Fp
to Dλ

Fp
. Define a map Θ from Sµ

Fp
to Mλ

Fp
/(Sλ

Fp
∩ (Sλ

Fp
)⊥) given

by

Θ : Sµ

Fp

α−→ Sµ

Fp
/(Sµ

Fp
∩ (Sµ

Fp
)⊥) = Dµ

Fp

θ→ Dλ
Fp
⊂Mλ

Fp
/(Sλ

Fp
∩ (Sλ

Fp
)⊥),

18
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where α is the canonical map from Sµ

Fp
to Sµ

Fp
/(Sµ

Fp
∩ (Sµ

Fp
)⊥). Then clearly Θ is

nonzero. So by lemma 2.14, we obtain µ D λ , and by symmetry, we conclude that

µ = λ .

(2) By (1), each Dµ

Fp
is distinct, and by lemma 2.15, the number of p-regular conjugacy

classes of Sn is equal to the number of all p-regular partitions of n. So it suffices to

show each Dµ

Fp
is a simple FpSn-module.

Let U ( Sµ

Fp
be a maximal submodule. Then by lemma 2.16, we have U ⊂ (Sµ

Fp
)⊥.

So U ⊂ Sµ

Fp
∩ (Sµ

Fp
)⊥ ⊂ Sµ

Fp
. Since µ is p-regular, we have Sµ

Fp
∩ (Sµ

Fp
)⊥ 6= Sµ

Fp
. So we

conclude that U = Sµ

Fp
∩ (Sµ

Fp
)⊥ since U is maximal, which meams Dµ

Fp
is simple.

2.3 Facts about F0Sn-Module and FpSn-Module

In this subsection, we will introduce some facts about F0Sn-module and FpSn-module.

They will be used in following sections.

Definition 2.18.

Let µ be a partition of n, and let t be a µ-tableau. We say t is standard if the numbers

in t are increasing along the rows and down the columns. For example, let µ = (3,2,1)

be a partition of 6 and let

t =

1 2 3

4 6

5

,

then t is a standard µ-tableau.

Proposition 2.19.
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Let µ be a partition of n and let t1, · · · , tm be all distinct standard µ-tableaux of n. Then

{et1 , · · · ,etm} is a basis of Sµ

F .

Proposition 2.20.

Let µ be a partition of n. Then Sµ

F0
is self dual, i.e

(Sµ

F0
)∗ ∼=F0Sn Sµ

F0
.

Proof.

Cf., for example, [J1], theorem 1.5, page 3.

Proposition 2.21.

Let µ be a p-regular partition of n. Then Dµ

Fp
is self dual, i.e

(Dµ

Fp
)∗ ∼=FpSn Dµ

Fp
.

Proof.

Cf., for example, [J1], theorem 1.5, page 3.

Proposition 2.22.

Let λ be a p-regular partition of n and let t1, · · · , tm be all distinct standard λ -tableaux.

Denote M =

(
〈eti,et j〉Fp

)
∈Mm×m(Fp). Then dimFp(D

λ
Fp
) = rankFp(M).

Proof.

Cf., for example, [J1], theorem 1.6, page 3.
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Definition 2.23.

Let λ , λ ′ be partitions of n. We say λ ′ is the conjugate partition of λ if the graph of

λ ′ is obtained by interchanging the rows and columns of the graph of λ . For example, the

conjugate partition of (3,2) is

× ×

× ×

×

i.e. (2,2,1) is the conjugate partition of (3,2). We usually use the notation λ ′ to denote

the conjugate partition of λ .

Proposition 2.24.

Let λ be a partition of n.

(1) If λ is p-singular, then all composition factors of Sλ
Fp

have the form Dµ

Fp
with µ .λ ,

(2) If λ is p-regular, then Dλ
Fp

occurs precisely once in the composition factors of Sλ
Fp

,

and the others (if exist) have the form Dµ

Fp
with µ .λ .

Proof.

Cf., for example, [J1], corollary 12.2, page 42.

Proposition 2.25.

Let λ be a partition of n. Then (Sλ ′
F )∗ ∼=FSn Sλ

F ⊗F S(1
(n))

F .

Proof.

Cf., for example, [J1], theorem 8.15, page 33.
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3 About Sn

3.1 Groups S5 and S6 have the (L′, p)-property

As we have mentioned in the introduction, from the work of James [J2], we can see

that Sn has the L′′-property. However, in this subsection, we are going to use our method

to show that S5 and S6 have the (L′, p)-property for all p. This method is different from

James, but it gives us an idea that how to show a given group has (L′, p)-property.

Lemma 3.1.

Let V , W be simple FG-modules with dimF(V ) = 1. Then V ⊗F W is also a simple

FG-module.

Lemma 3.2.

Let V , W be two K0G-modules (or KpG-modules) which afford character (or p-modular

character) χV , χW respectively. Then the character (or p-modular character) of V ⊗K0 W

(or V ⊗Kp W ) is χV ×χW .

Lemma 3.3.

Let µ be a partition of n. Then Sµ

Kp
is a reduction mod m of Sµ

K0
.

Proof.

Let t1, · · · , tm be all distinct standard µ-tableaux. Then by proposition 2.19,

Sµ

K0
= K0et1⊕·· ·⊕K0etm.

Consider the RSn-submodule X = Ret1⊕·· ·⊕Retm . Then clearly X is a RSn-lattice of Sµ

K0
,
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and its reduction mod m is

X/mX ∼=KpSn Kp⊗R X ∼=KpSn Kpet1⊕·· ·⊕Kpetm = Sµ

Kp
.

So Sµ

Kp
is a reduction mod m of Sµ

K0
.

Proposition 3.4.

(1) If λ is a p-regular partition of n, then the character of Sλ
K0

has the (L′′, p)-property.

(2) Let µ be a partition of n. If the character of Sµ

K0
has the (L′, p)-property, then so does

Sµ ′

K0
.

Remark.

By revising the proof of the proposition 3.4 (2), it is easy to see we can replace the

term “(L′, p)-property” to “(L′′, p)-property” in (2).

Proof.

(1) Let χ be the character of Sλ
K0

, and let φµ be the p-modular character of Dµ

Kp
for any

p-regular partition µ of n. Then by proposition 0.10 and lemma 3.3, χ|
S(p)

n
is the p-

modular character of Sµ

Kp
. Now by proposition 2.24, since λ is p-regular, Dλ

Kp
occurs

precisely once in the composition factors of Sλ
Kp

, and the others (if exists) have the

form Dµ

Kp
with µ .λ . Thus

χ|
S(p)

n
≥ φλ with multiplicity 1,

i.e. χ has the (L′′, p)-property.
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(2) Let χλ , χλ ′ , and χ1 be characters of Sλ
K0

, Sλ ′
K0

, and S(1
(n))

K0
respectively. Then by proposi-

tion 0.10 and lemma 3.3, χλ |S(p)
n

, χλ ′|S(p)
n

, and χ1|S(p)
n

are p-modualr characters of Sλ
Kp

,

Sλ ′
Kp

, and S(1
(n))

Kp
respectively. Moreover, let φ∗ be the p-modualr character of (Sλ ′

Kp
)∗.

Then by lemma 2.21, since every simple KpSn-modules are self dual, all composition

factors of Sλ ′
Kp

and (Sλ ′
Kp
)∗ are equal. So by proposition 0.7, we have

χλ ′ |S(p)
n

= φ
∗.

On the other hand, since (Sλ ′
Kp
)∗ ∼=KpSn Sλ

Kp
⊗Kp S(1

(n))
Kp

by proposition 2.25, we obtain

φ∗ = χλ |S(p)
n
×χ1|S(p)

n
by lemma 3.2. So

χλ ′|S(p)
n

= φ
∗ = χλ |S(p)

n
×χ1|S(p)

n
.

Now by the assumption, since the character of Sλ
K0

has the (L′, p)-property,

either χλ |S(p)
n

= φ0 or a1φ1 + · · ·+azφz

for some z ∈N, z > 1, a1, · · · ,az ∈N, and distinct irreducble p-modular characters φi

of Sn. So

either χλ ′|S(p)
n

= φ0×χ1|S(p)
n

or a1

(
φ1×χ1|S(p)

n

)
+ · · ·+az

(
φz×χ1|S(p)

n

)
.

Clearly, each φ1× χ1|S(p)
n
, · · · ,φz× χ1|S(p)

n
is distinct. So to show χλ ′ has the (L′, p)-

property, it suffices to show φi× χ1|S(p)
n

are irreducible p-modular characters for all

i.

To show it, observe that since S(1
(n))

Kp
∼=KpSn D(1(n))

Kp
, χ1|S(p)

n
is the p-modular character

of D(1(n))
Kp

. Now let Di be a simple KpG-module which affords φi. Then by lemma 3.2,
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the p-modular character of Di⊗Kp D(1(n))
Kp

is

φi×χ1|S(p)
n
.

Since the dimension of D(1(n))
Kp

is 1, the KpSn-module Di⊗Kp D(1(n))
Kp

is simple by lemma

3.1, and hence φi×χ1|S(p)
n

is an irreducible p-modular character as we desired.

Proposition 3.5.

Let M be a simple K0G-module and let X be a RG-lattice. If the dimension of M

is divisible by the largest power of p dividing the order of G, then X/mX is a simple

KpG-module.

Proof.

Cf., for example, [S1] proposition 46, page 136.

Example 3.6.

We are going to show that S5 has the (L′, p)-property. First observe that all partitions

of S5 are:

(5), (4,1), (3,2), (3,1,1),

(1,1,1,1,1), (2,1,1,1), (2,2,1).

For the case p > 2, since (5), (4,1), (3,2), and (3,1,1) are p-regular, by proposition 3.4,

we conclude S5 has the (L′, p)-property for p > 2.

For the case p = 2, observe that all 2-regular partitions are
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(5), (4,1), (3,2),

and their conjugate partitions are

(1,1,1,1,1), (2,1,1,1), (2,2,1)

respectively. So again by proposition 3.4, all characters of their corresponding Specht

modules have the (L′,2)-property. So it remains to show the character of S(3,1,1)K0
has the

(L′,2)-property.

To show this, we want to find dimensions of S(3,1,1)K0
, D(5)

K2
, D(4,1)

K2
, and D(3,2)

K2
. Observe

that the number of all standard (3,1,1)-tableaux is
4!

2! 2!
= 6. So by proposition 2.19,

dimK0(S
(3,1,1)
K0

) = 6.

On the other hand, since D(5)
K2

is the trivial K2S5-module, its dimension is 1, and by using

proposition 2.22, we can calculate the dimensions of D(4,1)
K2

and D(3,2)
K2

. The conclusion is

that

dimK2(D
(4,1)
K2

) = 4 and dimK2(D
(3,2)
K2

) = 4.

Now we show the character of S(3,1,1)K0
has the (L′,2)-property. Let χ be the charac-

ter of S(3,1,1)K0
, and let φ (5), φ (4,1), φ (3,2) be 2-modular characters of D(5)

K2
, D(4,1)

K2
, D(3,2)

K2

respectively. Then we can write

χ|
S(2)5

= aφ
(5)+bφ

(4,1)+ cφ
(3,2)

for some a, b, c ∈ N∪{0}. Let e be the identity of S5. Then since

dimK0(S
(3,1,1)
K0

) = 6, dimK2(D
(5)
K2
) = 1, dimK2(D

(4,1)
K2

) = 4, and dimK2(D
(3,2)
K2

) = 4,
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we have

6 = χ|
S(2)5

(e) = aφ
(5)(e)+bφ

(4,1)(e)+ cφ
(3,2)(e) = a+4b+4c.

Moreover, since a, b, c ∈ N∪{0}, the equation 6 = a+4b+4c implies that

a = 2 or 6.

Therefore, to show the character χ of S(3,1,1)K0
has the (L′,2)-property, it suffices to show

a 6= 6.

Assume a = 6. Denote g = (123)(4)(5) ∈ S5, then

χ(g) = χ|
S(2)5

(g) = 6φ
(5)(g) = 6.

Let r1, · · · ,r6 ∈ K0 be all eigenvalues of the matrix representation ρg of g with respect to

any fixed basis of S(3,1,1)K0
. Then since ρ3

g is the identity matrix, every ri are roots of unity

in K0. Since χ(g) = 6, we have

r1 + r2 + · · ·+ r6 = 6,

and hence ri = 1 for all i. This means ρg is the identity matrix, i.e. g · et = et for all

(3,1,1)-tableaux t. But this is impossible clearly. Therefore a 6= 6, and hence χ has the

(L′,2)-property.

We therefore conclude that S5 has the (L′,2)-property, and hence S5 has the (L′, p)-

property for all prime p.

Remark.
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In fact, this method can show that S5 has the (L′′, p)-property. Indeed, we can use

proposition 3.4 to show that all irreducible characters of S5 have (L′′, p)-property for all

p, except the case that the irreducible character χ of S(3,1,1)K0
has (L′′,2)-property. However,

if we use same notations and the same method as in the above example, we will obtain

6 = χ|
S(2)5

(e) = a+ 4b+ 4c, and we have shown that a = 2. This means b = 1 or c = 1,

and hence χ has (L′′,2)-property.

Example 3.7.

We are going to show that S6 has the (L′, p)-property. Observe that all partitions of S6

are

(6), (5,1), (4,2), (4,1,1), (3,3), (3,2,1),

(1,1,1,1,1,1), (2,1,1,1,1), (2,2,1,1), (3,1,1,1), (2,2,2).

For the case p > 2, since (6), (5,1), (4,2), (4,1,1), (3,3), (3,2,1) are p-regular, we

conclude that S6 has (L′, p)-property for p > 2 by proposition 3.4. It is the same method

as in example 3.6.

For the case p = 2, observe that all 2-regular partitions are

(6), (5,1), (4,2), (3,2,1),

and their conjugate partitions are

(1,1,1,1,1,1), (2,1,1,1,1), (2,2,1,1), (3,2,1)

respectively. Again by proposition 3.4, all characters of their corresponding Specht mod-

ules have the (L′,2)-property. To show the other characters have the (L′,2)-property,

by corollary 3.4 (2), it suffices to show characters of S(4,1,1)K0
and S(3,3)K0

have the (L′,2)-

property.
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Again, we calculate dimensions of S(4,1,1)K0
, S(3,3)K0

, and all simple KpS6-modules. Ob-

serve that the number of all standard (4,1,1)-tableaux is
5!

3! 2!
= 10, and all standard

(3,3)-tableaux is
4!

2! 2!
−1 = 5. So by proposition 2.19,

dimK0(S
(4,1,1)
K0

) = 10 and dimK0(S
(3,3)
K0

) = 5.

On the other hand, since the dimension of D(6)
K2

is 1 since it is the trivial K2S5-module, and

by using proposition 2.22, we can calculate dimensios of D(5,1)
K2

and D(4,2)
K2

. The conclusion

is that

dimK2(D
(5,1)
K2

) = 4 and dimK2(D
(5,1)
K2

) = 4.

To see the dimension of D(3,2,1)
K2

, of course we can use proposition 2.22 to calculate. How-

ever, it is a little complicate. So we want to use another way to find its dimension. Observe

that the number of all standard (3,2,1)-tableaux is 16. So the dimension of S(3,2,1)K0
is 16.

Since |S6|= 16×45, by proposition 3.5, any reduction mod m of S(3,2,1)K0
is a simple K2S6-

module. Moreover, by lemma 3.3, we know S(3,2,1)K2
is a reduction mod m of S(3,2,1)K0

. So

by proposition 2.24 (2), we obtain S(3,2,1)K2
∼=K2S6 D(3,2,1)

K2
, and hence

dimK2(D
(3,2,1)
K2

) = 16.

Now we show that characters of S(4,1,1)K0
and S(3,3)K0

have the (L′,2)-property. Let

χ(4,1,1), χ(3,3) be characters of S(4,1,1)K0
, S(3,3)K0

respectively, and let φ (6), φ (5,1), φ (4,2),

φ (3,2,1) be 2-modular characters of D(6)
K2

, D(5,1)
K2

, D(4,2)
K2

, D(3,2,1)
K2

respectively. Then we
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can write

χ
(4,1,1)|

S(2)6
= a1φ

(6)+a2φ
(5,1)+a3φ

(4,2)+a4φ
(3,2,1)

χ
(3,3)|

S(2)6
= b1φ

(6)+b2φ
(5,1)+b3φ

(4,2)+b4φ
(3,2,1)

for some ai, bi ∈ N∪{0}. Let e be the identity of S5. Then since

dimK0(S
(4,1,1)
K0

) = 10, dimK0(S
(3,3)
K0

) = 5, dimK2(D
(6)
K2
) = 1,

dimK2(D
(5,1)
K2

) = 4, dimK2(D
(4,2)
K2

) = 4, dimK2(D
(3,2,1)
K2

) = 16,

we have

10 = χ
(4,1,1)|

S(2)6
(e) = a1φ

(6)(e)+a2φ
(5,1)(e)+a3φ

(4,2)(e)+a4φ
(3,2,1)(e)

= a1 +4a2 +4a3 +16a4,

and

5 = χ
(3,3)|

S(2)6
(e) = b1φ

(6)(e)+b2φ
(5,1)(e)+b3φ

(4,2)(e)+b4φ
(3,2,1)(e)

= b1 +4b2 +4b3 +16b4.

Since ai, bi ∈ N∪{0}, the above equations imply that

a1 = 2, 6, or 10, and b1 = 1 or 5

Therefore, to show χ(4,1,1) and χ(3,3) have the (L′,2)-property, it suffices to show a1 6= 10

and b1 6= 5.

Assume a1 = 10. Denote g = (123)(4)(5)(6)∈ S6. Then χ(4,1,1)(g) = 10. Similary as
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in example 3.6, χ(4,1,1)(g) = 10 will imply that g · et = et for all (4,1,1)-tableaux t. But

clearly this is impossible. So a1 6= 10. Using the same method, we can also conclude that

b1 6= 5. Hence characters of S(4,1,1)K0
and S(3,3)K0

have the (L′,2)-property.

We therefore concldue that S6 has the (L′,2)-property, and hence S6 has the (L′, p)-

property for all prime p.

Remark.

Let λ be a partition of n such that it is not 2-regular or their conjugate partitions. Let

χ be an irreducible character of Sλ
K0

, and φ be the trivial 2-modular character of Sn. In

the above two examples and in the case p = 2, we calculate the dimension of Sλ
K0

and

dimension of all distinct simple K2Sn-modules, and using them to show χ|
S(2)n
≥ φ . Then

by a little work, we conclude that

χ|
S(2)n
6= χ(e)φ ,

where e is the identity of Sn, and this implies that χ has the (L′,2)-property.

However, this method does not always work. For example, consider n = 7. The

dimension of S(4,1,1,1)K0
is 20, and dimensions of all distinct 2-modular characters of S7 are

1, 6, 8, 14, 20. The equation

20 = a1 +6a2 +8a3 +14a4 +20a5, ai ∈ N∪{0}

can not guarantee that there exists i such that ai > 0.

Even though the method does not always work, it induce we think about a question,

that is, for any character χ of G, can we find a p-modular character φ of G such that

either χ|G(p) = φ if χ(e) = φ(e), or χ|G(p) ≥ φ with multiplicity smaller than χ(e)/φ(e) if

χ(e) 6= φ(e)? In theorem 3.17, we will see that for any prime p and for any character χ of
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Sn, there always exists a p-modular character φ of G such that χ|
S(p)

n
≥ φ with multiplicity

1.

3.2 Diagrams

In this subsection, we will introduce some tools which will be used to show theorem

3.17, that is, for any prime p and for any irreducible character χ of Sn, there always exists

an irreducible p-modular character φ of G such that χ|
S(p)

n
≥ φ with multiplicity 1.

Definition 3.8.

(1) Consider a fixed origin, and a first axis pointing south and a second axis pointing east.

These axes construct a coordinate system, and we define vertices to be elements of

{(i, j) | i, j ∈ N}.

We say a vertex (i, j) is higher than (k, l) if i < k. Similary define “lower than”, “to

the right of”, and “to the left of”.

(2) We say D is a diagram (for Sn) if D is a set which collects n vertices such that if

(i, j) ∈D, then (i, j−1), (i−1, j) ∈ D. The vertices which belong to D is called the

nodes of D.

Let µ = (µ1, · · · ,µm) be a partition of n and denote

Dµ = {(i, j) : vertex | 1≤ i≤ m, 1≤ j ≤ µi}.

Then it is easy to see Dµ is a diagram, and for any diagram D, there is an unique

partition µ such that D =Dµ . In this case, we say the diagram D corresponds to µ ,

or µ corresponds to D.
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Let a be a fixed number such that the set {(a, j) | if (a, j) ∈ D} is not empty. Then

the set is called the a-th row of D, and its cardinality is called the length of the a-th

row.

Let a be a fixed number such that the set {( j,a) | if ( j,a) ∈ D} is not empty. Then

the set is called the a-th column of D, and its cardinality is called the length of the

a-th column.

We say a diagram is p-regular if no p rows of it have the same length; otherwise the

diagram is called p-singular.

For two diagrams D1, D2, we say D1 DD2 if for every j,

∑
i≤ j

(length of the i-th row of D1)≥ ∑
i≤ j

(length of the i-th row of D2)

We say D1 .D2 if D1 DD2 and D1 6=D2.

(3) If D is a diagram for Sn which corresponds to the partition µ of n, then we denote χD

as the character of Sµ

K0
.

If D is a p-regular diagram for Sn which corresponding to the p-regular partition µ of

n, then we denote φD as the p-modular character of Dµ

Kp
.

Definition 3.9.

(1) A ladder is a straight line joining the vertex (i,1) to the point (1,
i−1
p−1

+ 1). The

vertices which a ladder passes through will be called the rungs of the ladder.

Note that the rungs of a ladder are (i,1), (i− (p−1),2), (i−2(p−1),3), and so on.

For example, let p = 3 and consider the ladder passing through (6,1). Then the rungs

of the ladder are (6,1), (4,2), (2,3).
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(2) A subset of the rungs of a ladder is called a complete k subset if it consists of the top

k rungs of the ladder. We say a vertex x is the 1-st rung of a ladder l if x belongs to

the complete 1 subset, and x is the k-th (k > 1) rung of l if x belongs to the complete

k subset of l but not in the complete k−1 subset of l.

For example, let p = 2 and consider the ladder passing through (3,1), (2,2), (1,3).

Then

{(1,3)} is the complete 1 subset,

{(2,2),(1,3)} is the complete 2 subset,

{(3,1),(2,2),(1,3)} is the complete 3 subset, and

{(3,1),(2,2)} is not a complete k subset for any k ∈ N.

The vertex (1,3) is the 1-st rung of l, (2,2) is the 2-nd, and (3,1) is the 3-rd.

(3) Suppose we have p colors, which we shall call 0,1, · · · , p− 1, Color the vertices by

letting (i, j) have the color which is the smallest non-negative residue of j− i mod p.

We say two diagrams D1, D2 belong to the same block if and only if they have the

same color content, that is, for every i, the number of nodes of D1 colored i is equal

to the number of nodes of D2 colored i.

Proposition 3.10.

(1) All the rungs of a ladder have the same color.

(2) A diagram D is p-regular if and only if the following happens for each ladder l:

If the k-th rung of l belongs to D, then so does the k−1-th rung of l.
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(3) Let D1 and D2 be two diagrams correspending to partitions µ1 and µ2 respectively.

Then D1 and D2 belong to the same block if and only if χµ1 and χµ2 lies in the same

p-block, that is, there exists an irreducible p-modular character φ such that

χµ1|S(p)
n
≥ φ and χµ2|S(p)

n
≥ φ .

Proof.

(1) let l be a ladder and let (a,b) be a rung of l. Then other rungs of l can be written as

the form (a− c(p− 1),b+ c) for some integer c. Clearly, (a− c(p− 1),b+ c) and

(a,b) have the same color.

(2) Assume D is p-singular. Then there are p rows of D, say a+1-th, a+2-th,· · · ,a+ p-th

rows, such that they have the same length, say m. So

(a+ p,m) ∈D and (a+1,m+1) 6∈D.

If we say (a + p,m) is the k-th rung of a ladder l, then the k− 1-th rung of l is

(a+ p− (p− 1),m+ 1) = (a+ 1,m+ 1). So the k-th rung of l belong to D, but the

k−1-th does not.

Assume D is p-regular. Let l be a ladder and its k-th rung (k > 1) is (i, j). Then the

k− 1-th rung of l is (i− (p− 1), j + 1). Let m be the length of the i-th row. Then

since D is p-regular, the number of rows with length m is < p. So the length of the

i− (p−1)-th row must be ≥ m+1. Hence (i− (p−1), j+1) ∈D, i.e. the k−1-th

rung of l belongs to D.

(3) To show this, we have to introduce “p-hook” and “p-core”. A p-hook of a diagram

D is a connected part with p-nodes of the rim of D beginning with the last node of
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any row and ending with the last node of an earlier column, and these nodes can be

removed to leave a diagram. For example, consider following four diagrams. In (a)

and (b), the nodes which are connected by lines can be 5-hooks of D(4,4,3). In (c) and

(d), the nodes which are connected by lines can not be 5-hooks of D(4,4,3)

(a) (b) (c) (d)

Moreover, we say a diagram is a p-core of D if we remove p-hooks in succession

from D as many as we can. For example,

The last diagram is the 5-core of D(4,4,3). Note that a p-core of a diagram is unique

(cf., for example, [R] 4.53, page 85).

Now to see (3), we have to introduce two theorems:

Theorem. (Nakayama’s Conjecture)

Let D1, D2 be two diagrams for Sn. Then χD1 , χD2 are in the same p-block if and

only if D1 and D2 have the same p-core.

Proof. Cf., for example, [R], 5.36, page 98.

Theorem.

The p-cores of two diagrams are equal if and only if they are in the same block.

Proof. Cf., for example, [R], 5.42, page 99.

So we can see that (3) holds by this two theorem.
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Definition 3.11.

Let D be a diragram. Construct a new set Dr from D as follows. For each ladder l, if

l hits D in k nodes, replace these nodes by the complete k subset of l.

For example, let p = 3.

If D=

· · ·

· ·

· ·

· ·

, then Dr =

· · ·

· · ·

· ·

·

.

Proposition 3.12.

(1) Dr is a p-regular diagram.

(2) D and Dr belong to the same block.

Proof.

(1) We are going to show Dr is a diagram. Assume x = (i, j) ∈Dr. Let l be the ladder

in which x lies, and say x is the k-th rung of l. First we claim that (i−1, j) (if i > 1)

belong to Dr. Let l1 be the ladder in which (i−1, j) lie. Observe that the 1-st rung of

l is

(i− (k−1)(p−1), j+(k−1)).

Assume

i− (k−1)(p−1) = 1.

Then the 1-st rung of l1 is

(i− (k−2)(p−1)−1, j+(k−2)).
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So (i−1, j) is the k−1-th rung of l1. Therefore, to show (i−1, j) ∈Dr in this case,

we have to find k−1 nodes of D lie in l1.

Since x is the k-th rung of l, we can find k rungs of l belong to D, say

(a,b), (a− c2(p−1),b+ c2), · · · ,(a− ck(p−1),b+ ck)

with ci ∈N and c2 < · · ·< ck. Note that for convinence, we denote c1 = 0. So for any

z = 1, · · · ,k−1,

a− cz(p−1)> a− ck(p−1)≥ i− (k−1)(p−1) = 1.

Now since D is a diagram, by the above inequality, we can guarantee that

(a−1,b), (a− c2(p−1)−1,b+ c2), · · · ,(a− ck−1(p−1)−1,b+ ck−1) ∈D,

and since these nodes lie in l1, we conclude that l1 hits D in at least k−1 nodes, and

hence (i−1, j) ∈Dr.

On the other hand, assume

i− (k−1)(p−1)> 1.

Then the 1-st rung of l1 is

(i− (k−1)(p−1)−1, j+(k−1)).

So (i−1, j) is the k-th rung of l1. Hence in this case, we have to find k nodes of D lie
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in l1. Observe that for any z = 1, · · · ,k,

a− cz(p−1)≥ i− (k−1)(p−1)> 1.

So we can guarantee that

(a−1,b), (a− c2(p−1)−1,b+ c2), · · · ,(a− ck(p−1)−1,b+ ck) ∈D,

and hence l1 hits D in at least k nodes, i.e. (i−1, j) ∈Dr.

Next we claim that (i, j− 1) (if j > 1) belong to Dr. Let l2 be the ladder in which

(i, j−1) lies. Since

(i− (k−1)(p−1), j+(k−1))

is the 1-st rung of l, the 1-st rung of l2 is

(i− (k−1)(p−1), j+(k−1)−1).

So (i, j− 1) is the k-th rung of l2. Hence to show (i, j− 1) ∈ Dr, we have to find k

nodes of D lies in l2.

Assume b > 1. Then since

(a,b−1), (a− c2(p−1),b+ c2−1), · · · ,(a− ck(p−1),b+ ck−1) ∈D

and they are all lie in l2, we can see that l2 hits D in at least k nodes, i.e. (i, j−1)∈Dr.

Assume b= 1. Observe that since 1+cz≤ ck for all z= 1, · · · ,k−1, we can guarantee
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that the following k−1 rungs of l2 exist and belong to D:

(a− (p−1),b), (a− (1+ c2)(p−1),b+ c2), · · · ,(a− (1+ ck−1)(p−1),b+ ck−1).

If there is an i between 2 and k such that 1+ ci−1 < ci, then the rung of l2

(a− ci(p−1),(b+ ci)−1) ∈D

is distinct to the above k−1 rungs. So l2 hits D in at least k nodes, i.e. (i, j−1)∈Dr.

If we can not find such i, then it means

1+ ci−1 = ci for all i = 2, · · · ,k.

Note that if (a− ck(p−1),b+ ck) is not the 1-st rung of l, then the rung of l2

(a− (1+ ck)(p−1),b+ ck)

exists and belongs to D. Hence l2 hits D in at least k nodes, i.e. (i, j−1) ∈Dr. So it

remains to consider the case

1+ ci−1 = ci for all i = 2, · · · ,k and (a− ck(p−1),b+ ck) is the 1-st rung of l.

However, in this case, we have c2 = 1, c3 = 2, · · · ,ck = k−1. So the 1-st rung of l is

(a− ck(p−1),b+ ck) = (a− (k−1)(p−1),1+(k−1)) = (a− (k−1)(p−1),k),

and hence the k-th rung of l is (a,1), which means j = 1, which is impossible. Now
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we complete the proof of Dr is a diagram.

Finally, to see Dr is p-regular, it is clearly by proposition 3.10 (2).

(2) It is clearly by proposition 3.10 (1).

Definition 3.13.

(1) Let D be a diagram for Sn and x ∈ D. If D \ {x} is a diagram for Sn−1, then x is

called a removable node of D, and write D− x for D \ {x}. The node x is called

regular-removable if D− x is a p-regular diagram for Sn−1.

(2) The node x of D is called a shadow node if x is regular-removable and no node higher

than or equal to x can be raised, retaining its color (the term “raised” means if y is

removable in D and there is a vertex z which is higher than y and it can be added to

D− y to give a diagram, then we say y is raised to z).

We say D− x is a shadow of D if x is a shadow node of D.

Proposition 3.14.

(1) A diagram D has a shadow node if and only if D is p-regular.

(2) Let D1 and D2 are p-regular diagrams in the same block and x, y are shadow nodes

of D1, D2 respectively, If D1, D2 are distinct, then D1− x 6=D2− y.

Proof.

(1) Assume D is p-regular. Consider the longest ladder l which hits D. Then since no

nodes of D are to the right of this ladder or lower than this ladder, all rungs of l in D

are removable. Let x be the lowest rung of l in D. Denote m as the length of the row
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in which x lies. Since x is the lowest rung of l, the number of rows of D with length

= m− 1 is < p− 1. So the number of rows of D− x with length = m− 1 is < p.

Therefore D− x is p-regular since D is p-regular, and hence x is regular-removable.

Now we claim that x is a shadow node of D.

Observe that all removable nodes higher than or equal to x are rungs of l higher than

or equal to x, and so have the same color as x. Let y be one rung of them and we want

to raise y. Then positions which y can be raised to are only such vertices which higher

than y and below a rung of l, or to the right of the most right node in the first row of

D. If we raise y to z which below a rung t of l, then z can not have the same color as

y since the color of t is the same as y. In the other case, we raise y to z which is to the

right of the most right node in the first row of D. Denote (i, j) as the highest rung of

l. Then no any node in D can righter than (i, j), and since D is p-regular, we have

i < p. Since all rungs of l have the same color, the color of y is j− i (mod p), which

is not equal to j (mod p) because i < p. Now since no any node in D can righter

than (i, j), the coordinate of z is (1, j+1), and hence its color is j (mod p), which is

different than y. Hence y can not be raised, rataining its color, i.e. x is a shadow node

of D.

Assume D is p-singular, and x is a regular-removable node of D. Let (i, j) be the

coordinate of x. Then it means x lies in the i-th row of D whose length is j. Since D

is p-singular and x is regular-removable, the number of rows of D with length j is p.

So i ≥ p and lengths of i-th, i− 1-th,· · · , i− (p− 1)-th rows are all j. If i = p, then

x can be raised to (1, j+1) = (i− (p−1), j+1). If i > p, then since the number of

rows of D with length j is p, the length of the i− p-th row is > j, and hence x can

be raised to (i− (p− 1), j+ 1). In both cases, we all conclude that x can be raised
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to (i− (p−1), j+1), whose color is j− i (mod p). So x can be raised, retaining its

color, i.e. x is not a shadow node of D.

(2) If D1−x =D2−y, then x, y have the same color since D1,D2 are in the same block.

Since D1 6=D2 and D1−x=D2−y, x can not as high as y. Without loss of generality,

we may assume y is highter than x. Then it means x ∈D1 can be raised to y retaining

its color, which is impossible since x is a shadow node. Therefore D1− x 6=D2− y.

Definition 3.15.

Let D be a p-regular diagram, and let l be the longest ladder which hits D. Let x be

the lowest rung of l in D. In the proof of proposition 3.14 (1), we see that x is a shadow

node of D. The shadow node x is called the first shadow node of D, and D− x is called

the first shadow of D.

3.3 The L′′-Property of Sn

In this subsection, we will see that Sn has the L′′-property. but the following lemma

should be introduced first. It will be used in the proof of 3.17.

Lemma 3.16. (The branching theorem)

Let µ be a partition of n, and let x1, · · · ,xa be all removable nodes of Dµ . For all i,

denote λi as the partition of n−1 which corresponds to Dµ − xi. Then

ResSn
Sn−1

(Sµ

F0
)∼= (Sλ1

F0
)⊕·· ·⊕ (Sλa

F0
)

Theorem 3.17. (cf. [J2], theorem A)
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Let D be a diagram for Sn. Then

χD|S(p)
n
≥ φDr with multiplicity 1.

Moreover, if χD|S(p)
n
≥ φ for some irreducible p-modular character φ with φ 6= φDr , then

φ = φD for some p-regular diagram D.Dr.

Proof.

For convenience, if E is a diagram for Sn and E1 is a p-regular diagram for Sn, the

notation

χE |S(p)
n

= eφE1 + · · ·

menas χE |S(p)
n
≥ φE1 with multiplicity e and all its other constituents belong to

{φE2 | E2 .E1}.

We will prove this theorem by induction. Assume that if E is a diagram for Sn−1, then

χE |S(p)
n−1

= φEr + · · · .

We claim that it will also hold on an arbitrary diagram for Sn. Note that it holds trivially

on S1.
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Let D be an arbitrary diagram for Sn. Let

XD = {x1, · · · ,xa} be the set of removable nodes of Dr,

YD = {y1, · · · ,yb} be the set of regular-removable nodes of Dr,

ZD = {z1, · · · ,zc} be the set of removable nodes of D.

Put an equivalence relation ∼ on XD by xi ∼ x j if and only if they are in the same ladder.

Then YD provides∼-class representatives (observe that each yi must lie in distinct ladders

since a node is regular-removable only if it is the lowest rung in D of a ladder; on the

other hand, if {xa1, · · ·xa j} is a ∼-class, then they lie in the same ladder and the lowest xai

is regular-removable). Note that the diagrams Dr−xi are totally ordered by D (the higher

xi is, the smaller Dr− xi is by D), so in particular, we may assume that

Dr− yb .D
r− yb−1 . · · ·.Dr− y1.

Also note that under this assumption, yi−1 is higher than yi. Moreover, since y1, · · · ,yb

are in distinct ladders, if we denote li as the ladder in which yi lies, then yi−1 is either

lefter than li or righter than li. However, since Dr is p-regular, yi−1 can not lefter than

li. So yi−1 is righter than li, which means li−1 is longer than li. Thus l1 is the longest

ladder between l1, · · · , lb, and hence y1 is the first shadow node of Dr. In this proof, we

continuously adopt the notation li.

Denote r(yi) be the size of the ∼-class containing yi. Then l1 hits Dr in r(y1) nodes,

and so hits D in r(y1) nodes. Since all ladders longer than l1 miss Dr, and so miss D.

So the rungs of l1 in D are removable nodes of D, and we may take them to be zi for
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i = 1, · · · ,r(y1). Then for i = 1, · · · ,r(y1), we have

(D− zi)
r =Dr− y1

(because y1 is the lowest rung in Dr of l1), and for i > r(y1), we have

(D− zi)
r =Dr− y j

for some j > 1 (Note that not every Dr− yi need turn up as a (D− zi)
r. For example,

p = 3, D = {(1,1),(2,1),(3,1)} has 1 removable node, but Dr = {(1,1),(2,1),(1,2)}

has 2 regular-removable nodes.). So by induction hypothesis, we have

χD−zi|S(p)
n−1

= φ(D−zi)r + · · ·= φDr−y1 + · · · , if i = 1, · · · ,r(y1),

χD−zi|S(p)
n−1

= φ(D−zi)r + · · ·= φDr−y j + · · · , if i > r(y1) ( j 6= 1).

Now observe that by lemma 3.16, we have ResSn
Sn−1

(χD) = ∑i(χD−zi). So

ResSn
Sn−1

(χD)|S(p)
n−1

= ∑
i
(χD−zi)|S(p)

n−1
= r(y1)φDr−y1 + · · ·

(recall that Dr− y j .D
r− y1 for j > 1). Moreover, since Drr =Dr (so YD = YDr) and D

is arbitrary, we also have

ResSn
Sn−1

(χDr)|
S(p)

n−1
= r(y1)φDr−y1 + · · · .

On the other hand, if xi ∼ yi, then we have (Dr− xi)
r =Dr− yi. Since by lemma 3.16,
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we have ResSn
Sn−1

(χDr) = ∑i(χDr−xi). So again by induction hypothesis, we have

ResSn
Sn−1

(χDr)|
S(p)

n−1
= ∑

i
(χDr−xi)|S(p)

n−1
⊇ r(y j)φDr−y j .

Using these results, we claim the following: (we denote this claim as (∗))

If E is a p-regular diagram for Sn (so E = Er), and v is a shadow node of E, then

ResSn
Sn−1

(φE)⊇ r(v)φE−v,

where r(v) denotes the number of rungs in E of the ladder in which v lies (it is identical

with the above definition). Moreover, if w is the first shadow node of E, then

ResSn
Sn−1

(φE) = r(w)φE−w + · · · .

To prove this, observe that since E is p-regular, by proposition 2.24, we have

χE |S(p)
n

= φE + · · · .

So ResSn
Sn−1

(χE)|S(p)
n−1

= ResSn
Sn−1

(χE |S(p)
n
) ⊇ ResSn

Sn−1
(φE). Moreover, collecting this result

and the previous results, we obtain (recall that a shadow node is regular-removable)

ResSn
Sn−1

(χE)|S(p)
n−1
⊇ ResSn

Sn−1
(φE),

ResSn
Sn−1

(χE)|S(p)
n−1

= r(w)φE−w + · · · ,

ResSn
Sn−1

(χE)|S(p)
n−1
⊇ r(v)φE−v.

So, to prove (∗), it suffices to prove that there is no p-regular diagram Ẽ for Sn satisfying:
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Ẽ 6= E, χE |S(p)
n
⊇ φẼ , and ResSn

Sn−1
(φẼ)⊇ φE−v.

Assume there is a such Ẽ. First observe that since χE |S(p)
n
⊇ φẼ , by proposition 2.24,

we obtain

Ẽ .E.

Moreover, since Ẽ is p-regular, we have χẼ |S(p)
n

= φẼ + · · · . So

ResSn
Sn−1

(χẼ)|S(p)
n−1

= ResSn
Sn−1

(χẼ |S(p)
n
)⊇ ResSn

Sn−1
(φẼ)⊇ φE−v.

Thus by induction hypothesis, Ẽ has a removable node t such that

E− v D (Ẽ− t)r.

Note that since Ẽ is p-regular,

(Ẽ− t)r = Ẽ− s

for some removable node s of Ẽ. This two conditions

Ẽ .E and E− v D Ẽ− s

imply clearly that s is higher than v, and it is not hard to see that E and Ẽ must be of the

form:

(1) There exist Ra,1, Rb,1, Ra,2, Rb,2, · · · , Ra,m, Rb,m ∈ N with

Ra,1 < Rb,1 < Ra,2 < Rb,2 < · · ·< Ra,m−1 < Rb,m−1 < Ra,m < Rb,m

such that
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the 1-st row, the 2-nd row, · · · , Ra,1−1-th row of E and Ẽ

are equal, and the length of the Ra,1-th row of Ẽ is one more than the length of the

Ra,1-th row of E. Moreover, for i = 1, · · · ,m−1,

the Ra,i +1-th row, · · · , Rb,i−1-th row of E and Ẽ

are equal, and the length of the Rb,i-th row of E is one more than the length of the

Rb,i-th row of Ẽ, and

the Rb,i +1-th row, · · · , Ra,i+1−1-th row of E and Ẽ

are equal, and the length of the Ra,i+1-th row of Ẽ is one more than the length of the

Ra,i+1-th row of E. Finally,

the Ra,m +1-th row , · · · , the Rb,m−1-th row of E and Ẽ

are equal, and either

• The last row of E is exactly the Rb,m-th row and its length is 1, and the last row

of Ẽ is exactly the Rb,m−1-th row.

or

• The number of rows of E and Ẽ are equal. The length of the Rb,m-th row of E

is one more than the length of the Rb,m-th row of Ẽ, and rows of E and Ẽ which

below to the Rb,m-th row (if exist) are all equal.

(2) The node s is the rightest node of the Ra,1−1-th row, or the Ra,1-th row of Ẽ.

The node v is the rightest node of the Rb,m-th row of E.
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(3) Note that for each i, the rightest node in the Rb,i-th row of E is removable.

For example,

Row E

1 · · · · · ·

2 = Ra,1 · · · ·

3 · · · ·

4 · · · ·

5 = Rb,1 · · · ·

6 · · ·

7 = Ra,2 · ·

8 = Rb,2 ·

and

Row Ẽ

1 · · · · · ·

2 = Ra,1 · · · · ·

3 · · · ·

4 · · · ·

5 = Rb,1 · · ·

6 · · ·

7 = Ra,2 · · ·

The nodes which are marked in E, Ẽ are v, s respectively.

Now since χE |S(p)
n
≥ φẼ and χẼ |S(p)

n
≥ φẼ , the diagrams E and Ẽ are in the same p-

block, and hence by proposition 3.10 (3), they are in the same block. Moreover, if we

denote ai as the rightest nodes in the Ra,i-th row of Ẽ, and bi as the rightest nodes in the

Rb,i-th row of E for all i, then by using the above observation, we can see that if we raise

bi into the Ra,i-th row of E for all i, then we can obtain Ẽ from E. So

the set of the colors of b1, · · · ,bm

is equal to

the set of the colors of a1, · · · ,am.

This implies that there exists one of b1, · · · ,bm has the same color as a1, which contradicts

to the assumption that v is a shadow node. Thus such Ẽ does not exist, and hence we

complete this claim.
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Go back to this theorem. Recall that we have shown

ResSn
Sn−1

(χD)|S(p)
n−1

= r(y1)φDr−y1 + · · ·

and we want to show

χD|S(p)
n

= φDr + · · · .

Let E be a p-regular diagram with χD|S(p)
n
≥ φE and let w be the first shadow node of

E. Then by (∗), we have

ResSn
Sn−1

(χD)|S(p)
n−1

= ResSn
Sn−1

(χD|S(p)
n
)⊇ ResSn

Sn−1
(φE) = r(w)φE−w + · · · .

So we obtain E−w DDr− y1. On the other hand, since

ResSn
Sn−1

(χD|S(p)
n
)⊇ φDr−y1,

there is some such E, say E1, such that

ResSn
Sn−1

(φE1)⊇ φDr−y1.

Moreover, by (∗), since (here w1 denotes the first shadow node of E1)

ResSn
Sn−1

(φE1) = r(w1)φE1−w1 + · · · ,

we obtain Dr− y1 D E1−w1, and hence

Dr− y1 = E1−w1.
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Now observe that since χD|S(p)
n
≥ φE1 and χE1|S(p)

n
≥ φE1 , by proposition 3.10 (3), D and

E1 are in the same block, and since D and Dr are in the same block by proposition 3.12

(2), Dr and E1 are in the same block. Thus by proposition 3.14 (2), since Dr and E1 are

p-reuglar and they are in the same block, the fact Dr− y1 = E1−w1 implies

Dr = E1,

and hence χD|S(p)
n
≥ φDr . Moreover, observe that (∗) gives us

ResSn
Sn−1

(φDr) = r(y1)φDr−y1 + · · ·

and recall again that we have shown

ResSn
Sn−1

(χD|S(p)
n
) = ResSn

Sn−1
(χD)|S(p)

n−1
= r(y1)φDr−y1 + · · · .

So these imply that the multiplicity of φDr in χD|S(p)
n

must be 1.

It remains to show that if E is a p-regular diagram with E 6=Dr and χD|S(p)
n
≥ φE , then

E .Dr. First observe that since

ResSn
Sn−1

(χD|S(p)
n
) = r(y1)φDr−y1 + · · ·

ResSn
Sn−1

(φE)≥ φE−w

ResSn
Sn−1

(φE) 6⊇ φDr−y1,

we have

E−w.Dr− y1,

52



doi:10.6342/NTU201800842

where w is the first sahdow node of E. Let B be the set of nodes of E not lower than w.

Because Dr− y1 is p-regular and E−w.Dr− y1,

(∗∗) the set of nodes of Dr− y1 not lower than w are contained in B.

Indeed, if it is false, then there is a node x, which is not lower than w, of Dr− y1 such

that it is to the right of the ladder in which w lies. Note that there is no node of E to the

right of the ladder of w since w is the first shadow node of E. Say x lies in the i-th row

of Dr− y1. Then the fact Dr− y1 is p-regular implies that for all j ≤ i, the length of the

j-th row of Dr−y1 is greater than the length of the j-th row of E (because by proposition

3.10 (2), if the k-th rung of a ladder l belongs to Dr− y1, then so does the k− 1-th rung

of l), and this contradicts to E−w.Dr− y1.

Observe that there are only three possibility that y1 may lie in Dr:

y1 belongs to B.(i) y1 is lower than w.(ii) not (i) and (ii).(iii)

In the first case, by (∗∗) and E−w.Dr− y1, we can see that E .Dr. In the second case,

by E −w .Dr − y1, we also can see that E .Dr. Now we show that the third case is

impossible.

Assume the third case holds, then it means y1 is not lower than w, and y1 does not

belong to B. Since Dr is p-regular, (∗∗), and no node in E is to the right of the ladder

in which w lies, the node y1 is either in the rightest node in the first row of Dr, or below

the 1-st rung of the ladder in which w lies. In both cases, w and y1 have distinct colors.

Moreover, since y1 belongs to Dr− y j for all j > 1, the diagram E−w 6DDr− y j. Recall
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that we have shown

∑
i

χD−zi|S(p)
n−1

= ResSn
Sn−1

(χD)|S(p)
n−1
⊇ φE−w

χD−zi|S(p)
n−1

= φDr−y1 + · · · , if i = 1, · · · ,r(y1),

χD−zi|S(p)
n−1

= φDr−y j + · · · , if i > r(y1) ( j 6= 1).

So the fact E−w 6DDr− y j implies that there is a i ∈ {1, · · · ,r(y1)} such that

χD−zi|S(p)
n−1
⊇ φE−w.

Moreover, since E−w is p-regular, we also have

χE−w|S(p)
n−1
⊇ φE−w.

So D− zi and E−w are in the same block by proposition 3.10 (3), and hence

(D− zi)
r and E−w

are in the same block. Note that (D− zi)
r =Dr−y1. Now the fact y1 and w have distinct

colors means Dr and E are not in the same block, and hence D and E are not in the same

block. However, recall that

χD|S(p)
n
≥ φE ,

and since E is p-regular, we also have

χE |S(p)
n
≥ φE .
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So D and E are in the same block by proposition 3.12. This gets a contradiction.

Now we completes the proof of the theorem.

Corollary 3.17.1.

The group Sn has the L′′-property.

Proof.

It is obvious by theorem 3.17.
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4 About An

Recall that (K0,R,Kp) is a splitting p-modular system for G. But (K0,R,Kp) may not

be a splitting p-modular system for H. So in this section, we assume that (K0,R,Kp) is a

splitting p-modular system for H and for G. For example, if m = lcm(ord(g) | g ∈G) and

K0 contains the m-th root of unity, then it is a splitting p-modular system for any subgroup

H of G (cf., for example, [S1], theorem 24, page 94). In the case H = An and G = Sn, if

(K0,R,Kp) is a splitting p-modular system for An, then it is also for Sn.

To investigate a minimal p-splitting field for G, let char(F) = p, F̄ be the algebraic

closure of F , M be a F̄G-module, S be a F̄-basis of M, θ M
g : M→M given by m 7→ g ·m,

and ρM
g be the matrix representation with respect to S. Then by [I], theorem 9.14, page

150, if F contains Tr(ρM
g ) for all non-isomorphic simple F̄G-module M and all g ∈ G,

then F is the minimal p-splitting field for G. But it may not be ture when char(F) = 0.

To be an example, we list minimal s-splitting fields of A5, where s = 0, 2, 3, and 5.

The field Q(
√

5) is a minimal 0-splitting field of A5. The field F4, F9, and F5 are minimal

2, 3, and 5-splitting fields of A5 respectively, where Fq denotes the finite field of order q.

For more information about the p-splitting field of An, one may see [W], theorem 4.1.3.

It tells us a p-splitting field of An should contain a special element.

Let f be an irreducible character of An. To show that f has the the (L′′,2)-property,

or (L′, p)-property for p > 2, observe that there exists an irreducible character χ of Sn

such that ResSn
An
(χ) ≥ f , and hence ResSn

An
(χ|

S(p)
n
) = ResSn

An
(χ)|

A(p)
n
⊇ f |

A(p)
n
. So we will

discuss about ResSn
An
(χ) and ResSn

An
(φ) for any irreducible character χ and any irreducible

p-modular character φ of Sn, using Clifford’s Theorem. Also theorem 3.17 gives us im-

portant informations about χ|
S(p)

n
when showing that f has the (L′, p)-property for p > 2.

Note that by using Frobenius Formula (cf. for example, [F], 4.10, page 49), we can
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obtain the character table of Sn for all n. Moreover, if χ is an irreducible character of Sn,

then lemma 4.18 tell us when ResSn
An
(χ) splits, or be an irreducible character of An. So by

investigating the character value of ResSn
An
(χ) when it splits, we can obtain the character

table of An by the character table of Sn (cf. for example, [F], proposition 5.3, page 66).

For more informations about irreducible characters of An, one may see [F1] and [F2].

4.1 Tools

Proposition 4.1.

Let χ1, · · · ,χm be all distinct irreducible characters of G and let Mi be a K0G-module

which affords χi. Then

dimK0 HomK0G(Mi,M j) = δi j.

Proposition 4.2.

If V is a projective KpG-module, then there is a unique (up to isomorphism) RG-lattice

M such that its reduction mod m is V .

Proof.

Cf., for example, [S1], proposition 42, page 119. Note that the completion of K0 is

necessary.

Definition 4.3.

A FG-module homomorphism f : A→ B is called essential if f (A) = B and f (A′) 6= B

for all proper FG-submodule A′ of A.

Let P be a projective FG-module. We say P is a projective envelope of an FG-module

M if there is an essential FG-homomorphism from P to M.
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Proposition 4.4.

(1) Every FG-module M has a projective envelope which is unique up to isomorphism.

(2) Let M1, · · · ,Mk be FG-modules and let Pi be the projective envelope of Mi. Then

k
⊕

i=1
Pi is the projective envelope of

k
⊕

i=1
Mi.

(3) Let E1, E2 be simple KpG-modules, and let Pi be the projective envelope of Ei for

i = 1, 2. Then P1 ∼=KpG P2 if and only if E1 ∼=KpG E2.

Proof.

Cf., for example, [S1] proposition 14.1, page 117.

Proposition 4.5.

Let E1, · · · ,Ek be all distinct simple KpG-modules, and let Pi be the projective enve-

lope of Ei. Then each Pi is indecomposable among projective KpG-modules. Moreover,

if V is a projective KpG-module, then

V = e1P1⊕·· ·⊕ ekPk

for some ei ∈ N∪{0}.

Proof.

Cf., for example, [S1], corollary 1, page 140.

Proposition 4.6.
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Let E1, · · · ,Ek be all distinct simple KpG-modules, and let Pi be the projective enve-

lope of Ei. Then

dimKp HomKpG(Pi,E j) = δi j.

Proof.

Cf., for example, [S1], page 121.

Proposition 4.7. (Frobenius Reciprocity)

Let M be an FH-module, and N be an FG-module. Then

HomFH(M,ResG
H(N))∼=F HomFG(IndG

H(M),N).

Proof.

Cf., for example, [CR], theorem 10.8, page 232.

Definition 4.8.

Let M be a semisimple FG-module and write M = e1M1⊕·· ·⊕ ekMk for some pair-

wisely non-isomorphic FG-module M1, · · · ,Mk, and some e1, · · · ,ek ∈ N. Then eiMi is

called an FG-homomgeneous component of M.

Definition 4.9.

(1) Assume H E G. Let M be an FH-module. For any g ∈ G, define M(g) as an FH-

module which M(g) agrees with M as abelian group, and for any h ∈ H, m ∈M(g),

h ·m := (g−1hg)m.
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We say two FH-modules M, N are conjugate (under G) if N ∼=FH M(g) for some

g ∈ G.

(2) If F = K0 and χM is the characters of M, then we denote

χ
(g)
M (h) = χM(g−1hg).

It is the character of the K0H-module M(g). We say χM and a character χ are conjugate

(under G) if χ = χ
(g)
M for some g ∈ G.

(3) If F = Kp and φM is the p-modular characters of M, then we denote

φ
(g)
M (h) = φM(g−1hg).

It is the p-modular character of the KpH-module M(g). We say φM and a p-modular

character φ are conjugate (under G) if φ = φ
(g)
M for some g ∈ G.

Theorem 4.10. (Clifford’s Theorem)

Assume H E G. Let V be a simple FG-module, and M be a simple FH-submodule of

ResG
H(V ). Then ResG

H(V ) is a semisimple FH-module. Moreover,

(1) Let

M̃ be the FH-homogeneous components of ResG
H(V ) containing M,

H̃ = {x ∈ G | xM̃ = M̃} be the stabilizer of M̃ (note that H̃ E G),

g1, · · · ,gk be a set of representative of G/H̃.

Then {M(gi) | i = 1, · · · ,k} is a complete set of non-isomorphic conjugates of M, and
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each appears with the same multiplicity t ∈ N in ResG
H(V ), i.e.

ResG
H(V )∼=FH

k
⊕

i=1
tM(gi).

(2) The module M̃ is a simple FH̃-module and we have

V ∼=FG IndG
H̃
(M̃).

(3) If F = K0 or Kp, then t2 ≤ |H̃ : H|.

Proof.

For (1) and (2), cf., for example, [CR], theorem 11.1, page 259. Now we are going to

show (3).

Assume F = K0. Since ResG
H(V )∼=K0H

k
⊕

i=1
tM(gi), we have

dimK0 HomK0H(ResG
H(V ),ResG

H(V )) =
k

∑
i=1

t2 dimK0 HomK0H(M(gi),M(gi)) = |G : H̃|t2.

On the other hand, by proposition 4.7, we have

dimK0 HomK0H(ResG
H(V ),ResG

H(V )) = dimK0 HomK0G(IndG
H(ResG

H(V )),V ).

Note that since V occurs in composition factors of IndG
H(ResG

H(V )) at most |G : H| times,

we have

dimK0 HomK0G(IndG
H(ResG

H(V )),V )≤ |G : H|.

Therefore, we obtain |G : H̃|t2 ≤ |G : H|, and hence t2 ≤ |H̃ : H|.
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Assume F = Kp. Denote

Pi : the KpH projective envelope of the KpH-module M(gi),

PResG
H(V ) : the KpH projective envelope of the KpH-module ResG

H(V ),

PV : the KpG projective envelope of the KpG-module V .

First observe that by proposition 4.4 (2), we have

PResG
H(V ) =

k
⊕

i=1
tPi.

On the other hand, let f be an essential KpG-homomorphism from PV to V . Then f

is a surjective KpH-homomorphism from ResG
H(PV ) to ResG

H(V ). Let h be an essential

KpH-homomorphism from PResG
H(V ) to ResG

H(V ). Then since ResG
H(PV ) is a projective

KpH-module, we have the following commutative diagram

PResG
H(V )

ResG
H(PV ) ResG

H(V )

h
∃ g

f

,

where g is a KpH-homomorphism from ResG
H(PV ) to PResG

H(V ). Moreover, since h is es-

sential and f is onto, g must be onto, and since PResG
H(V ) is projective, the fact g is onto

implies

ResG
H(PV )∼=KpH PResG

H(V )⊕ker(g)

(Note that ker(g) is also a projective KpH-module). So

ResG
H(PV )∼=KpH

(
k
⊕

i=1
tPi

)
⊕ker(g),
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and hence by proposition 4.6, we obtain

dimKp HomKpH(ResG
H(PV ),ResG

H(V ))≥ kt2 = |G : H̃|t2.

On the other hand, by proposition 4.7, we have

dimKp HomKpG(IndG
H(ResG

H(PV )),V ) = dimKp HomKpH(ResG
H(PV ),ResG

H(V )).

Since IndG
H(ResG

H(PV )) = KpG⊗KpH ResG
H(PV ), it is a projective KpG-module, and its

dimension is

|G : H|dimKp(PV ).

So if we write IndG
H(ResG

H(PV )) as the direct sum of some indecomposable projective

KpG-modules, then PV occured in it at most |G : H| times (recall that PV is an indecom-

posable projective KpG-modules since V is a simple KpG-module). So

|G : H| ≥ dimKp HomKpG(IndG
H(ResG

H(PV )),V ).

Now combine these inequalities, we obtain |G : H| ≥ |G : H̃|t2, and hence |H̃ : H| ≥ t2.

By theorem 4.10 (3), we immediately have the following two lemmas.

Lemma 4.11.

Assume H E G with |G : H|= 2. Let χ be an irreducible character of G. Then

either ResG
H(χ) is irreducible or ResG

H(χ) = χ1 +χ2

for some distinct irreducible characters χ1, χ2 of H, where χ1, χ2 are conjugate.
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Lemma 4.12.

Assume H E G with |G : H| = 2. Let φ be an irreducible p-modular character of G.

Then

either ResG
H(φ) is irreducible or ResG

H(φ) = φ1 +φ2

for some distinct irreducible p-modular characters φ1, φ2 of H, where φ1, φ2 are conjugate.

Lemma 4.13.

Let f be an irreducible character of H. Then there is an irreducible character χ of G

such that ResG
H(χ)≥ f .

Proof.

Let M be a simple K0H-module which affords f . Since K0H is a K0H-submodule of

ResG
H(K0G), we have

dimK0 HomK0H(ResG
H(K0G),M) 6= 0.

On the other hand, let V1, · · · ,Vm be all non-isomorphic simple K0G-modules of G. Ob-

serve that

K0G∼=K0G dimK0(V1)V1⊕·· ·⊕dimK0(Vm)Vm.

So

ResG
H(K0G)∼=K0G dimK0(V1)ResG

H(V1)⊕·· ·⊕dimK0(Vm)ResG
H(Vm).

Hence

0 6= dimK0 HomK0H(ResG
H(K0G),M) =

m

∑
i=1

dimK0(Vi)dimK0 HomK0H(ResG
H(Vi),M).
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This means there exists a j ∈ {1,2, · · · ,m} such that dimK0 HomK0H(ResG
H(Vj),M) 6= 0,

i.e. ResG
H(χ j)≥ f .

4.2 The (L′′,2)-property of An

When we restrict irreducible p-modular characters of Sn from Sn to An, the two cases

p = 2 and p > 2 present different phenomenons. So we have to separate our discussion

into these two cases. In this subsection, we focus on the case p = 2, and in the next

subsection we focus on the case p > 2.

Lemma 4.14.

Let φ1, φ2 be two distinct irreducible 2-modular characters of Sn. If σ1, σ2 are two

irreducible 2-modular characters of An with

ResSn
An
(φ1)≥ σ1 and ResSn

An
(φ2)≥ σ2

then σ1 6= σ2.

Proof.

If σ1 = σ2, then by theorem 4.10 (1), we have ResSn
An
(φ1) =ResSn

An
(φ2). However, since

S(2)n = A(2)
n , the above equality means φ1 = φ2, which gets a contradiction. Thus σ1 6= σ2.

Theorem 4.15.

Let f be an irreducible character of An. Then there exists an irreducible 2-modular

character σ of An such that f |
A(2)

n
≥ σ with multiplicitly 1.

Proof.
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Let f be an irreducible character of An. Then by lemma 4.13, there is an irreducible

character χ of Sn such that ResSn
An
(χ)≥ f . Note that by theorem 3.17,

χ|
S(2)n

= φµ1 +a2φµ2 + · · ·+amφµm ,

where m ∈ N, a2, · · · ,am ∈ N, and µ1, · · · ,µm are 2-regular partition of n such that µi .µ1

for all i = 2, · · · ,m (note that if m = 1, then it means χ|
S(2)n

= φµ1).

If f (g) = f for all g ∈ Sn, then by lemma 4.11, ResSn
An
(χ) = f . So

f |
A(2)

n
=ResSn

An
(χ)|

A(2)
n
=ResSn

An
(χ|

S(2)n
)=ResSn

An
(φµ1)+a2 ResSn

An
(φµ2)+· · ·+am ResSn

An
(φµm).

Now by lemma 4.12, there is an irreducible 2-modular character σ of An such that

ResSn
An
(φµ1)≥ σ with multiplicity 1,

and by lemma 4.14, for i = 2, · · · ,m, ResSn
An
(φµi)≥ σ is impossible. So

f |
A(2)

n
≥ σ with multiplicity 1.

If there exists g ∈ Sn such that f (g) 6= f . Then by lemma 4.11, ResSn
An
(χ) = f + f (g).

So

f |
A(2)

n
+ f (g)|

A(2)
n

= ResSn
An
(φµ1)+a2 ResSn

An
(φµ2)+ · · ·+am ResSn

An
(φµm).

Let σ be as above. Then

either f |
A(2)

n
≥ σ or f (g)|

A(2)
n
≥ σ ,

or equivalently,

f |
A(2)

n
≥ σ or σ (g−1).
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Since ResSn
An
(φµ1) ≥ σ and σ (g−1) by Clifford theorem, ResSn

An
(φµi) ≥ σ or σ (g−1) is im-

possible for i = 2, · · · ,m by lemma 4.14. Hence we conclude that

f |
A(2)

n
≥ σ or σ (g−1) with multiplicity 1.

Corollary 4.15.1.

The group An has the (L′′,2)-property.

Remark.

In the case p = 2, bceause S(2)n = A(2)
n , we can prove theorem 4.15 without introducing

many informations about irreducible 2-modular characters of Sn. But in the case p > 2,

we will introduce four lemmas to show that An has the (L′, p)-property.

For more informations about irreducible 2-modular characters of Sn, one may see [B].

4.3 The (L′, p)-property of An for p > 2

In the subsection, we will show that An has the (L′, p)-property for p > 2. To show

this, the following lemmas are necessary. Note that the notation p do not assume > 2

unless we explicitly mention it.

Lemma 4.16.

Assume H E G with |G : H| = 2. Let s = 0 or p and M1, M2 be two non-isomorphic

simple KsG-modules such that ResG
H(M1) ∼=KsH V1⊕V2 for some non-isomorphic simple

KsH-modules V1, V2 which are conjugate (it may happen by lemma 4.11 and lemma 4.12).

(1) If ResG
H(M2)∼=KsH V3⊕V4for some non-isomorphic simple KsH-modules V3, V4 which

are conjugate. Then V1, V2, V3, V4 are all non-isomorphic as KsH-modules.
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(2) If ResG
H(M2) := V5 for some simple KsH-modules V5, then V1, V2, V5 are all non-

isomorphic as KsH-modules.

Proof.

(1) Observe that by theorem 4.10 (2), we have

M1 ∼=KsG IndG
H(V1)∼=KsG IndG

H(V2), M2 ∼=KsG IndG
H(V3)∼=KsG IndG

H(V4).

If Vi ∼=KsH Vj for some i = 1 or 2 and j = 3 or 4, then

M1 ∼=KsG IndG
H(Vi)∼=KsG IndG

H(Vj)∼=KsG M2,

which gets a contradiction. Thus V1, · · · ,V4 are all distinct.

(2) It is clearly by theorem 4.10 (1).

Lemma 4.17. (Schur’s Lemma)

Let s = 0 or p. Let X and Y be simple KsG-modules such that there is a KsG-

isomorphism z from X to Y . Let x1, · · · ,xt be an any fixed Ks-basis of X . If f is a

KsG-isomorphism from X to Y , then there is an l ∈ Ks such that f (xi) = l × z(xi) for

all i.

Proof.

Let L be the algebraic closure of Ks. Then by the assumption of Ks, L⊗Ks X and

L⊗Ks Y are simple LSn-modules.
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Let A ∈ GLt(Ks) be the matrix representation of f by x1, · · · ,xt and z(x1), · · · ,z(xt).

Consider the map

1⊗ f : L⊗Ks X → L⊗Ks Y.

Observe 1⊗ x1, · · · ,1⊗ xt and 1⊗ z(x1), · · · ,1⊗ z(xt) are L-bases of L⊗Ks X and L⊗Ks Y

respectively, and the matrix representation of 1⊗ f by these two bases is A. Let l ∈ L be

an eigenvalue of A. Consider the map

g : L⊗Ks X → L⊗Ks Y , 1⊗ xi 7→ l⊗ z(xi).

Then the matrix representation of 1⊗ f −g by 1⊗x1, · · · ,1⊗xt and 1⊗z(x1), · · · ,1⊗z(xt)

is A− l Id, where Id is the identity matrix in GLt(L).

Now since l is the eigenvalue of A, the kernel of 1⊗ f − g is non-trivial. So the fact

L⊗Ks X is simple LSn-module implies 1⊗ f −g is a zero map, i.e.

A = l Id .

Hence l ∈ Ks, and f (xi) = l× z(xi) for all i.

Lemma 4.18.

Let µ be a partition of n. Then

(1) If µ 6= µ ′, then ResSn
An
(Sµ

K0
) is a simple K0An module.

(2) If µ = µ ′, then ResSn
An
(Sµ

K0
) ∼=K0An V1⊕V2 for some non-isomorphic simple K0An-

modules V1, V2 which are conjugate.

Proof.
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First observe that by proposition 2.25 and proposition 2.20,

Sµ

K0
⊗K0 S(1

(n))
K0

∼=K0Sn (S
µ ′

K0
)∗ ∼=K0Sn Sµ ′

K0
.

Also observe that since ResSn
An
(S(1

(n))
K0

) is the trivial K0An-module, we have

ResSn
An
(Sµ

K0
)∼=K0An ResSn

An
(Sµ ′

K0
).

Assume ResSn
An
(Sµ

K0
) is simple. Then ResSn

An
(Sµ

K0
⊗K0 S(1

(n))
K0

) is also a simple K0An-

modules. If u = u′, then there is a K0Sn-isomorphism

f : Sµ

K0
⊗K0 S(1

(n))
K0

→ Sµ

K0
.

Note that f is also a K0An-isomorphism from ResSn
An
(Sµ

K0
⊗K0 S(1

(n))
K0

) to ResSn
An
(Sµ

K0
). Let

z1, · · · ,zt be a basis of Sµ

K0
, and let u be a basis of S(1

(n))
K0

. Then z1⊗u, · · · ,zt ⊗u is a basis

of Sµ

K0
⊗K0 S(1

(n))
K0

. Note that for π ∈ Sn,

π ·u =


u if π is an even permutation

−u if π is an odd permutation.

Now by lemma 4.17, since the map

zi⊗u 7→ zi

is a K0An-isomorphism from ResSn
An
(Sµ

K0
⊗K0 S(1

(n))
K0

) to ResSn
An
(Sµ

K0
), there is a l ∈ K0 such
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that

f (zi⊗u) = lzi.

However, since f is a K0Sn-homomorphism, if π ∈ Sn is an odd permutation, then

l(−π · zi) = f ((−πzi)⊗u) = f (π(zi⊗u)) = π f (zi⊗u) = π · (lzi),

which gets a contradiction. Thus we obtain u 6= u′.

Assume ResSn
An
(Sµ

K0
)∼=K0An V1⊕V2. Then since ResSn

An
(Sµ

K0
)∼=K0An ResSn

An
(Sµ ′

K0
), by lemma

4.16 (1), we obtain Sµ

K0
∼=K0An Sµ ′

K0
, and hence µ = µ ′.

Now we completes this lemma.

Lemma 4.19.

Assume p > 2. Let ψ be an irreducible p-modular character of An such that there is

an irreducible character φ of Sn with ResSn
An
(φ) = ψ . Then φ and φ · sgn are distinct, and

they are the only two p-modular characters of Sn such that its restriction to An is ψ .

Note that sgn is the p-modular character of D(1(n))
Kp

, and for π ∈ S(p)
n ,

sgn(π) =


1 if π is an even permutation

−1 if π is an odd permutation.

Proof.

Let µ be a p-regular partition of n such that Dµ

Kp
affords φ . Then φ ·sgn is the character

of

Dµ

Kp
⊗Kp D(1(n))

Kp
.
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Note that Dµ

Kp
⊗Kp D(1(n))

Kp
is a simple KpSn-module by lemma 3.1 and

ResSn
An
(Dµ

Kp
⊗Kp D(1(n))

Kp
)∼=KpAn ResSn

An
(Dµ

Kp
)∼=KpAn V,

where V is a simple KpAn-module which affords ψ .

If φ = φ · sgn, then there is a KpSn-isomorphism

f : Dµ

Kp
→ Dµ

Kp
⊗Kp D(1(n))

Kp
.

Note that f is also a KpAn-isomorphism from ResSn
An
(Dµ

Kp
) to ResSn

An
(Dµ

Kp
⊗Kp D(1(n))

Kp
). Let

x1, · · · ,xt be a Kp-basis of Dµ

Kp
and u be a Kp-basis of D(1(n))

Kp
. Then x1⊗u, · · · ,xt ⊗u is a

Kp-basis of Dµ

Kp
⊗Kp D(1(n))

Kp
, and the map

xi 7→ xi⊗u

is a KpAn-isomorphism from ResSn
An
(Dµ

Kp
) to ResSn

An
(Dµ

Kp
⊗Kp D(1(n))

Kp
). So by lemma 4.17,

there is a l ∈ Kp such that

f (xi) = l(xi⊗u).

However, since f is a KpSn-homomorphism, if π ∈ Sn is an odd permutation, then we

have

l((πxi)⊗u) = f (πxi) = π f (xi) = πl(xi⊗u) =−l((πxi)⊗u),

which gets a contradiction since p > 2. Therefore

φ 6= φ · sgn .

For the second part, if W is a simple KpSn-module such that its irreducible p-modular
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character w of Sn satisfies ResSn
An
(w) = ψ (i.e. ResSn

An
(W ) ∼=KpAn V ), then by proposition

4.7,

1 = dimKp HomKpAn(PV ,ResSn
An
(W )) = dimKp HomKpSn(IndSn

An
(PV ),W ),

where PV is the KpAn-projective envelope of V . Note that IndSn
An
(PV ) is a projective KpSn-

module. So by proposition 4.5, if we write IndSn
An
(PV ) as the direct sum of indecomposable

projective KpSn-modules, then PW occured in it with multiplicity 1, where PW is the KpSn-

projective envelope of W .

From now on, we know W1 := Dµ

Kp
and W2 := Dµ

Kp
⊗Kp D(1(n))

Kp
satisfy

ResSn
An
(Wi)∼=KpAn V.

Hence PW1 , PW2 occured in the direct sum of indecomposable projective KpSn-modules

of IndSn
An
(PV ) with multiplicity 1. Note that by proposition 4.4 (3), PW1 and PW2 are non-

isomorphic since W1 and W2 are non-isomorphic. Hence

2dimKp(PV ) = dimKp(IndSn
An
(PV ))≥ dimKp(PW1)+dimKp(PW2).

Also note that in the proof of theorem 4.10 (3), we have seen that ResSn
An
(PWi) is a projective

KpAn-module, and

ResSn
An
(PWi)

∼=KpAn PResSn
An(Wi)

⊕Z ∼=KpAn PV ⊕Z

for some projective KpAn-module Z. Hence

dimKp(PWi) = dimKp(ResSn
An
(PWi))≥ dimKp(PV ).
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Therefore, 2dimKp(PV ) = dimKp(IndSn
An
(PV )) = dimKp(PW1)+dimKp(PW2) and hence

IndSn
An
(PV )∼=KpSn PW1⊕PW1.

Therefore, we cannot find another simple KpSn-module W3 which is not isomorphic to W1

and W2 such that ResSn
An
(W3)∼=KpAn V, and hence φ and φ · sgn are the only two p-modular

characters of Sn such that its restriction to An is ψ .

Lemma 4.20.

Assume p > 2. Let λ be a partition of n, and let χλ be the irreducible character of Sλ
K0

.

If χλ (π) = 0 for all odd permutation π ∈ S(p)
n , then λ = λ ′

Proof.

By [W], corollary 2.1.2 (iii).

Theorem 4.21.

The group An has the (L′, p)-property for any prime p > 2.

Proof.

Let f be an irreducible character of An. Then by lemma 4.13, there is a partition

λ of n such that the irreducible character χλ of the Specht K0Sn-module Sλ
K0

satisfies

ResSn
An
(χλ )≥ f . Note that since Sn has (L′, p)-property,

either χλ |S(p)
n

= φ0 or χλ |S(p)
n

= a1φ1 + · · ·+amφm,

where m, ai ∈ N, m > 1, and φi are irreducible p-modular characters of Sn.

Assume f does not have the (L′, p)-property, then f |
A(p)

n
= rσ for some r ∈ N, r > 1,

and irreducible p-modular character σ of An. We want to get a contradiction.
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If λ 6= λ ′, then by lemma 4.18, we have ResSn
An
(χλ ) = f . So

rσ = f |
A(p)

n
=ResSn

An
(χλ )|A(p)

n
=ResSn

An
(χλ |S(p)

n
)=


either ResSn

An
(φ0)

or a1 ResSn
An
(φ1)+ · · ·+am ResSn

An
(φm).

In the first case, by lemma 4.12, it is clearly that it implies r = 1, which gets a contradic-

tion. In the second case, by lemma 4.12, ResSn
An
(φ1), · · · ,ResSn

An
(φm) must be irreducible,

and by lemma 4.19, m must be 2, φ1 and φ2 are distinct, and φ2 = φ1 · sgn. So we obtain

χλ |S(p)
n

= a1φ1 +a2φ1 · sgn .

Now by the first part of theorem 3.17, there exists i such that ai = 1, say a1 = 1. On the

other hand, observe that

χλ ′|S(p)
n

= (χλ · sgn)|
S(p)

n
= a2φ1 +φ1 · sgn .

So again by theorem 3.17, a2 must be also 1, i.e.

χλ |S(p)
n

= φ1 +φ1 · sgn .

This means χλ (π) = 0 for all odd permutation π ∈ S(p)
n . Hence by lemma 4.20, it implies

that λ = λ ′, which gets a contradiction.

If λ = λ ′, then by lemma 4.18, there exists a conjugate chatacters f ′ under Sn which
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is not equal to f such that ResSn
An
(χλ ) = f + f ′. So

rσ +rσ
′= f |

A(p)
n
+ f ′|

A(p)
n

=ResSn
An
(χλ )|A(p)

n
=


either ResSn

An
(φ0)

or a1 ResSn
An
(φ1)+ · · ·+am ResSn

An
(φm),

where σ , σ ′ are conjugate under Sn.

Assume σ 6= σ ′. Then

(i) If rσ + rσ ′ = ResSn
An
(φ0), then by lemma 4.12, we have r = 1, which is impossible.

(ii) If rσ + rσ ′ = a1 ResSn
An
(φ1)+ · · ·+am ResSn

An
(φm), then by lemma 4.16, since m≥ 2,

each ResSn
An
(φi) is irreducible. Moreover, since σ 6= σ ′, there exists i, j such that

ResSn
An
(φi) = σ and ResSn

An
(φ j) = σ ′.

But by theorem 4.10 (1), ResSn
An
(φi) = σ and σ 6= σ ′ can not hold simultaneously.

So this case is impossible.

On the other hand, assume σ = σ ′. Then

(i) If rσ + rσ ′ = 2rσ = ResSn
An
(φ0), then by lemma 4.12, the case is impossible.

(ii) If rσ + rσ ′ = 2rσ = a1 ResSn
An
(φ1)+ · · ·+ am ResSn

An
(φm), then by lemma 4.12, each

ResSn
An
(φi) is irreducible, and by lemma 4.19, m must be 2, φ1 and φ2 are distinct,

and φ2 = φ1 · sgn. So

χλ |S(p)
n

= a1φ1 +a2φ1 · sgn .

Same reason as above, theorem 3.17 gives a1 = a2 = 1. So

2rσ = a1 ResSn
An
(φ1)+a2 ResSn

An
(φ2) = ResSn

An
(φ1)+ResSn

An
(φ2) = 2σ ,
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which means r = 1, and we gets a contradiction.

Therefore, we get contradictions in all cases, and hence f has the (L′, p)-property. This

means An has the (L′, p)-property since f is arbitrary.

Remark.

In the proof of theorem 4.15, we show that An has (L′′,2)-property for all n by using

the fact that Sn has (L′′,2)-property. However, in the case p > 2, proceed as we do in

the proof of theorem 4.21, we can only show that An has (L′, p)-property, not the (L′′, p)-

property.

Let f be an irreducible character of An. Assume f = ResSn
An
(χλ ) for some partition λ

of n with λ 6= λ ′. Write χλ |S(p)
n

= φµ1 +a2φµ2 + · · ·+amφµm for some m≥ 1, ai ∈ N, and

p-regular partition µi of n with µi .µ1 for all i 6= 1. Then

f |
A(p)

n
= ResSn

An
(φµ1)+a2 ResSn

An
(φµ2)+ · · ·+am ResSn

An
(φµm).

If ResSn
An
(φµ1) = σ1 +σ2 for distinct irreducible p-modular character σi of An, then

f |
A(p)

n
≥ σ1 and σ2 with multiplicity 1.

However, if ResSn
An
(φµ1) = σ for some irreducible p-modular character σ of An, m > 2,

and φµ2 = φµ1 · sgn, then

f |
A(p)

n
≥ σ with multiplicity 1+a2, which is greater than 1.

Hence if χλ |S(p)
n

= φµ1 + a2φµ1 · sgn+a3φµ3 + · · ·+ amφµm and λ 6= λ ′, then the method

used in the proof of theorem 4.21 can not guarantee that there exists an irreducible p-

modular character ψ of An such that
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f ≥ ψ with multiplicity 1.

This case indeed happens. For example, p = 3, n = 9, and λ = (4,3,2). However, A9

has (L′′,3)-property by checking its decomposition matrix (cf., for example, [web2]). It

seems that if we want to show An has (L′′, p)-property for p > 2, we need more informa-

tions about φµ2 , · · · ,φµm and a2, · · · ,am, or we have to understand more about p-modular

character theory of An.
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6 Appendix B: Proof of Serre’s Exercise in Appendix A

In this appendix, we are going to show the modified exercise 16.6, that is,

e(P+
Kp
(G)) = e(PKp(G))∩R+

K0
(G) if and only if NR+

Kp
(G)⊂ d(R+

K0
(G)) for some N ∈ N,

where all notations are as in the introduction.

First we recall the definition of the cde-triangle. If P is a projective KpG-module, we

denote [P]proj as the image of P in PKp(G). If E is a KpG-module, we denote [E]p as

the image of E in RKp(G). If M is a K0G-module, we denote [M]0 as the image of M in

RK0(G). The Z-homomorphism c : PKp(G)→ RKp(G) is given by

[P]proj 7→ [P]p

for any projective KpG-module P. The Z-homomorphism d : RK0(G)→ RKp(G) is given

by

[M]0 7→ [M̄]p

for any K0G-module M, where M̄ is a reduction mod m of M (we define it in definition

0.9). Note that [M̄1]p = [M̄2]p for any two reduction mod m M̄1, M̄2 of M (cf., for example,

[S1], theorem 32, page 125). So d is well-defined. Finally, the Z-homomorphism e :

PKp(G)→ RK0(G) is given by

[P]proj 7→ [K0⊗R P′]0

for any projective KpG-module P, where P′ is a RG-lattice such that its reduction mod m

is P. Note that P′ must exist and unique up to isomorphism by proposition 4.2. So e is
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well-defined. We can see that c, d and e form the following commutative diagram.

PKp(G) RKp(G)

RK0(G)

e

c

d

Hence it is called the cde-triangle.

Moreover, let M1, · · · ,Ma be all distinct simple K0G-modules, E1, · · · ,Eb be all distinct

simple KpG-modules, and Pi be the projective envelope of Ei (we define it in definition

4.3) for i = 1, · · · ,b. Then

[P1]proj, · · · , [Pb]proj

is a Z-basis of PKp(G),

[E1]p, · · · , [Eb]p

is a Z-basis of RKp(G), and

[M1]0, · · · , [Ma]0

is a Z-basis of RK0(G). We write

c([Pj]proj) = [Pj]p =
b

∑
i=1

ci j[Ei]p for j = 1, · · · ,b

d([M j]0) = [M̄ j]p =
b

∑
i=1

di j[Ei]p for j = 1, · · · ,a

e([Pj]proj) = [K0⊗R P′j]0 =
a

∑
i=1

ei j[Mi]0 for j = 1, · · · ,b,

and put

C = (ci j) ∈Mb×b((Z≥0), D = (di j) ∈Mb×a(Z≥0), and E = (ei j) ∈Ma×b(Z≥0).

Then C = DE (because c = d ◦ e) and E = Dt (cf., for example, [S1], 15.4 (c), page
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127), where t denotes the matrix transpose. The matrix C is a Cartan matrix, and D is a

decomposition matrix.

Note that for i = 1, · · · ,b, if we denote ei as the column vector of dimension b which

is 1 in the i-th coordinate, and 0 in other coordinates, then

(1) We say G has the (L, p)-property is equivalent to say that if we can find the following

vectors in columns of D:

x1e1, · · · ,xbeb for some xi ∈ N,

then we can also find the following vectors in columns of D:

e1, · · · ,eb.

(2) We say G has the (L′, p)-property is equivalent to say that each column of D can not

be one of the following forms:

x1e1, · · · ,xbeb for some xi ∈ N with xi > 1.

(3) We say G has the (L′′, p)-property is equivalent to say that each column of D exists

an entry 1.

Now we show the modified exercise 16.6:

e(P+
Kp
(G)) = e(PKp(G))∩R+

K0
(G) if and only if NR+

Kp
(G)⊂ d(R+

K0
(G)) for some N ∈ N.

Proof.

Denote a and b as numbers of simple K0G-modules and simple KpG-modules respec-

tively. Assume e(P+
Kp
(G)) = e(PKp(G))∩R+

K0
(G), we claim that NR+

Kp
(G) ⊂ d(R+

K0
(G))
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for some N ∈ N. To show this, first note that the condition e(P+
Kp
(G)) = e(PKp(G))∩

R+
K0
(G) holds if and only if the matrix E = (ei j) ∈Ma×b(Z≥0) with respect to e satisfies

the property (∗):

(∗): all entries of x ∈ Zb are non-negative if and only if so are Ex.

Suppose e(P+
Kp
(G)) = e(PKp(G))∩R+

K0
(G). Fix any s ∈ {1, · · · ,a}. Denote us as the

row vector which is 1 in the s-th coordinate, and 0 in other coordinates. Assume E has no

row of the form βus (β 6= 0). Then for any i = 1, · · · ,a, there exists j 6= s such that

ei j > 0.

So there exists xi j ∈ Z≥0 such that

−eis + xi jei j > 0.

Moreover, for other j 6= s such that ei j = 0, define xi j = 1. Let α j = max(x1 j, · · · ,xa j) for

j = 1,2, · · · ,b except s, and let (t denotes the tranpose)

xt = (α1, · · · ,αs−1,−1,αs+1, · · · ,αb),

then all entries of Ex are positive, but the s-th coordinate of x is not. This gets a contra-

diction. It follows that E must have a row of the form βus for all s = 1, · · · ,a, i.e. E can
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be written in the form (rearrange rows if necessary):



e11 0 0 · · · 0

0 e22 0 · · · 0

... . . . ...

0 0 0 · · · ebb

eb+1,1 · · · eb+1,b

... · · · ...

ea1 · · · eab



, where eii 6= 0 for all i.

Now, since the decomposition matrix D = Et , we complete our claim by taking N be the

least common multiple of e11, ...,ebb.

On the other hand, we assume NR+
Kp
(G) ⊂ d(R+

K0
(G)) for some N ∈ N. Fix any s ∈

{1, · · · ,a}. Let us be as above and let D = (di j) ∈ Mb×a(Z≥0) be the decomposition

matrix. Then our assumption means there exist integers v1, · · · ,va ≥ 0 such that

v1


d11

...

db1

+ · · ·+ va


d1a

...

dba

= Nus
t .

Assume D has no column of the form βus
t (β 6= 0). Then for any j, there exists i 6= s such

that

di j > 0.

If v j > 0 for some j, then v jdi j > 0 for i as above. This gets a contradiction since

v1di1 + · · ·+ vadia = 0
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for all i 6= s. So v j = 0 for all j. But this also gets a contradiction since

v1ds1 + · · ·+ vadsa = N.

Therefore D must have a column of the form βus
t . This means E has a row of the form

βus for all s = 1, · · · ,a since E = Dt . This implies E satisfies (∗), i.e. e(P+
Kp
(G)) =

e(PKp(G))∩R+
K0
(G) as desired.
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