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Abstract

Let p be a prime number, G be a finite group, and G be the set of all ¢ € G such
that p { ord(g). We say G has the (L', p)-property if for any irreducible character y of G,
Xl # a¢ for any irreducible p-modular character ¢ of G and any a € N with a > 1.
We say G has the (L”, p)-property if for any irreducible character ) of G, there exists an
irreducible p-modular character ¢ of G such that x|, > ¢ with multiplicity 1. We say
G has the L”-property if G has the (L”, p)-property for all p.

In this thesis, we want to show that all symmetric groups have the L”-property, all
alternating groups have the (L”,2)-property, and all alternating groups have the (L', p)-
property for all prime p > 2.

Keywords: symmetric groups, alternating groups, character, modular character, (L', p)-

property, (L, p)-property, L”-property.
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0 Notations and Preliminaries

In this thesis, we denote

n : a positive number,
p : a prime number,
Sy : the symmetric group of degree n,
A, : the alternating group of degree n,
G : afinite group,
GP) : the set of all g € G such that p ford(g),
H : a subgroup of G,
F : an arbitrary field,
Fy : a field with characteristic O,

F), : a field with characteristic p.

Definition 0.1.

(1) We say a simple F'G-module V is absolutely simple if for any field extension L of F,
the scalar extension L ®r V is a simple LG-module. We say F is a s-splitting field for

G if char(F) = s and every simple FG-module are absolutely simple.

(2) We say (A,B,C) is a p-modular system if

A : a field complete with respect to a discrete valuation v with characteristic 0
B : the valuation ring of A with respect to v
C : the residue field of A with respect to v with characteristic p.
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Note that if we denote D as the maximal ideal of B, then we have C = B/D.

(3) We say (A,B,C) is a splitting p-modular system for G if (A,B,C) is a p-modular

system, A is a 0-splitting field for G, and C is a p-splitting field for G.

(4) In the following, we always assume (Ko, R, K},) is a splitting p-modular system for G,

and we denote m as the maximal ideal of R.

Remark.

If A contains Icm(ord(g) | g € G)-th root of unity, then (A,B,C) is a splitting p-
modular system for G (cf., for example, [S1], theorem 24, page 94). In the case G = S, if
we denote Q as the p-adic completion of (Q, then by theorem 2.10 and theorem 2.17, we

can choose Ky = Q and v = the p-adic valuation of Q.
Definition 0.2.
(1) LetV be an FG-module and let e € N. We denote eV as the e-fold direct sum of V.

(2) Let M be an FG-module and let V =Homp (M, F). Forany g€ G,me M,and ¢ €V,
define g- ¢ (m) = ¢(g~'m). Then V is an FG-module via this definition and we say

V is the dual of M. We usually denote the dual of M as M*.
Definition 0.3.

(1) Let M be an FG-module. Then we can regard M as an F'H-module by restricting FG

to F'H directly, and we denote it as Resg (M).
(2) Let V be an FH-module. We denote Ind% (V) = FG®rg V.

Definition 0.4.
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Let M be a KoG-module and let 6, : M — M given by m +— g-m. Let § be a Ky-basis
of M and let S| = a. Then we can write 6, as the matrix p, € GL,(Kj) with respect to S.

Now define
xm G — Koy, g— Tr(p,).

Then ) is called the character of M (or of G). This definition is independend of the
choice of S, and also independend of the choice of Kj. Note that if C is a conjugacy class
of G and g1, g2 € C, then xum(g1) = xm(82)-

Moreover, we say xus is irreducible if M is a simple KyG-module. There are only

finitely many irreducible characters.

Proposition 0.5.
Let M be a KoG-module and let e  E1, - - - , e, E)p, be all composition factors of M, where

e;E; means there are e; simple KoG-modules E; for e; € N, and each E; is distinct. Then

b
AM = Z eiXE;, where yu, X, are characters of M, E; respectively,
i=1

b/

and the sum is unique, i.e. if Yy = ) d;yx;, where d; are integers, xi,---, Xy are all
j=1

distinct irreducible characters with ; = xg; for j=1,--- b, thend;j=e¢;for j=1,---,b

anddj=0for j=b+1,---,b.

Proof.

Cf., for example, [S1] proposition 32, page 91.

Definition 0.6.
Let A be the m :=Icm(ord(g) | g € G)-th root of unity in the algebraic clorsure of Kj.

Then there is a valuation ¥ of K := Ko(A) such that ¥|g, = v, where v is a given valuation
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of Ky (cf., for example, [S2], proposition 3, page 28). The residue field I?p of K can be
regarded as a field extension of K,. If m = pkm’ for some m' € N with ged(p,m’) = 1,
then K ,» contains the m’-th root of unity.

Let M be a K,G-module and let S be a K,-basis of M. Similary as definition 0.4, for
any g € G, we can define p, € GL,(K),) with respect to S. Assume g € GP). Since pg,"/
is the identity matrix, we can find A;,---,A, € K, such that they are all eigenvalues of
pg. Moreover, there exist roots of unity A; in Ky such that A; + @ = A;, where M is the

maximal ideal of the valuation ring of K. Define

- a
oGP = Ky, g— ¥ A
=1

Then ¢y, is called the p-modular character of M (or of G). This definition is independent

of the choice of S, and independent of the choice of the p-modular system (Ko,R,K),).

Note that if C is a conjugacy class of G(?) and g, g» € C, then ¢u(g1) = dnr(g2)-
Moreover, we say ¢y is irreducible if M is a simple K,G-module. There are only

finitely many irreducible p-modular characters.

Proposition 0.7.
Let M be a K;,G-module and let e  E7, - - - , e, E}, be all composition factors of M, where

e;E; means there are e; simple K,G-modules E; for e; € N, and each E; is distinct. Then

b

Oy = Z eiQg;, where ¢y, o, are p-modular characters of M, E; respectively
i=1

b/

and the sum is unique, i.e. if ¢y = ) d;9;, where d; are integers and ¢y, - -, @ are all
j=1

distinct irreducible p-modular characters with ¢; = ¢, for j=1,---,b, then d; = e; for

j=1,---,banddj=0for j=b+1,---.b.

Proof.
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Cf., for example, [S1] proposition 40, page 115.

Definition 0.8.

(1) If y is the character of a KyG-module M, then we denote Res% () as the character of

the KoH-module Res$ (M).

(2) If ¢ is the p-modular character of a K, G-module M, then we denote Resg(q)) as the

p-modular character of the K,H-module Res$ (M).

Remark.

Note that Res% () = x|n and Res& (¢) = |-

Definition 0.9.
Let M be a KoG-module. We say X is a RG-lattice of M if X is a finite generated
R-free RG-module such that Ky @z X = M. Note that X /mX is a K,G-module. We say

X /mX is the reduction mod m of X, and say X /mX is a reduction mod m of M.

Proposition 0.10.
Let M be a KyG-module, ) be the character of M, and X be a RG-lattice of M. Then
the p-modular character of X /mX is x|(). Note that it is independent of the choice of

X.

Proof.

To see this, it suffices to show that if X, ¥ are RG-lattices of M, then the K,,G-modules
X /mX and Y /mY have the same composition factors. For its proof, one may see, for
example, [S1] theorem 32, page 125.

]
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Definition 0.11.
Let x1,---, xm be all distinct irreducible characters of G, and let ¥ be a character of
m
G. Then by proposition 0.5, y = Y a;x; for some non-negative integer a; € Z. If a; # 0,
=1

=

then we denote ¥ > x; (with multiplicity ;).

Definition 0.12.
Let ¢1,---, ¢, be all distinct irreducible p-modular characters of G, and let ¢ be a
p-modular character of G. Then by proposition 0.7, ¢ = .)%1 a;¢; for some non-negative
i=
integer a; € Z. If a; # 0, then we denote ¢ > ¢; (with multiplicity a;).
Let ¢’ be a p-modular character of G and ¢’ = f b;¢; for some non-negative integer

i=1

b; € 7. If a; > b; for all i, then we denote ¢ D ¢’.
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1 Introduction

In this paper, we study (L, p), (L', p), (L”, p)-properties of S,, and A;, for a prime p.

With (Ko, R, K,) fixed, their definitions are:

Definition 1.1.
Let ¢1,---, @ be all distinct irreducible p-modular characters of G. Then we say G

has the (L, p)-property if one of the following happens:

(1) for any i = 1,--- ,k, ¢; is liftable (we say ¢; is liftable if we can find an irreducible

character ; of G such that x;| ) = ),

(2) forsomei=1,--- k, ¢; is not almost liftable. (we say ¢; is almost liftable if we can

find an irreducible character y; of G such that x|, = a¢; for some a € N).

(In other words, if ¢ is almost liftable for any irreducible p-module characters ¢, then ¢
1s liftable for any ¢.)

We say G has the L-property if G has the (L, p)-property for all p.

Definition 1.2.
We say G has the (L', p)-property if all irreducible (ordinary) characters x of G satisfy

one of the following:
(1) x| is an irreducible p-modular character of G,

() Xl = ¢1 and x|5) > ¢, Where @1, ¢ are two distinct irreducible p-modular

characters of G.

(In other words, x|, 7# a¢ for any irreducible p-modular character ¢ of G and any a € N
witha > 1)

We say G has the L'-property if G has the (L', p)-property for all p.
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Definition 1.3.
We say G has the (L”, p)-property if for any irreducible characters x of G, there exists
an irreducible p-modular character ¢ of G such that x|, > ¢ with multiplicity 1.

We say G has the L"-property if G has the (L”, p)-property for all p.
There are three main results in this thesis:

(1) The group S, has the L"-property for all n.

(2) The group A, has the (L”, p)-property for p = 2, and all n.

(3) The group A, has the (L', p)-property for p > 2, and all n.

The first is described in corollary 3.17.1, the second is described in corollary 4.15.1, and
the third is described in theorem 4.21.

Our motivation for studying (L, p)-property, (L', p)-property and (L”, p)-property came
from a fall 2016 course on finite group representations which was taught by professor Jing
Yu at National Taiwan University. In that course, we have completed all exercises except
the exercise 16.6 in the book “Linear Representations of Finite Groups” by Jean-Pierre

Serre. This exercise 16.6 is, with (Ko, R, K),) fixed:
e(P;p (G)) = e(Px,(G)) ﬂRjgp (G) if and only if d(Rg (G)) = R}p (G).

The notations d, e mean the d, e of the cde-triangle (we put the definition of it on Ap-
pendix B). The notations Rg,(G), Rg,(G), and Px,(G) denote the Grothendieck groups
which are generated by KoG-modules, K,G-modules, and projective K,G-modules re-
spectively. The notations RIJQO (G), R;gp (G), and P;p (G) denote sets which collect the im-
age of KoG-modules, K,G-modules, and projective K,G-modules in Rg, (G), Rk, (G), and

Pk,(G) respectively.
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We had no idea how to work out this exercise. So we wrote a letter to Serre, and he
wrote back a reply which we put here as Appendix A. In his reply letter, he said that the

exercise should be modified as the following:
e(PI‘{;(G)) = e(Px,(G)) ﬂRIJgO (G) if and only if NR}p(G) C d(RIJgO(G)) for some N € N,

and he gave us a proof of this statement (For a proof of this modified exercise, see Ap-
pendix B). However, is the question of the original exercise can be answered? According
to Serre they did not know the answer yet. This leads us to study a property on given
groups, which we called the (L, p)-property. It is easy to see that a given group has the
(L, p)-property if and only if the claim of the original exercise holds on the group.

To study the (L, p)-property, we then introduce the (L', p)-property, and the (L”, p)-
property. All these properties are properties about the decomposition matrices for the
group in questions. It is clear that the (L”, p)-property implies the (L', p)-property, and the
(L', p)-property implies the (L, p)-property. In this thesis, we will see that from previous
work of James [J2], it follows easily that all the symmetric groups S, have the L”-property,
and we will prove that the groups A, have the (L”,2)-property and (L', p)-property for p >
2. In the Master’s thesis [L], Liu proves that GL(2,¢), SL(2,¢), GL(3,¢), and SL(3,¢)
have the (L', p)-property for any p, where ¢ € N is an arbitrary prime power. On the
other hand, by Fong-Swan theorem (cf., for example, [S1], theorem 38, page 135), all
p-solvable groups have the (L, p)-property.

Note that there are some groups which do not have the (L', p)-property, but they have
the (L, p)-property. A non-abelian group H with order p* for some k € N is an example.
Since the order of H is pX, the only irreducible p-modular character of H is the trivial
p-modular character ¢, and it is liftable clearly. So H has the (L, p)-property. But since
H is non-abelian, there is a character y of H such that y(e) > 1, where e is the identity of
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H. So x|y» = x(e)¢, and hence H does not have the (L', p)-property.

It is important to find irreducible p-modular characters which are almost liftable but
not liftable. Because if all irreducible p-modular characters of a given group G are almost
liftable, and one of them is not liftable, then it implies that G does not have the (L, p)-
property. The group O’'N x C,, where O'N is the O’Nan group and C;, is the cyclic group of
order 2, give an example that there exists an irreducible 2-modular character of it which is
almost liftable but not liftable (communicated to us by Professor Hiss). Unfortunately, not
all irreducible 2-modular characters of O’N x C, are almost liftable, and hence it has the
(L,2)-property. But at least, O’N x C, tell us that such an irreducible p-modular character
really exists. For more information about O’N x C,, one can see [web], which contains
the decomposition matrix of O'N x C;.

In conclusion, we still can not prove that all groups have the (L, p)-property. We also

can not find any counter example to this.
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2 Specht modules, F,S,-Modules, and F,S,-modules

2.1 The Definition of the Specht Module

In this subsection, we will introduce the definition of the Specht module. It is de-
scribed in definition 2.6. The Specht module plays an important role in the group repre-

sentation theory of Sj,.

Definition 2.1.
Let u = (uy,---, ln) be a sequence of positive integers. We say U is a partition of n
m
if u; > piyq forall i and Y, u; = n. If there are the same terms in a partition, we usually

i=1

abbreviate it as in the following example:
(5,4,4,2,1,1) = (5,4@,2,1%)

We usually use a graph to represent a partition of n, i.e. a graph with m rows such that
the i-th row fills in y; marks lined up on the left. For example, (3,2) can be represented

by this graph:

Definition 2.2.
Let 4 = (U1, -+, ) be a partition of n. We say t is a p-tableau if 7 is a graph with m
rows such that the i-th row fills in (; numbers lined up on the left; moreover, each number

in 7 is distinct and belongs to {1,---,n}. For example, let u = (3,2, 1) be a partition of 6
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and let
123 4 6 2

then #1, t, are u-tableaux.
Note that S, can act on tableaux in an intuitive way. So we can define two subgroup

C;, R; of S, as follows

C; ={m € S, | m perserves each column of 7},

R, ={m € S, | 7 perserves each row of ¢}.

For example, C;, is the subgroup of Sg which is generated by (41), (43), (13) and (65).

Definition 2.3.

Let u be a partition of n and let 71, #, be p-tableaux. We say t1, t, are equivalent if
the numbers in each rows of t{, #, are the same up to order. It is easy to see that it is
an equivalent relation. We denote the equivalence class of #; by {71}, and call {r;} as a

u-tabloid. For example,

213 321

n= 46 b= 64

are equivalent, and {r; } is a (3,2, 1)-tabloid.

Proposition 2.4.

Let u be a partition of n and let #1, 1, be two p-tableaux. If #; ~ fp, then 7t; ~ 7ty for
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all T € S,,.

Proof.

It is easy to see by observing that Ry, = TR;, n L.

Definition 2.5.

Let u be a partition of n. Define
My the vector space over F whose basis is {{t} | {t} : u-tabloid}.

Note that M, is an FS,-module by defining 7{t} = {nt} for € S,,. It is well-defined by

the above proposition.

Definition 2.6.

For m € §,,, define

1 if 7 is an even permutation
sgn(7) =

—1 if 7 is an odd permutation.

For any pi-tableau ¢, define

b, = Z sgn(mw)mw € FS,,

TEGCZ

e =b{t} =Y sgn(m){m} e M.

el

Moreover, define
S;f: the subspace of Mﬁ which is generated by all e;.

The element ¢; is called the polytabloid and S# is called the Specht module (with respect

to u).
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Proposition 2.7.
For any u-tableau ¢t and any 7 € §,,, we have me; = ez;. This means Sl‘i is an F'S,-

module.

Proof.
Observe that e, = bt~ {mt}. So it suffices to show 7b, 7~ = by, which is easy

to see by observing 7C; 7! = Cy;.

2.2 Simple FyS,-Module and Simple F,S,-Module

In this subsection, we will introduce that all Specht FyS,,-modules form a complete set
of isomorphic classes of all simple FyS,-modules. Note that Specht F},S,-modules may
not simple. We will also introduce a complete set of isomorphic classes of all simple

F,S,-modules.

Definition 2.8.

Let u = (U1, tm, ) A = (A1, -+, A,) be two partitions of n. We say u > A if

1

r r
Yu>Y Aiforallr=1,---,m
=1 i=1

(note that m1 must be < my in this case).

It is called the dominance order. Moreover, we say > A if u > A and u # A. Note that

it is a partial order but not a totally order. For example,
(5,1,1)>(4,2,1), (5,1,1)>(4,1,1,1),
and (5,1,1), (4,3) has no such relation.

Lemma 2.9.

14 d0i:10.6342/NTU201800842



Let i1, A be two partitions of 7, and let ® be an FS,-homomorphism from M% to M.

Then:
(1) If Sk ¢ ker(®), then pu > A.
(2) If u = A, then ®|S¢ = fIdsg for some f € F.

Proof.

Cf., for example, [J1] lemma 4.10, page 16.

Theorem 2.10.

(1) Let u, A be two partitions of n. Then S#O =R, S%O if and only if u = A.

(2) The set {Sﬁo | W : partition of n} is a complete set of isomorphic classes of all simple

FyS,-modules.

Proof.

[a¥)

(1) The if part is trivial. For the only if part, assume SI‘,fO = S%O. Since char(Fy) =0,
there is an FpS,-module V such that lefo = Sﬁfo @ V. Let 0 be an FyS,-isomorphism

from Sﬁfo to S,{EO. Then define

O: M#O = Sﬁo dV — S%o C M,);O given by (x,y) — 0(x)

Since Sﬁo ¢ ker(®), by lemma 2.9 (1), we obtain u > A. So by symmetry, we con-

clude that u = A.

(2) By (1), each SI‘,fO is different when u varys. So |{Sf,fﬂ0 | 1 = partition of n}| is equal
to the number of conjugacy classes of S,,. Therefore it remains to show each Sﬁo is

simple.
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LetU C Slffo be a nonzero FS,-submodule. Since char(Fp) = 0, we can write Slﬁfo =

U @ U’ for some FyS,-module U’. So
Mg =S @V =UaU &V,
where V is as in (1). Now define
0O: Mﬁ) =UaU V- M#O given by (x,y,z) — (x,0,0)
Then by lemma 2.9 (2), ®|S¢0 = fIdsg0 for some f € Fy, i.e.
(+,0,0) = Ol (x,%,0) = fldg (x,5,0) = (fx,£,0)
forany x € U and y € U’, i.e. x = fx and 0 = fy. Hence U’ =0 since U # 0. So

U =S, 1.e. Sk is simple.

Definition 2.11.

Define a bilinear form (x, ) : M# X lef — F given by

({a},{b})Fr = O4)(py for any u-tabloids {a}, {b}

So for any subspace V of Mk, we can define

Vi ={xeMpy | (x,v)r =0forallveV}.
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Note that by definition, it is easy to see that for any x, y € M # and any 7w € S,

(X, Ty)F = (X,¥)F.

Thus if V is an FS,-module, then so is VL.

Definition 2.12.

Let u = (W, -+, Un) be a partition of n. We say u is p-regular if
p>{k|w=i}|foralli=1,--- n.

Otherwise we say U is p-singular. For example, u = (3,2,1,1) is 2-singular, and it is

p-regular for any prime p > 2.

Definition 2.13.

For any p-regular partition u of n. Define

1
D =i /(s N (SE)Y).

Note that Sﬁfp = S;fp N (Slffp)L if and only if u is p-singular. So we define Dlﬂfp only when

u is p-regular (cf., for example, [J1], theorem 11.1, page 39).

Lemma 2.14.
Let u, A be partitions of n with u is p-regular. Let U be an F,S,-submodule of M%p.

If ® is a non-zero F,S,-homomorphism from Sﬁfp toM %p JU, then u > A.

Proof.
Cf., for example, [J1] lemma 11.3, page 39.

]
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Lemma 2.15.
The number of p-regular conjugacy classes of S, is equal to the number of p-regular
partitions of n (We say a conjugacy class of a group G is p-regular if the order of elements

in the class is prime to p.).

Proof.

Cf., for example, [J1] lemma 10.2, page 36.

O
Lemma 2.16. (Submodule lemma)
If U is an FS,-submodule of M., then either Si- C U or U C (S)".
Proof.
Cf., for example, [J1] theorem 4.8, page 15.
O

Theorem 2.17.
(1) For any two p-regular partitions u, A of n, D#p ~ES, D%p if and only if u = A.

(2) The set {D;fp | W : p-regular partition of n} is a complete set of isomorphic classes of

all simple F},S,-modules.

Proof.

(1) The if part is trivial. For the only if part, assume D%p =F,S, DI{EP. Let 6 be an F},S,
: ; M A M A A ALY o3
isomorphism from Dy to Dz, . Define a map @ from S to Mz /(S 7,0 (S F,,) ) given
by

o 6, A A ek A (oh
©: Sy — Sg /(Sg N(Sg)") =Dy = Df, C Mi; /(Sk, N(SE,)7),
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: - i B ht n -
where o is the canonical map from Si to S / (SFp N (SFP)L). Then clearly ©® is
nonzero. So by lemma 2.14, we obtain u > A, and by symmetry, we conclude that

u=A.

(2) By (1), each lefp is distinct, and by lemma 2.15, the number of p-regular conjugacy
classes of S, is equal to the number of all p-regular partitions of n. So it suffices to

show each Dlﬁfp is a simple F},S,-module.

Let U C Slffp be a maximal submodule. Then by lemma 2.16, we have U C (S#p)L.
0 Bl — ol g S i BNl it

SoU C S N (SFp) C S, Since 1 is p-regular, we have S N (SFp) #+ Sk, Sowe

conclude that U = SI‘,f N (Sfé )+ since U is maximal, which meams Dg is simple.
p p p

2.3 Facts about F;S,-Module and F,S,-Module

In this subsection, we will introduce some facts about F(S,-module and F,S,-module.

They will be used in following sections.

Definition 2.18.
Let u be a partition of n, and let 7 be a p-tableau. We say ¢ is standard if the numbers
in ¢ are increasing along the rows and down the columns. For example, let u = (3,2,1)

be a partition of 6 and let

123

then ¢ is a standard u-tableau.

Proposition 2.19.
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Let u be a partition of n and letzy, - - - , ¢, be all distinct standard u-tableaux of n. Then

{es, -+ e, } is a basis of SI’:f.

Proposition 2.20.

Let u be a partition of n. Then Sﬁo is self dual, i.e

(Sg‘o)* gFOSn Sgo

Proof.

Cf., for example, [J1], theorem 1.5, page 3.

[
Proposition 2.21.
Let u be a p-regular partition of n. Then lefp is self dual, i.e
o \x ~ u
(DFP) :FpSn DFP'
Proof.
Cf., for example, [J1], theorem 1.5, page 3.
[

Proposition 2.22.

Let A be a p-regular partition of n and let #1, - - - ,1,, be all distinct standard A-tableaux.

Denote M = (<€zi,€tj>F,,) € My xm(Fp). Then dimg, (Df}p) = rankp, (M).

Proof.
Cf., for example, [J1], theorem 1.6, page 3.
O
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Definition 2.23.
Let A, A’ be partitions of n. We say A’ is the conjugate partition of A if the graph of
A’ is obtained by interchanging the rows and columns of the graph of A. For example, the

conjugate partition of (3,2) is

i.e. (2,2,1) is the conjugate partition of (3,2). We usually use the notation A’ to denote

the conjugate partition of A.

Proposition 2.24.

Let A be a partition of n.
(1) If A is p-singular, then all composition factors of S%;p have the form D#p with u>A,

(2) If A is p-regular, then D%p occurs precisely once in the composition factors of Slp,

and the others (if exist) have the form Dgp with > A.

Proof.

Cf., for example, [J1], corollary 12.2, page 42.

O
Proposition 2.25.
.- A\~ A (1(n))
Let A be a partition of n. Then (S% )* Zfs, SE Qr Sy .
Proof.
Cf., for example, [J1], theorem 8.15, page 33.
O
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3 About S,

3.1 Groups S5 and S¢ have the (L', p)-property

As we have mentioned in the introduction, from the work of James [J2], we can see
that S,, has the L”-property. However, in this subsection, we are going to use our method
to show that S5 and Sg have the (L', p)-property for all p. This method is different from

James, but it gives us an idea that how to show a given group has (L', p)-property.

Lemma 3.1.
Let V, W be simple FG-modules with dimz(V) = 1. Then V ®F W is also a simple

FG-module.

Lemma 3.2.
LetV, W be two KyG-modules (or K,,G-modules) which afford character (or p-modular
character) yv, yw respectively. Then the character (or p-modular character) of V @, W

(or Vg, W)is xv X xw.

Lemma 3.3.

Let u be a partition of n. Then S% is a reduction mod m of Sﬁ .
P 0

Proof.

Lett,--- ,t, be all distinct standard p-tableaux. Then by proposition 2.19,

SI’LéO = K()ezl DD K()etm.

Consider the RS,-submodule X = Re; @ - -- @ Re;,,. Then clearly X is a RS,,-lattice of SH .
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and its reduction mod m is
X/mX ngSn KP ®RX ngSn ertl @ T @erfm = Sllbép

So S% is a reduction mod m of S .
4 0

Proposition 3.4.

(1) If A is a p-regular partition of n, then the character of SI’I(0 has the (L, p)-property.

(2) Let u be a partition of n. If the character of S,‘éo has the (L', p)-property, then so does
Sk

Remark.

By revising the proof of the proposition 3.4 (2), it is easy to see we can replace the

term “(L’, p)-property” to “(L”, p)-property” in (2).
Proof.

(1) Let x be the character of S’LO, and let ¢, be the p-modular character of D,‘ép for any
p-regular partition it of n. Then by proposition 0.10 and lemma 3.3, x| s) is the p-
modular character of Sl‘ép. Now by proposition 2.24, since A is p-regular, Dl’l{p occurs
precisely once in the composition factors of S’lp, and the others (if exists) have the

form Dﬁp with > A. Thus
x| ) = ¢, with multiplicity 1,

i.e. x has the (L”, p)-property.
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(n)
§<lo ) respectively. Then by proposi-

(2) Let x;, xa/, and )1 be characters of S’IO, S,’l{;, and §
tion 0.10 and lemma 3.3, ¥ ‘S,(/’)’ )(,1/\551,,), and |S5,”> are p-modualr characters of S’lp,
S’l;, and Sgn)) respectively. Moreover, let ¢* be the p-modualr character of (S%))*
Then by lemma 2.21, since every simple K,S,-modules are self dual, all composition

factors of S[};; and (S[’l(;)* are equal. So by proposition 0.7, we have

*

Xl =97

1 (n))
p

On the other hand, since (S%))* =K,S, S[%p ®k, Sg( by proposition 2.25, we obtain

(P* = %MSEP) X XI’S,QP) by lemma 3.2. So
Xl = 97 = Xalgw X X1 lgip-

Now by the assumption, since the character of SI%O has the (L', p)-property,

either 3 | = go or arfs +--- +azf;

forsome ze N, z>1,ay,---,a; € N, and distinct irreducble p-modular characters ¢;

of S,. So

either /| ) = Go X 21/ ) Or @1 (¢1 ><X1|S’<1p>> +ta (¢z X%l\slgm)-

Clearly, each ¢; x Xllsgl’)"" L0, X X1 |S51P) is distinct. So to show yxj/ has the (L', p)-
property, it suffices to show ¢; x x| (p) are irreducible p-modular characters for all
i.

) ) (amy . (1) )
To show it, observe that since S K, = KpSi DKp vl $p) 18 the p-modular character

(n)
of Dgp ). Now let D; be a simple K,G-module which affords ¢;. Then by lemma 3.2,
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(m)y .
the p-modular character of D; ®k, Dgp ) is

9i % X1l g0

. . . )y, M)y,
Since the dimension of Dgp ) is 1, the K,S,-module D; ® ¢ ) Dgp ) is simple by lemma

3.1, and hence ¢; X ;| ) is an irreducible p-modular character as we desired.

Proposition 3.5.
Let M be a simple KyG-module and let X be a RG-lattice. If the dimension of M
is divisible by the largest power of p dividing the order of G, then X /mX is a simple

K,G-module.

Proof.

Cf., for example, [S1] proposition 46, page 136.

Example 3.6.
We are going to show that S5 has the (L', p)-property. First observe that all partitions

of S5 are:

(5), (4,1), (3,2), (3,1,1),

(1,1,1,1,1), (2,1,1,1), (2,2,1).

For the case p > 2, since (5), (4,1), (3,2), and (3,1, 1) are p-regular, by proposition 3.4,
we conclude Ss has the (L', p)-property for p > 2.

For the case p = 2, observe that all 2-regular partitions are
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(5), (4,1), (3,2),
and their conjugate partitions are
(1,1,1,1,1), (2,1,1,1), (2,2, 1)

respectively. So again by proposition 3.4, all characters of their corresponding Specht
modules have the (L',2)-property. So it remains to show the character of S%l’l) has the

(L',2)-property.

To show this, we want to find dimensions of Sgo’l’l), D%), D%l) , and Dg’z) . Observe

212!

that the number of all standard (3, 1, 1)-tableaux is = 6. So by proposition 2.19,

dimg, (Sg ") = 6.

On the other hand, since Dg) is the trivial K»S5-module, its dimension is 1, and by using

proposition 2.22, we can calculate the dimensions of D%’l) and D%z). The conclusion is

that

dimg, (D$")) = 4 and dimg, (DG = 4.

Now we show the character of S?O’l"l) has the (L',2)-property. Let y be the charac-

ter of S%l’l), and let (1)(5), q)(‘“), ¢(3’2) be 2-modular characters of D%), Dg?z’l), D%z)

respectively. Then we can write
%’S(z) = a¢(5) + b¢(471) + C¢(3,2)
5

for some a, b, c € NU{0}. Let e be the identity of Ss. Then since

dimg, (Sg"") = 6, dimg, (DY) ) = 1. dimg, (D, ") = 4, and dimg, (D}, ")) = 4,
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we have
6= 140 (e) = a9 (e) +69V(e) +-c)(e) = a+4db+dc.
5
Moreover, since a, b, c € NU{0}, the equation 6 = a + 4b + 4c implies that

a=2orb.

Therefore, to show the character y of S%l’l) has the (L', 2)-property, it suffices to show

a+#6.

Assume a = 6. Denote g = (123)(4)(5) € Ss, then

2(8)=2ls0(8) = 69" (g) = 6.

Let ry,---,rs € Ko be all eigenvalues of the matrix representation p, of g with respect to
any fixed basis of 55(30’1’1). Then since pg is the identity matrix, every r; are roots of unity

in Kp. Since x(g) = 6, we have
ri+r+--+re =0,

and hence r; = 1 for all i. This means p, is the identity matrix, i.e. g-e; = e for all
(3,1, 1)-tableaux ¢. But this is impossible clearly. Therefore a # 6, and hence y has the
(L',2)-property.

We therefore conclude that Ss has the (L',2)-property, and hence Ss has the (L, p)-
property for all prime p.

Remark.
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In fact, this method can show that S5 has the (L”, p)-property. Indeed, we can use
proposition 3.4 to show that all irreducible characters of S5 have (L”, p)-property for all
p, except the case that the irreducible character y of S%l D has (L”,2)-property. However,
if we use same notations and the same method as in the above example, we will obtain

6= x|S<2) (e) = a+4b+ 4c, and we have shown that ¢ = 2. This means b=1orc=1,
5

and hence x has (L”,2)-property.

Example 3.7.
We are going to show that Sg has the (L', p)-property. Observe that all partitions of Sg

are

(6), (5, 1), (4,2), 4 L1, (33), (321,

(1,1,1,1,1,1),  (2,1,1,1,1), (2,2,1,1), (3,1,1,1), (2,2,2).

For the case p > 2, since (6), (5,1), (4,2), (4,1,1), (3,3), (3,2,1) are p-regular, we
conclude that Sg has (L', p)-property for p > 2 by proposition 3.4. It is the same method
as in example 3.6.

For the case p = 2, observe that all 2-regular partitions are
(6), (5,1), (4,2), (3,2,1),
and their conjugate partitions are
(1,1,1,1,1,1), (2,1,1,1,1), (2,2,1,1), (3,2, 1)

respectively. Again by proposition 3.4, all characters of their corresponding Specht mod-

ules have the (L',2)-property. To show the other characters have the (L’,2)-property,

by corollary 3.4 (2), it suffices to show characters of S%’l’l) and ng) have the (L',2)-

property.
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Again, we calculate dimensions of S}%’]’l), %S), and all simple K,S¢-modules. Ob-
5!
serve that the number of all standard (4,1, 1)-tableaux is 3o 10, and all standard

212!

(3,3)-tableaux is — 1 =15. So by proposition 2.19,

dimg, (Sig"") = 10 and dimg, (Sg”)) =5.

On the other hand, since the dimension of Dgg) is 1 since it is the trivial K»S5-module, and

by using proposition 2.22, we can calculate dimensios of Dgl) and D%z). The conclusion
is that

dimg, (D$")) = 4 and dimg, (D$V) = 4.

To see the dimension of Dg’z’l), of course we can use proposition 2.22 to calculate. How-

ever, it is a little complicate. So we want to use another way to find its dimension. Observe

321 is 16,
0

that the number of all standard (3,2, 1)-tableaux is 16. So the dimension of Sg(

Since |Sg| = 16 x 45, by proposition 3.5, any reduction mod m of S%z’l) is a simple K> Se-
(3,2,1) . ) (3,2,1)
module. Moreover, by lemma 3.3, we know S X is a reduction mod m of S Ko - So

(3,2,1) ~ (3,2,1)
K>

by proposition 2.24 (2), we obtain S =K,5s Dg,” ', and hence

dimg, (DG = 16.

Now we show that characters of S%M) and 5%3) have the (L',2)-property. Let

(4,1,1) 3,3)

(4,1.1) be characters of SKO , S§<o respectively, and let ¢(6), ¢(571), ¢(4’2>,

(3.3)

X s X

¢321) be 2-modular characters of Dgfz), Dg’l), Dg?z’z), D%z’]) respectively. Then we
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can write

pAL) \Séz) =a10© + 4,050 + 4304 + 44931

20 g = 019"+ 026150 +b39 12 1 byg 32U

for some a;, b; € NU{0}. Let e be the identity of Ss. Then since

dimg, (S ") = 10, dimg, (g V) = 5, dim, (DY) = 1,
dimg, (D) = 4, dimg, (D)) =4, dimg, (DY) = 16,
we have

10 = *1D] o (e) = 19 (e) + a0 (e) + a9 (e) + asp >V (e)

6

=aj +4ay+4az + 16ay,
and

5= 1|2 (€) = 519 (e) + 520V (€) +b39 2 () + b4 >V (e)

6

= by +4by +4b3 + 16b,.

Since a;, b; € NU{0}, the above equations imply that
a;=2,6,or10,and by =1or5

Therefore, to show x*1'1) and ¥ 3-) have the (L',2)-property, it suffices to show a; # 10
and by # 5.

Assume a; = 10. Denote g = (123)(4)(5)(6) € Se. Then 1.1 (g) = 10. Similary as
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in example 3.6, ¥V (g) = 10 will imply that g - ¢; = ¢, for all (4,1, 1)-tableaux 7. But
clearly this is impossible. So a; # 10. Using the same method, we can also conclude that
b (47171) (373) /
1 # 5. Hence characters of § k, ~ and Sg " have the (L',2)-property.
We therefore concldue that Sg has the (L',2)-property, and hence Sg has the (L, p)-

property for all prime p.

Remark.

Let A be a partition of n such that it is not 2-regular or their conjugate partitions. Let
x be an irreducible character of S’IO, and ¢ be the trivial 2-modular character of §,. In
the above two examples and in the case p = 2, we calculate the dimension of SI%O and
dimension of all distinct simple K;S,-modules, and using them to show ¥ | 5@ > ¢. Then

by a little work, we conclude that

Xlg0) 7 2(€)9,

where e is the identity of S, and this implies that ) has the (L’,2)-property.
However, this method does not always work. For example, consider n = 7. The
(4717151) 3

dimension of S Ko 1s 20, and dimensions of all distinct 2-modular characters of S; are

1, 6, 8, 14, 20. The equation
20 = aj +6ay + 8asz + 14a4 +20as, a; € NU {O}

can not guarantee that there exists i such that a; > 0.

Even though the method does not always work, it induce we think about a question,
that is, for any character } of G, can we find a p-modular character ¢ of G such that
either |5 = ¢ if x(e) = ¢(e), or x| ;) > ¢ with multiplicity smaller than x (e)/¢(e) if
x(e) # ¢(e)? In theorem 3.17, we will see that for any prime p and for any character ) of
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Sy, there always exists a p-modular character ¢ of G such that x| ) > ¢ with multiplicity

1.

3.2 Diagrams

In this subsection, we will introduce some tools which will be used to show theorem
3.17, that is, for any prime p and for any irreducible character y of §,, there always exists

an irreducible p-modular character ¢ of G such that | P > ¢ with multiplicity 1.
Definition 3.8.

(1) Consider a fixed origin, and a first axis pointing south and a second axis pointing east.

These axes construct a coordinate system, and we define vertices to be elements of
{(i,j) |i,j € N}.
We say a vertex (i, j) is higher than (k,1) if i < k. Similary define “lower than”, “to

the right of”, and ““to the left of”.

(2) We say ® is a diagram (for S,) if © is a set which collects n vertices such that if
(i,j) € ©,then (i, j— 1), (i—1,j) € D. The vertices which belong to © is called the

nodes of ©.

Let = (Ui, , lUy) be a partition of n and denote

Du={0,j)vertex | 1 <i<m, 1 <j<u}.

Then it is easy to see ®, is a diagram, and for any diagram ®, there is an unique
partition u such that ® = . In this case, we say the diagram © corresponds to i,

or U corresponds to ®.
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Let a be a fixed number such that the set {(a, j) | if (a,j) € ©} is not empty. Then
the set is called the a-th row of ®, and its cardinality is called the length of the a-th

Trow.

Let a be a fixed number such that the set {(j,a) | if (j,a) € ©} is not empty. Then
the set is called the a-th column of ®, and its cardinality is called the length of the

a-th column.

We say a diagram is p-regular if no p rows of it have the same length; otherwise the

diagram is called p-singular.

For two diagrams O, ©,, we say D > 9, if for every j,

Y (length of the i-th row of ©1) > ¥ (length of the i-th row of D)

i<j i<j
We say D>, if D1 > D) and D # D».
(3) If ® is a diagram for S,, which corresponds to the partition t of n, then we denote Yg
as the character of S .
0
If © is a p-regular diagram for S,, which corresponding to the p-regular partition y of
n, then we denote ¢5 as the p-modular character of D%p.
Definition 3.9.
— 1
(1) A ladder is a straight line joining the vertex (i,1) to the point (1, l—l +1). The
p —
vertices which a ladder passes through will be called the rungs of the ladder.

Note that the rungs of a ladder are (i,1), (i —(p—1),2), (i—2(p—1),3), and so on.
For example, let p = 3 and consider the ladder passing through (6, 1). Then the rungs

of the ladder are (6,1), (4,2), (2,3).
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(2) A subset of the rungs of a ladder is called a complete k subset if it consists of the top
k rungs of the ladder. We say a vertex x is the 1-st rung of a ladder / if x belongs to
the complete 1 subset, and x is the k-th (k > 1) rung of [ if x belongs to the complete

k subset of [ but not in the complete k — 1 subset of /.

For example, let p = 2 and consider the ladder passing through (3,1), (2,2), (1,3).

Then

{(1,3)} is the complete 1 subset,
{(2,2),(1,3)} is the complete 2 subset,
{(3,1),(2,2),(1,3)} is the complete 3 subset, and

{(3,1),(2,2)} is not a complete k subset for any k € N.

The vertex (1,3) is the 1-st rung of [, (2,2) is the 2-nd, and (3, 1) is the 3-rd.

(3) Suppose we have p colors, which we shall call 0,1,---,p — 1, Color the vertices by

letting (i, j) have the color which is the smallest non-negative residue of j —i mod p.

We say two diagrams ©1, ©, belong to the same block if and only if they have the
same color content, that is, for every i, the number of nodes of | colored i is equal

to the number of nodes of ®, colored i.

Proposition 3.10.

(1) All the rungs of a ladder have the same color.

(2) A diagram © is p-regular if and only if the following happens for each ladder [:

If the k-th rung of [ belongs to ©, then so does the k — 1-th rung of /.
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(3) Let ®; and ®; be two diagrams correspending to partitions | and U, respectively.
Then © and D, belong to the same block if and only if ), and y, lies in the same

p-block, that is, there exists an irreducible p-modular character ¢ such that

Xl g = ¢ and X, [ > 9.
Proof.

(1) let ! be a ladder and let (a,b) be a rung of . Then other rungs of / can be written as
the form (a — c(p —1),b+ ¢) for some integer c. Clearly, (a —c(p—1),b+c) and

(a,b) have the same color.

(2) Assume® is p-singular. Then there are p rows of ©, say a+ 1-th, a+2-th,: - - ,a+ p-th

rows, such that they have the same length, say m. So

(a+p,m)eDand (a+1,m+1) ¢D.

If we say (a+ p,m) is the k-th rung of a ladder [/, then the k — 1-th rung of [ is
(a+p—(p—1),m+1)=(a+1,m+1). So the k-th rung of / belong to D, but the

k — 1-th does not.

Assume D is p-regular. Let [ be a ladder and its k-th rung (k > 1) is (i, j). Then the
k—1-thrung of /is (i—(p—1),j+1). Let m be the length of the i-th row. Then
since ® is p-regular, the number of rows with length m is < p. So the length of the
i—(p—1)-throw must be >m+ 1. Hence (i— (p—1),j+1) € D, i.e. the k— 1-th

rung of / belongs to .

(3) To show this, we have to introduce “p-hook” and “p-core”. A p-hook of a diagram

® is a connected part with p-nodes of the rim of ® beginning with the last node of
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any row and ending with the last node of an earlier column, and these nodes can be
removed to leave a diagram. For example, consider following four diagrams. In (a)
and (b), the nodes which are connected by lines can be 5-hooks of D4 4 3). In (c) and

(d), the nodes which are connected by lines can not be 5-hooks of D 4 4 3)

(@ - - i_! (b) - - © - - i_! @ -

Moreover, we say a diagram is a p-core of © if we remove p-hooks in succession

from ® as many as we can. For example,

The last diagram is the 5-core of © 4 43). Note that a p-core of a diagram is unique

(cf., for example, [R] 4.53, page 85).
Now to see (3), we have to introduce two theorems:
Theorem. (Nakayama’s Conjecture)

Let ®1, ©; be two diagrams for S,. Then Yp,, Xp, are in the same p-block if and

only if ® and D, have the same p-core.

Proof. Cf., for example, [R], 5.36, page 98.

Theorem.

The p-cores of two diagrams are equal if and only if they are in the same block.
Proof. Cf., for example, [R], 5.42, page 99.

So we can see that (3) holds by this two theorem.
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Definition 3.11.
Let © be a diragram. Construct a new set ®” from © as follows. For each ladder [, if
[ hits ® in k nodes, replace these nodes by the complete k subset of /.

For example, let p = 3.

Ifo = , then ©" =

Proposition 3.12.

(1) ®"is a p-regular diagram.

(2) ® and ®" belong to the same block.
Proof.

(1) We are going to show ©” is a diagram. Assume x = (i, j) € ©". Let [ be the ladder
in which x lies, and say x is the k-th rung of /. First we claim that (i — 1, j) (if i > 1)
belong to ©”. Let [; be the ladder in which (i — 1, j) lie. Observe that the 1-st rung of
[1is

(i—=(k=1)(p=1),j+(k—=1)).
Assume

i—(k—D(p—1)=1.

Then the 1-st rung of /; is

(i—(k=2)(p—1)—=1,j+(k=2)).
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So (i—1,) is the k — 1-th rung of /;. Therefore, to show (i — 1, j) € ©" in this case,

we have to find kK — 1 nodes of © lie in /5.

Since x is the k-th rung of /, we can find k rungs of [ belong to D, say

(avb)7 (a_CZ(p_ 1),b—|—cz),~~- 7(a_ck(p_ 1)7b+ck)

with ¢; € Nand ¢; < -+ < ¢;. Note that for convinence, we denote ¢; = 0. So for any

a—c(p—1)>a—c(p—1)=i—(k—1)(p—1)=1L

Now since ® is a diagram, by the above inequality, we can guarantee that

(Cl—l,b), (a—Cz(p—l)—l,b+C2),'-' v(a_ckfl(p_l)_hb_l'ckfl) €9,

and since these nodes lie in /;, we conclude that /; hits ® in at least k — 1 nodes, and

hence (i—1,j) € D".

On the other hand, assume

i—(k—1)(p—1)> L.

Then the 1-st rung of /; is

(i—(k=1)(p—=1)=1,j+(k=1)).

So (i—1, j) is the k-th rung of /;. Hence in this case, we have to find k nodes of © lie
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in /. Observe that forany z=1,--- ,k,

a—c;(p—1)>i—(k—1)(p—1)>1.

So we can guarantee that

(Cl—l,b), (a—Cz(p—l)—l,b+C2),"~ ,(Cl—Ck(p—l)—l,b—l—Ck) €9,

and hence [ hits © in at least k nodes, i.e. (i —1,j) € D".

Next we claim that (i, j — 1) (if j > 1) belong to ©". Let I, be the ladder in which
(i,j—1) lies. Since

(i—(k=1)(p—1),j+(k-1))

is the 1-st rung of /, the 1-st rung of /; is

(i—(k=1)(p=1),j+(k=1)=1).

So (i,j—1) is the k-th rung of /,. Hence to show (i, j—1) € D", we have to find &

nodes of © lies in /5.

Assume b > 1. Then since

(a,b—1), (a—c2(ip—1),b+cr—1),--- (a—cr(p—1),b+cy—1) €D

and they are all lie in , we can see that [, hits © in at least k nodes, i.e. (i,j—1) € D".

Assume b = 1. Observe that since 1+c, < ¢ forallz=1,--- ,k— 1, we can guarantee
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that the following k — 1 rungs of /, exist and belong to ©:

(a—(p—1),b), (a—(1+c2)(p—1),b+c2), - ,(a— (1 +cx—1)(p=1),b+cp_1).

If there is an i between 2 and & such that 1 4 ¢;—| < ¢;, then the rung of /;

(a—ci(p—1),(b+ci)—1)eD

is distinct to the above k — 1 rungs. So /; hits ® in at least k nodes, i.e. (i,j—1) € D".

If we can not find such i, then it means

14c¢i1=ciforalli=2,--- k.

Note that if (a — cx(p —1),b+ ¢) is not the 1-st rung of /, then the rung of I,

(a—=(1+c)(p—1),b+c)

exists and belongs to ©. Hence [, hits © in at least k nodes, i.e. (i, j—1) € ®". So it

remains to consider the case

l+ciy=ciforalli=2,--- kand (a—cx(p—1),b+cy) is the 1-st rung of I.

However, in this case, we have c; =1, c3 =2,--- ,c;y =k — 1. So the 1-st rung of [ is

(@—ci(p=1),b+e)=(a=(k=1)(p=1),1+(k=1)) = (a—= (k= 1)(p—1),k),

and hence the k-th rung of [ is (a, 1), which means j = 1, which is impossible. Now
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we complete the proof of ©” is a diagram.

Finally, to see ®" is p-regular, it is clearly by proposition 3.10 (2).

(2) Itis clearly by proposition 3.10 (1).

Definition 3.13.

(1) Let ® be a diagram for S, and x € ©. If ©\ {x} is a diagram for S, _, then x is
called a removable node of ®, and write © —x for © \ {x}. The node x is called

regular-removable if ® —x is a p-regular diagram for S,,_1.

(2) The node x of ® is called a shadow node if x is regular-removable and no node higher
than or equal to x can be raised, retaining its color (the term “raised” means if y is
removable in ® and there is a vertex z which is higher than y and it can be added to

® —y to give a diagram, then we say y is raised to z).

We say © — x is a shadow of © if x is a shadow node of ©.

Proposition 3.14.

(1) A diagram ® has a shadow node if and only if ® is p-regular.

(2) Let ®; and ©; are p-regular diagrams in the same block and x, y are shadow nodes

of ©1, ©, respectively, If ©, ©, are distinct, then D —x # Dy —y.

Proof.

(1) Assume D is p-regular. Consider the longest ladder / which hits ©. Then since no
nodes of ® are to the right of this ladder or lower than this ladder, all rungs of / in ©

are removable. Let x be the lowest rung of / in ®. Denote m as the length of the row
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in which x lies. Since x is the lowest rung of /, the number of rows of ® with length
=m—11s < p—1. So the number of rows of ® — x with length =m —1 is < p.
Therefore ® — x is p-regular since © is p-regular, and hence x is regular-removable.

Now we claim that x is a shadow node of 9.

Observe that all removable nodes higher than or equal to x are rungs of / higher than
or equal to x, and so have the same color as x. Let y be one rung of them and we want
to raise y. Then positions which y can be raised to are only such vertices which higher
than y and below a rung of /, or to the right of the most right node in the first row of
©. If we raise y to z which below a rung ¢ of /, then z can not have the same color as
y since the color of 7 is the same as y. In the other case, we raise y to z which is to the
right of the most right node in the first row of ©. Denote (i, j) as the highest rung of
[. Then no any node in © can righter than (i, j), and since © is p-regular, we have
i < p. Since all rungs of / have the same color, the color of y is j —i (mod p), which
is not equal to j (mod p) because i < p. Now since no any node in © can righter
than (i, j), the coordinate of z is (1, j+ 1), and hence its color is j (mod p), which is
different than y. Hence y can not be raised, rataining its color, i.e. x is a shadow node

of ®.

Assume © is p-singular, and x is a regular-removable node of ©. Let (i, j) be the
coordinate of x. Then it means x lies in the i-th row of ® whose length is j. Since ©
is p-singular and x is regular-removable, the number of rows of © with length j is p.
So i > p and lengths of i-th, i — 1-th,---, i — (p — 1)-th rows are all j. If i = p, then
xcanberaisedto (1,j+1)=(i—(p—1),j+1). If i > p, then since the number of
rows of © with length j is p, the length of the i — p-th row is > j, and hence x can

be raised to (i — (p—1),j+1). In both cases, we all conclude that x can be raised
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to (i—(p—1),j+1), whose color is j —i (mod p). So x can be raised, retaining its

color, i.e. x is not a shadow node of .

(2) f 1 —x=2%,—y, then x, y have the same color since ®, D, are in the same block.
Since 1 # ®; and ®| —x =D, —y, x can not as high as y. Without loss of generality,
we may assume y is highter than x. Then it means x € ® can be raised to y retaining

its color, which is impossible since x is a shadow node. Therefore ®| —x # D, —y.
[

Definition 3.15.

Let ® be a p-regular diagram, and let / be the longest ladder which hits ©. Let x be
the lowest rung of / in ©. In the proof of proposition 3.14 (1), we see that x is a shadow
node of ©. The shadow node x is called the first shadow node of ©, and © — x is called

the first shadow of ®©.

3.3 The L"-Property of S,

In this subsection, we will see that S, has the L”-property. but the following lemma

should be introduced first. It will be used in the proof of 3.17.

Lemma 3.16. (The branching theorem)
Let u be a partition of n, and let x1,--- ,x, be all removable nodes of © . For all i,

denote 4; as the partition of n — 1 which corresponds to ©,, —x;. Then

Sn ~ (¢h A
Resg'  (Sk) = (Sg) @& (S5)

Theorem 3.17. (cf. [J2], theorem A)
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Let © be a diagram for S,,. Then
X0l > ¢or with multiplicity 1.

Moreover, if x| ) > ¢ for some irreducible p-modular character ¢ with ¢ # ¢5-, then

¢ = ¢p for some p-regular diagram D>2".

Proof.
For convenience, if E is a diagram for S, and E is a p-regular diagram for S, the

notation

XE| g = er, + -

menas g | s) > ¢g, with multiplicity e and all its other constituents belong to
{0g, | E2>E1}.
We will prove this theorem by induction. Assume that if E is a diagram for S,,_1, then
XE|55lp_)1 = Qpr+---.

We claim that it will also hold on an arbitrary diagram for S,. Note that it holds trivially

on Sj.
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Let © be an arbitrary diagram for S,,. Let

Xo = {x1,--- , x4} be the set of removable nodes of ©",
Yo ={y1, -+ ,y»} be the set of regular-removable nodes of D",

Zo ={z1, - ,zc} be the set of removable nodes of ©.

Put an equivalence relation ~ on Xp by x; ~ x; if and only if they are in the same ladder.
Then Y5 provides ~-class representatives (observe that each y; must lie in distinct ladders
since a node is regular-removable only if it is the lowest rung in ® of a ladder; on the
other hand, if {x,,,-- -xaj} is a ~-class, then they lie in the same ladder and the lowest x,,
is regular-removable). Note that the diagrams ®” — x; are totally ordered by > (the higher

x; is, the smaller ®" — x; is by ), so in particular, we may assume that

D =y D —yp > >D =y

Also note that under this assumption, y;_1 is higher than y;. Moreover, since y,---,yp
are in distinct ladders, if we denote /; as the ladder in which y; lies, then y;_; is either
lefter than /; or righter than /;. However, since ®” is p-regular, y;_; can not lefter than
li. So y;_1 is righter than /;, which means /;_; is longer than /;. Thus /; is the longest
ladder between [y, --- ,I,, and hence y; is the first shadow node of ©”. In this proof, we
continuously adopt the notation /;.

Denote r(y;) be the size of the ~-class containing y;. Then [} hits ®” in r(y;) nodes,
and so hits © in r(y;) nodes. Since all ladders longer than /; miss ©”, and so miss ©.

So the rungs of /; in ® are removable nodes of ©, and we may take them to be z; for
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i=1,---,r(y1). Thenfori=1,---,r(y;), we have
(D —z) =9 —y

(because y; is the lowest rung in ®" of /;), and for i > r(y;), we have
(D—z) =2 -y

for some j > 1 (Note that not every ®" — y; need turn up as a (D —z;)". For example,
p=3,9={(1,1),(2,1),(3,1)} has 1 removable node, but ®" = {(1,1),(2,1),(1,2)}

has 2 regular-removable nodes.). So by induction hypothesis, we have

%@—zi|S(P_)] =@yt =00y o, ifi=1,- 1 (y1),

X@—zils@l =gyt =00y, oo, i i > (1) (J# ).

Now observe that by lemma 3.16, we have Resgzi1 (xo) =Li(xo-)- So

Sﬂ
Resi, (o), = Llto-<lgp, = r0n)ory ++

(recall that ®" —y;>®" —y; for j > 1). Moreover, since ®"" = D" (so Yp = Ypr) and ©
is arbitrary, we also have
Sl'l
Resg'  (xor)lgm =r(y1)9or—y, +--

n—1

On the other hand, if x; ~ y;, then we have (D" —x;)" = ©" —y;. Since by lemma 3.16,
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we have Resi:f1 (xor) = Li(Xor—x,;)- So again by induction hypothesis, we have

Sn
Resg" (%@r)|s(p)l = Z(Xgr,xiﬂs@l 2 r(yj)oor—y,;-
n— l' n—

Using these results, we claim the following: (we denote this claim as (x))

If E is a p-regular diagram for S, (so E = E"), and v is a shadow node of E, then

Resg" (9) 2 r(v)9e v,

where r(v) denotes the number of rungs in E of the ladder in which v lies (it is identical

with the above definition). Moreover, if w is the first shadow node of E, then

Res | (95) = r(w)0e+-+-.

To prove this, observe that since E is p-regular, by proposition 2.24, we have

XElgp = 9p+---

So Resy’ I(XE)]S<,,) = Resg” (Xl S(p>) 2 Resg’  (¢r). Moreover, collecting this result
n— 1 n— 7 n—

and the previous results, we obtain (recall that a shadow node is regular-removable)

Resg” (xz)] s 2 Resy’ (9r),
S,
Resg"  (Xe)lgm =r(W)Oe—w+---,

n—

Resg” (x| 2 r(v)9e .

n—1

So, to prove (), it suffices to prove that there is no p-regular diagram E for S, satisfying:
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~ s,
E#E, xe| () 2 ¢z, and Resg’ | (95) 2 95—
Assume there is a such E. First observe that since XE| ) 2 ¢, by proposition 2.24,

we obtain

Ev L.

Moreover, since E is p-regular, we have %E|S,(1p> =¢z+---. So
Resy (%) s = Resg’ (%l s) 2 Resy (97) 2 9k
Thus by induction hypothesis, E has a removable node 7 such that
E—vD> (E—1).

Note that since E is p-regular,

(E—1) =E—s

for some removable node s of E. This two conditions
EvE andE—vEE—s

imply clearly that s is higher than v, and it is not hard to see that £ and E must be of the

form:

(1) There exist Ry 1, Rp 1, Ra2, Rp2, -+, Rams Rp m € N with
Ra,l < Rb,l < Ra.,Z < Rb,2 << Ram—l < Rb,m—l < Ra,m < Rb,m

such that
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the 1-st row, the 2-nd row, - -+, R, 1 — 1-th row of E and E

are equal, and the length of the R, -th row of E is one more than the length of the

R, 1-th row of E. Moreover, fori=1,--- ,m—1,
the R, ; + 1-th row, ---, R, ; — 1-th row of E and E

are equal, and the length of the R}, ;-th row of E is one more than the length of the

R}, i-th row of E, and
the Ry, ; + 1-throw, - -+, R, ;11 — 1-th row of E and E

are equal, and the length of the R, ;1 1-th row of E is one more than the length of the

R, i+1-th row of E. Finally,
the Ry + 1-throw , - - -, the Ry, ,, — 1-th row of E and E

are equal, and either

e The last row of E is exactly the Ry, ,,-th row and its length is 1, and the last row

of E is exactly the Ry, ,, — 1-th row.
or

e The number of rows of E and E are equal. The length of the Ry, ,-th row of E
is one more than the length of the Ry, ,,-th row of E , and rows of E and E which

below to the Ry, ,,-th row (if exist) are all equal.

(2) The node s is the rightest node of the R, | — 1-th row, or the R, ;-th row of E.

The node v is the rightest node of the Ry, ,,-th row of E.
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(3) Note that for each i, the rightest node in the Ry, ;-th row of E is removable.

For example,

Row E Row E

| | N ]
2 =Rg1| - - 2 =Rg1| - -

3 3

4 e and 4

5 :Rb71 e 5 :Rb,l

6 R 6

T =Rup| - - 7 =Run

8 =Rpp |[]

The nodes which are marked in £, E are v, s respectively.

Now since yg| s > ¢z and xz| s > ¢z, the diagrams E and E are in the same p-
block, and hence by proposition 3.10 (3), they are in the same block. Moreover, if we
denote a; as the rightest nodes in the R, ;-th row of E , and b; as the rightest nodes in the
Ry, i-th row of E for all i, then by using the above observation, we can see that if we raise

b; into the R, ;-th row of E for all i, then we can obtain E from E. So
the set of the colors of by,---, by,

is equal to
the set of the colors of ay,--- ,ay,,.

This implies that there exists one of by, - - - , b, has the same color as a;, which contradicts
to the assumption that v is a shadow node. Thus such E does not exist, and hence we

complete this claim.
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Go back to this theorem. Recall that we have shown

Sn
Ressn—l (XQ)‘S(M == r(yl)(p@riyl + -

n—1

and we want to show

Xolyp = 9or+--

Let E be a p-regular diagram with x| o) > @ and let w be the first shadow node of

E. Then by (x), we have
Resy (20| s = Resy” (xol s) 2 Resg (9) = r(w)@e w+-- .
So we obtain E —w > ©”" — y;. On the other hand, since
Resy (%o s) 2 Porys

there is some such E, say E1, such that

Resng1 (0F,) 2 9pr—y, -
Moreover, by (%), since (here w; denotes the first shadow node of E)

Resy’  (95,) = r(w1)fg, o+

we obtain ©” —y; > E; —wq, and hence

@r—yl :El—Wl-
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Now observe that since xp| s > ¢p, and Xg, | s > ¢g,, by proposition 3.10 (3), ® and
Ej are in the same block, and since ® and ®" are in the same block by proposition 3.12
(2), ®" and E are in the same block. Thus by proposition 3.14 (2), since ®" and E are

p-reuglar and they are in the same block, the fact ©” —y; = E; —wj implies
D" =E|,
and hence Y| s = ¢or. Moreover, observe that (x) gives us

Sn
Resg'  (¢or) = r(yi1)¢or—y, +--

and recall again that we have shown

Sn Sn
ResSﬂfl (X©|S£lp>) - Ressnfl (X©)|S(”)1 - r()’l)(f’@fyl +o

So these imply that the multiplicity of ¢ in Yo | ((p) MuSt be 1.
It remains to show that if E is a p-regular diagram with E # D" and y | P > ¢k, then

E 97", First observe that since

Sy
ReSSn71 (X@ |Sr(zp)) - r(yl)(])@riyl —|— .
ResY' (0F) > Op

Resg:i_l (¢E) Z ¢’D’—y17

we have

E—w>®D" —yy,
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where w is the first sahdow node of E. Let B be the set of nodes of E not lower than w.

Because ®" —y; is p-regular and E —wp>D" —yy,

(xx) the set of nodes of ©" — y; not lower than w are contained in B.

Indeed, if it is false, then there is a node x, which is not lower than w, of ®" —y; such
that it is to the right of the ladder in which w lies. Note that there is no node of E to the
right of the ladder of w since w is the first shadow node of E. Say x lies in the i-th row
of ®" —yj. Then the fact ®" — y; is p-regular implies that for all j < i, the length of the
J-th row of ®" —yy is greater than the length of the j-th row of E (because by proposition
3.10 (2), if the k-th rung of a ladder / belongs to ©" — y;, then so does the k — 1-th rung
of /), and this contradicts to E —wp>D" —y;.

Observe that there are only three possibility that y; may lie in ©":

(1) y; belongs to B. (i1) yp is lower than w. (ii1) not (i) and (ii).

In the first case, by (x*) and E —w>D" —yj, we can see that E>®". In the second case,
by E —wp>®" —y;, we also can see that E>®". Now we show that the third case is
impossible.

Assume the third case holds, then it means y; is not lower than w, and y; does not
belong to B. Since ®” is p-regular, (*x), and no node in E is to the right of the ladder
in which w lies, the node y; is either in the rightest node in the first row of ®”, or below
the 1-st rung of the ladder in which w lies. In both cases, w and y; have distinct colors.

Moreover, since y; belongs to ©” —y; for all j > 1, the diagram E —w 2 ©" —y;. Recall
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that we have shown

n— n—1

S
Y Xo-ulyn =Resg (x0)lgn 2 Oe-w
i 1

X@—Zi’s([’)l :(P@r_y1+"-,ifi: 17 7r<y1)7

n—

XQ*ZJS(P)] :¢©r*yj+"1fi>r(yl) (]‘7é 1)

n—

So the fact E —w ¥ ©" —y; implies that thereisai € {1,---,r(y1)} such that

Xo—zlgr) 2 OE-w-

n—

Moreover, since E —w is p-regular, we also have
XE-wlgm) 2 OE—w-
n—1
So ® —z; and E — w are in the same block by proposition 3.10 (3), and hence
(D —z) and E—w

are in the same block. Note that (D — z;)" =©” —y;. Now the fact y; and w have distinct
colors means ®" and E are not in the same block, and hence ®© and E are not in the same

block. However, recall that

Xolgr > 9,

and since E is p-regular, we also have

XE|gp = 9E-
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So ® and E are in the same block by proposition 3.12. This gets a contradiction.

Now we completes the proof of the theorem.

Corollary 3.17.1.

The group S,, has the L -property.

Proof.

It is obvious by theorem 3.17.
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4 AboutA,

Recall that (Ko, R, K)) is a splitting p-modular system for G. But (Ko, R, K),) may not
be a splitting p-modular system for H. So in this section, we assume that (Ko, R, K},) is a
splitting p-modular system for H and for G. For example, if m =lcm(ord(g) | g € G) and
K contains the m-th root of unity, then it is a splitting p-modular system for any subgroup
H of G (cf., for example, [S1], theorem 24, page 94). In the case H =A,, and G = §,,, if
(Ko,R,K)) is a splitting p-modular system for A,, then it is also for S,,.

To investigate a minimal p-splitting field for G, let char(F) = p, F be the algebraic
closure of F, M be a FG-module, S be a F-basis of M, 6;,” :M — M given by m— g-m,
and pé,” be the matrix representation with respect to S. Then by [I], theorem 9.14, page
150, if F contains Tr(pé,” ) for all non-isomorphic simple FG-module M and all g € G,
then F is the minimal p-splitting field for G. But it may not be ture when char(F) = 0.

To be an example, we list minimal s-splitting fields of As, where s =0, 2, 3, and 5.
The field @(\/3 ) is a minimal O-splitting field of As. The field 4, Fy, and F5 are minimal
2, 3, and 5-splitting fields of As respectively, where IF, denotes the finite field of order q.
For more information about the p-splitting field of A,,, one may see [W], theorem 4.1.3.
It tells us a p-splitting field of A, should contain a special element.

Let f be an irreducible character of A,. To show that f has the the (L”,2)-property,
or (L', p)-property for p > 2, observe that there exists an irreducible character ) of S,
such that Resf{; (x) > f, and hence Resf\’; (X|S,SP)) = Resi’:l (x)|A’<lp) o) f|AS1p). So we will
discuss about Resfcl (x) and Resfcl (¢) for any irreducible character ) and any irreducible
p-modular character ¢ of S, using Clifford’s Theorem. Also theorem 3.17 gives us im-
portant informations about ¥ | s when showing that f has the (L', p)-property for p > 2.

Note that by using Frobenius Formula (cf. for example, [F], 4.10, page 49), we can
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obtain the character table of S, for all n. Moreover, if ¥ is an irreducible character of S,,,
then lemma 4.18 tell us when Resf"; (x) splits, or be an irreducible character of A,. So by
investigating the character value of Resi’; (x) when it splits, we can obtain the character
table of A,, by the character table of S,, (cf. for example, [F], proposition 5.3, page 66).

For more informations about irreducible characters of A,, one may see [F1] and [F2].

4.1 Tools

Proposition 4.1.
Let x1,---, xm be all distinct irreducible characters of G and let M; be a KyG-module
which affords y;. Then

dimKo HOIIlKog(Ml',Mj) = 5,‘]'.

Proposition 4.2.
If V is a projective K,G-module, then there is a unique (up to isomorphism) RG-lattice

M such that its reduction mod mis V.

Proof.
Cf., for example, [S1], proposition 42, page 119. Note that the completion of Kj is

necessary.

Definition 4.3.

A FG-module homomorphism f : A — B is called essential if f(A) =B and f(A") #B
for all proper F G-submodule A’ of A.

Let P be a projective F G-module. We say P is a projective envelope of an F'G-module

M 1if there is an essential F'G-homomorphism from P to M.
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Proposition 4.4.
(1) Every FG-module M has a projective envelope which is unique up to isomorphism.

(2) Let My,--- ,M; be FG-modules and let P, be the projective envelope of M;. Then

k k
@ P; is the projective envelope of & M,;.
i=1 i=1

(3) Let Ey, E» be simple K,,G-modules, and let P; be the projective envelope of E; for

i=1,2. Then P =k, P if and only if E; =k,G Ea.

Proof.

Cft., for example, [S1] proposition 14.1, page 117.

Proposition 4.5.
Let Ey,-- -, Ej be all distinct simple K, G-modules, and let P; be the projective enve-
lope of E;. Then each P; is indecomposable among projective K,G-modules. Moreover,

if V is a projective K,,G-module, then
V=elP& - -DeP;

for some ¢; € NU {0}.
Proof.

Cf., for example, [S1], corollary 1, page 140.

Proposition 4.6.
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Let Ey,- -, E; be all distinct simple K, G-modules, and let P; be the projective enve-
lope of E;. Then

dimg, Homg, (P, Ej) = &;;.

Proof.

Cf., for example, [S1], page 121.

O
Proposition 4.7. (Frobenius Reciprocity)
Let M be an FH-module, and N be an /'G-module. Then
HomFH(M,Res}GI(N)) = HomF(;(Indg(M),N).
Proof.
Cf., for example, [CR], theorem 10.8, page 232.
O

Definition 4.8.
Let M be a semisimple F G-module and write M = e M| & - - - P e, M} for some pair-
wisely non-isomorphic F'G-module My, --- My, and some ey, --,e; € N. Then e;M; is

called an F'G-homomgeneous component of M.

Definition 4.9.

(1) Assume H < G. Let M be an FH-module. For any g € G, define M) as an FH-

module which M(¢) agrees with M as abelian group, and forany h € H,me M 8),

h-m:= (g 'hg)m.
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We say two FH-modules M, N are conjugate (under G) if N =pg M (&) for some

geG.

(2) If F = Ky and yyy is the characters of M, then we denote

18 (h) = xm(g "hg).

It is the character of the KoH-module M(¢). We say x» and a character y are conjugate

(under G) if y = xg) for some g € G.

(3) If F = K, and @y is the p-modular characters of M, then we denote

08 (h) = om (g 'hg).

It is the p-modular character of the K,H-module M (&), We say ¢y and a p-modular

character ¢ are conjugate (under G) if ¢ = (])]Ef) for some g € G.

Theorem 4.10. (Clifford’s Theorem)
Assume H < G. Let V be a simple F'G-module, and M be a simple F H-submodule of

Res% (V). Then Res$ (V) is a semisimple F H-module. Moreover,

(1) Let
M be the F H-homogeneous components of Res$ (V) containing M,
H = {x € G| xM = M} be the stabilizer of M (note that H < G),
g1, - .8k be a set of representative of G/FI
Then {M($) |i=1,--- k} is a complete set of non-isomorphic conjugates of M, and
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each appears with the same multiplicity # € N in Res$ (V), i.e.
k
Res§ (V) Xpy @& tM(80),
i=1

(2) The module M is a simple F H-module and we have

~ Gy
|% =FG Indﬁ(M)

(3) If F =Ky or K, then > < |H : H|.

Proof.
For (1) and (2), cf., for example, [CR], theorem 11.1, page 259. Now we are going to
show (3).

k
Assume F = Kj. Since Resg(V) =kH D tM(8) | we have
i=1

1=

k
dimg, Homg,z (Res (V),Res$ (V) = th dimg, HomKoH(M(g"),M(gi)) =|G:H|%.
i=1

On the other hand, by proposition 4.7, we have
dimg, Homg, ;7 (Res$ (V),Res$ (V) = dimg, Homg,g(Ind$j (Res$ (V)), V).

Note that since V occurs in composition factors of Ind (Res% (V)) at most |G : H| times,
we have

dimg, Homg,(Ind$ (Res$; (V)),V) < |G : H|.

Therefore, we obtain |G : H|> < |G : H|, and hence 1> < |H : H|.
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Assume F = Kj,. Denote

P; : the K,H projective envelope of the K, H-module M (g"),

Presg(v) : the K,,H projective envelope of the K,H-module Res; (V),

Py : the K,,G projective envelope of the K;,G-module V.

First observe that by proposition 4.4 (2), we have

On the other hand, let f be an essential K,G-homomorphism from P, to V. Then f
is a surjective K,H-homomorphism from Res%(Py) to Res% (V). Let & be an essential
K, H-homomorphism from Py y) to Res% (V). Then since Res%(Py) is a projective

K,H-module, we have the following commutative diagram

PResg(V)

Jg
]
Res% (Py) SN Res% (V)

-

where g is a K,H-homomorphism from Resy (Py) to PResf, Wv)- Moreover, since h is es-
sential and f is onto, g must be onto, and since PResg(v) is projective, the fact g is onto
implies

Res$ (Py) ZKpH Prest(v) @ker(g)

(Note that ker(g) is also a projective K,H-module). So

k
Res$ (Py) =Kk,H (‘@1 tP,-) D ker(g),
=
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and hence by proposition 4.6, we obtain

dimg, Homg p (Res (), Res§ (V) > ki = |G : H|r*.

On the other hand, by proposition 4.7, we have

dimg, Homg (Indfj (Resg; (Py)),V) = dimg, Homg i (Resfj (Py),Resg; (V).

Since IndY;(Res$ (Py)) = K,G K, H Res$ (Py), it is a projective K,G-module, and its
dimension is

|G : H|dimg, (Py).

So if we write Ind% (Res%(Py)) as the direct sum of some indecomposable projective
K,G-modules, then Py occured in it at most |G : H| times (recall that Py is an indecom-

posable projective K,,G-modules since V is a simple K,G-module). So

|G : H| > dimg, Hoprg(Indg(Resg(Pv)), V).

Now combine these inequalities, we obtain |G : H| > |G : H|r2, and hence |H : H| > 12,
[

By theorem 4.10 (3), we immediately have the following two lemmas.

Lemma 4.11.

Assume H < G with |G : H| = 2. Let x be an irreducible character of G. Then
either Res$ (x) is irreducible or Res% (x) = x1 + 12

for some distinct irreducible characters y;, x> of H, where )1, x> are conjugate.
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Lemma 4.12.
Assume H < G with |G : H| = 2. Let ¢ be an irreducible p-modular character of G.

Then
either Res$ (¢) is irreducible or Res% (¢) = ¢; + ¢

for some distinct irreducible p-modular characters ¢, ¢, of H, where ¢, ¢, are conjugate.

Lemma 4.13.
Let f be an irreducible character of H. Then there is an irreducible character y of G

such that Res%(x) > f.

Proof.
Let M be a simple KyH-module which affords f. Since KoH is a KoH-submodule of

Res (KoG), we have

dimg, Homg, ;7 (Res (KoG), M) # 0.

On the other hand, let Vi, --- ,V,, be all non-isomorphic simple KyG-modules of G. Ob-
serve that

KoG gK()G dim[(o (V])Vl @ e @ dimKo (Vm)vm

So

Res (KoG) 2k, dimg, (V1) Res (Vi) @ - - - ® dimg, (Vi) Resg (Vi)

Hence

0 # dimg, Homg,z (Res$ (KoG), M Z dimg, (V;) dimg, Homg, g (Res$ (V;),M).
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This means there exists a j € {1,2,---,m} such that dimg, Homg,y (Res%(V;), M) # 0,

ie. ResG(x;) > f

4.2 The (L”,2)-property of A,

When we restrict irreducible p-modular characters of S, from §,, to A, the two cases
p =2 and p > 2 present different phenomenons. So we have to separate our discussion
into these two cases. In this subsection, we focus on the case p = 2, and in the next

subsection we focus on the case p > 2.

Lemma 4.14.
Let ¢1, ¢, be two distinct irreducible 2-modular characters of S,. If o], 0, are two

irreducible 2-modular characters of A,, with
ReSf{;(‘Pl) > oy and Resf;; () > 0,
then o] # 0».

Proof.
If 61 = 03, then by theorem 4.10 (1), we have Resf{; (¢1) = Resi’; (¢). However, since

S,(lz) = Aﬁf), the above equality means ¢; = ¢, which gets a contradiction. Thus o] # 0.

O

Theorem 4.15.
Let f be an irreducible character of A,,. Then there exists an irreducible 2-modular

character o of A, such that f| 4020 with multiplicitly 1.

Proof.
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Let f be an irreducible character of A,,. Then by lemma 4.13, there is an irreducible

character y of S, such that Resi’:l (x) > f. Note that by theorem 3.17,

X|S,(12) = ‘P,Ul +a2¢,u2 T+ +am¢um’

where m e N, ap,--- ,a,, € N, and uy,--- , W, are 2-regular partition of n such that y; >
forall i =2,---,m (note that if m = 1, then it means %|S§2> = Pu,)-

If f(¢) = f for all g € S, then by lemma 4.11, Res?" (x) = f. So
Flyor =Resy (0], 00 =Resy (] ) =Resy’ (§,) +arRes (9,) - +anResy! (9,).
Now by lemma 4.12, there is an irreducible 2-modular character ¢ of A, such that
Resfcl (¢y,) > o with multiplicity 1,
and by lemma 4.14, fori =2,--- ,m, Resijl((pul.) > o is impossible. So
fl A > o with multiplicity 1.

If there exists g € S, such that /(&) # . Then by lemma 4.11, Resfcl (x) = f+f©.

So

flyo + 7190 = Resi (9u) +azResy (9) + -+ amResy (4y,,)-
Let o be as above. Then
either f]A’(12> > 0 or f(g) |A’(12> > 0o,
or equivalently,

f|A(2) Z O Oor G(gil).
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Since Resf\’r’l (¢y,) > o and (&™) by Clifford theorem, Resfcl (¢y;) > o or o(¢) s im-

possible for i =2,--- ,m by lemma 4.14. Hence we conclude that

fl Lo =0or o€ with multiplicity 1.

]
Corollary 4.15.1.
The group A, has the (L”,2)-property.
Remark.
In the case p = 2, bceause 51(12) = Aglz), we can prove theorem 4.15 without introducing

many informations about irreducible 2-modular characters of S,. But in the case p > 2,
we will introduce four lemmas to show that A, has the (L', p)-property.

For more informations about irreducible 2-modular characters of S, one may see [B].

4.3 The (L, p)-property of A, for p > 2

In the subsection, we will show that A, has the (L', p)-property for p > 2. To show
this, the following lemmas are necessary. Note that the notation p do not assume > 2

unless we explicitly mention it.

Lemma 4.16.
Assume H < G with |G : H| =2. Let s = 0 or p and M, M, be two non-isomorphic
simple K;G-modules such that Resg (M) =k, V1 @V, for some non-isomorphic simple

KH-modules V1, V, which are conjugate (it may happen by lemma 4.11 and lemma 4.12).

(1) If Resg (M3) =k, i V3@ Vafor some non-isomorphic simple K;H-modules V3, V4 which

are conjugate. Then Vi, V», V3, Vy are all non-isomorphic as K;H-modules.
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2) If Resg (M) := Vs for some simple K;H-modules Vs, then Vi, V,, Vs are all non-

isomorphic as K;H-modules.

Proof.

(1) Observe that by theorem 4.10 (2), we have

My =2k ¢ Ind$ (V1) 2k 6 Ind% (Va), My 2k 6 Ind$ (V3) 2k 6 Ind$ (Vy).

If V; =g,z Vj for some i =1 or 2 and j = 3 or 4, then

M, =k ¢ Ind§j (Vi) =k ¢ Indfj (V) k6 Mo,

which gets a contradiction. Thus V7, -- -, Vy are all distinct.

(2) Itis clearly by theorem 4.10 (1).

Lemma 4.17. (Schur’s Lemma)

Let s =0 or p. Let X and Y be simple K;G-modules such that there is a K;G-
isomorphism z from X to Y. Let xy,---,x; be an any fixed Ki-basis of X. If f is a
KG-isomorphism from X to Y, then there is an [ € K, such that f(x;) = [ x z(x;) for

all i.

Proof.
Let L be the algebraic closure of K;. Then by the assumption of K, L ®k X and

L®g, Y are simple LS,-modules.
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Let A € GL,(K;) be the matrix representation of f by xj,---,x and z(x1),- - ,z(x).
Consider the map

1®fﬁL®KSX _>L®Ks Y.

Observe 1 @x1,---, 1 ®x; and 1 ®z(x1),---, 1 ®z(x;) are L-bases of Lk, X and LRk, Y
respectively, and the matrix representation of 1 ® f by these two bases is A. Let [ € L be

an eigenvalue of A. Consider the map
g: L®KvX — L(X)[(‘Y Y, 1 X x; —> l®z(x,~).

Then the matrix representation of | @ f —gby 1®x, -+, 1®x, and 1 ®z(x1), -+, 1 ®z(x)
is A — [1d, where Id is the identity matrix in GL,(L).
Now since [ is the eigenvalue of A, the kernel of 1 ® f — g is non-trivial. So the fact

L®g, X is simple LS,-module implies 1 ® f — g is a zero map, i.e.

A=I[Id.

Hence [ € K, and f(x;) = [ x z(x;) for all i.

Lemma 4.18.

Let u be a partition of n. Then
(1) If u # u’, then Resf":l (Slléo) is a simple KpA, module.

(2) If u = ', then Resf\’; (S[‘éo) =ko4, V1 @ Vo for some non-isomorphic simple KpA,-

modules Vi, V, which are conjugate.

Proof.
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First observe that by proposition 2.25 and proposition 2.20,
1) -~ / -~ l
Slﬁéo ®K0 S;(O ) =KoSn (Sll.éo)* =KoSn SI‘Lé()
(n)
Also observe that since Resi’; (Sg0 )) is the trivial KypA,-module, we have

!
Res}y (Sk ) Zkya, Resy' (Sk. ).

(n)
Assume Resf{,‘l (S%O) is simple. Then Resf"; (S[*é0 ®K, Sgo )) is also a simple KpA,-

modules. If u = i/, then there is a KyS,,-isomorphism

1(m)
f:Sk ok, Sk, ) Sk .

(n)
Note that f is also a KpA,-isomorphism from Resi’l’l (Slléo ®K, Sgo )) to Resi’; (SI‘éO). Let

1('1))
0

71, ,Z be a basis ofSI‘éO, and let u be a basis ong( . Then z; ®u, -+ ,z; @ u is a basis

(n)
of S%O ®K, S% ). Note that for 7 € Sns

u if 7 is an even permutation

—u if 7 is an odd permutation.

Now by lemma 4.17, since the map
ZiQu—z;

(n)
is a KyA,-isomorphism from Resi’; (Sféo ®kK, Sgo )) to Resi’; (Sl‘éo), there is a [ € K such
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that

fzi®u) = lz.

However, since f is a KyS,-homomorphism, if & € §,, is an odd permutation, then
I(—7-z) = f((—7mz) Qu) = f(n(zi®u)) = nf(z;Qu) = - (Iz;),

which gets a contradiction. Thus we obtain u # u/'.
Assume Res>" (S& )2 4 'V, @ V5. Then since Res>" (S5 ) 2k 4 Res>" S“/) byl
4 (Sk,) Zkoa, Vi & V2. Thensince esAn( KO)_KOAn esAn( k,)» by lemma
4.16 (1), we obtain i k., Sk . and hence 1 = p'.

Now we completes this lemma.

Lemma 4.19.

Assume p > 2. Let ¥ be an irreducible p-modular character of A, such that there is
an irreducible character ¢ of §,, with Resi’;(q)) = V. Then ¢ and ¢ - sgn are distinct, and
they are the only two p-modular characters of S, such that its restriction to A, is V.

(p)

,and fort € §;; 7,

(n)
Note that sgn is the p-modular character of Dgp )

1 if 7 is an even permutation
sgn() =

—1 if w is an odd permutation.

Proof.

Let u be a p-regular partition of n such that Dllép affords ¢. Then ¢ - sgn is the character
of

u (1m)
DKp ®Kp DKP .
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(n)
Note that D%p Qk, Dgp Jisa simple K,S,-module by lemma 3.1 and

Sn 1)y Sn ~
RCSAn (sz ®KP Dg(p )) =KpAy ReSA,, (D%p) =KpAy, V,
where V is a simple K,A,-module which affords y.
If @ = ¢ -sgn, then there is a K,S,,-isomorphism

. i u (10m)
f.DKp—>DKp®KPDK}) .

. . . S, S, 1()
Note that f is also a KpA,-isomorphism from Res;" (D’,ép) to Res" (D‘,ép ®K, DE{,, )). Let
(n)
X1, ,X% be a Kj-basis of Dllép and u be a K),-basis ongp ). Then x; ®u,--- ,.x; @uis a

. (n)
K,-basis of D%p Rk, Dgp ), and the map

Xi—=>XxiQu

()
is a K,A,-isomorphism from Resi’; (Dl‘ép) to Resf(; (sz ®K, Dgp )). So by lemma 4.17,

there is a [ € K}, such that

fxi)=1(x;i®@u).

However, since f is a K,S,-homomorphism, if 7 € S, is an odd permutation, then we
have

I((7x;) @u) = f(mx;) = wf(x;) = wl(x; @u) = —1((7x;) @u),

which gets a contradiction since p > 2. Therefore

¢ # ¢ -sgn.

For the second part, if W is a simple K,S,-module such that its irreducible p-modular
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character w of S,, satisfies Resf\’; (w) =y (e. Resf{; (W) =k ,4, V), then by proposition
4.7,

1 = dimg, Homg 4, (PV,ResiZ (W)) = dimg, Homg s, (Indi’; (Py),W),

where Py is the K,A,-projective envelope of V. Note that Indj’; (Py) is a projective K,S,-
module. So by proposition 4.5, if we write Indf{; (Py) as the direct sum of indecomposable
projective K, S,-modules, then Py occured in it with multiplicity 1, where Py is the K,S,-
projective envelope of W.

(n)
gp ) satisfy

I oY M
From now on, we know W := DKp and W, .= DKp ®k, D
Resy’ (W;) 2,4, V.

Hence Py,, Py, occured in the direct sum of indecomposable projective K,S,-modules
of Indf{; (Py) with multiplicity 1. Note that by proposition 4.4 (3), Py, and Py, are non-

1somorphic since W; and W, are non-isomorphic. Hence

2dimg, (Py) = dimg, (Ind}" (Py)) > dimg, (Py,) + dimg,, (Py,).

Also note that in the proof of theorem 4.10 (3), we have seen that Resf;’; (Pw,) is a projective

K,A,-module, and
RCS:Z':[ (PWZ) gKPAVI PReSi" (W:) Dz ngAn PV ©Z
for some projective K,A,-module Z. Hence

dimg, (Py,) = dimg, (Res)" (Py;)) > dimg, (Py).
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Therefore, 2dimg, (Py) = dimg, (Indy’ (Py)) = dimg,, (Pw, ) + dim, (Py,) and hence

Indy (Py) s, P, © P,

Therefore, we cannot find another simple K,S,,-module W3 which is not isomorphic to W;
and W, such that Resi’:l (W3) = K,A, V, and hence ¢ and ¢ - sgn are the only two p-modular

characters of S, such that its restriction to A, is V.

Lemma 4.20.
Assume p > 2. Let A be a partition of n, and let y; be the irreducible character of S,’I(O.

If x; () = 0 for all odd permutation 7w € S\, then A = A/

Proof.

By [W], corollary 2.1.2 (iii).

Theorem 4.21.

The group A, has the (L', p)-property for any prime p > 2.

Proof.
Let f be an irreducible character of A,. Then by lemma 4.13, there is a partition
A of n such that the irreducible character y, of the Specht K;S,-module Sl’l(O satisfies

Resf(r'l (x1) > f- Note that since S,, has (L', p)-property,

either 3| = 9o Or Xalgn) = @11+ + anfm,

where m, a; € N, m > 1, and ¢; are irreducible p-modular characters of S,,.
Assume f does not have the (L', p)-property, then f| 4 =ro forsomereN, r>1,

and irreducible p-modular character o of A,,. We want to get a contradiction.
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If A # A/, then by lemma 4.18, we have Resi’; (x2)=1f-So

: : either Resf":l (o)
ro = [l =Resy (X2, =Resy, (Xalgn) =
or ai Resi"’l((m) +~-+amResi’;(¢m).

In the first case, by lemma 4.12, it is clearly that it implies » = 1, which gets a contradic-
tion. In the second case, by lemma 4.12, Resi’; (¢1),-- ,Resi’;((pm) must be irreducible,

and by lemma 4.19, m must be 2, ¢; and ¢, are distinct, and ¢, = ¢@; - sgn. So we obtain

Xalgp = @191 +azgr -sgn.

Now by the first part of theorem 3.17, there exists i such that @; = 1, say a; = 1. On the

other hand, observe that
xn g = (X2 - sgn)| ) = a2¢s + @1 - sgn.
So again by theorem 3.17, a; must be also 1, i.e.

Xalgp = @1+ @1 -sgn.

This means j () = 0 for all odd permutation 7 € S,(f ). Hence by lemma 4.20, it implies

that A = A/, which gets a contradiction.

If A = A/, then by lemma 4.18, there exists a conjugate chatacters f’ under S,, which
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is not equal to f such that Resf{; (x)=rf+f"So

S either Resi’; (o)
ro+ro’ :f\A ») +f/|A,(1p) :ReSAZ(X)L”AI(f) =

(
or aj Resf";(q)]) +-Fap Resi’;(q)m),

where o, ¢’ are conjugate under S,,.
Assume 6 # ¢’. Then
() If ro+ro’ = Resi’:l (¢o), then by lemma 4.12, we have r = 1, which is impossible.
S"l

(i) If ro +ro’ =a; Resﬁ’;((pl) + -+ +apyRes," (§n), then by lemma 4.16, since m > 2,

each Resfcl (¢;) is irreducible. Moreover, since ¢ # o', there exists i, j such that
Res>" (¢;) = o and Res" (¢;) = o’
A, \Yi A \PJ .

But by theorem 4.10 (1), Resi’; (¢;) = 0 and 0 # o’ can not hold simultaneously.

So this case is impossible.
On the other hand, assume ¢ = ¢’. Then

(i) Ifro+ro’ =2ro = Resf(; (¢o), then by lemma 4.12, the case is impossible.

(ii) If ro +ro’ =2roc = a; Resi’;(d)l) 4+ tap, Resi’;( m), then by lemma 4.12, each

Resi’; (¢;) is irreducible, and by lemma 4.19, m must be 2, ¢; and ¢, are distinct,
and ¢, = ¢; - sgn. So

X |S,<z”) =a1¢ +ax¢; -sgn.

Same reason as above, theorem 3.17 gives a; = ap = 1. So

2rc = aiRes)’ (¢1) +azRes)’ (¢2) = Resy (1) +Res? (¢) = 20,
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which means r = 1, and we gets a contradiction.

Therefore, we get contradictions in all cases, and hence f has the (L', p)-property. This

means A, has the (L, p)-property since f is arbitrary.

Remark.

In the proof of theorem 4.15, we show that A, has (L”,2)-property for all n by using
the fact that S, has (L”,2)-property. However, in the case p > 2, proceed as we do in
the proof of theorem 4.21, we can only show that A, has (L, p)-property, not the (L”, p)-
property.

Let f be an irreducible character of A,. Assume f = Resf;’; (x) for some partition A
of n with A # A'. Write xl|sgp> =y, + @2y, + -+ am @y, for somem > 1, a; €N, and

p-regular partition y; of n with y; >y for all i # 1. Then

Sn Sn Sn
Fly = ResSy: (0u) +arResSy (9p) + -+ amResy (9,

If Resf{; (¢u,) = o1 + 07 for distinct irreducible p-modular character o; of A, then
1 4 = 01 and o with multiplicity 1.

However, if Resi’; (¢y,) = o for some irreducible p-modular character o of A,, m > 2,

and @y, = @y, - sgn, then
fl A =0 with multiplicity 1 4 a», which is greater than 1.

Hence if )(;L\S(m = Qu, + 20y, - sgn+azPu, + - + amPy, and A # A’, then the method
used in the proof of theorem 4.21 can not guarantee that there exists an irreducible p-

modular character y of A, such that
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f = y with multiplicity 1.

This case indeed happens. For example, p =3, n =9, and A = (4,3,2). However, Ag
has (L”,3)-property by checking its decomposition matrix (cf., for example, [web2]). It
seems that if we want to show A, has (L”, p)-property for p > 2, we need more informa-

tions about ¢y, -+, @y, and az,- -+ ,ay, or we have to understand more about p-modular

character theory of A,,.
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5 Appendix A: Letter from Jean-Pierre Serre

Paris, 3/8/2017
Dear M. Hao,

I have looked into the exercise you mention (the second of §16.3 of my Re-
presentations book), and I am afraid that the proof I had in mind when I wrote it
(roughly 40 years ago) is wrong. The correct statement should involve a weaker
version of condition (R), namely :

(OR) There exists an integer N > 0 such that d(R%) D N.R].

[In what follows I abbreviate the notation by not writing the group G. Hence Rx
means Rk (G) ; same for Ry, etc. ]

Condition (QR) is equivalent to asking that, for every simple k[G]|-module E,
there exists a simple K[G|-module F, whose mod p reduction d([F]) is a nonzero
multiple of [E] (instead of being [E] itself, as in condition (R)).

The correct form of the exercise should have been :
Show that, if K is large enough, then (QR) is equivalent to e(P,") = ¢(Py) NRx.

The proof that (OR) = e(P,) = e(Py) NR} is the same as the one in
prop.45. The only difference is that, at the end, the formula d(zg) = [E] should be
replaced by d(zg) = N.[E], for some N > 0; one then gets that N.ng > 0, which
means ng > 0, and we are done.

To prove the converse implication, I find convenient to state a general criterion
for surjectivity :

Let V and W be two finite dimensional vector spaces over Q. Let S (resp.
T) be a basis for V (resp. W). Define V™ as the set of linear combinations, with
coefficients > 0 of S; define similarly W+. Let d : V — W be a linear map such
thatd(V*Y) CcWT.

Claim - The following are equivalent :
Hd(V") = Wt
(ii) Every linear form £ on W, such that {od is >0onV™,is >0onW™.

Proof of the claim. Clearly, (i) = (ii). To prove the converse, note that d(V ') is a
closed convex cone in W, hence is an intersection of open half-spaces ; the same
is true for W™ ; if these convex cones were not equal, then one of the half-spaces
containing d(V") would not contain W, and that would give a linear form ¢
contradicting (ii).
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[Note that, in the literature, the basic facts on convex cones are usually proved
for vector spaces over R, not over Q, cf. e.g. Bourbaki EVT II, §5, n°3, cor.5. One
needs to use the fact that Q is dense in R to get them over Q.]

Let us apply this to the revised form of the exercise given above. We take
V=Q®Rg,W =Q® Ry, and we choose for S, T their obvious bases (i.e. the
classes of simple modules) ; let d : V — W be the decomposition map, extended
by Q-linearity.

Remember that we are assuming :

(iii) e(P)) = e(Pa) N Ry,
and we want to prove :

(iv) d(R;) D N.R] for a suitable N > 0.

We are going to do that by showing that (iii) = (ii) and (i) = (iv).

The implication (i) = (iv) is almost obvious. If we assume (i), and if z is any
element of R,j, then there exists an integer N > 0 such that Nz is in d(R},), and
this gives (iv) (the same N can work for all z).

Let us prove (iii) = (ii). Let £ be as in (ii). We want to show that it is > 0 on
V+. By replacing ¢ by a multiple, we may assume that ¢(T') C Z. This means that
¢ belongs to the Z-dual of Ry, hence can be written as £(x) = x — (p, x); for some
p € P.. Let p’ = e(p) € Rk. For every z € R}, we have :

(P, 2)x = (p,dz)x = €(dz) > 0,

since £is > 0 on Ry .

This shows that(p’,z) > 0 for every z € Ry, which is equivalent to p’ € Ry.
Hence p’ € ¢(Py) N R, which , by (iii), is e(P,"). Hence p belongs to P, and we
have (z) = (p,z)r > 0, which proves (ii).

A curious question arises : is there an example of a group G for which (QR) is
true, but not (R) ? We need this to be sure that the original version of the exercise
is false | Unfortunately, it does not seem easy to make such an example. I have
asked one or two specialists : no answer yet.

Best wishes,

Yours

J-P. Serre
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6 Appendix B: Proof of Serre’s Exercise in Appendix A

In this appendix, we are going to show the modified exercise 16.6, that is,
e(PI;;(G)) = e(Pk,(G)) F‘lRngO (G) if and only if NR;I](G) C d(RIJgO(G)) for some N € N,

where all notations are as in the introduction.

First we recall the definition of the cde-triangle. If P is a projective K,,G-module, we
denote [Pyroj as the image of P in P, (G). If E is a K,G-module, we denote [E], as
the image of E in Rk, (G). If M is a KyG-module, we denote [M]y as the image of M in

Rk, (G). The Z-homomorphism ¢ : Px,(G) — Rk, (G) is given by

[Ploroj = [Plp

for any projective K,G-module P. The Z-homomorphism d : R,(G) — Rk, (G) is given
by

[M]o = [M],

for any KyG-module M, where M is a reduction mod m of M (we define it in definition
0.9). Note that [M;], = [M,], for any two reduction mod m M, M of M (cf., for example,
[S1], theorem 32, page 125). So d is well-defined. Finally, the Z-homomorphism e :

Pk

P

(G) — Rk, (G) is given by

[P]proj — [KO XR P/]O

for any projective K,G-module P, where P’ is a RG-lattice such that its reduction mod m

is P. Note that P’ must exist and unique up to isomorphism by proposition 4.2. So e is
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well-defined. We can see that ¢, d and e form the following commutative diagram.

PKP (G) < > RK,,(G)

Hence it is called the cde-triangle.
Moreover, let My, - - - , M, be all distinct simple KoG-modules, E,--- , Ej be all distinct
simple K,G-modules, and P; be the projective envelope of E; (we define it in definition

43)fori=1,---,b. Then

[Pl]proj; ) [Pb]proj

is a Z-basis of Pg,(G),
is a Z-basis of Rk, (G), and

is a Z-basis of Rg,(G). We write

b
c([Pjlproj) = [Pilp = Y cijlEi], for j=1,--- b
i=1
b
d(Mjlo) = [M}), =Y dij[El], for j=1,--- ,a
i=1
a
e([Pj]proj) = [K() ®RPJI-]0 = Zeij[Mi]O for j=1,---,b,
i=1
and put

C = (cij) € Mpxp((Z>0), D = (dij) € Mpxu(Z>0), and E = (e;;) € Myxp(Z>0).

Then C = DE (because ¢ = doe) and E = D' (cf., for example, [S1], 15.4 (c), page
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127), where t denotes the matrix transpose. The matrix C is a Cartan matrix, and D is a

decomposition matrix.

Note that for i = 1,--- , b, if we denote e; as the column vector of dimension b which

is 1 in the i-th coordinate, and O in other coordinates, then

(1) We say G has the (L, p)-property is equivalent to say that if we can find the following

vectors in columns of D:
xiep, - ,xpep for some x; € N,
then we can also find the following vectors in columns of D:

€1, " ,€p.

(2) We say G has the (L, p)-property is equivalent to say that each column of D can not

be one of the following forms:

xiet, -+ ,xpep for some x; € N with x; > 1.

(3) We say G has the (L”, p)-property is equivalent to say that each column of D exists
an entry 1.
Now we show the modified exercise 16.6:
e(PI;;(G)) = e(Px,(G)) ﬂRngo (G) if and only if NRIZ(G) C d(R;gO(G)) for some N € N.
Proof.
Denote a and b as numbers of simple KoG-modules and simple K, G-modules respec-
tively. Assume e(P;p (G)) = e(Px,(G)) N R (G), we claim that NRjgp(G) C d(Rg, (G))
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for some N € N. To show this, first note that the condition e(P,?p (G)) = e(Pk,(G)) N
R;;O(G) holds if and only if the matrix E = (e;;) € Myx(Z>0) with respect to e satisfies

the property (x):
(%): all entries of x € Z” are non-negative if and only if so are Ex.

Suppose e(PI}“p (G)) = e(Px,(G)) QR;O(G). Fix any s € {1,---,a}. Denote u; as the
row vector which is 1 in the s-th coordinate, and O in other coordinates. Assume E has no

row of the form Bug (B # 0). Then for any i = 1,-- -, a, there exists j # s such that

eij>0.

So there exists x;; € Zx>¢ such that

—ejs txjjeij > 0.

Moreover, for other j # s such that e;; = 0, define x;; = 1. Let ¢o; = max(xy,--- ,x,;) for

j=1,2,--- b excepts, and let (¢ denotes the tranpose)

1
X = (aly"' 7aS—17_17aS+17"' ,(Xb),

then all entries of Ex are positive, but the s-th coordinate of x is not. This gets a contra-

diction. It follows that E must have a row of the form Bug for all s =1,--- ,a, i.e. E can
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be written in the form (rearrange rows if necessary):

€11 0 0 0

0 €22 0 0

0 0 0 - ey |»Wheree;70foralli
€h+1,1 €h+1,b

€al €ab

Now, since the decomposition matrix D = E’, we complete our claim by taking N be the
least common multiple of ey, ..., epp.
On the other hand, we assume NR;;”(G) cd (R;O(G)) for some N € N. Fix any s €

{1,---,a}. Let ug; be as above and let D = (d;j) € Mpxq(Z>0) be the decomposition

matrix. Then our assumption means there exist integers vy, ---,v, > 0 such that
diy dia
Vi : ety |k = Nuy'.
dp) dpa

Assume D has no column of the form Bu,’ (B # 0). Then for any j, there exists i # s such
that

dij > 0.

If v; > 0 for some j, then v;d;; > O for i as above. This gets a contradiction since

vidit + -+ vudiag =0
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for all i # 5. So v; = 0 for all j. But this also gets a contradiction since

vidgi + - +vedgg = N.

Therefore D must have a column of the form Bu’. This means E has a row of the form
Bus for all s =1,---,a since E = D'. This implies E satisfies (x), i.e. e(PI};(G)) =

e(Px,(G)) ﬂR;;O (G) as desired.
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