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摘要

本篇論文主要是探討局部體上形式群的跡映射的性質，以及它在阿貝爾
簇上的應用。

關鍵字：跡映射 形式群 局部體 阿貝爾簇
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Abstract

In this paper, we discuss properties of trace maps for formal groups over
local field and their application to abelian varieties.

Keywords:trace map, formal group, local field, abelian variety
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Trace Maps for Formal Groups over Local Fields

Yen-Ying Lee

1 Introduction

Consider a complete local field F that is either a finite extension of Qp or

the field of fraction of the formal power series ring F[[t]] over a finite field F of

characteristic p. Let A be an abelian variety defined over F and let K/F be a

Zp-extension. A celebrated theorem of Mazur says if A has good ordinary reduction

and char.(F ) = 0, then

|H1(Gal(K/F ), A(K))| <∞ (1.1)

and the bound can be given in terms of the reduction of A ([2], Proposition 4.3.9).

The proof is mainly based on analysing the p-divisible group of the associated formal

group F (the kernel of the reduction).

In the process of time, there has been generalizations of the theorem as well

as simplifications of the proof. For instance, under the condition that A has good

ordinary reduction, Tan [5] shows that the theorem holds for every Zd
p-extension over

every local field, Coates and Greenberg [1] extends the theorem to the case where

char.(F ) = 0 and K/F is a deeply ramified extension. Here we have to remind the

reader that every (pro-finite) Galois extension K/F such that the Galois group is a

p-adic Lie group is deeply ramified (Theorem 2.13, [1]). There is a common feature

in both works. Indeed, to deduce (1.1), they both prove, under their own conditions,

the equality

H1(F,F ) = H1(Gal(K/F ),F (mK)), (1.2)

where mK denote the maximal ideal of (the ring of integers) of K.

The work of [1] is truly ingenious, as it depends only on well-known ramification

theory while its result is much more general than others. It proves that (1.2) holds
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if F is any commutative formal group over F and K/F is deeply ramified. The only

drawback is it is limited to the condition that F is of characteristic zero. Considering

this, one might wonder if it is possible to carry over the theory to the characteristic

p case. It turns out that after some modification, the theory of deeply ramification

can also be established in characteristic p so that every ramified Zd
p-extension is

deeply ramified and (1.2) holds for every commutative formal group F and every

deeply ramified extension K/F . This is described in [6], in which one can also find

the following surprising consequence:

Theorem 1.1. Let F be a local field of characteristic p and let A/F be an abelian

variety having super-singular reduction. If K/F is a ramified Zp-extension, then

H1(Gal(K/F ), A(K)) ≃
∞⊕
i=1

Qp/Zp × T,

where T is a finite group.

The aim of this thesis is two-fold: (1) to check, step by step, all details to make

sure the related assertions in [6] hold, and then, (2) to provide a convenient access

to the detailed documentation of the theory. The content of the thesis is as follows.

Suppose F ′/F is a finite extension. Then certainly TrF ′/F (mF ′) ⊂ mF and in

a way, the size of Tr−1
F ′/F (mF )/mF ′ (which is related to the different) measures the

depth of ramification of the extension. Roughly speaking, an extension K/F is

deeply ramified if the trace map mKF ′−→mK is surjective, for every F ′. Thus, the

ramification of F ′/F is kind of “absorbed” in that of K/F . In general, we can write

F ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fn ⊂ · · · ⊂ F∞ = K,

where each Fn/F is a finite extension. Write F ′
n = F ′Fn. Then mK =

∪
n

mFn . Also,

an x ∈ mFn is contained in TrKF ′/K(mKF ′) if and only if x ∈ TrF ′
k/Fk

(mF ′
k
), for some

k ≥ n. K/F is deeply ramified means not only such k exists for each x, but also a

lower bound of k can be given explicitly in terms of n as well as the valuation of x.

An immediate application of the theory is that if K/F is deeply ramified, then

for every formal group F over F and every finite extension K ′/K, the trace map

NK′/K : F (mK′) −→ F (mK)
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is surjective. In particular, if K ′/K is a cyclic extension, then we have

H2(Gal(K ′/K),F (mK′)) = 0.

Then further computation shows

H1(Gal(K ′/K),F (mK′)) = 0,

for cyclic extension. By applying the inflation-restriction exact sequence as well

as the fact that F (mK′) is a p-group, we deduce that the above holds for every

Galois extension K ′/K, and hence (1.2) holds, as H1(K,F (mK̄)) is the direct limit

of H1(Gal(K ′/K),F (mK′)).

We organize this thesis in the following way. The theory of deeply ramification

in characteristic p is established in Chapter 1. In chapter 2, the trace map of a

formal group is studied and (1.2) is proved . Then the result is applied in Chapter

3 to prove Theorem 1.1.

2 Deeply Ramified Extension

Most material of this section are from [1] and [3], except some modification that

are mostly from [6]. From now on, we assume char.(F ) = p. In this section, every

field extension F is assume to a separable algebraic extension. In particular, if L

is a field extension F , then it is the union of its finite intermediate extensions, and

hence the valuation ordF on F can be uniquely extended to L. Also, if L/F is finite,

then it had its own valuation ordL that has value 1 at every prime element. We have

ordL = e(L/F ) ordF ,

where e(L/F ) denotes the ramification index. Let OL, mL and l denote the ring of

integers of L, the maximal ideal and the residue field.

2.1 Ramification groups

Let L/F be a finite Galois extension with Gal(L/F ) = G. We may write

OL = OF [x], x ∈ L, as a OF -algebra ([3], III.6, Proposition 12).
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Lemma 2.1. Let i ∈ Z, i ≥ −1 and g ∈ G. The following are equivalent:

(a) g operates trivially on OL/m
i+1
L .

(b) ordL(gv − v) ≥ i+ 1, for all v ∈ OL.

(c) ordL(gx− x) ≥ i+ 1.

Proof. For (a)⇐⇒(b): Take v ∈ OL. Then

gv̄ = v̄ ⇐⇒ gv − v ∈ mi+1
L

⇐⇒ ordL(gv − v) ≥ i+ 1

For (a)⇐⇒(c): Let xi be the image of x in OL/m
i+1
L . Then gxi = xi if and only

if ordL(gx− x) ≥ i+ 1.

Proposition 2.2. For each i ≥ −1, let G(i) be the set of g satisfied the conditions

in Lemma 2.1. Then the G(i) form a decreasing sequence of normal subgroups of

G. In particularly, G(−1) = G, G(0) is the inertia subgroup of G and G(i) = {1} for

i≫ 1.

Proof. That G(i) a normal subgroup is from the conditional (a) in Lemma 2.1.

Others are just from the definition.

Definition . The i-th lower-numbering ramification group of G = Gal(L/F ) is the

set of g satisfying the conditions in Lemma 2.1.

Remark. Suppose H ⊂ G and F ′ = LH . Then

H(i) = G(i) ∩H.

The lower-numbering is compatible with taking sub-group.

Definition . The Herbrand function ϕL/F : [−1,∞) −→ [−1,∞) is defined as

ϕL/F (u) =


∫ u

0

1

[G(0) : G(t)]
dt, 0 ≤ u;

u, −1 ≤ u ≤ 0.

Also, let ψL/F denote the inverse function of ϕL/F .
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Lemma 2.3. Denote iG(s) = ordL(sx− x). Then

ϕL/K(u) = −1 +
1

e(L/F )

∑
s∈G

inf(iG(s), u+ 1).

Proof. If u = 1, then both sides equal −1. Suppose u > −1. Let n ≥ 0 denote the

integer such that n− 1 < u ≤ n and write gm = |Gm|. Then

R.H.S = −1 +
1

g0

n−1∑
m=1

(gm − gm+1)(m+ 1) +
gn
g0

(u+ 1)

=
n−1∑
m=1

gm
g0

+
gn
g0

(u+ 1− n)

= ϕL/K(u)

Definition . Define the upper-numbering ramification group as

G(v) := G(u),

with v = ϕL/F (u).

Remark. LetM/F be a Galois intermediate extension of L/F and letH = Gal(L/M).

Then we have ϕM/F ◦ ϕL/M = ϕL/F and ψL/M ◦ ψM/F = ψL/F . Consequently, the

upper-numbering is compatible with Galois quotient in the sense that

G(v)H/H = (G/H)(v).

Let GF denote the Galois group Gal(F̄ /F ) where F̄ is a fixed separable closure

of F . By the above compatible property, we can define the upper-numbering rami-

fication groups G
(v)
F ⊂ GF as the projective limit of Gal(L/F )(v) for L running over

all finite Galois extension of F . Then we denote F (v) = F̄G
(v)
F .

2.2 The different and the conductor

Let L/F be a finite extension and let δL/F the different of L/F . Also, let

OL = OF [x] and let f(X) be the minimal polynomial of x over F .

Lemma 2.4. Suppose L/F is an Galois extension with G = Gal(L/F ). Then

ordL(δL/F ) =

∫ ∞

−1

(g(u) − 1) du.
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Proof. It is from the following:

ordL(f
′(x)) =

∑
s∈G,s ̸=id

ordL(sx− x)

=
N∑

m=−1

(g(m) − g(m+1))(m+ 1), for N ≫ 0

=
∞∑

m=−1

(g(m) − 1)

=

∫ ∞

−1

(g(u) − 1) du.

The following relates the different to the upper-numbering ramification.

Proposition 2.5. Suppose L/F is a finite extension. Then

ordL(δL/F ) = e(L/F )

∫ ∞

−1

1− 1

[L : L ∩ F (v)]
dv.

Proof. First, assume that L/F is a Galois extension and G = Gal(L/F ). Then

L∩F (v) = LG(v)

and [L : L∩F (v)] = |G(v)|. Since v = ϕL/F (u), dv =
1

[G(0) : G(u)]
du,

the change of variable together with Lemma 2.4 imply

ordL(δL/F ) =

∫ ∞

−1

(g(u) − 1) du

=

∫ ∞

−1

(|G(v)| − 1)[G(0) : G(v)] dv

= e(L/F )

∫ ∞

−1

1− 1

|G(v)|
dv

= e(L/F )

∫ ∞

−1

1− 1

[L : L ∩ F (v)]
dv

In general, let M/F be a Galois extension containing L and let G = Gal(M/F ),

H = Gal(M/L) and h(u) = |H(u)|. From the multiplicative property of different, we
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have δM/F = δM/L · δL/F . Then

ordM(δL/M) = ordM(δM/F ))− ordM(δM/L)

=

∫ ∞

−1

g(u) − h(u) du

=

∫ ∞

−1

g(u) − |H ∩G(u)| du

=

∫ ∞

−1

([M :M ∩ F (v)]− [M : (M ∩ F (v))L])[G(0) : G(v)] dv

= e(M/F )

∫ ∞

−1

1− 1

[(M ∩ F (v))L :M ∩ F (v)]
dv.

Then the proposition is proved, since [(M ∩ F (v))L : M ∩ F (v)] = [L : L ∩ F (v)],

ordM(δL/F ) = ordL(δL/F ) · e(M/L) and e(M/F ) = e(M/L) · e(L/F ).

Definition . For any finite extension L over F , the conductor f(L/F ) is defined to

be the infimum of all w ∈ [−1,∞) such that L ⊂ F (w−1).

By Hasse-Arf Theorem ([3], IV.4), if L/F is a finite abelian extension, if v is a

jump in the filtration G(v), then v must be an integer. In this case, the conductor

f(L/F ) is an integer. Furthermore, if

U
(i)
F =


O∗

F , if i = 0

1 + πiOF , if i > 0.

where π is a uniformizer of F , then the reciprocity map

F ∗ −→ G = Gal(L/F )

sends U
(w)
F onto G(w) (XV.2, [3]). Therefore, the conductor f(L/F ) is indeed the

smallest integer w enjoying the property U
(w)
F ⊂ NL/F (L

∗) (see XV.2, [3]).

Corollary 2.6. Let L be a finite extension of F . Then

e(L/F )f(L/F )

2
≤ ordL(δL/F ) ≤ e(L/F )f(L/F ).

Proof. If w > f(L/F )− 1, then F (w) ∩ L = L. Therefore, Proposition 2.5 implies

ordL(δL/F ) = e(L/F )

∫ f(L/F )−1

−1

(1− 1

[L : L ∩ F (w)]
) dw

≤ e(L/F )(f(L/F )− 1− (−1)) · 1

= e(L/F )f(L/F ).
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On the other hand, if w < f(L/F )− 1, then [L : L ∩ F (w)] ≥ 2, and hence

ordL(δL/F ) ≥ e(L/F )

∫ f(L/F )−1

−1

1

2
dw

= e(L/F )
f(L/F )

2
.

The following classical lemma will be frequently used.

Lemma 2.7. Suppose L/F is a finite extension and let b(L/F ) denote the integral

part of ordL(δL/F )/e(L/F ). Then

TrL/F (OL) = m
b(L/F )
F .

Proof. For simplicity, write t = b(L/F ). Let ϖF denote a uniformizer of F . Since

t · e(L/F ) ≤ ordL(δL/F ), we have

ϖt
FOL ⊃ δL/F ,

which tells us that

TrL/F (OL) ⊂ ϖt
FOF .

On the other hand, we have

(t+ 1) · e(L/F ) > ordL(δL/F )

that implies

TrL/F (OL) * ϖt+1
F OF .

2.3 Deeply ramified extensions and trace maps

LetK be a (possibly infinite) extension of F . We say thatK has finite conductor

over F if K ⊂ F (w) for some fixed w ∈ [−1,∞).

Proposition 2.8. The following assertions are equivalent:

(a) K has finite conductor over F

8



(b) As F ′ runs over all finite intermediate extension of K/F , ordF (δF ′/F ) is bounded

.

Remark. From the multiplicative of the different, we can see from (b) that the

proposition implies that K has finite conductor over F if and only if K has finite

conductor over some finite intermediate extension F ′.

Proof. First, we assume that K has finite conductor over F , that is K ⊂ F (u) for

some u ∈ [−1,∞), or equivalently f(F ′/F ) ≤ u+1 (that is equivalent to F ′ ⊂ F (u)),

for all finite intermediate extensions F ′ of K/F . From Corollary 2.6, we have

ordF (δF ′/F ) =
ordF ′(δF ′/F )

e(F ′/F )

≤ e(F ′/F )f(F ′/F )

e(F ′/F )

= f(F ′/F )

≤ u+ 1.

On the other hand, if ordF (δF ′/F ) is bounded by C, then Corollary 2.6 also

implies

f(F ′/F ) ≤
2 ordF ′(δF ′/F )

e(F ′/F )

= 2 ordF (δF ′/F )

≤ 2C.

Therefore, every F ′ is contained in F (w) for w > 2Ce(F ), and hence K is contained

in F (w), too.

We are mostly interested in the case where K does not have finite conductor.

SuchK must be an infinite extension of F . SinceK/F is algebraic (hence pro-finite),

we can write

K =
∞∪
n=0

Fn, Fn ⊆ Fn+1, for all n ≥ 0, [Fn : F ] <∞ (2.1)

From now on, we will choose and fix such Fn, n = 0, 1, ... for a given K/F . In

particular, if L/F is a Zp-extension and Ln denotes its nth layer, then we choose

Fn = Ln, n = 0, 1, .... for L.
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Lemma 2.9. Suppose L/F is a ramified Zp-extension. Then

ordF (δLn/F ) = ordLn(δLn/F )/e(Ln/F ) → ∞ as n→ ∞.

Proof. Write G = Gal(L/F ) and Gn = Gal(Ln/F ). Let {U (w)} be the filtration of

O∗
F described in Section 2.2.

For a continuous character χ : G −→ Qp/Zp (where Qp/Zp is endowed with

the discrete topology), let f(χ) denote its conductor, that is the smallest integer w

enjoying the property U (w) ⊂ ker(χ). In view of the equalities (1+x)p = 1+xp and

χp(g) = χ(gp), we see that

pf(χp) ≤ f(χ).

Let π be a uniformizer of F and let π∆nOF denote the discriminant of Ln/F .

Also, let χ1 : Gn −→ C∗ be a primitive character in the sense that every character

of Gn is some of its powers. From the conductor-discriminant formula, we see that

as n→ ∞,

∆n = (pn − pn−1)f(χ1) + (pn−1 − pn−2)f(χp
1) + · · ·+ f(χpn

1 )

≥ (pn − pn−1)pf(χp
1) + (pn−1 − pn−2)f(χp

1) + · · ·+ f(χpn

1 )

≥ (pn − pn−1)pnf(χpn

1 ) + (pn−1 − pn−2)f(χp
1) + · · ·+ f(χpn

1 )

= C1p
2n +O(p2n−1), for some positive constant C1.

Consequently,

ordF (δLn/F ) ≥ C2p
n +O(pn−1), for some positive constant C2.

Proposition 2.10. Assume that K has finite conductor. Then there exist finite

cyclic extension K ′ of K such that TrK′/K(mK′) ̸= mK.

Proof. Claim 1: There exist an integer b ≥ 0, such that for n sufficiently large,

TrFn/F (OFn) = mb
F . (2.2)

10



Let

rn = ordF (δFn/F ) =
ordFn(δFn/F )

e(Fn/F )
.

Proposition 2.8 says that rn is bounded. Also, let bn be the integral part of rn. Then

from Lemma 2.7, we see that

TrFn/F (OFn) = mbn
F ,

and hence bn increases with n. Since it is bounded, the claim is proved.

Choose a ramified Zp-extension Φ/F and let Φt denote its t-th layer.

Claim 2: There exist some positive integers t and n0 so that if F ′
n = FnΦt, then

TrF ′
n/Fn(mF ′

n
) ⊂ mFmFn , for all n ≥ n0.

Take K ′ = KΦt. Then mK′ = ∪mF ′
n
, and hence Claim 2 implies

TrK′/K(mK′) ⊂ mFmK .

This proves the proposition.

To prove the claim, we choose n0 so that (2.2) hold for n ≥ n0 and we choose t

so that ordF (δΦt/F ) ≥ b + 3. The existence of such t is due to Lemma 2.9. Lemma

2.7 says that TrΦt/F (mΦt) ⊂ mb+3
F , and hence

TrF ′
n/F (mF ′

n
) ⊂ TrΦt/F (mΦt) ⊂ mb+3

F .

Suppose Claim 2 were false for some n ≥ n0. As TrF ′
n/Fn(mF ′

n
) is an ideal of OFn ,

we have

TrF ′
n/Fn(mF ′

n
) ⊇ mFmFn .

Taking trace at both side to F and applying (2.2), we have

TrF ′
n/F (mF ′

n
) ⊇ mF TrFn/F (mFn) ⊇ mb+2

F .

That’s a contradiction.

Now let K ′ be any finite extension of K. It’s well known (see [3] X.4, Lemma

6) that there exist an integer n0 ≥ 0 together with a finite extension F ′
n0

over Fn0

satisfying:

F ′
n0
K = K ′, F ′

n0
∩K = Fn0 , [K

′ : K] = [F ′
n0

: Fn0 ]

11



Moreover, if K ′ is a Galois extension over K, then we also can choose F ′
n0

to be

a Galois extension of Fn0 . Once we have Fn0 , then we define F ′
n = F ′

n0
Fn for all

n ≥ n0.

Lemma 2.11. Suppose K ′/K is a finite extension and F ′
n is defined as above for

n ≥ n0. Then there exist η = η(K ′/K) ≥ 0 such that

lim
n→∞

ordF (δF ′
n/Fn) = η.

Proof. We will prove the lemma by showing that ord(δF ′
n/Fn) is a decreasing sequence

for all n ≥ n0, as ord(δF ′
n/Fn) ≥ 0. Denote d = [K ′ : K]. Then [F ′

n : Fn] = [F ′
m :

Fm] = d, and hence every basis of F ′
n over Fn is also a basis of F ′

m over Fm for all

m ≥ n. In particular, if m ≥ n and ω1(n), · · · , ωd(n) is a basis of OF ′
n
over OFn , then

they generate a submodule of finite index in OF ′
m
over OFm . This implies that the

discriminant, ∆(F ′
n/Fn), of F

′
n over Fn is a multiple of the discriminant ∆(F ′

m/Fm).

On the other hand, we have

ordF (δF ′
n/Fn) =

1

d
ordF (∆(F ′

n/Fn)),

for every n. Therefore, the lemma is proved.

Lemma 2.12. Suppose K ′ is a finite extension over K. If

lim
n→∞

ordF (δF ′
n/Fn) = 0,

then TrK′/K(mK′) = mK.

Proof. The lemma is proved in two exclusive cases:

Case 1: e(Fn/F ) is bounded, as n→ ∞.

In this case, there exist an integer n1 such that K/Fn1 is unramified. From the

multiplicative property of different, we have δF ′
n+1/Fn+1

= δF ′
n/Fn for all n ≥ n1. Since

the given limit is 0, we must have δF ′
n/Fn = OF ′

n
for n ≥ n1. Then it follows from

Lemma 2.7 that TrK′/K(mK′) = mK .

Case 2: e(Fn/F ) → ∞, as n→ ∞

12



In this case, if ϖn is the uniformizer of Fn, then ordF (ϖn) → 0, as n→ ∞. For

each n ≥ n0, let an denote the integer so that

TrF ′
n/Fn(OF ′

n
) = ϖan

n OFn . (2.3)

By Lemma 2.7, we have

ordF (ϖ
an
n ) ≤ ordF (δF ′

n/Fn). (2.4)

Therefore, lim
n→∞

ordF (ϖ
an
n ) = 0, and hence lim

n→∞
ordF (ϖ

an+1
n ) = 0. For each given

x ∈ mK , then we can find n sufficiently large such that x ∈ OFn and ordF (ϖ
an+1
n ) <

ordF (x). Then from (2.3), x ∈ TrF ′
n/Fn(ϖnOF ′

n
). This means x ∈ TrK′/K(mK′), and

the proof is completed.

Lemma 2.13. Assume K does not have finite conductor. Then for each w ∈

[−1,∞), we have [Fn : Fn ∩ F (w)] → ∞, as n → ∞. In particular, e(Fn/F ) → ∞,

as n→ ∞.

Proof. First, we observe that if K is a finite extension of K ∩ F (w), then it can

be expressed a composition of K ∩ F (w) and for some finite extension of F , and

hence K must have finite conductor, as the conductor of K ∩F (w) is bounded by w.

Thus, we can choose a sequence {β1, β2, . . . } ⊂ K such that di = degK∩F (w)(βi) is a

strictly increasing sequence. Since βi ∈ Fni
for some ni, if n ≥ ni, then βi ∈ Fn, and

consequently, [Fn : Fn ∩ F (w)] ≥ di. This implies [Fn : Fn ∩ F (w)] → ∞, as n → ∞.

Also, since F (0) is the maximal unramified extension of F , e(Fn) = [Fn : Fn ∩ F (0).

Therefore, the second statement is from the special case where w = 0.

Let O0
F ′
n
denote the kernel of the trace map OF ′

n
−→ OFn and let an be the

integer defined by (2.3). Also, let ϖn be a local uniformizer of Fn.

Lemma 2.14. Assume K ′ is a cyclic extension over K and τ is a generator of

Gal(K ′/K). Then for all n ≥ n0, we have

ϖan
n O0

F ′
n
⊂ (τ − 1)OFn (2.5)

13



Proof. Write G = Gal(F ′
n/Fn) = Gal(K ′/K). By Artin’s normal basis theorem,

there exists e ∈ F ′
n so that

{σe | σ ∈ G}

form a basis of F ′
n over Fn. By multiplying e by a suitable power of ϖ if necessary,

we can assume that e ∈ OF ′
n
. Then

E :=
∑
σ

OFn · σe ≃ OFn [G]

and is an sub OFn-module of OF ′
n
of finite index. This implies that the Herbrad

quotient of E is trivial and so is that of OF ′
n
. Therefore, we have

|OFn/ϖ
anOFn | = |H2(G,OFn′ )| = |H1(G,OFn′ )| = |O0

F ′
n
/(τ − 1)OF ′

n
|.

This means if

O0
F ′
n
/(τ − 1)OF ′

n
≃

m⊕
i=1

OF/ϖ
αiOF ,

then α1 + · · · + αm = an. Consequently, ϖan annihilates O0
F ′
n
/(τ − 1)OF ′

n
, and the

lemma is proved.

Proposition 2.15. The following assertions are equivalent for K:

(a) K/F does not have finite conductor;

(b) For every finite extension K ′ over K, we have lim
n→∞

ordF (δF ′
n/Fn) = 0

(c) For every finite extension K ′ over K, we have TrK′/K(mK′) = mK .

Proof. We have (b) implies (c) from Lemma 2.12, and that (c) implies (a) by Propo-

sition 2.10.

Next, we prove (a) implies (b). We can assume thatK ′ is a Galois extension ofK

(otherwise, we can replaceK ′ by it’s Galois closure overK, and use the multiplicative

property of the different). Then can take F ′
n to be Galois over Fn, for all n ≥ n0.

Suppose K does not have finite conductor. Again, from the multiplicative property

of the different, we have

δF ′
n/Fn = δF ′

n/Fn0
· δ−1

Fn/Fn0
.

14



Applying Proposition 2.5 to both F ′
n/Fn and Fn/Fn0 , we get

ordF (δF ′
n/Fn) = e(Fn0/F )

−1

∫ ∞

−1

1

[Fn : Fn ∩ F (w)
n0 ]

− 1

[F ′
n : F ′

n ∩ F
(w)
n0 ]

dw.

As F (w)
n0

is Galois over Fn0 , it and Fn are linearly disjoint over Fn ∩ F (w)
n0

. Thus,

if R′
n(w) denote F

′
n ∩ F (w)

n0
, then we have

[Fn : Fn ∩ F (w)
n0

] = [FnR
′
n(w) : R

′
n(w)].

Certainly, FnR
′
n(w) ⊂ F ′

n. On the other hand, if F ′
n0

⊂ F (w0)
n0

, for some w0 and

w ≥ w0, then F
′
n ⊂ FnR

′
n(w). Therefore,

ordF (δF ′
n/Fn) = e(Fn0/F )

−1

∫ w0

−1

1

[Fn : Fn ∩ F (w)
n0 ]

− 1

[F ′
n : F ′

n ∩ F
(w)
n0 ]

≤ e(Fn0/F )
−1

∫ w0

−1

1

[Fn : Fn ∩ F (w)
n0 ]

≤ w0 + 1

e(Fn0/F )[Fn : Fn ∩ F (w0)
n0 ]

that tends to 0, as n→ ∞ (Lemma 2.13).

Definition . The extension K/F is deeply ramified, if the equivalent conditions in

Proposition 2.15 are satisfied.

Suppose K ′/K is a field extension. If K/F does not have finite conductor, then

neither does K ′/F . Thus, a field extension of a deeply ramified extension is also

deeply ramified.

Proposition 2.16. Every ramified Zd
p-extension over F is deeply ramified.

Proof. By Proposition 2.8 and Lemma 2.9, every ramified Zp-extension of F does

not have finite conductor. Since every ramified Zd
p-extension contains a ramified

intermediate Zp-extension, it is also deeply ramified.

Proposition 2.17. If K/F is deeply ramified, then

H1(K,mF̄ ) = 0.

15



Proof. We need to prove H1(Gal(K ′/K),mK′) = 0 for all finite Galois extensions

K ′/K, as H1(K,mF̄ ) is the direct limit (union) of them. Recall that every extension

of K is also deeply ramified over F . In particular, if K ′′ is the fixed field of a Sylow

p-subgroup of Gal(K ′/K), then K ′′/F is also deeply ramified. As mK′ is a Zp-

module, the restriction-corestriction formula tells that the restriction map induces

an injection

H1(Gal(K ′/K),mK′) −→ H1(Gal(K ′/K ′′),mK′).

Thus, by replacing K with K ′′, we can assume that Gal(K ′/K) is a p-group, and

hence is solvable. The we prove by the induction on the order |Gal(K ′/K)|. By

taking a non-trivial cyclic subgroup H in the center of Gal(K ′/K) (and denote

K ′′ = (K ′)H) and applying the inflation-restriction exact sequence:

0 −→ H1(Gal(K ′/K)/H,mK′′) −→ H1(Gal(K ′/K),mK′) −→ H1(H,mK′),

we can reduce the proof to showing H1(H,mK′) = 0. Hence, in the following, we can

assume that K ′/K is a cyclic extension. Let τ be a generator of Gal(K ′/K). We

need to show that the kernel m0
K′ of the trace map mK′ → m)K equals (τ − 1)mK′ .

Suppose x ∈ m0
K′ is obtained from m0

F ′
n1
, for some n1. Since ordF (δF ′

n/Fn) tends

to 0 (see Proposition 2.15(b)), as n goes to ∞, and hence so does ordF (mFn · δF ′
n/Fn)

(Lemma 2.13 ), we can choose n so that ordF (x) is greater than ordF (mFn · δF ′
n/Fn).

Then by (2.3), (2.4) and Lemma 2.14, we see that x ∈ (τ −1)mF ′
n
⊂ (τ −1)mK′ .

It can be shown (as in [1]) that H1(K,mF̄ ) = 0 also implies K/F is deeply

ramified, although we do not need this.

3 Formal Groups and Trace Maps

Fortunately many of the arguments in Section 2 about the formal additive group

can be generalized almost immediately to arbitrary commutative formal groups de-

fined over the ring of integer of F . In this section we will carry out this generalization,

which is crucial for the application to abelian varieties discussed in Section 4. The
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material in this section are from [1].

3.1 Formal groups

Let r be a integer ≥ 1, and let F be a commutative formal group law in r

variables, defined over the ring OF .

Definition . A (commutative) formal group law f over OF is a family

f(X,Y ) = (fi(X, Y )) of r formal power series in 2r variables Xi, Yj with coefficients

in OF , which satisfy the axioms

(a) X = f(X,O) = f(O,X),

(b) f(X, f(Y, Z)) = f(f(X, Y ), Z),

(c) f(X,Y ) = f(Y,X).

It follows immediately from the axiom that

f(X, Y ) = X + Y + terms of higher degree (3.1)

As usually, for any field extension K/F be any field with F ⊂ K. we define F (mK)

to be the set mr
K , endowed with abelian group law:

x⊕ y = f(x, y),

even through K is not in general complete, as mK =
∪
n

mFn and each mFn is

complete, and hence the power series on the right plainly converge to an element of

mr
Fn
, if x, y ∈ mr

Fn
.

3.2 Trace maps

We are going to show the following main theorem for formal groups:

Theorem 3.1. Let K be any extension of F which is deeply ramified. Then for all

finite Galois extensions K ′ over K, we have

H i(K ′/K,F (mK′)) = 0, i = 1, 2. (3.2)

17



Obviously, the theorem is equivalent to

H i(K,F (mK̄)) = 0, i = 1, 2, (3.3)

if K/F is deeply ramified. By the inflation-restriction exact sequence, we have the

following:

Corollary 3.2. If K is deeply ramified extension of F , then

H1(F,F (mF̄ )) = H1(Gal(K/F ),F (mK)). (3.4)

By applying the argument in the proof of Proposition 2.17 (and, for i = 2, we ap-

ply the Hoschild-Serre spectral sequence, which generalizes the inflation-restriction

exact sequence), we can reduce the proof of Theorem 3.1 to the case where K ′/K is

cyclic. In that case, the theorem will be proved by applying the trace map on the

formal group F .

Now if K be any extension of F , and K ′ be a finite extension over K, then we

recall the trace map

NK′/K : F (mK′) → F (mK)

is defined by NK′/K(x) = (σ1x)⊕ · · · ⊕ (σdx), where σ1, · · · , σd denote the distinct

embeddings of K ′ into F̄ which fixed K.

We will use the notation introduced in Sec. 2.3, and let ϖn denote a uniformizer

for the field Fn

Proposition 3.3. Assume K is an extension of F which is deeply ramified, then

for all finite extension K ′ of K, we have

NK′/K(F (mK′)) = F (mK).

Lemma 3.4. Assume s is an integer ≥ 1, and let z ∈ (ϖs
nOF ′

n
)r. Then for all

n ≥ n0, we have

NF ′
n/Fn(z) ≡ TrF ′

n/Fn(z) mod ϖ2s
n

18



Proof. From the definition of the formal group, it’s easy to see that

NF ′
n/Fn(z) = Tr(z) +Hn(z) (3.5)

where Hn(z) is a vector all of whose components are formal power series in the com-

ponents of σ1(z), · · · , σd(z) with coefficients in OF , which contains only monomials

of degree ≥ 2, hence Hn(z) ≡ 0 mod ϖ2s
n .

Recall that the integers an defined in (2.3). From the above lemma, we deduce

the following:

Lemma 3.5. Assume that n ≥ n0 and that s ≥ an+1. For any y ∈ F (ϖs+an
n OFn),

there exists w ∈ F (ϖs
nOFn) such that

y ⊖ NF ′
n/Fn(w) ∈ F (ϖs+an+1

n OFn)

Lemma 3.6. For all n ≥ n0, we have

NF ′
n/Fn(F (mF ′

n
)) ⊃ F (ϖ2an+1

n OFn)

Proof. For a given z in F (ϖ2an+1
n OFn), we shall recursively construct a sequence of

elements

wλ ∈ F (ϖan+λ
n OF ′

n
), for λ = 1, 2, . . .

such that

z ⊖ NF ′
n/Fn(w1 ⊕ · · · ⊕ wλ) ∈ F (ϖ2an+λ+1

n OF ′
n
), for λ ≥ 1

For λ = 1, applying above lemma with s = an +1 and y = z. Now assume holds for

λ, then applying above lemma again with s = an + λ+ 1 and y = z ⊖ NF ′
n/Fn(w1 ⊕

· · ·⊕wλ). We deduce the existence of a wλ+1 with all require properties. Let λ→ ∞,

the limit w =1 ⊕ · · ·⊕wλ · · · exists in F (mF ′
n
). Then NF ′

n/Fn(w) = z and the proof

is completed.

Proof. (of Proposition 3.3) Take x ∈ F (mK). Since K is deeply ramified, we have

lim
n→∞

ord(ϖ2an+1
n ) = 0. Hence we can choose n sufficiently large such that x ∈ Fn

and ord(ϖ2an+1
n ) < ord(x). Thus x ∈ F (ϖ2an+1

n OFn), and above lemma shows that

x is a norm from F (mF ′
n
).
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Until further notice in this section, we shall assume that K ′ is now a finite cyclic

extension over K. Under this assumption, Proposition 3.3 can be interpreted as

H2(K ′/K,F (mK′)) = 0, (3.6)

when K is deeply ramified. We now proceed to show that

H1(K ′/K,F (mK′)) = 0 (3.7)

when K is deeply ramified. Let F (mK′)0 denote kernel of NK′/K . Then (3.7) is

equivalent to

F (mK′)0 = (τ − 1)F (mK′) (3.8)

where τ is the generator of Gal(K ′/K). We are going to prove the last statement.

We can choose n0 so that for each n ≥ n0, F
′
n/Fn is a cyclic extension with (the

restriction to F ′
n of) τ as a generator of Gal(F ′

n/Fn).

Lemma 3.7. Assume that n ≥ n0 and that s ≥ an + 1. If y ∈ F (ϖs+an
n OF ′

n
)

satisfies NF ′
n/Fn(y) = 0, then there exist w ∈ F (ϖs

nOF ′
n
) such that

y ⊖ (τ(w)⊖ w) ∈ F (ϖs+an+1
n OF ′

n
). (3.9)

Remark. We will use the similarly method as above, that is to apply this lemma

recursively, and it is important to note that y ⊖ (τ(w) ⊖ w) will again be in the

kernel of NF ′
n/Fn .

Proof. Since NF ′
n/Fn(y) = 0, we have

TrF ′
n/Fn(y) ≡ 0 mod ϖ2(s+an)

n .

From the definition of an, there exist u ∈ (ϖ2s+an
n OF ′

n
)r such that TrF ′

n/Fn(y−u) = 0.

From Lemma 2.14, we have

ϖs+an
n O0

F ′
n
⊂ (τ − 1)ϖs

nOF ′
n
.

Hence, we conclude that there exist w ∈ (ϖs
nOF ′

n
)r such that (τ − 1)w = y − u.

Moreover, we have

τ(w)⊖ w ≡ (τ − 1)w mod ϖ2s
n .
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Also, u = y − (τ − 1)w ∈ (ϖ2s
n OF ′

n
)r, by the construction. Then we conclude that

y ⊖ (τ(w)⊖ w) ≡ y − (τ(w)⊖ w) ≡ y − (τ(w)− w) ≡ 0 mod ϖ2s
n .

Since s ≥ an + 1, the lemma is proved.

Lemma 3.8. For all n ≥ n0, we have

F (ϖ2an+1
n OF ′

n
)0 ⊂ (τ − 1)F (mF ′

n
),

where F (ϖ2an+1
n OF ′

n
)0 denote the kernel of NF ′

n/Fn on F (ϖ2an+1
n OF ′

n
).

Proof. For z ∈ F (ϖ2an+1
n OF ′

n
)0, we recursively apply Lemma 3.7 to construct a

sequence of elements

wλ ∈ F (ϖan+λ
n OF ′

n
), for λ = 1, 2, . . .

such that

z ⊖ (τ(w1 ⊕ · · · ⊕ wλ)⊖ (w1 ⊕ · · · ⊕ wλ)) ∈ F (ϖ2an+λ+1
n OF ′

n
). (3.10)

Then w = w1 ⊕ · · · ⊕ wλ ⊕ · · · exists in F (mF ′
n
) and from construction we have

z = τ(w)⊖ w.

Proof. (of (3.7)) Take x ∈ F (mK′)0. SinceK is deeply ramified, we have lim
n→∞

ord(ϖ2an+1
n ) =

0. Hence we can choose an integer n ≥ n0 such that x ∈ F ′
n and ord(x) >

ord(ϖ2an+1
n ). Now, x ∈ F (ϖ2an+1

n )0, and from above lemma, we have x = τ(y)⊖ y

for some y ∈ F (mF ′
n
).

Proof. (of Theorem 3.1) As explained right following Corollary 3.2, this is just from

(3.6) and (3.7).

4 An Application to Abelian Varieties

The material here are from [5]. Suppose A/F is an abelian variety. Let F be

the associated formal group along the zero section of the Néron model. We assume
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that A has good reduction so that its reduction Ā is an abelian variety over F, the

residue field of F . Then we have the exact sequence (from the reduction):

0 −→ F (mF̄ ) −→ A(F̄ ) −→ Ā(F̄) −→ 0. (4.1)

Since the reduction A(F ) → Ā(F) is surjective, the above induces the exact sequence

0 −→ H1(F,F (mF̄ )) −→ H1(F,A) −→ H1(F, Ā(F̄)). (4.2)

Since F (mF̄ ) is a Zp-module, every element in H1(F,F (mF̄ )) is torsion of order

equal some power of p. Let H1(F,A)p denote the p-primary part of H1(F,A), then

the above induces an injective homomorphism

H1(F,F (mF̄ )) −→ H1(F,A)p.

If K/F is a Galois extension with G = Gal(K/F ), then we the inflation map (that

is also injective)

H1(G,F (mK)) −→ H1(F,F (mF̄ )).

Combining these two, we have

H1(G,F (mK)) −→ H1(F,F (mF̄ )) −→ H1(F,A)p.

Theorem 4.1. Suppose A has supersingular reduction and K/F is deeply ramified,

then the natural maps

H1(G,F (mK)) −→ H1(F,F (mF̄ )) −→ H1(F,A)p

are isomorphisms. In particular, the cohomology group H1(G,A(K))p is of infinite

corank over Zp.

Proof. The first isomorphism is from Theorem 3.1 and the second is from the fact

that every point in Ā(F̄) has order prime to p (A has supersingular reduction), and

hence in (4.2), H1(F, Ā(F̄)) = 0.

Let At be the dual abelian variety of A. Since At(F ) is a Zp-module of infinite

rank (see [8]), then Tate’s local duality implies that the cohomology groupH1(F,A)p

is of infinite corank over Zp.

Proof. (of Theorem 1.1) Theorem 4.1 and Proposition 2.16.
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