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Study of the Application of Ball-type Automatic Balancers to the

Vibration Suppression of 2D and 3D Rotors

Abstract

In many industrial applications mass imbalance is the primary cause of vibrations
in rotating machines, which generates undesirable noises and compromising the
efficiency of machines and eventually causes damages. Therefore, the balancing of
rotors is important for the high-speed rotating machines. To eliminate the imbalance
vibrations due to the unavoidable manufacture tolerance, rotors are typically balanced
by adding or subtracting correction masses in two planes at an initial stage. However, if
the unbalance is varied depending on working conditions, such as thermal deformation
and material erosion etc, it is hard to predict when and where the imbalance will occur
so that the balancing procedure may have to be repeated.

One method to counterbalance the variety imbalances is to equip rotors with
ball-type automatic balancers. A ball-type automatic balancer is a simple device
characterized by having several balls moving freely on a single or several circular orbits.
Under proper working conditions, the balls will move to the other side of the imbalance
mass and suppress the imbalance vibrations.

This study aims to investigate the application of ball-type automatic balancers to the
vibration suppression of two and three dimensions rotors. A model of the 2D system
which consists of an eccentric disk packed with an automatic balancer and suspension
system is introduced first. A modified ball-type balancer composed of several
ball-rod-spring units will be presented. We also propose a 3D theoretical model, where

two automatic balancers are used to limit the vibrations of an eccentric long rigid rotor.



In order to investigate the effects of the automatic balancers, the governing equations of
the theoretical models for these cases mentioned above are derived using Lagrange’s
equations. The closed-form formulas and the existence conditions for the equilibrium
positions are presented. Moreover, the stability of each equilibrium position is
determined by Routh-Hurwitz criterion. Finally, experiments are conducted to verify the
theoretical results of the 3D system. To this end, conclusions and general guidelines are

presented.

Keywords. imbalance vibration, rigid rotor, disk, automatic balancer, stability
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X X 1 0 0
y =Ty » T, =|0 cosy ) sing () (4-2)
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e
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= (Xc(t)+%y2(t)+ajsinwt+(yc(t)—%yl(t)jcoswt

L
L 2 1AXYZ

76



£, COSP
UBR)XYZ :(n)xyz +1;;1TI{1E_1 ErSing
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(Fer )soyz = (R xyz + T, T T, 7| Rsinp+ 4 ()
L

L 2 %92
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0 (1) 0 () - y,(w
(P)gg2 =TTy O +T, O HpM)| = hO+rnbe (4-9)
w X9z 0 Ky 7 0 X9z w+ y, (1), (1) x§2

AT o FHeRgERHE TGO A T AR ES P d FthEE
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%mozzl“(ﬁau oy, + Fow Eﬂ;am)
Ho H, 53003 cha i f
b 0 0
I A (4-11)
0O 0 J;
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(fe)wyz ® (Tre)yyz @ Bl =~ a5 ¢ winzd w0
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(rLC ) XYZ = (fc ) XYZ + Tf;lTl_lTZ_l 0
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i L L ]
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| (t)—L (t) |coswt — ¢)+L sinwt
X 2y2 2y1 (4-13)
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L 2 AXYZ

SN £ 0 O ME Oy~ Og A B R AES L LAY

SARE T SEE R X EY ghe P o E 0 d 4(4-12)% 54 (4-13)F F
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(yz(t)+wy1(t))2]}+%ch2(c'rf(t)+c‘r:(t)+/3’f(t)+,6’f(t))
;‘gv} Lagrange’s equations

=0 (4-20)

g(aTj_aT L0V OF
dt{0g, ) od dq. 0q,

FAE N gzt EER S 2o H Y B %i*ﬁ‘qk % (1)~ ye () ~ ()~ () -
79
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q=[x, Yoo Vs W, @y, @y, B, :Bz]T (4-22)
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Bk b A 8y, B BRI T WA AL N ch B8 6 S A2 5

M0 +Dpr 0+ gpg + g =0 (4-23)
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=1

(§y1 +/\RSin¢):ueR}

faa = V{J +( ) (4ub+ﬂeL+ﬂeR)} pQZ{ubZ[sma - sin@+ 5 )+
YHy — (y+/\R sing )LIeR}+(§j (¢ Qyz _yl)
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(4-29)

(4-30)

(4-31)

(4-32)

(4-33)

(4-34)

(4-35)

(4-36)

(4-37)

(4-38)



f,y=-0% :(y—gyl)cosal—wgyz)siml} (4-39)
fye=-0% :(y—gyl)cosaz—(x%yz)simz} (4-40)
far =2 (v + 2 y)costpr )~ -2, s )| (4-41)
fo0 = -2, (y+ 2 ) cosip+ ﬁz)—(x——yz)sn(wﬁz)} (4-42)

42 = @Fl4E xRt gEe B

4-2-1 = =iz

A A kim o F it AR RAE GRS PE S R APk E T
p— P —_— —_— — A Y T ~ ~ r 2,
Tk -4 Q :[7 . ¥ —nlay a, B /82] o35 (4-23)F 0 40T HA
a0 BT g 4250 () =034

—(QZ—]_)X—ZZQV—QZ{/,{bZZ:[cosﬁi + cosp+ ]"' €72+AL My —

(4-43)
(gVZ_ARCOSq”)UeR}:
-0 V{J +( J (4ﬂb+ﬂ¢+ﬂﬁ)} {ﬂbi[cosa ~ cosp+ 3 )+
| (4-44)
(X+AA DU —(X+ Ay COSqDWeR}+£§j (2¢Qy, +y,)=0
—(Q*-)y+20 QX -Q? {,ubZ[sma +sin@+ B )] yl/JeL
| (4-45)
(§z+ARsin¢)ueR}:
QZV{J +( j (4ﬂb+u¢+ﬂﬁ)} pQZ{ub [sina, - sing+ B )| +
(4-46)

YHy (Y +/\gcOSp )%;}“‘(%) (2¢Qy,-1)=0
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—0%, :(y—gz)cosc—rl— (x+§;72 )sim—q} C (4-47)
—Qz,ub:(y—gmcosﬁz— (>z+§ 7, )sirﬁz} =0 (4-48)
0%, 7+ 2 R)costor B) - k=B 7 )sing ) | = (4-49)
oo (y+ 2 y)cosips B) - -2y, )sing+ EZ)} = ¢ (4-50)
d LR EEF N Z T AR IR R TEFEEE R BT {g,?ﬁ‘&f#ﬁiﬁ

NEEIRI Z e b i d > PRItz e Y gk W

i kgt o £ (T2 Q)R (T2 G)A o

4 S
REAES 2~

il A 0 4o B8] 4-9 1o S

B 4-9 1A BTG Ak kdy b At 2

ki el S £ M A 1

N

#-3% (4-51) (4-52)i% » T = 4z (4-43)~(4-50)% ¢ > F] 5

7P AR ET OX Y Z

(4-51)

(4-52)

Hy>02 Q>0 Gk



w19

%{[QZ ~1+0Q7 (4 - p4) |cOSH, + Z Q sirf] } +
%{[92-1-92(;1& - lig) |cosB, + Z Q sirf} + (4-53)

Q{i(cosﬁi + o+ B )y + At + Nl COS(P} =C

i=1

%{[4QZJ1+p2(ZI2(2/1b+ueL)—])] cod, + ZQp* siﬁL}—

%{[M”HPZ(ZY(Z%WQ)-J)] codl, + ZQp* sif| + (4-54)
P |:i(COSC_}'I - CO%¢7+E )):ub AUy —Nplg COS(0j| =0
i=1

{ [Qz 1+Q%(py - ,ueR)}sme +27Q cosﬂ}
r__R{ [92 1-Q%(y /'IeR)]SInH +2Q sm@} (4-55)

2
Q{i(sma + S|n(¢+,[>’)),ub a8 smw} 0

i=1

(s (0 )]s+ 200 o)

4p
F . 2 f—
4p{ |:4Q J +p0 ( (Z,Ub +,UeR)—])] SlrﬂR+ ZQIO COQR} - (4_56)
Q* | &y . . _ _
FLsin(chi —éL):o (i=1,2) (4-57)
FRsin(go+,E’i—§R):o » (1=1,2) (4-58)
T‘E}L?’éo EFA\:;I\42'*'T)’IW’J——L%§F yjbﬁQ: ',‘El_:lrl-zo_g‘v ﬁqzogﬁﬁgqj;\‘%ﬁ_f\
SR RT AR  A BRI AL 7 R 2T R AL S B T e
Bt ko S TR MR B RT > T A PR A 2 T R

[ St P R N A £ I

84



F 4-2 &5 = AR AT R

L] T

'_\

e
1

o

N
kS

1
g

1
Y

- =0
3 a=a,=6 +m
4 ﬁlzé_ ‘672:§|_+7T
5 ﬁlzﬁzzé
6 a,=a,=0 +m B.=B,=(6:-9)
! c_rl:é_ ‘672:§L+7T
8 @ =a,=06 +m

E:Bz:(gpe—@”T

9 ﬁlzgl_ ‘672:§|_+7T
10 ﬁlzgl_‘c_rz:é_'l'” Blz(gR_qo)‘Bz_(gR_w)'*'ﬂ

FH-ERE AR IEFE SRR TR E 0 g AT
N z(moR)/(ngL) =4, /(lueL/\L) (4-59)

Mk =(moR)/(ngR) zlub/(,ueR/\R) (4-60)

A 2 (4-53)~(4-56F ] &

85



cos, + codr, + cofp+B)+ cdp+ B, +(i + cowj =0
. 1k
cosa, + codr, - cofp+f)- cdw+ ) {i - cosqoj =0
M 1k (4-61)
o . = . —\  Sing _
anq+sma[+$d¢+@)+sﬂ¢+ﬁJ+,7 =0
R
9n@+sMﬁf—9d¢+E)—sﬂ¢+EJ—$n¢:O
TR
[ERCE S R IF N L E A £ £
X=y= }_/1 =y, = 0
(=
a, = cos
2n,
a,=-a, (4-62)
= L -1
=cos*
A
B =-5
H M HHAeT
(). % oz > T frenig it
¢ ; 1 s, B s AT e ¢ T
d 3$(4-62)F 1, 25_? s 25 R TES R ER 2T RS R p BT

BB AT R ek X IR TR > 0 F XN E N B G ko d TR o
(ii). JEIRT friz o

o N 7, (£(4-59)% (4-60)) thig & # 5 1 » d 3 (4-62)F 4rcosd, < 02

I

COSB < (> FiRzkApH > ho? THE P&t B B 30352 & 5

il ks 2 0 BRI EB UG e THEREPR R T R - B

LR RIRAPEHIT RO TR g > A RS RIER E L g o

" 1, . 1 _ _ — = :
. $m=§@wm=§wﬁ’m=ﬂ~af>ﬂhﬁﬂ=n~@s—nwtwﬁﬁﬁ

ﬁ%i—k»fw%*ﬁ4ﬁﬁﬁw’iﬁﬁ%wniﬁgﬁgéﬁgﬂ
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o KEFNEH G A RKETEL LT G LIS TGP D TR
LRSS EE RN EES s3I TRNETLE TR S

EHE A FIRFFIN > R E R T ET Bt At TR o

BFUBES EHELD NS Y > £ =1 g =2 5B AR A 2 (4-23)F T

BLE R o 4o 4-102 ) 4-11 0 B P r F S iR iRt

=%’ +y." (4-63)
VE YR EmA L - REFARL UL EE R BT RS (Without ABS) 2
£ BT EHEEG (With ABS) 5 chP o) - BoE BHRS % 87 » 4o~ f
B TGRSR 0 S o iR B ol S R £ RABITT 00 H T 2 0 p B T T

Heat §oondr Sk SendRds o S AT LA G RRGDERFRE L L

HA54c B 4-12 > BT BB 2T HP > A G P ERERB L kB

K
Il
0
o
(nl
i
7N\
|
N—
Il
(@]
]
%

_71): 0.66@ ; a,=-a,=-0.6677
j: 0.58 ; B,=-5,=-0.581

BRI e E o
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Transient Response (Central Displacements)

0.0015}
— With ABS
------- Without ABS
0.001 [}
r
0.0005
0
0 4 6
t (sec)
B 4-10 p & T s st = foo B iR

Transient Response (Inclined Angles of the Rotor)

0.008

— With ABS — With ABS
---- Without ABS ---- Without ABS

0 0
-0.0006
-0.0015
2 3 B 1 2 3 4
t (sec)
Bl 4-11 p & T grip st & & & I A ohdldR

Transient Response (Positions of Balls)

1

M\N\,\ %, =06677 (120 )} 05 Right Terminal Plane
0.5 0

B=-0587 1045 )

T o Left Terminal Plane 05
-1

-0.5 a,=-0.6677 120 ) [, =-1.42r7 (104.8
MN/\/\/Wv 15
-1 2

o
N
IN
o
©

10 0 2 4 6 8 10
t(sec)

Bl 4-12 Esk PR G (7 5 B AR AL T i)
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d 411 SHET Do ET - BHEF OB E A T T BT §E

A L g A o mat kg anfitndg o WS A e L R p BT R

B B FRFE RN o i oodrdlt 2 BHE S k- BB g T &R

TR e AERREHHE P BT Sk S FRE | RS 3 TR
PE > w ke (T 5 o Tt o A BB MR R AE R TS

7 L fﬁrmuu» ET A

4-2-3 = Ik SuendE i 4 T fr(static unbalance) f#

FAYRFLR TG PEET 2 Lo L hR A TEFEEE T A

feen=s | Bip it IM =M~ £ =& F ¢=0 cEREFIRES LR ENLAT

(T =To=T ~ § =6,=6 ) » X U {EEE N itz o PIE T 2045
_ i 2
T[ 92—1)c056?+2(Qsin0]+92[2(cosa +cos,8) +2/\,ue}: (4-64)
i=1
2 2 _
P ;2 Z(cosc_ri -cosf3 ),ub =0 (4-65)
i=1
2
r QZ—1)5;'n§—2(§2cosﬂ+sz(gnc—ri +sinf ), =0 (4-66)
i=1
PO* & . —
5 > (sina, —sinB ), =0 (4-67)
i=1
rsin(a,-8)=0 (4-68)
Fsin(_i—é)=0 (4-69)
X (4-68) 2 (4-69)7 - ¥ T#OPFL 4 = /37 i ; {‘_’f@z_e_ \
, =B =0+
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¥a,=p=0z% 672:52:§+;-[;x » 3 (4-64)22 (4-66)¢ » 7 1@

.

{r_[pT cosd +q; sind |+2Q°Au, =0 @70
7| prsind -g; cosd | =0

He p 2o B3z adldr ke &35 (2-19) L pFRRIRDIE® W40 7 % bien

BEE WIS AN P 27 AIRRPEAR A FIIR L o R WIRIRT L G ot

THE e (AT0) - HHESFFE TR AR GOt EZ ) 0 B TR S

2 [ 2 2
=2 Aﬂez Pr 2+qT © By, =tan™ (4-72)
Pr™+ G Pr

U

T U & F 7 T gr(Static Unbalance) pF ez

2. T#20~0 =

6

X
I

W =B =0~ (4-64)£(4-66): ¢ > 7

r_( p; cosd +q; sin§)+2§22(2,uID cos§+/\,ue) =0

_ _ | (4-72)
r_(stin6?—qT cosH)+4Qz,ubsin6?:0

PHEES G P RIR TR AR A 0 2 2 G ) z’ﬁ;‘ﬁﬁii’a%ﬁii— 4= o %’j&.ﬂfim
AIRTRAL S A B TR - BT AL > PI(4T2N ST 1 222 s

-4 o=

P& 5 ST e 258 (2-16)4p e o H T iR L

. (w)e|2np 2 b’ +a7 -4n% |

,7( pTz + qu) (4-73)
s, =tan* —Jr o 474
> Pr T +4Q%1, (4-74)

#-0, =B =6+~ (453)8:(4-66):8 ¢ - 7 @
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r_( o cos§+quin§)—2§22(2,uID cos?—/\,ue) =0 -
_ _ _ 4-75

T(stinH—qT cos@)—4Qz,ubsin6 =0

PR L sk F s A e LT IR (ATE) 8 S MR § S e

S RN (2-24) 4 o B T iR 5

B _4Qzﬂb[,7pT+\/pT2+qT2_,72qT2J

U2~ (4-76)
”(pT2+qT2)
_ r:
¢ =tant hlwe 477
. Pr rS_JZ_4QZIUb ( )
E; ﬁiiugﬁéjl?%? =3 = ‘H-T:FJ% i~ "‘-‘ ’/\%;“é;) K I ii? f’;? ; = :‘ %/u ’ Tq:) F]

B4 ARk T fE fR8 T iz 0 2t 23 6 & {2471 - MdlIE kAT R T
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¥
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LR IR o4 2 0 Ty A rE- 5 AefE 2T R o ) o

o
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BlP AT > BTG, Ty, T EA WM Rfen LT o & BIER &£ = adldR

GLEnA S RS A S E AR T RS ) o w5

'__rﬂ%a“ﬁ {—I ;rﬁf* o r, gj & Q '7':" ?I*%%F&E—I ;T‘ T_ m#ﬁ % Fﬁg LA Tilﬁ ,:"i éfuﬁgﬁ i'i(«_'g/\%;:
7 TR R R RR A B ES 2 TR e R0 2y ki
AW TR P RIRP G 2 T R R H oG oantE i

Zﬁ"
NI

4
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Amplitude (mm)

Static Unbalance
Locations of the Balls

Static Unbalance ( Formulation and Numerical Integration )
¢=019, n=028, 1, =0.0087
0.4
A — .., (Formulation)
! '-‘ ==== Tg,(Formulation)
0.3 i Y [ ( Numerical )
IR
o2f J\ i,
0.1 H
4
0
2 4 6 8 10
Q 0 1 2 3 4 5

%

Bl 4-13 = ‘a3 A5 B 3 T R B BRI 2 R R AR T

_$
AL
P

Super-
Critical

Sub-
Critical

@ (b)
Bl 414 = SflfR s o0 @ TeR i 2 (DB TRR Wi oo B 57 % 7 L
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4-2-4 = ‘aHld& & Foen4 8 3 T fr(couple unbalance) i

A BT 4 R T rengo £ EF e BEEDS 6 7 T rE g
o S s e bR THER LG Apk s [ 2 180 p & L > T
M =M & =6 2% Q=T -HFFREF i+ B3 THH(G =0 G =0+mn

ir_l_:r_R:r_>c ;%TLféﬁg%ﬁE;\ﬁjﬁﬂ ’ _[:

P =4Q%J, - p*[1-2Q° (24, +4,) | (4-78)
Q. =2{ Qp° (4-79)
PIT 7 A7 50 = 5
QZZ::(COSU_/i -cosfB ),ub =0 (4-80)
F( p, cosd +q, sin?) + p?Q? [i(cosc‘ri +C0sf3 ),ub + 2/\,ue} =0 (4-81)
i
in(sino_/i -sinf ), =0 (4-82)
F(pcsiné—qccosﬁ)+p2922(sinc7i +sin,§i),ub=0 (4-83)
rsin(a,-8)=0 (4-84)
rsin(B-8)=0 (4-85)

d (480 (4-85)F 7o 4 i F THFE G R AEL 0 HHAeT

1. 7#0 al:@:e_
a,=p,=0+m

ﬁ%—ﬁl:ﬁlzﬁ % 672:’52:§+711L1 7‘(4—81)?(4-83);‘ ¢, 78

r_( D, cos§+qcsin§) +2Q°p*A, =0
(4-86)

F(pcsiné—qccosé)=0

(4-86) — xS+ 4 B T HER R AR (GRS ) 0 B TR
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2020°NuApl+9? —
- p ﬂe pc qC N 0 :tan—l& (4_87)

CU

p.” +q. o

CuU

TH CU & £ 4 i 3 T 7(Couple Unbalance) i 2

#a =f =0 (48)# (4837 > 7 i

r_(pccos§+qcsin§)+ZQ2p2(2ﬂbcos§+/\ﬂe):o sy
5 5 _ 4-88
F(pcsinH -0 cos@)+4£22p2/,1bsin9 =0

PG G P EERRPOYRARE > P Ag b z’v’viﬁfﬁa?fitt— Az o VREH T

% 5
20°0°t, (-2f7 . £y/P +a -4’ )
T = i 7 (4-89)
n(p2+q?)
o - 09T
— tan™? . feus 4-90
. P, Teo: +4Q°0° 4, =)
3720 -a =8=0+m
¥a=B=0+m* (485 (483 ¢ » 7@
r_[pccos§+qcsin§]—2§22p2(Zybcosﬁ—/\,ue):O o
_ _ Bl 4-91
7| p,Sind g, cos |-4Q%p*4,sinf =0
Lrho b EVRIRTT 2N 4R £ T ?ﬁi&— Ax o H T RiE S
20, [2/7 JENPEET -4f72qcﬂ
feuz = > > (4-92)
n(p’+q?)
g:,, =tan™ Qe T'cuo (4-93)

P, T, —4Q°0° 1,

94



» 1 2 _ _ L —+ /] —+ ' 2
R <§B$ b (4-89) 2 (4-92)F AvT BTy, % Bl Hcfi o T BT, 6D
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Couple Unbalance
Locations of the Balls

Couple Unbalance ( Formulation and Numerical Integration )
p=22, ¢=019, n=028, 4, =00087, 11 =0013, J =381
— T5,, (Formulation )
0.6 RN ===- Ty,,(Formulation)
- NN [ ( Numerical )
£ Seel
E 1 W LU
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1
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Sub-
Critical

@ (b)
Bl 4-16 = adldm i (@)= il i 2 (h)Efeh g pF > 4 B 72 Timr &

43 = BANE 4 R 2T Rt LA 47

FUETRAID BT G nfliR B A NS SR 3 T R b o
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Theoretical and Experimental Results of U1L0 (2400 rpm)
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Theoretical and Experimental Results of Sup-U1L0
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Time Response of Two Terminal Planes
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Theoretical and Experimental Results of U2L0 (2400 rpm)
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Theoretical and Experimental Results of Sup-U2L0
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Theoretical and Experimental Results of UOL1 (2400 rpm)
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Theoretical and Experimental Results of Sup-UOL1
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4. Sup-U2L1 (£ 0°)
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Theoretical and Experimental Results of U2L1 £0° (2400 rpm)
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Theoretical and Experimental Results of Sup-U2L1_0°
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5. Sup-U2L1 (£60°)
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Transient Response of the System for SP2B-U2L1 ~60°
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6. Sup-U2L1 (.~ 180°)
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Transient Response of the System for SP2B-U2L1 £180°
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cos@-f,)3, + sirt @-f, )coR- B, P, )} 3,0, [2°Q" coHl- 4
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0. =2¢Qp° > ¥ & T A2 ff it 5

168



(92 —1)x+ 2¢Qy=0
2CQX_(QZ—]_)y: 0

(A3.14)
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