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中文摘要

分類問題的應用可見於許多方面，譬如在文件分類和多媒體資訊檢索等。支撐向
量機被用於解決二元分類的問題，而也能進一步延伸至處理多標籤分類問題，其做
法為以二元分類問題為子問題來解決整個多標籤分類問題。還有其他方法如最大熵
方法將所有類別的資料集合一併來考慮，不同於前述方法先以類別來分出子問題。
而最小化目的函數的方法中，較為常用的是以座標下降法來逐步對各個子問題求
解。另一解法為信賴區域牛頓法，其方法能得到平方收斂速度。而本篇論文將比較
數種多標籤分類器的效能並加以討論。

關鍵詞: 線性分類模型, 線性支持向量機, 多標籤分類, 最大熵方法, 座標下降法。
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ABSTRACT

The classification problem appears in many applications such as document classifi-
cation and web page search. Support vector machine(SVM) is one of the most popular
tools used in classification task. One of the component in SVM is the kernel trick. We
use kernels to map data into a higher dimentional space. And this technique is applied
in non-linear SVMs. For large-scale sparce data, we use the linear kernel to deal with
it. We call such SVM as the linear SVM. There are many kinds of SVMs in which
different loss functions are applied. We call these SVMs as L1-SVM and L2-SVM in
which L1-loss and L2-loss functions are used respectively. We can also apply SVMs to
deal with multi-class classification with one-against-one or one-against-all approaches.
In this thesis several models such as logistic regression, L1-SVM, L2-SVM, Crammer
and Singer, and maximum entropy will be compared in the multi-class classification
task.

KEYWORDS: Linear classification, Linear support vector machines, Multi-class clas-
sification, Maximum entropy, Coordinate descent.
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CHAPTER I

Introduction

Support vector machine (SVM) (Boser et al., 1992; Cortes and Vapnik, 1995) is

a popular data classification tool. SVM uses a hyperplane to distinguish between

positive and negative instances, and keeps the margin as wide as possible. Sometimes

it is not easy to seperate data points directly. The kernel trick is introduced to map the

instances into another higher dimentional space to make the classification task easier.

The SVM applying kernel trick is called non-linear SVM, otherwise it is called linear

SVM. For many applications such as document classification in which data is usually

really large, linear SVM is suitable for data not mapped where the performance is

similar between linear and non-linear SVM.

Several works make much efforts to solve linear SVM in many ways. Lin et al. (2008)

proposed a trust region Newton method (TRON) to solve large-scale l2-loss linear SVM.

Chang et al. (2008) also solved l2-linear SVM, with the coordinate descent method and

showed that it is more efficient and stable than Pegasos (Shalev-Shwartz et al., 2007)

and TRON. Hsieh et al. (2008) again applied the coordinate descent method to solve

linear SVMs with not only l2-loss but also l1-loss. It was shown to be faster than

Pegasos, TRON and SVMperf (Joachims, 2006), and reach an ε-accurate solution in

O(log(1/ε)) iterations.

The original SVM solves the binary classification problem. In other words, there
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are only two classes of instances to be classified. If in one problem there are more than

two classes, we call this a multi-class classification problem. There are already several

works (e.g., Mayoraz and Alpaydin, 1999; Weston and Watkins, 1998) on solving multi-

class problems. Hsu and Lin (2002) compares multi-class non-linear SVMs with RBF

kernels of different approaches and other multi-classifiers. One group of approaches

is based on several binary SVMs. In (Bottou et al., 1994), a one-against-all method

is applied to deal with multi-class tasks. Rifkin and Klautau (2004) also studies the

one-against-all approach. With the one-against-all method, for every class a classifier

is trained. The instance will be classified to the class whose classifier gives the highest

score. The other approach is called one-against-one (Knerr et al., 1990). In this

approach the classifier for every pair of classes is trained. The decision of which class

the instance belongs to depends on the majority votes of some associated classifiers.

Besides the approaches combining multiple binary classifiers to deal with multi-class

tasks, the other group of approaches called “all-together” methods can be capable of

multi-class classification. Crammer and Singer (2000) proposed a method to do with

multi-class task and we usually solve the dual form. Because in the dual form there

are still many variables, the coordinate descent method can be applied to solve the

problem. Keerthi et al. (2008) extended the coordinate descent method to a sequential

dual method to solve the dual form. Fan et al. (2008) provided an implementation in

the LIBLINEAR package.

Another “all-together” model called Maximum Entropy (ME) (Berger et al., 1996) is

widely used in NLP applications. ME is based on the joint features which are extracted

from the instance-label pair. Huang et al. (2009) proposed an iterative scaling and

coordinate descent method to solve the primal form of ME. The same method is also

applied to solve logistic regression (LR) problem because LR can be considered as a
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special case of ME. For the dual form of ME and LR, Yu et al. (2010) solved it with

the coordinate descent method as well. In the experiments of both papers, the NLP

data is of multi-class with 0/1 feature values, whereas the data for LR is binary. There

are no experiments conducted with these methods on multi-class data of real-valued

features.

It is quite interesting that people of NLP groups get used to apply ME in their

researches. In ME data appear in the form of feature vectors encoded with all the

instance-label pairs instead of simply considering the instance-label pairs appearing

in the data. And NLP researchers manipulate their data with “feature reduction”

approach. Since the performance of classifiers may be different in terms of instance

format. We would like to know the reason they take this approach or it is just a

customary choice. In this thesis we will conduct experiments on several multi-class

data sets with linear classifiers such as SVM and ME to see the performance, and also

study effects of different format of instances.



CHAPTER II

Models

2.1 Support Vector Machine

Support Vector Machine (SVM) (Boser et al., 1992; Cortes and Vapnik, 1995) is a

popular tool for classification. Given a set of instance-label pairs (xi, yi), where i =

1, . . . , l, xi ∈ Rn, yi ∈ {+1,−1}, SVM solves the following unconstrained optimization

problem,

min
w

f(w) ≡ 1

2
wTw + C

l∑
i=1

ξ(w;xi, yi).

ξ(w;xi, yi) is the loss function and C ∈ R is the penalty parameter. 1
2
wTw is the

regularization term and it is added to avoid overfitting. One can tune the performance,

and strike a balance between loss function and regularization term by setting different

values of C. There are two common forms of loss function. One is L1-SVM which

solves the following problem,

min
w

f(w) ≡ 1

2
wTw + C

l∑
i=1

max(1− yiwTxi, 0). (2.1)

The other is L2-SVM, which solves the following problem with squared loss function,

min
w

f(w) ≡ 1

2
wTw + C

l∑
i=1

max(1− yiwTxi, 0)2. (2.2)

Regularized logistic regression (LR) related to SVM uses logistic loss function and

4
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solves the following problem,

min
w

f(w) ≡ 1

2
wTw + C

l∑
i=1

log(1 + e−yiw
Txi). (2.3)

The statements above follows Chang et al. (2008).

In some applications we want to add the bias term. For convenience we can extend

the instance by including the bias term b:

xTi ← [xTi , 1] and wT ← [wT , b].

In the multi-class classification problem, instance-label pairs also given in the for-

mat as that in binary problem, but yi ∈ {1, . . . , k}, where k is the number of labels.

The i-th SVM solves the following problem,

min
wi

1

2
wT
i wi + C

l∑
i=1

max(1− yjwT
i xj, 0). (2.4)

The decision function for predicting labels on xj is

arg max
i=1,...,k

wT
i xj.

The approach used in (2.4) is called one-against-all (Bottou et al., 1994). For each

class we train one model, in total we obtain k models. In i-th SVM we consider

instances with label yi as positive ones and others as negative instances.

The other approach is called one-against-one (Knerr et al., 1990). We train models

for every pair of classes. For class i and j, we solve the following problem,

min
wij

1

2
wT
ijwij + C

l∑
k=1

max(1− ykwT
ijxk, 0). (2.5)

We train models for every pair of classes, therefore k(k − 1)/2 models could be

obtained. When predicting labels, for each model we calculate wT
ijxi. If sign(wT

ijxi)

says xi is in the class i, the model votes for class i, otherwise it votes for class j. xi

will be classified in the class with majority votes.
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2.2 Crammer and Singer

Given a set of instance-label pairs (xi, yi), where i = 1, . . . , l, x ∈ Rn, yi ∈

{1, . . . , k}. The multi-class model proposed by Crammer and Singer (2000) is obtained

by solving the following optimization problem,

min
wm,ξi

1

2

k∑
m=1

wT
mwm + C

l∑
i=1

ξi

subject to wT
yi
xi −wT

mxi ≥ emi − ξi, i = 1, . . . , l, (2.6)

where

emi =


0 if yi = m,

1 if yi 6= m.

The decision function is

arg max
m=1,...,k

wT
mx.

The dual of (2.6) is:

min
α

1

2

k∑
m=1

‖wm‖2 +
l∑

i=1

k∑
m=1

emi α
m
i

subject to
k∑

m=1

αmi = 0,∀i = 1, . . . , l (2.7)

αmi ≤ Cm
yi
, ∀i = 1, . . . , l,m = 1, . . . , k,

where

wm =
l∑

i=1

αmi xi,∀m, ᾱi = [α1
i , . . . , α

k
i ]
T , α = [α1

1, . . . , α
k
1, . . . , α

1
l , . . . , α

k
l ]
T (2.8)

and

Cm
yi

=


0 if yi 6= m,

C if yi = m.

(2.9)
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2.3 Maximum Entropy (ME)

Maximum entropy (ME) is widely applied in applications such as natural language

processing (NLP) and document classification. It is suitable for problems with proba-

bility interpretations. In the application of NLP, one can predict the labels with the

maximal probability for a given word sequence (Berger et al., 1996). This task is dif-

ferent from traditional classification problems in which labels are assigned to a single

instance.

ME models the conditional probability as:

Pw(yi|xi) ≡
Sw(xi, yi)

Tw(xi)
,

Sw(xi, yi) ≡ ew
T f(xi,yi), Tw(xi) ≡

∑
i=1 Sw(xi, yi),

where i = 1, . . . , l, x ∈ Rn, yi ∈ {1, . . . , k}. xi indicates a context, yi is the label of

the context. f(xi, yi) is a real-valued vector extracted from context xi and label yi. It

is assumed that f(xi, yi) has finite features. Tw can be considered as a normalization

term to make
∑

i Pw(yi|xi) = 1.

One can obtain the empirical probability P̃ (xi, yi) from training instances. ME

minimizes the following negative likelihood,

min
w

−
∑
xi,yi

P̃ (xi, yi)Pw(yi|xi),

or equivalently,

min
w

∑
xi

P̃ (xi) logPw(xi)−wT P̃ (f),

where

P̃ (xi, yi) = Nxi,yi/N. (2.10)

Nxi,yi is the number of occurrences of (xi, yi) in the training data and N is the

total number of training samples. P̃ (xi) =
∑

i P (xi, yi) is the marginal probability
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of xi. P̃ (f) =
∑
xi,yi

f(xi, yi) is the expected feature vector. In reading data of

LIBSVM format, P̃ (xi, yi) = 1/l because every instance has an unique label and there

are totally l instances, and P̃ (xi) = 1/l because P̃ (xi, yj) = 0 ∀j 6= i. One can add a

regularization term to avoid overfitting and solve the following optimization problem,

min
w

f(w) ≡
∑
xi

P̃ (xi) logPw(xi)−wT P̃ (f) +
1

2σ2
wTw, (2.11)

where σ2 is the penalty parameter. The dual form of (2.11) is:

min
α

1

2σ2
w(α)Tw(α) +

∑
i

∑
j:αiyj

>0

αiyj logαiyj

subject to
∑
y

αiy = P̃ (xi) and αiyj ≥ 0 ∀i, j, (2.12)

where

w(α) ≡ σ2

(
P̃ (f)−

∑
i,j

αiyjf(xi, yj)

)
.

And the derivation of (2.12) is in Yu et al. (2010). The vector α ∈ Rlk is composed

of l blocks,

α = [ᾱ1, . . . , ᾱl]
T and ᾱi = [αi1, . . . , αik]

T ,

where k is the number of labels, and αi corresponds to xi in the data set. If α∗ and w∗

are respectively the optimal solution for dual and primal problems, then w∗(α∗) = w∗.



CHAPTER III

Methods

In this chapter several optimization problems will be solved with different methods.

3.1 Trust Region Newton Method (TRON)

The trust region Newton method (TRON) (Lin et al., 2008) solves the optimization

problem with the following sub-problem,

min
s

qk(s)

subject to ‖s‖ ≤ ∆k, (3.1)

where qk(s) is the following quadratic model,

qk(s) ≡ ∇f(wk)Ts+
1

2
sT∇2f(wk)Ts,

where ∇f(wk) and ∇2f(wk) are the graident and the Hessian at wk respectively, ∆k

is the size of the trust region. Generally TRON requires that the objective function is

twice differentiable in order to calculate the Hessian-vector product.

9
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Algorithm 1 Trust region Newton method.

• Given w0.
• For k = 0, 1, . . .

– Find an approximate solution sk of the trust region sub-problem (3.1).
– Update wk and ∆k according to (3.2).

At each iteration k, wk and ∆k is updated with the following rules,

wk+1 =


wk + sk if ρk > η0,

wk if ρk ≤ η0,

∆k+1 ∈



[σ1 min{‖sk‖,∆k}, σ2∆k] if ρk < η1,

[σ1∆k, σ3∆k] if ρk ∈ (η1, η2),

[∆k, σ3∆k] if ρk > η2,

ρk =
f(wk + sk)− f(wk)

qk(sk)
,

(3.2)

where ρk is the ratio of the actual function value reduction to the approximated re-

duction. One can pre-specify parameters η0 > 1, 1 > η2 > η1 > 0, and σ3 > 1 > σ2 >

σ1 > 0. In Lin et al. (2008) it is suggested that

η0 = 10−4, η1 = 0.25, η2 = 0.75,

σ1 = 0.25, σ2 = 0.5, σ3 = 4.

The precedure is in Algorithm 1.

3.1.1 Logistic Regression (LR)

TRON requires gradient and Hessian for computation. The gradient of (2.3) is

w + C

l∑
i=1

yixi
eyiwTxi − 1

.

And the Hessian is

I + 2CXTDX,
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where I is the identity matrix and D is a diagonal matrix with

Dii = σ(yiw
Txi)/(1− σ(yiw

Txi)), σ(yiw
Txi) =

1

1 + eyiwTxi
.

3.1.2 L2-Loss Support Vector Machine (L2-SVM)

The gradient of (2.2) is

w + 2CXT
I,:(X

T
I,:w − yI),

where I ≡ {i | 1 − yiw
Txi > 0} is the set of indices, y = [y1, . . . , yl]

T and X =

[x1, . . . ,xl]
T .

Because (2.2) is differentiable but not twice differentiable, we use the generalized

Hessian of (2.2) as the following,

I + 2CXTDX = I + 2CXT
I,:DI,IXI,:, (3.3)

where I is the identity matrix. D is a diagonal matrix defined as the following,

Dii =


1 if 1− yiwTxi > 0,

0 if 1− yiwTxi ≤ 0.

The Hessian-vector product of (3.3) and s is

s+ 2CXT
I,:(DI,I(XI,:s)).

3.2 Coordinate Descent

Coordinate descent method is applied to solve the following constrained optimiza-

tion problem,

min
α∈Rl

f(α)

subject to Aα = b and 0 ≤ α ≤ Ce,
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where A ∈ Rm×l, b ∈ Rl and e is a vector of ones.

It is too expensive to update all variables in one iteration. Coordinate descent

method solves one variable or a block of elements of α at a time to form a sub-problem

as the following,

min
z

f(α+ z) (3.4)

subject to zi = 0, ∀zi /∈ B

Az = 0 and 0 ≤ αi + zi ≤ C, ∀zi ∈ B,

where Az = 0 is the linear constraint, B contains variables to be updated.

3.2.1 Support Vector Machine Dual with L1-loss and L2-loss

Hsieh et al. (2008) proposed a coordinate descent method to solve the dual form of

(2.2) and (2.1),

min
α

f(α) = 1
2
αT Q̄α− eTα

subject to 0 ≤ αi ≤ U,∀i, (3.5)

where Q̄ = Q + D, D is a diagonal matrix and Qij = yiyjxixj. For L1-SVM, U = C

and Dii = 0 ,∀i and for L2-SVM, U =∞ and Dii = 1/(2C) ,∀i.

We apply the coordinate descent method to solve the sub-problem,

min
z

f(αk,i + ze)

subject to 0 ≤ αki + z ≤ U, (3.6)

where αk,i = [αk+1
1 , . . . , αk+1

i−1 , α
k
i , . . . , α

k
l ]
T , ∀i = 2, . . . , l and f(αk,i + ze) is a single

variable function of z:

f(αk,i + ze) =
1

2
Q̄iid

2 +∇if(αk,i)d+ constant, (3.7)
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where ∇if is the i-th component of the gradient ∇f .

If Qii > 0 one can easily obtain the solution:

αk,i+1
i = min

(
max

(
αk,ii −

∇if(αk,i)

Q̄ii

, 0

)
, U

)
. (3.8)

3.2.2 Crammer and Singer

Since (2.7) in which there are kl variables is too large, Keerthi et al. (2008) extends

the coordinate descent method the solve the sub-problem by splitting α into blocks.

Every time we choose a block ᾱi to solve the following sub-problem,

min
ᾱi

k∑
m=1

1

2
A(αmi )2 +Bmα

m
i

subject to
k∑

m=1

αmi = 0,

αmi ≤ Cm
yi
,m = {1, . . . , k},

where

A = xTi xi and Bm = wT
mxi + emi − Aαmi .

Because some variables will become bounded, they can be shrunken during training.

We can eliminate the number of variabls need to be solved. These active variables could

be considered as a sub-vector ᾱUi
i , where Ui ⊂ {1, . . . , k} is an active set. Then we

solve the following sub-problem with other variables not in Ui fixed,

min
ᾱ

Ui
i

∑
m∈Ui

1

2
A(αmi )2 +Bmα

m
i

subject to
∑
m∈Ui

αmi = −
∑
m/∈Ui

αmi ,

αmi ≤ Cm
yi
,m ∈ Ui.

(3.9)

There are two possibilities that we don’t solve the sub-problem of ᾱi. If |Ui| < 2,

then the whole vector ᾱi is fixed by the constraints in (3.9), thus we can shrink the
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Algorithm 2 The coordinate descent method for (2.7)

• Given α and the corresponding wm

• While α is not optimal
– Randomly permute {1, . . . , l} to {π(1), . . . , π(l)}
– For i = π(1), . . . , π(l)

If ᾱi is active and xTi xi 6= 0
· Solve a |Ui|-variable sub-problem (3.9)
· Maintain wm for all m by (3.10)

whole vector ᾱi. If A = 0 then xi = 0, with (2.8) we can know that any value of ᾱmi

won’t affect the vector wm, thus we can finish solving the sub-problem.

After solving the sub-problem, if α̂mi is the new value and αmi is the old value then

we can update wm by

wm ← wm + (αmi − α̂mi )yixi. (3.10)

And we can save all the elements that α̂mi 6= αmi to save computation time. The

procedure in in Algorithm 2.

3.2.3 Maximum Entropy (ME)

Yu et al. (2010) proposed a coordinate descent method to solve (2.12). Every time

we pick a block ᾱi to form the sub-problem,

min
z

h(z)

subject to
∑
j

zyj = 0 and zyj ≥ −αiyj ∀j,
(3.11)

where

h(z) ≡ DME(ᾱ1, . . . , ᾱi + z, . . . , ᾱl)

=
∑
j

(αiyj + zyj) log(αiyj + zyj) +
1

2σ2

(
w(α)− σ2

∑
j

zyjf(xi, yj)

)2

+ constant

=
∑
j

(αiyj + zyj) log(αiyj + zyj)−
∑
j

zyjw(α)Tf(xi, yj) +
σ2

2
zTKiz + constant,

where Ki ∈ R|Y |×|Y | is a matrix with Ki
yy′ = f(xi, y)Tf(xi, y

′), ∀y, y′ ∈ Y, Y =

{1, . . . , k}.
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Following Memisevic (2006), the sub-problem becomes a two-level coordinate de-

scent method. Each time we pick two variables αiy1 and αiy2 , we form the following

one-variable sub-problem,

min
d

h(z + d(ey1 − ey2))

= (αiy1 + zy1 + d) log(αiy1 + zy1 + d) + (αiy2 + zy2 − d) log(αiy2 + zy2 − d)

+
(
σ2
(
(Kiz)y1 − (Kiz)y2

)
−w(α)T (f(xi, y1)− f(xi, y2))

)
d

+
σ2

2
(Ki

y1y1
+Ki

y2y2
− 2Ki

y1y2
)d2 + constant

subject to − (αiy1 + zy1) ≤ d ≤ αiy2 + zy2

(3.12)

In Yu et al. (2010), a coordinate descent method also proposed to solve LR dual

problem. One can obtain the one-variable sub-problem,

min
z

g(z) ≡ (c1 + z) log(c1 + z) + (c2 − z) log(c2 − z) +
a

2
z2 + bz

subject to − c1 ≤ z ≤ c2,

(3.13)

where c1, c2, a, b ∈ R.

By assigning

a← σ2(Ki
y1y1

+Ki
y2y2
− 2Ki

y1y2
)

b← σ2
(
(Kiz)y1 − (Kiz)y2

)
−w(α)T (f(xi, y1)− f(xi, y2))

c1 ← αiy1 + zy1 and c2 ← αiy2 + zy2 ,

(3.14)

(3.12) is in the same form as (3.13), then we can solve it with the modified Newton

method in Yu et al. (2010).

In Algorithm 3, α can be initialized as:

αiyj =



P̃ (xi, yj) if |Ei| = 0,
(1− ε)P̃ (xi, yj) ∀yj /∈ Ei

ε
|Ei| P̃ (xi) ∀yj ∈ Ei

if |Ei| 6= 0,

(3.15)
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Algorithm 3 Coordinate Descent Method for the dual of ME (2.12)

• Set initial α by (3.15).

• w(α)← σ2
(∑

i

∑
j

(
P̃ (xi, yj)− αiyj

)
f(xi, yj)

)
.

• While α is not optimal
For i = 1, . . . , l
∗ Solve the sub-problem (3.11) and get the optimal ẑ∗.
∗ Update α and w(α) by (3.16).

where Ei ≡ {yj | P̃ (xi, yj) = 0}, P̃ (xi) and P̃ (xi, yj) is defined in (2.10). And the

update rule for w(α) and α is

ᾱi ← ẑ∗,

w(α)← w(α)− σ2
∑
j

(
ẑ∗yj − αiyj

)
f(xi, yj).

(3.16)



CHAPTER IV

Features of Different Schemes

Researchers of NLP groups tend to apply ME to conduct experiments on their

data. It is quite interesting that why they applied ME instead of other classification

models. One feature of ME is that instead of instances with knowledge of its associated

label is required, feature vectors encoded with every instance-label pair are used in the

optimization procedure. In NLP data, property (4.2) usually holds (Jurafsky and

Martin, 2008). Therefore in the beginning we construct the feature vector with the

following rules,

f(xi, yi) = [f1,f2, . . . ,ft, . . . ,fk]
T , (4.1)

ft =


xTi if yi = t,

[0, . . . , 0] otherwise.

This setting satisfies the property,

f(xi, yi)
Tf(xi, yj) = 0 ∀i 6= j, (4.2)

which can be applied in Algorithm 3.

With (4.1), there are kn features in one vector, where k and n are the number

of labels and features respectively. Since in SVM we consider instances as vector of

dimention n, (4.1) could be treated as the ‘expansion’ of instances in ME dual. At first

17
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glance the lengthened instances may lead to longer computation time. In fact, we could

consider (4.1) as putting the original instance into a new longer instance of length kn,

and this approach will lead to a vector with leading and trailing zeros. Because the

instances are stored in a sparce format, the duplicating zeros add not much workloads

for reading each feature vectors. But the number of instances becomes k times will

lead to more cost in calculation than with SVM.

For all the feature vectors of the same associated label there are some positions

where the value is always zero, these features can be reduced to reach the smaller size

of feature vectors and the reduced vectors also possess the property (4.2). Data sets

with high sparcity enjoy the advantage of this reducing technique. Reduced vectors

can be written in the form of (4.3). Table 4.1 contains the statistics of size of original

and reduced feature vectors of several data sets. news20, rcv1 and sector are benefit

from the feature reducing approach.

f ′(xi, yi) = [f ′1,f
′
2, . . . ,f

′
t , . . . ,f

′
k]
T , (4.3)

f ′t = ftIt

where

It = {j | yi = t, ∃xmj 6= 0 ∀m = 1, . . . , l}, (4.4)

is the index set of reduced instances of label t and ft is in (4.1).

ME dual-2 uses reduced feature vectors for computation. Before the computation a

look-up table is constructed to memorize the positions of non-zero values in the feature

vectors of different labels. The action of looking up the table can be the bottleneck.

This phenomenon doesn’t exist in ME dual because we just read all the features in

the optimization procedure without accessing the table to check whether the features

should be involved in the calculation or not.
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Table 4.1: The number of features in the feature vectors used in Algorithm 3. ‘original’
indicates the length of the original feature vector while the length of the
reduced feature vector is listed in the column ‘reduced.’

Data set original reduced
news20 1,241,220 210,981
covtype 378 239
mnist 7,800 5,777
rcv1 2,503,508 478,263
sector 5,795,685 299,454
vehicle 300 300
iris 12 12
wine 39 39
glass 54 54
vowel 110 110
segment 133 126
dna 540 535
satimage 216 216
letter 416 416
shuttle 63 63

Comparing to Crammer and Singer, we can see some common properties. The

solution of primal form of ME could be considered as the concatenaton of classifiers

of each class, that is, w could be split into k vectors of length n. Thus we can treat

these two models as the one-against-all classfiers because their decision functions are

in the same form. Furthurmore, in solving Crammer and Singer, we can also apply

the feature reduction technique to reduce the size of the primal solution, and the same

trick could be adopted in the multi-class SVM with one-against-all approach. However,

in the thesis we only compare the different scheme of features on ME dual to see the

effect.



CHAPTER V

Experiment

In this chapter, we will run experiments with different methods on various data sets.

The original LIBLINEAR package can deal with multi-class classification by applying

one-against-all approach. The package is available at

http://www.csie.ntu.edu.tw/~cjlin/liblinear/.

And the one-against-one version is implemented by modifying the code of LIBLIN-

EAR. The implementation of ME dual is similar to the Java code version in Yu et al.

(2010).

All the experiments are conducted on a 64-bit machine with Intel Xeon 2.5GHz

CPU and 16GB main memory.

5.1 Data Sets

Data sets are roughly seperated into two categories. Table 5.1 lists the statistics

of large-scale data sets. Besides other data sets, mnist is scaled. Table 5.2 lists the

UCI/Statlog data sets. In the UCI/Statlog data sets dna, satimage, letter and shuttle

provide training and testing sets, while others don’t provide training and testing sets

so that these data sets will be divided into an 80/20 split as the training set and the

testing set.

20
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Table 5.1: The summary of data statistics. The second column shows the number of
classes/labels in the data set. n is the number of features. The last two
columns are the number of training and testing data respectively.

Data set # classes n # training # testing
news20 20 62,061 15,935 3,993
mnist 10 780 11,982 1,984
covtype 7 54 464,810 116,202
rcv1 53 47,236 518,571 15,564
sector 105 55,197 6,412 3,207
vehicle 3 100 78,823 19,705

Table 5.2: The summary of UCI/Statlog data statistics. The second column shows the
number of classes/labels in the data set. n is the number of features. The
last column is the number of data instances.

Data set # classes n # instances
iris 3 4 150
wine 3 13 178
glass 6 9 214
vowel 11 10 528
segment 7 19 2,310
dna 3 180 2,000
satimage 6 36 4,435
letter 26 16 15,000
shuttle 7 9 43,500

All the data sets are available at http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/

datasets/multiclass.html

5.2 Setting

We compare the following six implementations.

1. LR: Logistic regression solved with trust region Newton method (Lin et al., 2008).

We use the implemention of LIBLINEAR 2.91 with option -s 0.

2. L2-SVM: L2-loss support vector machine solved with coordinate descent method.

The SVM uses L2-regularization term. The option in LIBLINEAR is -s 2.

3. L1-SVM: L1-loss support vector machine solved with coordinate descent method.

http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multiclass.html
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/multiclass.html
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It also uses L2-regularization term. The option in LIBLINEAR is -s 3.

4. CS: Crammer and Singer method with coordinate descent method. The option

in LIBLINEAR is -s 4.

5. ME dual: ME dual implementation using original feature vectors.

6. ME dual-2: Similar implementation as ME dual using reduced feature vectors.

For binary solvers such as LR, L2-SVM and L1-SVM, we implement the one-against-

one approach which is denoted as “1-1” while one-against-all is denoted as “1-all.”

We search for best parameters with cross-validation. C is found in the range of

[2−5, 2−4, . . . , 23]. Too large C leads to much more training time and cannot get much

improvement in testing accuracy. And default value of ε is choosed as 0.1. For the

stopping condition, ME dual uses the relative function difference,∣∣∣∣fk(w)− fk−1(wk−1)

fk−1(wk−1)

∣∣∣∣ . (5.1)

The procedure stops when (5.1) is less than 10−8.

5.3 Comparison

The result for cross-validation is in Table 5.3. For LR, L2-SVM and L1-SVM,

data sets only news20, sector and iris have higher accuraries with the one-against-all

approach. LR and L1-SVM perform similarly for vehicle and wine. While the difference

of accuracies for wine and dna is little by using L2-SVM with both approaches. One

can also see that Crammer and Singer outperforms other models on sector, wine and

shuttle, but the accuracy of every classifiers on wine is almost the same.

Table 5.4 gives the result for testing accuracy. LR, L2-SVM and L1-SVM perform

better in one-against-all approach on news20, sector and wine. LR also has higher ac-

curacy with one-against-all approach on iris. For Crammer and Singer, it outperforms
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other classifiers on sector and shuttle. The difference of accuracies among Crammer

and Singer, ME dual and ME dual-2 is less than one percent. Crammer and Singer

outperforms the other two ME implementations on sector, iris, vowel, letter and shuttle,

but worse on glass and satimage. For segment and dna, the three implementations per-

form similarly. We also observe that L1-SVM and L2-SVM outperform other classifiers

most of the time.

Best C values of each classifier on every data sets are listed in Table 5.5. Data sets

news20, wine and dna favor small C values while for vehicle, segment, letter and shuttle

large C values are preferred.

For almost all the classifiers take more time in training with one-against-all ap-

proach. LR spends more time in training on sector with one-against-one approach.

The same situation happens to L1-SVM on covtype. One can see that Crammer and

Singer spends least time on mnist, rcv1 and sector. Among three “all-together” imple-

mentations, Crammer and Singer takes least time than other two on all data sets. The

result of training time is in Table 5.6. For testing time, for all classifiers they spend

more time with one-against-one models. The result is in Table 5.7.
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Table 5.3: Cross-validation accuracy for each classifiers on data sets. For each data
set, the highest accuracy is bold-faced.

LR L2-SVM L1-SVM CS ME ME
dual dual dual-2

data 1-all 1-1 1-all 1-1 1-all 1-1
news20 83.44 81.63 83.23 80.73 82.96 80.23 82.24 82.22 81.69
covtype 71.50 72.49 71.26 72.52 71.15 72.67 72.43 72.44 72.43
mnist 91.24 93.72 90.95 93.99 91.28 94.10 92.37 92.06 92.04
rcv1 92.93 93.27 92.93 93.42 92.81 93.43 93.08 93.04 93.02
sector 92.20 90.52 93.22 91.52 93.75 91.56 94.01 92.00 92.19
vehicle 80.29 80.40 80.04 80.34 80.18 80.59 80.28 80.32 80.32
iris 88.33 85.83 88.33 86.67 88.33 86.67 86.67 85.83 85.83
wine 97.20 97.20 97.90 97.20 97.90 97.90 97.90 96.50 95.80
glass 56.98 59.30 58.14 59.88 54.65 58.72 54.07 58.72 58.72
vowel 48.23 68.32 49.41 76.12 46.81 72.34 58.16 58.63 58.63
segment 91.99 93.99 91.99 95.13 92.26 94.91 94.21 93.99 93.99
dna 94.14 93.93 93.79 93.57 93.64 94.21 93.71 93.71 93.79
satimage 83.92 87.66 83.18 87.76 82.18 87.89 86.44 86.53 86.53
letter 68.01 81.13 66.63 82.60 63.34 82.53 75.94 74.98 74.98
shuttle 92.77 96.08 91.96 96.05 93.65 97.10 97.15 95.99 95.99

Table 5.4: Testing accuracy for each classifiers on data sets. For each data set, the
highest accuracy is bold-faced.

LR L2-SVM L1-SVM CS ME ME
dual dual dual-2

data 1-all 1-1 1-all 1-1 1-all 1-1
news20 84.47 82.79 84.72 82.07 84.24 82.07 83.62 83.67 83.35
covtype 71.67 72.62 71.34 72.65 71.19 72.79 72.52 72.59 72.59
mnist 91.83 94.41 91.67 94.47 92.01 94.45 92.93 92.64 92.64
rcv1 92.10 92.41 92.02 92.47 91.98 92.55 92.30 92.33 92.25
sector 92.70 91.61 93.92 92.55 94.08 92.55 94.36 92.64 92.67
vehicle 80.51 80.62 80.17 80.35 80.38 80.70 80.44 80.44 80.44
iris 93.33 90.00 90.00 93.33 83.33 93.33 90.00 86.67 86.67
wine 97.14 94.29 97.14 94.29 97.14 94.29 94.29 94.29 94.29
glass 66.67 73.81 64.29 73.81 61.90 66.67 64.29 69.05 69.05
vowel 44.76 74.29 45.71 78.10 37.14 77.14 56.19 51.43 51.43
segment 90.04 91.77 89.83 93.29 90.69 93.07 91.99 91.13 91.13
dna 94.35 93.68 94.44 94.01 93.42 93.42 94.18 94.18 94.01
satimage 81.75 85.55 81.05 85.85 79.90 86.15 83.95 84.45 84.45
letter 68.00 81.60 66.34 82.92 62.76 83.38 76.78 75.18 75.18
shuttle 92.96 96.23 92.24 96.19 93.83 97.30 97.39 96.09 96.09



25

Table 5.5: The best C for each classifiers on data sets.
LR L2-SVM L1-SVM CS ME ME

dual dual dual-2
data 1-all 1-1 1-all 1-1 1-all 1-1
news20 2−1 2−2 2−5 2−5 2−5 2−5 2−5 2−3 2−4

covtype 23 23 2−1 21 2−1 21 21 23 23

mnist 20 20 2−3 2−5 20 2−5 2−5 2−2 2−2

rcv1 23 23 2−1 2−1 2 20 2−1 22 22

sector 23 23 22 23 21 22 20 23 23

vehicle 23 23 22 20 23 23 23 23 23

iris 2−1 23 20 20 22 22 20 2−2 2−2

wine 20 2−2 2−4 2−5 2−3 2−5 2−3 2−2 2−1

glass 23 23 21 20 23 22 21 21 21

vowel 22 23 2−2 23 20 23 23 23 23

segment 23 23 23 23 23 23 23 23 23

dna 2−2 2−3 2−5 2−5 2−5 2−5 2−5 2−4 2−4

satimage 23 22 20 2−2 23 2−1 22 23 23

letter 23 23 23 23 22 23 23 23 23

shuttle 23 22 23 23 23 23 23 21 21

Table 5.6: Training time for each classifiers on data sets.

LR L2-SVM L1-SVM CS ME ME
dual dual dual-2

data 1-all 1-1 1-all 1-1 1-all 1-1
news20 74.15 31.65 29.97 25.09 2.34 0.84 18.73 273.16 268.69
covtype 70.37 44.06 32.18 17.45 58.07 87.78 192.30 1151.14 1288.89
mnist 75.67 42.87 27.89 17.98 60.65 4.44 3.36 76.84 114.07
rcv1 1701.79 906.45 527.28 462.41 140.58 109.51 40.16 1396.86 ∞
sector 39.39 73.51 24.81 129.20 5.45 4.18 2.97 58.11 103.96
vehicle 19.44 13.75 14.19 9.68 23.61 13.13 24.28 31.33 41.06
glass 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01
vowel 0.00 0.02 0.00 0.01 0.00 0.01 0.03 0.13 0.13
segment 0.06 0.03 0.05 0.00 0.11 0.05 0.16 1.41 1.61
dna 0.03 0.02 0.02 0.01 0.01 0.00 0.01 0.04 0.05
satimage 0.15 0.10 0.06 0.04 0.34 0.02 0.20 1.47 1.8
letter 1.24 0.93 0.51 0.44 0.86 0.59 1.43 14.84 16.98
shuttle 0.91 0.52 0.31 0.17 0.26 0.24 0.18 1.89 2.06
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Table 5.7: Testing time for each classifiers on data sets.

LR L2-SVM L1-SVM CS ME ME
dual dual dual-2

data 1-all 1-1 1-all 1-1 1-all 1-1
news20 0.01 0.14 0.01 0.21 0.03 0.14 0.01 0.02 0.02
covtype 0.04 0.09 0.05 0.07 0.03 0.06 0.06 0.11 0.05
mnist 0.06 0.07 0.02 0.08 0.03 0.11 0.01 0.08 0.00
rcv1 0.11 3.17 0.08 3.19 0.09 3.21 0.13 0.08 0.13
sector 0.17 7.43 0.15 7.40 0.16 7.46 0.12 0.25 0.09
vehicle 0.02 0.02 0.03 0.03 0.00 0.03 0.04 0.03 0.03
glass 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.01
vowel 0.00 0.02 0.00 0.01 0.00 0.01 0.03 0.13 0.13
segment 0.06 0.03 0.05 0.00 0.11 0.05 0.16 1.41 1.61
dna 0.03 0.02 0.02 0.01 0.01 0.00 0.01 0.04 0.05
satimage 0.15 0.10 0.06 0.04 0.34 0.02 0.20 1.47 1.8
letter 1.24 0.93 0.51 0.44 0.86 0.59 1.43 14.84 16.98
shuttle 0.91 0.52 0.31 0.17 0.26 0.24 0.18 1.89 2.06



CHAPTER VI

Discussion and Conclusion

From the experiment, one can observe that one-against-one approach can reach

higher accuracy for most of the time. If there are k classes in the data set, for one-

against-all approach there are k sub-models whereas there are k(k − 1)/2 sub-models

with one-against-one approach. And the size of data to be trained for each sub-problem

with one-against-one approach is less than that with one-against-all approach.

The difference of number of sub-models between both approaches will become large

when there are large number of classes. Therefore the amount of time we spend and

the amount of memory we take will be a crucial concern when we train data of many

classes. One-against-one approach leads to higher accuracy because more sub-models

for each class are obtained. But it also results in longer testing time because there are

more models to be tested for each instance. In total one-against-one approach takes

less time in training, but when the number of classes is really large like sector, the

situation will become different. However, one should make a trade-off among different

factors.

For “all-together” methods, the data sets in this work are not so favorable of these

approaches. Overall ME dual and ME dual-2 take a large number of logarithm com-

putations which take more time than regular arithmetic calculations. ME dual-2 uses

reduced feature vectors and outputs the solution with rich sparcity, which leads to

27
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less testing time. But it takes much time in looking up the table of indices of reduced

feature vectors and results in more training time than ME dual. Although ME is widely

used in the NLP applications, in the experiment it takes little advantage. Nevertheless,

the feature reduction approach can be furthur studied that we can apply the technique

to other models with one-against-all approach.
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