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Abstract

In this article, | would like to outline the'work about the correspondence
between Gromov-Witten invariants and Hurwitz numbers, and concentrate
mainly on the detailed study of Hirota equations for the Toda hierarchy
which provides certain recurrence relations for relative Gromov-Witten
invariants of P'. The papers of A. Okounkov and R. Pandharipande [11, 12]
are the main sources of my study.

Keywords: completed cycle, ELSV formula, Gromov-Witten theory,
Hurwitz number, infinite wedge representation, shifted symmetric function,
t-function, Toda hierarchy.
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INTRODUCTION

In the absolute Gromov-Witten theory of P”, the localization technique
is applied to compute the 1-point invariants with descendents. For multi-
point cases, the divisor relation [7] was used to reduce them to the 1-point
case [6]. In the relative theory, however, the computation becomes rather
difficult even for target space IP'.

The main purpose of this article is to study some recurrence relations
[11] for the stationary Gromov-Witten invariants of IP! relative to 0 and oo,
which is a conclusion of a general correspondence between the Gromov-
Witten invariants and the Hurwitz numbers proved in the same paper.

The Hurwitz numbers enumerates the numbers of covers with assigned
ramification conditions over a smooth target curve X. It has a character-
theoretic expression, more precisely, an expression in the space of shifted
symmetric functions. The definition of the Hurwitz numbers could be ex-
tended over the space of sueh functions; which provides a necessary plat-
form for establishing the GW/H ‘correspondence.

The construction of the GW/H cortesSpondence Starts with the degenera-
tion formula with some reiwnterpretation of the 0-point factors by the Hur-
witz numbers:

oX

|| I n .
= 0 R b T )
lut|=-=|u"=d I . i=1

Then the remaining work 18 to show that the right hand side can be inte-
grated to form the required (extended) Hurwitz,numbers. The whole pro-
cess is taken within the function space-mentioned above.

However, in the above strategy, a special case is needed and is refered to
[12]. The special correspondence requires the method about the equivariant
technique as well as the operator formalism, in which the ELSV formula
[1] plays an essential role. Actually, the ELSV formula equates the simple
Hurwitz numbers with the Hodge integrals up to a multiple of constants,
thus can be seen as a toefold of the connection between the Gromov-Witten
theory and the Hurwitz numbers.

After the construction of the GW/H correspondence, we then get into the
main part: the 2-Toda hierarchy as well as the recurrence relations for the
GWe-invariants of P! relative to two points. As a consequence of the com-
mutativity of specific operators, the 7-function introduced in the operator
formalism satisfies a series of equations called 2-Toda hierarchy. On the
other hand, a generating funciton for the relative GW-invariants will arises



as a special case of the 7-function, and the recurrence relations are given in
fact by the Toda hierarchy.

Organization of the paper. Section 1 starts with the definition of Gromov-
Witten invariants, including a word on the disconnected theory. Next the
definition of Hurwitz numbers is recalled, which will be translated into the
representation-theoretical setting to lead in the notion of completed cycles.
Some motivations about introducing the completed cycles are organized at
the end.

Section 2, as a set-up of the later sections, is a brief summary of the oper-
ator formalism. Infinite wedge space, Murnaghan-Nakayama rule together
with the notions and relations of some important operators, say, bosons,
fermions and the operators &, are the main contents of this section.

Section 3 is devoted to the GW/H correspondence, whose proof is split-
ted into two stages: the special ‘correspondence and the full correspon-
dence. The special correspondence, derived from the localization formula,
is worked out essentially through the operator.formalism. Here some com-
putational details, especiallyson how the loealization formula works, will be
given; The full correspondence is a conclusioniof the degeneration formula,
where the special case provides as a sufficient constraint to confirm that the
degeneration formula actually/gives:the exact answer.

Section 4 is an appication of th}p%W/H corregsporidence. First a general
7-function is introduced and is proyed to satisfy the Hirota equations for the
Toda hierarchy. Then we show thata generating function for the relative
GW-invariants over two points of P! is a|special case of the 7-function, so
that the Toda hierarchy would provides_a-recursive recipe for computing
those invariants. I this part'I’d:try to work out the computation details that
were omitted in the source paper.

1. GROMOV-WITTEN INVARIANTS AND HURWITZ NUMBERS

1.1. Gromov-Witten invariants. Fix a smooth projective curve X. Let
Mg,n(X, d) be the moduli space of genus g, degree d stable maps with n
marked points and target space X. Also let ev; : Mg,n(X, d) — X be the
evaluation map at the i-th marked point.

We take into account two kinds of classes in Al(Mg,n(X, d)). Oneis ev;(w)
with w € A'(X) being the Poincaré dual of the point class, the other is the
first Chern class y; of the i-th cotangent bundle on Mg,n (X, d). The stationary
Gromov-Witten invariants with descendents ("GW-invariants” for short) are



defined to be

oX

i( )> =f ev; (w).
<nTk ’ gd gn(Xd)]”’Uw N

i=1

Here the upperright circle is used to emphasize that we’re considering con-
nected domain curves.

1.1.1. The disconnected theory. The moduli space of stable maps with pos-
sibly disconnected domain, roughly speaking, can be thought of as a Deligne-
Mumford stack in the following way:

X,d) =

g [n]

[1_[ Mgy (X, di))/ Aut{(g;, [mi], i)},
{(gi[nil.di)}ePart[g,[n].d] \ i

where [n] = {1,...,n}, and
ZZg,—Z 2¢-2. U[n =[nl, > di=d.

The quotient by Aut{(gs-{#;].di)} 1s neeessary-since nontrivial stabilizers
and repetition of moduli peints occurs whenever there’re repeated copies in
the direct product. Principally,the generating fundtion of disconnected GW-
invariants over all possible data, 1 Is t the exponential function with variables

being the connected ones. | | ’:ia

1.1.2. Relative. Gromov-Witten invl;zriants. Consider. a branched covering
p: C — X of degree’'d. We define'a profile ovet-a point ¢ € X to be a
partition 77 of d obtainéd from the multipilicities‘ofp=!(q).

Fix m points qy,.%. , g€ X-and pastitions-7', ..., 17" of degree d. The
moduli space Mg,,,(X, nl, 7., ™y, paraméterizes.all genus g, n-pointed rela-
tive stable maps toward X with profiles 7-at g;, i = 1,...,m. The relative
GWe-invariants are defined by

n oX n
<n Tk[.(a)),nl,...,n’"> = f _ nz//fevf(w).
i1 PP (e i D
X

The moduli spaces M;’H(X, n',...,") and invariants <]’[?: L Te(w)nt 17’”>g )

in the disconnected notion are similarly defined.
Finally, I would like to mention that the expected dimension of the rela-
tive moduli space, whether disconnected or not, is

2g =2+ n+d2-2g(X) - Y (d~1(n)),

i=1
where [/(17) stands for the length of the partition 7.



1.2. Hurwitz numbers. The Hurwitz number Hif (', ...,n") is defined to
be the number of isomorphism classes of coverings, possibly disconnected,

over X which are unbranched except over q,, . . ., g,, with profiles ', . .., 7",
respectively. The countings are weighted by 1/|Aut(-)|.
In fact, for the dimension being zero, the moduli space M 20 X,n', ...,

with no marked point parametrizes the coverings satisfying the Riemann-
Hurwitz formula

(1.1) 2¢ - 2+d(2-2g(X)) = ) (d - I(7)).

i=1
Hence the Hurwitz number is exactly

Xl my _ [ 1 m\*X
(12) iy = (),
1.2.1. Description by permutations. Fdr convenience let X = P! at this
stage.

Let S, be the d-th symmetric group. For any partition n of degree d, we
can associate it with:the/conjugacy class-€,, in §' of the corresponding cycle
type. The Hurwitz number has.the following equivalent description
{(s1, m) € ITZ, Gy, 2 510 50 = 1)

| S M=dl '

~

1
HY (s, .. 0" =

e
"L

This follows from the.one-to-one correspondence between the isomorphism
classes of Hurwitz coverings-and thesconjugate classes of the above m-
tuples (s;) as in the following:

Given a Hurwitz covering C 2 P! with) profiles n',...,p" letC° - U
be the associated cover of U := P"\{q, ..., gn.}. We’ve known that 7, (U) =
Yis-vesVm Y1 ¥Ym = 1), where each y; is a generator around the punc-
tured point ¢;. For each i, consider a neighborhood V around ¢; which is
small enough such that p maps each connected sheet of p~!(V) isomorphi-
cally toward V, then the liftings of y; will associate a permutation s; of the
sheets over V. Thus the cover C — P! will give us an m-tuple (sy,..., Sy)
up to conjugation, and y; ---y,, = 1 imples s;---s,, = 1. It’s straightfor-
ward to see that their cycle types coincide with the original profile data.
Note that an isomorphism f between two coverings C — P! and C’ — P!
induces a conjugation between the m-tuples (s;) and f~'(s))f thus a conju-
gation between (s;) and (s?).

Conversely, assume an m-tuple (sy,...,s,) € [1;C,, is given. Let U be
the universal covering of U and recall that | (U) = Deck(U/U). Also let



[d] ={1,...,d} be aset equipped with m;(U)-action given by the homomor-
phism
v/ 1(U ) — S d

Yi > Si.

A Hurwitz cover of P! with profiles n',...,n™ can be constructed by ex-
tending the following cover of U to P':

U Xﬂl(U) [d] — U

under the equivalence relation (xy~!,k) ~ (x,yk). The isomorphism class
of the resulting covering is independent of the conjugation of (si, ..., S,).

The maps constructed above are converse to each other.

Consider the S s-action on []; C,, by conjugation: g - (s;) = g”'(s;)g. Let
Orb(s;) be the orbit and Stab(s;) be the stablizer of (s;) under the action.
By the above correspondence, the,countings for both sides regardless of the
weights can be explicitly written.down.as

¢ O
jOrb(sp)l

Isom. class of C—P! (s)elli Gy
Fhsi=1
Given a covering C — P! and acerresponding (s;), observe that, using the
above construction, there’s a one-to=one correspondence between the sets
Aut(C/P") and Stab(s;). Mt follows that

Z 1 il Z | 1% _ Z 1

10 = N dv

Isom. class of C—P! |AUt(C/]P ).l L (sDelluCr, |Orb(s,)| lStab(Sl)l (s)ell; qud-
: IT; si=1 - [1; si=1

which is exactly the required idéntity.

1.2.2. Burnside formula. Counting the number of the elements as above
in the symmetric group allows another viewpoint from the representation
theory. Recall the following standard correspondences:

‘A partition A of d’

«—— ‘A conjugacy class C; C S, °

«— ‘An irreducible representation p, : S, — End(V)) ’.
We’ll usually abuse notations to denote by dim A the dimension of V, and

by A the irreducible representation p,.
Let ¢; = Yec, s- Itis easy to get that

13 WG = s e = ﬁTrQsd ([ Ter):



where [15,] stands for the operation to capture the coefficient of the identity
element and Trgg, means the trace for the regular representation.

Now given an irreducible representation A, for each partition 7, let f, (1)
be the eigenvalue of p,(c,). By the Wedderburn’s structure theorem QS ; ~
B % dim1 “\where A runs through all non-equivalent irreducible represen-
tations of S ;.

TrQSd(l_[ cy) = Z(dim A) Try, (]_[ c,],») - Z(dim 2)> ]_[ £,:(1).
i=1 1 i=1 i i=1

We plug this into (1.3) to yield

1 dim A\’ {2
Hg (77]’-"’77”1) - Z( pl ) nfni(/l).

[Al=d

So the Hurwitz numbers can be expressed in terms of functions of partitions
under the Fourier transform:

Zs — Q7D ¢ ok,
where Z, is the center of @Sz and 22 (d) stands for the set of partitions of d.

What we’ve proved is a special case’of the Burnside formula:
2 2g(X) m

(1.4) HY (') ,n’") ¥ Z;Td' f 2.
] i

Having this in hand, we'can generahze the deﬁn1t10n of the Hurwitz num-
bers. It is done by first generahzmg f; to be a functlon on? =P 0 2 @).
Note that

£ D) = Try, () : Dusec, Ty, (S) z l)(_g

1 dim A dim A "'dim A
where Xg is the value of the character of A at the class C,,. Thus an extended
function f, € Q7 can be defined by

(1.5) f,=1; f,(0) =0 ifnl > |4

1| Xy
f,(1) = . Colg = 0 <l < |4l

Hence the Fourier transform can be extended to

(1.6) @Zd —Q7: ¢ f,

And the Hurwitz number can be generalized to profiles with arbitrary de-
grees keeping the form (1.4).



Remark. Given any partition ¢, we denote by m;(u) the number of i’s ap-
pearing in y. Suppose there’re partitions 5!, ..., n™ with degree < d. Let
n', ..., " be the partitions obtained from 7!, ...,7" by adding 1’s until all
the degrees are equal to d. Then by using (1.5) as well as a direct computa-
tion, we can get

=1 (M)
Hm', ... ™) = ("’“ NHXa', .. g,
a\1 n L—][ m, (7)) a\1 n
1.3. Completed cycles. The shifted action of S, on Q[x,...,x,] is by
permuting the shifted variables x; —i,i =1,...,d. Let

A*(d) = Qlxi, ..., x4
be the invariant subalgebra of the shifted action. There’s a natural map
AN*(d) — A*(d — 1) by setting the last variable x, to be zero. The algebra of
shifted symmetric functions A*isobtained by taking the projective limit
A= lim A (d).
2

It’s easy to see that A" C @%.
Define the completed'cyclefer each k€ N U{0} by

(> 9)

(1.7) P.(2) % kI el e = N e,

‘ i=1
1 I

where [z¥] means we only take the coefficient of zX\However, buy directly
expanding it one might.get | '

3 c-a P = A~V': 1 k
pi(x) = ;(xi — U 5) b

which doesn’t belong to the algebra A*!" The correct functions must be
obtained by taking the Riemann {-function regularization:

S 1 1
Py(x) = ;[m =i+ ) = i ) T+ (1= 279¢(k),
Such shifted symmetric power sums canonically form a set of generators
for A™:
A" =Qlp;,pys-- ).

By [5], the image of the Fourier transform (1.6) lies in A*. Moreover
there’s a transformation between those f’s and p’s:

1 .
(1.8) f, = ——p, + (lower degree terms), p, := —.
Hi =1 Hi



In particular f,, = 2. Hence the Fourier transform arises as an isomor-

phism between (P 450 Za and A*. Furthermore, using the expression (1.4)the
Hurwitz number can be extended as a function on A*, especially bringing
into the completed cycles would be the backbone of the following discus-
sions.

1.3.1. Why completed cycles? Consider the smooth locus M; (X, d) <

M;’H(X, d). A correspondence was found by a quite direct manner in Propo-
sition 1.1 [11]:

. kal k, +1)).
.meg%w Hk,(<1+> (ke + 1))

Note that [M(;’n(X, d)] = L*[M;,’n(X, d)]""" (see Proposition 5.2 [10]). There-
fore
X

<]—[Tk,.(w)> Hk‘HX((k1+1) Sk, + 1))+ A

i=1 d
dim A\ O
= Z ( J ) l—l fr (D) + A,

[=d T i=1

-.-ll-

where A stands for the eontribution from the boundary divisors.

The defect can be. modified by coﬁmdenng the completed cycles {p,}. For
instance, when X = P! the followmg speczal GW/H correspondence will be
introduced in Section:3: .|

oP!

d s (diA P ()
(1.9) <]—[m(w)>d —Z( = ) %o

i=1 |Al=d

We can see that completing the cycles corresponds to including the bound-
ary strata of the moduli space.

If we denote by (k) the preimage of p./k under the Fourier transform
(1.6), the right hand side of (1.9) can be rewritten as

1
[1k:!

under the extended notion of Hurwitz numbers. This is a “completion” of
the classical Hurwitz theory. In this modern fashion the Hurwitz theory
would become more accessible in combinatorial sense. One known reason
is that the completed cycles could be naturally manipulated in the operator
formalism of the infinite wedge representation.

—HY (D), (hy + 1))



Remark. From (1.8) we could only know that the transformation matrix
between the two basis {f,} and {pﬂ} is triangular. The explicit formulae for
computing the completion coefficients for expressing the completed cycles
in {f,} are given by Proposition 1.6 and 3.2, [11], where Proposition 1.6,
as a conclusion of the GW/H correspondence, expresses the coeflicients in
some 1-point relative invariants that would reveal some geometric meanings
about the coeflicients, while Proposition 3.2 is obtained from Proposition
1.6 by the operator formalism and serves as a down-to-number solution.

A further geometric interpretation of the completed cycles could be found
in [13].

2. THE,OPERATOR- FORMALISM

In this section a brief summary of the operator formalism is given.

The first part is about.Fock representations,<n which we’ll take a glance
at the bosonic Fock space; and then focus, on the infinite wedge space
(fermionic Fock space).The later one will be, otir,operating platform for
deriving the special GW/H correspondénce and the main results. Some fun-
damental operators, for examplé,_‘"_h.'osons and fermions, will be introduced
in this part. ' T'!“

Next is a discussion about the equivalénce 'of the-above two Fock repre-
sentations. The equivalence‘ would-allow!us to write'the fermions in terms
of bosons, which is essential to the Hirota équations for the Toda hierarchy
in Section 4. A brief intraduction'of thesMurnaghan-Nakayama rule is also
included, which plays an impottant rolejin-translating the operator language
into the language of characters and vice versa.

The final part is an introduction to the operators &, which can be seen
as a generalization of the bosons and will be frequently used in the later
sections.

Besides the source paper [11], the main reference for this section is [8].
The part about fermions in bosons is refered to Chapter 14, [4].

2.1. The Fock representations.

2.1.1. Bosonic Fock space. Let Rg be a C-algebra generated by symbols
{a, : n € Z\{0}}, called bosons, with relations given by the commutators:

(2.1) la;, @,] = 161r0.



We define the bosonic Fock space to be 3 = C[x|,xs,...;¢9,g"']. The
following representation

pp: Ry — End(®)

a, +— , n>0
Xn

a, +— nx, n>0

is called the bosonic Fock representation.

2.1.2. Infinite wedge space (Fermionic Fock space). Given fermions Y, Y,
indexed by the half-integers, i.e. k € Z+ %, let Ry be the C-algebra generated
by them with the following anti-commutation relations

Wi vy =i ¢} =0, {Wiyi} = o

In what follows, I’'ll introduce. the notion of the Infinite wedge space (or
Fermionic Fock space), which serves asa representatlon space for the fermionic
algebra.

Consider subsets .S = {81 > s, > s3> =} € Z + % satisfying:

(i) S :=S\(Z + 4)< if finite,
(1) S_:=(Z + 2)<0\S i8 ﬁmg
Denote by |S) the following 1nﬁn1tqi Wedge product:

|S)-_rs1/\sz/\S3/\....

|
1

then the infinite wedge space is defined to be the following infinite dimen-

sional vector space ,
5 - @ ClS).
S

In this fermionic case, we also consider the dual space §* with dual elements
denoted by (S|. The inner product on § is defined by the conditions (S|S’) =
55,5’ for all S, S’.

The fermionic Fock representation is defined by
pr:Rr — End(§)
U V> kA

while pr(y7) is defined to be the adjoint of pr (1)) with respect to the inner
product. Such operation is the same as contracting k from the left. For
simplicity, the symbol pr( ) will be omitted later if there’s no confusion
caused.

10



2.1.3. Charge and energy. Define the normal ordering : - : by

. % L _ l»l’i%[’*-, j> 0
il "{ W, j <0

andlet E;; =: ¢t : . The charge and the Hamiltonian operators are defined
to be
C= Z Ek,k and J7 = Z kEk,k

1 1
keZ+5 kez+}

respectively. An eigenvalue of any eigenstate for C would be called charge
of this state; Similarly an eigenvalue for .77 would be called energy. For
instance, by acting them on arbitrary state |S ) of the basis for §, we can get

CISy=(S.|-IS_)IS) and s#Z|S)= (Z 5= s'] 1S).

seS + seS

Thus the elements in the basis have definite charges and energies. It follows
that the infinite wedge space §.canbe.decomposed into subspaces §; con-
sisting of states with charge'l € Z, and each. §; can be further decomposed
with respect to the energies, say,

A d
§= P\ D §
charge deZF™"5y charge l€Z

v 2
[ | ,1 energy dz%

The condition d > % comes from the fact that for each S, there’s a unique
ground state e b
3 5

e 1
=1 =0A [ — Sl Y
1 2 2 2
which has energy /?/2. Especially,
1 3 5
=——A-ZA-ZA...,
a 2 2 2

called the vacuum state, is the ground state of §,. For any operator X on §,
we’ll call (X) := (0|X]|0) the vacuum expectation for X.
It’s easy to check that §,, as the kernal of C, is spanned by the states
1 3 5 N 1
=l —=Ab—=AB—=A...= N\NA4i—i+=
Iy =4 N3 A3 7 ' l+2

indexed by all partitions A = (4, > 4, > ... >0=...),and
1) = 1A]14) .

11



Generally the subspace §; is generated by the states

1 3 5
|/l,l>:/11+l—§/\/12+l—§/\/13+l—§/\...

with
2

N1 = (l/ll + %) |4,1).

2.2. Boson-Fermion correspondence.

2.2.1. Bosons in Fermions. The bosons can be realized in the infinite wedge
space. Define

B,= > Eiai neZ\O).
kezZ+3
By the fundamental identities among commutators and anti-commutators
(2.2) [AB,C]=A{B,C}-{A,C}B
(2.3) = A[B,C]+ [A,€C]B,
one can check from (2.2)-that ;
(B, Y= Vi, [BasWih= =¥iin
and then from (2.3) that | Nudlf 7 -
(B Bl =6,m0,
hence there’s a Well-deﬁned&hpméfn;érphism
Pk iRy = End(§)
o dhe B
It’s also straitforward.to éheck in the same'rway that
[FiBgi) =Bl neZ,
which means the operation of B_, would increase the energy of a state by n.
2.2.2. Equivalence of Fock representations. The Fock representations pg
and pr are actually isomorphic to each other. An isomorphism can be con-

structed explicitly as the following:
First form the formal sum of B, in indeterminants {x;, x,, ...}

[ee)

B() = )" x,B,,

n=1
then define @ to be a linear map from § = EBS CISytoB = Clx, x2,...359,q "]
by
©($)) = ) g U™ S).

leZ
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The following theorem shows that @ is an isomorphism of representations.
The isomorphicity would allows us to abuse the symbol «,, rather than B,,
to denote a boson in the infinite wedge space §.

Theorem 2.1. The morphism © is an isomorphism between the Fock repre-
sentations pg and pr. In particular, for n > 0,

0
®B, 0! = I ®B_,®! = nx,.
xl’l

Proof. We first show that

%db(lS Y ifn>0,

PBA 1)) = { —nx_,0(IS)) ifn <O0.

Since B, commutes with each other for n > 0, we have ;-e”® = ¢59B,
Then the first equality is obtained from

0
O _ E: 1/ B = 2: TR €)) _

I€Z leZ.
For n < 0, we need thé-follewing useful formula

0
ox,

(1S ).

(2.4) e*Be™ = B+ [A, B] +%[A, [A+B]] + %[A(, [A,[A,B]]] +--- .

The commutation relation [B(‘x')','% =.—nk, together with (2.4) yields
eB(")Bné*‘B;gl’Ej = B — nih
1 ¥

Since B,, with m > 0'is an énnihi“l’é;tor for the ground states, (/| B, = O.
Therefore we have 1 |

O(B,IS)) = Z q (1P 2BIS = Z G(l| PDB, B BO |5y

IeZ {7
=" (B, - nx)eD1S) = —nx, (1S )),
leZ
as required.
Now we turn to prove that @ is an isomorphism of vector spaces, which
will complete the proof of the theorem by combining with the above result.
Because B(x) annihilates all the ground states, we have ®(|I)) = ¢'. Using
the previous result, any monomials of B has a preimage in §, say,

o [ =2 =[]

so the morphism ® is surjective.

The bijectivity is proved by counting dimensions: The bosonic Fock
space can be rewritten as 8 = @, _, ¢'Clx;, x,,...], in which we assign
a g'-homogeneous element a charge I. By definition those B,’s leave the

13



charge unchanged under action, so the map ® would preserve charges un-
der the assignments.
On the other hand, each x, could be assigned a weight n, hence there’s a

decomposition
Clx1,x2,...] = @ @ <x/1| te x/l,,>c s

n  |A=n

where the A runs through all partitions with prescript degree.
Now let’s focus on the charge-/ level of both representation spaces. In
this case the map ® has a more simple form

q>|51:51 — B, =¢'Clxy,x2,...]
IS) +— 4" 11ePV|S),

from which and the fact that B, with n > 0 would lower down the energy
by n, it can be observed that, to an energy-d state, the survived monomials
under the map must be of weight'd — %,Therefore the map ® can be further
decomposed with respectto the energy.

(D|S§’ iSfl == q @ o, 'ftxan>c~

N2
=d-5

The end of Section 2.1.3 indicatessthat the basis of S;i 1s parametrized by
partitions with degree'd = %,_ henceithe dimension of §71s exactly the same
as 8?’. Since ® is syrjective, it mustbe an isomorphism. O

2.2.3. Murnaghan-Nakayama rules Here’s a useful formula connecting the
theory of symmetric functions and the operator formalism.

Given partitions A and v.of the same degree; starting with the state |1), one
may wonder what will be left after a sequence of operations by ]_[f(zvl) a,,. By
the energy constraint the result must be some multiple of the vacuum state
|0). But what’s the number?

Recall that any partition, thus any zero-charge state, corresponds uniquely
to a Young diagram. Rearrange the @,,’s in the product Hf(zyl) @y, such that
the integers v; range from small to large from left to right, then apply them
one-by-one to the state |4). It can be found that the manipulation on the cor-
responding Young diagrams is exactly the recursive process for calculating
the character y? by the Murnaghan-Nakayama rule! Hence

I(v)
[ Jan 1t =xi10).
i=1

For more detail see [3].

14



What will be frequently used later is the dual form
I(v)

(2.5) ]—[ @, 10)= D X1

[A=d

2.2.4. Fermions in Bosons. The problem of realizing fermions in bosons is
more subtle. Let z = (z,7%,7°,...), the realization is attained by realizing
the following generating functions for fermions

V@ = ) M wr@= ) 7y
kez+i kez+}i

in terms of two kinds of operators:
The first is the translation operator T

TS]/\S2/\S3/\...:S1+1/\S2+1/\S3+1/\....

It’s trivial that
Ty~ =1, TWkT_ = Y
so that [C, T"] = nT", therefore.the charge decomposition can be rewritten

as
§= EB T's,.

17,
The same phenomenon can be r@:ﬁaaled in the bosoni¢ Fock space by di-
rectly checking that OED™! =g
The second is the vertex dpfratd}s

44(1‘) = exp (Z i (:l"”] ,

n>0

with {t;,1,,...} a sequence of indeterminants. Since the bosonic operators
a, with n > 0 annihilate the ground states, we have

(2.6) L@l =10).

Also observe that I'; =I'; and

2.7) T.(OT_(s) = e " T_(s),(r).

By definition we have

(2.8) [, Y(2)] = 2Y(2),  [an ¥ (D] = —2"¥ (2),

which implies that
2.9) LY@ =&, Y@l

00" @) = y@ =00 @Ta(0. - ¥(&.1) = exp {Z 0 )

n>1

15



Proposition 2.2. (z) and y*(z) can be formulated as
(2.10) Y(z) =TT (@4 (=z ")
Y@ =T ' T (=T,
where the operator € acts on the charge-1 subspace by multiplying 7.
The proof is proceeded in bosonic Fock space. Let
¥(2) = DY(D™', ¥(2) = DY ()P

be the corresponding elements of the generating function for fermions. The
commutation relation (2.8) can be rewritten as

L (D)) = () and [
n ox

n

,Y(2)] = 7"P(2).

Lemma 2.3. Let D : C[xy, x2,...] = C[[x1, X2, ...]] be a differential oper-
ator, namely,

D= M Piit— ai P € Cl[x1, 1, . ]I,

r>0 124 <...<iy h

() If xi, D} = 4iDffor i =1,2,. . .then Di=D(1)exp (- X; Aiz-).
(i1) If[% D] = uiD for|i =—1 2, Lanthen D(1) = cexp (X, uixi), ¢ € C.

Proof. Note that, for any f E C[x" ,xz,. \], the operator exp (— ZM:‘%) =
T, is the parallel translation; f_ | ;

I

(T ) 4. ) = f(Xl 1 R maidy s ).
For (i), we replace D,by, DTy, thensthe statement is equivalent to that
[x;, D] = 0 implies D =:D(1), i:= 1, 2, .25, which is obvious.
For (ii), we replace D by exp.(— >, w;iX;)D, then the statement is equiva-
lent to the one: [(;—L,D] = 0 implies D(1) = const., i = 1,2,..., which is
also obvious. O

According to the fact that any linear operator on C[xy, X, ...] is a differ-
ential operator, the above lemma would implies that

g
Y(z) = cexp [Z z”xn] exp [— Z % I ) ,

where ¢ is an operator independent of those x,,’s. By definition (z) lifts the
charge by 1, so ¢ = c(z)g with c(z) some operator depending only on the
variable z.

Translating it back into the fermionic side § we have

Y(2) = cTT_(T(=27").

16



To figure out what ¢(z) is we directly act ¥(z) on |I) by the above form as
well as by definition and then compare the lowest energy terms

= c()TT_(QT (=2 YD) = c(z) |l + 1) + (higher energy terms)
Y@l dey

= ZkeZ+% zk+%lﬁk II) = 24|l + 1) + (higher energy terms).

Hence c(z) = z¢ and i(z) has the required expression.
The proof for ¥*(z) is similar and omitted here.

2.3. The operators &. Let ¢(z) = ¢¥/> — e7/2. For | € Z the operator &;(z)
is defined by

1 01,0
Ei2) = Z ENVE + ——.
1 s(z)
k€Z+3

These operators generalize the classical bosons. Indeed, for [ # 0,

&i(0) = Z Ei ik =

keZ+5552
Note that &(z)" = &_,(z). Similar to the bosens,
W 1A 842 5161(2);

The operators & satisfies the' commutation relation

2.11) WML&WN=§6@[r‘iD8m@+W)

In particular, P W L 1

(2.12) fag, & (WIF=¢(hw)Epg(w).

If [+ r # 0, then &, (w) 18 regular and (2.12) vanishes when w = 0. Other-

wise the singuler term of &E,(w) contributes a constant factor as w — 0
w/2 _ eflw/2 w

—0

s(w) _ e
c(w) - ewl2 — =W/

This recovers the commutation relation for the bosons
[a;, a,] = 1044,

By treating z as a formal symbol, we can rewrite Ey(2) = ) ;e il ety
From this expression it’s easy to see that

(2.13) S |) = e(4,2) |4) .
By extracting the z-coefficients of &y(z) we get the operators £ for k > 0
(2.14) Pr = k![2180(2),
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then P |1) = p,(1) |1) by the definition of p,. The operator

P
%=2—!

will play a special role in deriving the special GW/H correspondence.

3. TaeE GroMoV-WITTEN/HURWITZ CORRESPONDENCE

The first three subsections in this section are devoted to the proof of the
special GW/H correspondence (1.9). In Section 3.1 the equivariant n + m-
point functions over P! and their generating function are introduced, which
will be expressed in some vacuum expectation in Section 3.3, then the spe-
cial correspondence is captured via the nonequivariant limit of this operator
formula.

The operator formula is obtained by two steps: In Section 3.1 the Hodge
integrals are introduced in.both connected and disconnected fashions, then
the generating functionifor the n+ m-point functions is expressed in terms of
the Hodge integrals using the loealization formula — the proof is all about
manipulations on the bipartite graghs and the.switch between the connected
and the disconnected theories. Next, in Section3.2;:we’ll show that the gen-
erating function for the Hodge interals is an operator formula as a result of
the ELSV formula [1]!and the Ml_itﬁa‘ghan-Nakayama rule (2.5). Therefore
the n + m-point functions and the bj?e_i'ator formalism can be bridged by the
Hodge integrals through the above ﬁwo steps.

The last part, Sectlon 14, w111 deal with the full GW/H correspondence:

Theorem 3.1. Forany smooth projective-curve X, we have

<ﬁ 71 (W), 771, S 17’">

i=1

X

d

1
= WHX((/Q + 1), ., ke + D™,

As a conclusion of the degeneration formula the left hand side will be
written in the algebra of shifted symmetric functions. The expression is the
same as the right hand side except that it’s in some basis which we don’t
know whether it’s the same as the one generated by the completed cycles.
The identification of the two bases will finally be confirmed by the special
correspondence.

3.1. Hodge integrals and equivariant n + m-point functions. This sub-
section would introduce the formula (3.2), which is an alternating expres-
sion of the localization formula in terms of the Hodge integrals.

18



3.1.1. Hodge integrals. Let & : U,, — M,, be the universal family and
w, be the relative dualizing sheaf. Denote by A, , the Hodge bundle 7. (w,)

on Mg,n with total Chern class c(A,,). The Hodge integral is defined by

]H( ) f C(AV )
s ---52n g Zi W, TTo, (1 =z

The definition can be extended to all non-negative genera and n by directly
setting the unstable ones to be some rational functions in those z;’s. For
example all the 0-point functions Hg() are set to be zero. See [12] for more
details.

The full n-point function of the Hodge integrals is defined to be the fol-
lowing generating function over the genera

H°(z, u)= Z u2g_2]H:,(Z).

g€,

The corresponding texms He(zr, .-~ ,rz',,) and<H(z, ) in the disconnected
theory can be defined in totally the same 'way.

3.1.2. Equivariant n #+ m-point, functions, Let z = (g;...,z,) and w =
(Wi ...,w,). Consider the C! action-on P' by f[x« y] = [tx : y]. The
equlvarlant n + m-point functlon 1S fleﬁned (in.disconnected notions) by

ev’(co)

T eV (0) i
Gga(z,w) = zl f .
8> ]_I gn+m(]Pl d)]wr it 1 — le//i j=i 1 - ijj

Similar to the Hodge integral-case, the full n.4 m-point function is defined
to be

Guzwaw) = ) w7 Gya(z, w).

>0

Note that by taking m = 0, v = 1 and the non-equivariant limit # = 0, we
have

(3.1) Gu(z,2, Dli=o = H f » d)H fv_(:Z
i=1 Mg i=1 s
= Z <1_[ Tk,-(w)> HZ?H’

ki>—1 d

which is just the generating function for the absolute GW-invariants.
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3.1.3. Localization formula. The following formula can be obtained by the
virtual localization technique [2].

Proposition 3.2. (Localization formula) For d > 0,
3.2) Guz,w,u) =

1 (u/;)l(#)( u/t)l(/‘) ,u 2 )
e A A G it (1_[ 1! ) Hu, 1z, )]H(,u, —tw, =),

Here 3(u) = |Aut(w)| Hl(’ll),u, with Aut(u) = [1;s1 S mu being the permuta-
tion of equal parts of u.

Proof. Recall that each fixed component in M, on (P!, d) corresponds to a

bipartite graph I" consisting of the following data:

o V = V]I Vw: the vertices, which marks contracted components,
ramification points or,special points mapped to 0 or oo, respec-
tively. Each v € V has an assigned genus g(v).
o [y ={l1,....n}; L, = {1} .. m}: the legs attached to the vertices,
each element standsfor a marked,poeint in the vertex mapped to O,
oo, respectively. #The symbol I(v) LO/LOO is used to record the
markings in the vertex v,
e [ the edge set, which-marks 'the irreducible components dominat-
ing the target IP!. Bach ‘¢ _evkhas an assigned degree d,. Around
each vertex v, the the set‘gf the incident edges is denoted by E(v)
and e(v) :={E@)|. Note that the valence val(v) = e(v) + [[(v)|.
Note that I' may be dlsconnected since we’re in the.disconnected theory.
Let MF =l M o(v),valkn)s then the correspondlng fixed component is an
image of the finite cover ¢+ M — M, f* (P d), 'which has Galois group
Ar consisting of the symmetry of the graph and the automorphism of each
dominant irreducible component

15[ |24, - Ar > Au@) > 1.
ecE
Now the localization formula can be written down as

n * 0 m er(OO)
Gga(z,w) = Z 1 1 . ev; (0) l—[ j '
— |Ar| Jaz; e(N}™) i L L L= wi

After explicitly evaluateing out the term e(N}""), a summand corresponding
to the graph I' can be written as a product where the factors one-to-one
correspond to the vertices:

Gyalz. W) = Z H — A (F)l [ [coo | ] cow.

voeVy Voo € Vo
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Those vertex contributions, say, for vy € V,, are given by

8(vo) e(vo) [ ydi ,—d;
d 'od, 1z;
M&’(L’Q)yvul(to) Z l—[ i! r— dil/’i l(];!)) 1 - Zi"/’i

where A; is the i-th Chern class c;(A,,) of the Hodge bundle. The value
wouldn’t changed by the replacements ¢ +— ), 4 +— tA then dividing by

fAim Mg vy = 38(00)=3+valv0) - after so the Hodge integral appears

di
e a2 /d;

128(v0)—2+d(vo)+val(vo)

Clvo) =

;(Vo)(dE(Vo)’ Z10vp))

where d(v) = ¥ d..

C(vs) 1s obtained by replacing z; by w;and ¢ by —f in C(vy).

To specify the dependénce on. the genus, the. symbol I', will be used in
the following. Now consider the generating function

Gu(z, w, )= Z 8 Gy (2, W)

g€Z
geZZ e 22 H eEd ﬁt(l" )| 1—[ C(VO)VEL C(veo)
- | B :-'1
i g;‘ e Z [Tk de |Aut(T)l|

e(vo) d
l_[ Hl 1 dl /d
v t2g(vo) 2+d(vo)Eval(vg)
vo€Vo

15 d7 /d;!
x| (

_t)Zg(vm)—2+d(vm)+val(vm) g(Voo)(dE(Voo) ’ _IWI(VW))'

Z’(Vo)(dE(Vo)’ Z10v))

Voo €Veo

A graph relating to M, (IP', d) satisfies the following three conditions

g.n+m

e genus: D,y (28(v) =2 +e(v)) = 2¢ - 2,
e degree: .y d(v) = 2d
e marking: ey, I(vo) = {1,....n}, U, ev., (Vo) = {1,...,m}.
These conditions help us collecting the terms in the generating function.
Note that the assinged degrees on the edges actually form a partition of

degree d, therefore we can first sum over graphs I'* with fixed associated
partition u. The following is the rearranged generating function under the
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above three conditions

1
Galz, w,u) = Z ™

l@l—] [@t/tw( u/p®]

| d+n( _+\d+m
jma LLizy i Ui M2 14 (=)
u 2g0-2 .

Z Z IAut( )|( ) 1—[ Hg(Vo)(/‘lE(Vo)’tZI(VO))

80-8 €z rll:() 2800 80-8e V0€V0

u 28002
X (_;) 1—[ ]Hg(vw)(:”E(vm)’ _tWI(vw)),
Voo € Vo

where 2g0 — 2 = ., v [28(vo) — 2] and 28, — 2 = 3, v, [28(ves) — 2].
From the last formula, we can see that the proof is done if the following

equality holds (with x = % and y = —%) for arbitrary variables x and y
]I_I(/J? tZ, X)H(/J’ —tW, }’) déf Z ngo_zHgo(/J’ tZ)yzgm_zHgm (IJ’ _tW)
80.8€Z
IAut(/J)I 2502 o
Z Z |A t . H ]I_Ig(VO)(ME(VO)’ tZI(Vo))
80:800€Z F“ X ( 80- g"" Vo€V
e H He i (Hee.), —Wie)s
i T V#EVeo
or equivalently | T2 |
Hy, (4, 1) M, (= (M ,
_ IAut(/J)I /
Z |AUt(Fgog 1—1 ]Hg(vo)(:uE(vo)’ th(vo)) l_[ ]Hg(voo)(lJE(vw), —l‘WI(Vw)).
@71 voEVo:» WaseVoo

80 goo
By the definition of the Hodge ihtegrals, the problem about the integrations

can be turned into the problem among the isomorphicity of the following
natural map

Aut(T%, )
]_[ 1—[ M g(v9).vai(vg) X l_l My(rvaitre) Aut()
]"‘g‘0 00 voeVp Voo €V
— My spen X My tyoms

where the quotient of Aut(I%, ) by Aut(u) means we ignore any | [.)errnuta—
tion among the edges. In fact, for each curve parametrized by M, ;... X

M, j,+m We can associate uniquely a bipartite graph by, bipartitely, assign-
ing a vertex to each connected component and giving an edge connecting
two vertices if they have commom marked points indexed by the compo-
nents of the partition u. Actually the unique preimage under the graph is
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already found in the above decomposition into connected components, so
that the map is indeed an isomorphism. O

3.2. The operator formula for Hodge integrals. The operator formula
for Hodge integrals pointed out a weak connection between the Gromov-
Witten theory and the operator formalism. Such connection is built upon
the ELSV formula.

Through the extended definition of Hurwitz numbers and the Murnaghan-
Nakayama rule (2.5), it will be showed in this subsection that the ELSV
formula is actully an operator formula of the Hodge integrals in positive
integer variables.

3.2.1. The ELSV formula. Given a partition u of degree d and length /, the
Hurwitz number Hfld(y (2)*%) enumerates the genus g covers having proﬁle
data y over co € P! and simple ramlﬁcatlons over b = 2g + |u| + I(u) —

distinct points on PX\{eol.
The ELSV formula in thedisconnected theery is

1 b A =
HE /(W ) = @ ﬂ STHGL )

On the other hand, by applymg th& Murnaghan-Nakayama rule (2.5), we
can obtain

1 y dim A o (dim A\ (k) p)?
HE (1, (2) b>:2(7) ﬂu)f@)u)" Z( i )(M . ﬁ) >

[=d [A=d
dim 4 l dim 4
= A | @ 10 U FY 1) = AF Iyl | | @ 10)
MZ; 3! 1—[ g ’ M;m ! l_[ "
= odt [;d (| dim /l] Fr ]_[ a_, |0y = W Ol a5y ]_l[ @_,, |0)

1 o
= @ <e sz ll:_ll a_m> .

By equating the above two quantities we can get

H(uy, ...,y u) = u""_l("‘)[l—lﬂ ]< @1 gt l_[a_#,>

i=1
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Since the operators ™' and e~

be rewritten as

fix the vacuum state, the last equation can

n

(3.3) H(u, ..., pr,u) = u M0 (l_[ #_lﬂ‘] <ﬁ (eale”ﬁa—me_”ﬂe_m)>.

i=1 lJi i=1

3.2.2. The operators A. The operators A is defined by

s(b)
(a+ 1)y

Ala,b) = SBY* ) Eb),

keZ
in which the following standard notation is used

(a+k)! {(a+1)(a+2)--~(a+k) k>0
= 1

(@+ Ly =— k <0.

a(a—1)--(a+k+1)

Lemma 3.3.

a = um m
e e g e e = —'—-ﬂ(m, um), VYm e N.
m! :

Proof. By (2.12) we haveday, E_,,(s)] = ¢(s)E_,,+1(s), thus by the useful
formula (2.4) we can'get -~ (

- L k
(3.4) e &b (et SIEY] 6L o
T 2 (m 1),
" |‘i H
Again by (2.12) and(2:4) we can get.that
. (,””?c_x_,,,e_”?t2 = &L, (unm).

Now the proof is done by placing the above:formula between ¢”' and e
and then using (3.4). O

Combine (3.3) with the above lemma we can get

]I_I(/"ll, -+ Mns M) =u" <1—[ ﬂ(ﬂi’ M,Lll)> .
i=1

The above formula says that the following formula would hold when
5., €N

(3.5) Hy, ...z u) = u™ <]—[ Az, uz,-)> .

i=1

The identity can be proved true further in formal variables zy, . . ., z, through
a rather lengthy discussion on the analytic property, which is omitted in this
article and is refered to [12].

24



3.3. Special GW/H correspondence. For every partition u of fixed degree

d, define
(W)
o) = X2 Y00
i=1

(A=l

These states form an orthogonal system in the zero-charge, energy-d sub-
space Sd, indeed

Xu

I(v) )
Xv) = <]_[ @, ﬂ a_y,> = 35,5

where the last equality follows from the commutation relation (2.1). By
comparing the dimension and the amount of such states, we found that

“Xy>}|ﬂ|:d actually forms an orthogonal basis for §2.

3.3.1. Projection operators.” Define Pg, ="10)(0| to be the orthogonal pro-
jection onto the 1-dimensional Zero-energy subspace §° = §) = C|0). In
addition we define the orthogenal projeétion-anto the energy-d subspace §°

for each d > 0 to'be._
e Z =0 b))

I/tl
For any operators X and Y we hav’é

(3.6) <X> (Yo XAV

which indicates that P;-can be obtained ffom Py"as in the following
1) L

3.7) d—z (H)]—[aﬂ, Haﬂ,

|ul=d

3.3.2. Special GW/H correspondence. Now we’re ready to derive the spe-
cial GW/H correspondence. As a first step, we want to rewrite the localiza-
tion formula (3.2) in some vacuum expectations, and this requires (3.5):

1i\2

(/)" K u
e ([155) o

i

1w
_ pdyn (1—[ )<l_[ Atz;, uz;) n Alu;, ,u )>

()
<r| Az, uz;)e e’ rl cx_ﬂ,> (by Lemma 3.3).
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Similarly,

(u/ty (17 4
(1) e

)
< {[ et o)

Together with (3.6) and (3.7), we get

M2d+n+mGd(Z, w, M)

() 1w
= Z ) <1—[ Atz;, uzj)e e’ l_[a_m><n Al=tw), uw)e ™72 I_IO‘-#:>

|ul=d
I(u) () m
= Z ) <1—[ﬂ(tz,,uz,)e(“ef2 l_[“—u,P® naﬂe EPLS l_lﬂ( twj, uw;)"* >
|ul=d

<1_l Altz;, uz;)e™ et 2P e 177 6% l_[ﬂ( twj,uw]) >

i=1 j=1

= <1_I Altz;, uz;)e” Pye s ]_I ﬂ(—twj, uwj)*> ;

Note that the last equality holds bg;ause [, F>] = 0 implies [Py, F2] = 0
We’ve proved the followmg theo}em

Theorem 3.4. 7 ‘.
Galz, w,u) = ud " '"<]—[ ﬂ(tz,,uzoedee“ ! ]_[ﬂ( twjuw;)' >
=150 j=1
From (3.4):

k
70,9 Y 260 = e

k>0

Hence by taking m = 0, u = 1, and t = 0, Theorem 3.4 reduces to the
following form

Gu(z, @, Do = (| | A0, 20 Pae™) = (e | | &0z Pue™) .

In the last term, because only energy-d states survive under P;, we can
replace the operators e*' and e¢*! by a‘f and o , respectively, and this leads
to the special GW/H correspondence in the operator language

1
(3.8) Gulz, @ Dli=o = 7775 (o | [&tza?,).
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Corollary. (Special GW/H correspondence)

oP!

- 1
<1;1 Tki(w)>d = WHP (ki +D),...,(k,+ 1)).

Proof. Murnaghan-Nakayama rule (2.5) in v = 1¢ would be
10y = D xi I = ) (dim ) |).

[Al=d =d

Together with (2.13), the right hand side of (3.8) can now be rewritten as:

RHS = Z

—dim Adim) (ol [ ] &tz 1)

Wi=lrl=d !y

=3 7 ')Z(dlm/l)(dlmn)l—[e(/l 2) (nld)
[A=Inl=d

y Z (dlm/l) ne(/l,z,-),
AI=d

where the coefficient in sz'”, Ry P 7
dim A Pk,+1(’i')’-; Pl
l';;z( ) lq+1'Tr Hkad o gttt

The proof is done after comparmg these COefﬁments with those appeared in
(3.1). ; - O

3.4. Full GW/H correspondence. The goal of this section is the full cor-
respondence Theorem 3.1, or more explicitly,

X

<l_[ T (W), 771, e, 7]'">
d

i=1

dim 1\* % [~ )
_Z( im ) l_l nf()l—[pk 11)!

[A=d

3.4.1. The degeneration formula. Let X be a smooth curve with n distinct
points xi, ..., x, € X. We apply degeneration to the normal cone to the pair
(X, x1, ..., x,) to get the family

X - Al

27



then it follows immediately from the degeneration formula that

oX

3.9) <1—[ T (W), 771, e, 77’”>
d

i=1

= DRIt | [0 (@)
i=1

|ut|=d . 2 n | | )
= Z ( pI ) l_[ £, (1) 1—[ Z £, (D3(u) <,u‘,Tki(w)> ,
|Al=d ’ j=1 i=1 |uil=d

From this formula we can see that the remaining things to do is to show that
actually the sum

(3.10) DB (s (@)™

|ul=d

is exactly the function e
pk+1 (/l)

(k+ D

Note that

mEL o
il ﬂ:’j;,:" |V|'

In other words, the only nontrividllflo—inSertion relative invariant over one
point of P! occurs-when the groﬁlgjdatum 1s trivial:, 'This fact allows us to

easily decompose the invariants into a sum|in the connected theory:

o — " |
(W @) = Z; - i)™
Since
w2y
we have
s m@y” = S (’"P“”)s(u 1) (u =1 @)™
2\

And because f,_1:(1) = (mll.(“))fﬂ(/l), we can rewrite (3.10) as

(3.11) D ED50) 0 T) ™

Note that now the sum is over all partitions.
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3.4.2. The leading term. The dimension constraint for (v, T4(w))¥
2¢ -1+ +Il(v)=k+1.
Since g > 0 and I(v) > 1, we have
vl <k+1,

where equality holds iff g = 0 and v = (k + 1). Therefore the only leading
term of (3.11) occurs with v = (k + 1).

Lemma 3.5. Ford > 0, we have

1

(), Tq 1 ()T = ot

Proof. Only the smooth locus Mo,l(IPl, (d)) contributes to the invariant. In-
deed, the profile data (d) inhibits the occurrence of more than one irre-
ducible component dominating the target space. Next, if there were a mod-
uli point having its only marked point on a contracted component, then this
component must intersect the complementary part once more to fit the sta-
bility. But this would create a loopin-the domain curve and thus contradicts
the g = O constraint.
Additionally, if we know that the cycle

(d = Dley(L)7 'evi(w)Q LMo R} (d))] € Ao(Mo 1P, (d)))

parametrizes the covers enumerated'by the Hurwitz number H]P (d), () =
1 , then | | T

|

CREC NI f L el(EDF evi(w)
‘ Moy (P ()" .

1
H‘P‘ d). (d)) =
= o rHL @ @) =

To prove the above assumption, first let w = 0 € P! and apply the Chow
theory on ev;'(0) instead of My (P, (d)).

A natural section of the line bundle L; on evl’l(O) can be constructed as
follows. For each moduli point [C, f, p;] € evl‘l(O), consider the map

m,,
P =2 TiC=

2 2 ’
m, P

where mg and m,, are the maximal ideals corresponding to the point 0 € P!
and p; € C respectively. Fixing the identification T;P' = C, then the image
of 1 € T;P" will give us the required section.

Note that the zero loci of this section stands for the covers having rami-
fication order at p; greater than 1. And ¢(L;) N eVII(O) coincides with the
zero loci without concerning the reduceness problem.
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Next, consider the Chow theory on c¢;(L;) N evl‘l(O). Now we have the
map
m m;
TP'=— — T,0%=—L
m, m,,
Again a natural section is given by the image of 1 € T;P'. And set-
theoretically the zero loci of the section, 2¢;(L) N ¢1(Ly) N evl‘l(O), rep-
resents the covers ramified at p; with order greater than 2.

Repeating the above process, we can get that the cycle
d-Dley (L) nevi'(0)

set-theoretically represents the covers ramified at p; with order greater than
d — 1. Actually it’s exactly d — 1 and simple ramified elsewhere by the
Riemann-Hurwitz formula. Therefore the cycle supports on the covers enu-
merated by the number HEI ((d), (d)).

Up to now the only missing piece is the reduceness of each zero loci of
the section created in €ach of the above step.

Here is an elementaryjway te'see it=sSuppose. the profile data (d) is over
oo € IP!. Given any modulifpoint [C, f] €@V (0), let z be the coordinate on
C = P! and w the coordinate on, the target space P':, W.L.O.G. we may set
p1 = 0. The map f can then be,e_xﬂ_glticitly written'as

Wie f(2) F a@EB I+ flat’.

Note that the parameters ao,E : ,aﬂfor the stable maps can be seen as the
coordinates on My {(P',(d)). |
We have the following in(flu_ced map

ToPL 57 Qe

11

dw +— (al + 2077 + s + dadzd_l)dz.

Observe that this map depends linearly on the coordinates a’s. It follows
that the induced section in each level of the above induction process has
reduced zero locus. m|

3.4.3. The full GW/H correspondence. Combining all the previous results,
we can define the function p, by

(k+1)!

(3.5) f(k+1)(/l)
k!

(1.8) P

 (k+ D!

P DED30) 0 Tl

+ (lower degree terms)

+ (lower degree terms).
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From this, we see that the transformation matrix between the bases {f)ﬂ} and
{p,} is unitriangular, where p, = Hf(:f P

The final step is to show that the matrix is orthogonal. This can be at-
tained by constructing an inner product on the algebra A*:

For any f € A*, define [ to be a linear form on A* by

. 2
=y (d““ ) o
A

!

It’s straightforward to check that the series converges. The associated qua-
dratic form is defined by

(f,8) — U(fg),

which is clearly positive definite.
By the special GW/H correspondence (1.9),

IP) -5 [(P)s YR EN.
It implies that for any partitions.u;v; -
(f)ﬂ’ f)y) = (pu’ py)'
Therefore the transformation matrix ig orthogonal under the associated in-

ner product, and finally the proof. ﬂgghe GW/H correspondence is done.

I
1 4 MAIN RESULTS
Consider an operat(-)rrM on'§ suchithat' -
4.1 [M®M,Q}=0,. Q= Z Vi Y

kez+}
The 7-function is defined with respect to the operator M by
™M(t,5) = (T"T,()MT _(s)T").

For simplicity, the superscript M will be omitted in what follows.

In the first section, it will be showed that the functions {r,} satisfies a
system of equations, called the Hirota equations for the Toda hierarchy. In
particular the lowest degree one is

82
4.2)

, nez.

In the second section a 7-function is defined to be a generating function
of the relative GW-invariants over two point of P'. We’ll find that it is a
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special case of the 7-function in the previous paragraph with
= Xk .
M =exp Z ————Pi1 |, {xx}: a sequence of indeterminants.
i (k+1)!

Therefore the T-function here satisfies the Toda hierarchy, in particular the
equation (4.2).

4.1. Hirota equations for the Toda hierarchy. We define the r-function
to be

7.t 8) = (| M|ny, M =T,()MIT_(s).

By (2.9) I'.(f) commutes with ¥(z) ® ¥*(z), so M also satisfies (4.1). Note
that Q =3, ., A Y® U = [2°1¥(2) ® ¥*(z), hence the commutation relation
can be revealed as

43) 1Mo M) y@e v @) = 1Rlw e u'@2) (Me M).
Now we evaluate both sides of (4.3).at the following two states:
Ir_(sHmeI_(=sH1+ 1), TZ@E)n+ L®I_(-1)I]).
For the left hand sidé we havé : 7 .
(<n+ 1T, () ® Ty (—1)) LHS;ﬂ;,(S )|n)®F (=sDI+1))
O (n+ (¢ )M!ﬁ(Z)F (s’ )M} (ll F+( Py (T (') |1+ 1) ~ (T)
(1 f " @)
) Z e =) ) m(zwr_(s’)w'(z) )

@10 Yt T £ )MTGs + $9:STT_ @4 (=) )

L =)+ Pt ME(s 5"+ DT )

= ”+1y(z LY+ 1T+ OMT_(s+ 5 +2)|n + 1)

n+l 1

Y@ =S )T+ 1 s+ 5" +2)

@) 2y =) U (- IT (=) @) + 1)

PV (! =) (Tt = YMT_(s = ST 7 CT_(=)T () |1 + 1)

= y(z‘l, —S) Tt~ YMT (s — 5’ =T '€ |1+ 1)

Py, =) (T (t = )M _(s — 5’ = 2) |l
=7y -t -1, s -5 —2)
= () ="y 28t + s+ 5 + )Tt =1, s — 5 —2).

The evaluation for the right hand side is almost the same thus skipped.
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The above leads to the following so-called Hirota equations for the Toda
hierarchy

4.4) [zl_”]y(z_l, 25Vt + s+ 5+t =1, s — 5 —2)
= [y 28Tt + 1 — 2,5+ )Tt =1 + 2,5 = 5).

In particular, let / = n — 1, Taylor expand both sides with respect to (,¢’)
and then take out the coefficients of s} we can get

a n / a n— I
LHS: [z7'5]1(1 = 25}z + .. )(Turs + 20 4 )1y + L)
(9.5‘1 8s1

= _2Tn+ 1Tn-1

87,, arn ¢ 0*t,

RHS: [z's/](1 +...)(1, — tap st mzs; +...)
X (T, + s (97',, s 527" s )
" al‘lz 6s1 61‘18S1 o
0T, ATy 0T,
=27

"atlasl 4 0s; 0 :

So we have ‘ i i
] ’f
e

=
0t4 0T
wrlil=14 =
‘ t16s1 6S1 oty
I

which is exactly (4.2): & | | |

4.2. The Toda hierarchy in the'GW-theory. Consider the following gen-
erating function

© n P,
4.5) Fro@e ) = Z < ,nTki(a)),v> HZ?+1~
i=1

kij=—00 i=1

Note that the convention for 7;(w) as k < 0 is used:

1 ifk=-2,
@) =Y ifg £ -2,

The generating function(4.5) can be rewritten as an operator formula

() n 1v)
a(u)a(v) <l—[ ”ﬂ&’(z’)n >

(4.6) Frv@i . z0) =
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Indeed, by the GW/H correspondence (3.1)

n oP!
1
< ,]_[rk,.(w>,v> = —HY v,y + D). Ky + 1)
i=1 d H k !
dim 4 3 Pra1 (D) (L) |Cﬂ| |Cy| A /1 L )
= DE, (A — ’
l;i( ) LLDE )l;l(ki+l)! Z ar ar L (ki + D!
|C#|_5(,1) Z pkﬁ—l(/l)
3(/1)5(V) £ L L+ )1
Here the corresponding convention for p, when k < 0 is
P_ .
P =0, (_11)! =1, andp,=0ifk<-2.

Now the generating function becomes
n

Z X, r e(4,2)

|Al={ul i=1

X, | | (€@ 1)
5(/‘)5(‘;)_;4%:‘4 _1[

I [:i 2 )
(A m] 18@)[2 XD
3('“)5(”) e = G T
Then the vacuum expectatlon (4 6) can be obtamed by applying the Murnaghan-
Nakayama rule (2.5).
I’d like to mention that the operator formula (4.6) provides in some way
a tool for calculating the relative GW-invariants over two points of P!, es-

pecially in 1-point case it is exactly the formula for working out the com-
pletion coefficients mentioned at the end of Section 1.3.

F* e, 2l
@1 G 3(#)3()

5 ol

Remark. Since Py |1) = p,(1)|4), the related convention for P, as k < 0 is
given by

1
“4.7) Py =0C, mp_l =1, %, =0 otherwise.

4.2.1. t-function in GW-theory. Define the T-function for GW-theory of P!
relative to 0 and oo to be

oP!
4.8) T(t, ;%) = Z tuSy <u, exp (Z x,-r,-(w)) , v> .

lul=Ivl 20
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By taking log, the connected theory will be recovered

olP!
log 7(t, s; x) = Z 1Sy <y, exp (Z xl-T,-(w)) , v> .

lul=hv1 =0
Proposition 4.1.

7(t, 55%) = < +()ex P(Z i+ Pk+l) _(S)>.

k=0
Proof. First, we extract the coefficients from the operator formula (4.6)

oP! () n ) >

(4.9) < , ]—1[ Ty (@), v> m ) <ﬂ @, U[z 160() ]—[ a,
| 1) P
= 3(#)5(V) <l;[ @y, lz:_1[ H 1,2_1[ a_y,«> .

There’s a general formula

(4.10) expQim) = > ﬁw [ Jra
i1

k>0 partitiop” 1™

Now we can proceed to the calculation

e

o il
(1, 8, %) = Z 1Sy <,u,exp [Z}xﬂ-l(w)] >
|edl=1v1 I\ >0
(4.10) 1) P!
i Smf o)
w0 sy 1 @ 51 4
- u;ﬂ 5(103() <ﬂ i Z AUl 1—[ U >
B MZM 303(v) <U Z (k+ ! n >

)

_<Zs<tu)ﬂ e [Z(/Hl)' k“)z ) 1 | >

i=1

(note that the constraint |u| = |v| is actually redundant.)

- <r+(t) exp [kz(; T 1)!7>k+1)r_(s)>.
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4.2.2. String equations. In either connected or disconnected case, we have
the following string equation

<To(1) ﬁ Tki(w)> = Zn: <ﬁ Tki—5i,j(w)> ;
i=1 =1 Vi=l

from which we can get

(4.11) <ey’°<1>]—[r (w)> <]—[(Z n:rk _m(w)]>

i=1 \m>0

Indeed, the insertion of the right hand side is

my+--+my,

z : y
| |Tk1 —-my ((.U) * Thy—my, (w),
m!---m,!

and the only way to obtain the term 7y, _,,, (@) =+ 74 _,,, (w) from the left hand
side is to apply %70(1)’” with m-= myt ... + my. By the string equation,

there will be ( o d ) many i, Tx—m (W)’8 leaved after the action of 7,(1)™.
Hence the coeflicienit of this term is (mr '” - ) - W’ which fits exactly
the right hand side.

The string equation can b¢ furtﬁﬁ rewrltten as a generating series

(o)

(4.12) Z <ey"0(1) nTk (w)> HJH _| L Z <l_[ Tk’_(w)> 1_[ Zi_@'+1,
1 i=1 i=1

ki=—o0 ki=c0

which follows from

Z <eyro(1)1i[Tki(w)> n Zk+1 K i < (Z _Tk[ m(w)]> Zk+1
i= i=1 ki=—c0 ' i=1 \m>0 i=1

i_OO

(NTX5E 5] nntond)

i=1 m>0 : kij=—o00

(independent of m)

= exp (Z yzi] i <]—[ Tk,-(w)> H 2.
i=1 i=1 i=1

4.2.3. t-function with string variable. Now we plus a string variable y into
the 7-function:

oP!
4.13) T,(t, 53 %) = Z 1uSy <,u, exp [yTo(l) + Z x,-r,-(w)) , v> .

lul=h i>0
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Similarly, we have

oP!
log 7,(t, 53 x) = Z 1Sy <,u, exp (y‘ro(l) + Z xiri(w)] , v> .

lul=h i>0

Proposition 4.2. For n € Z, we have

(1, 53 %) —< T™'T,(f) exp(z o Pk+1]r (s)T”>

Proof. Except for some additional work caused by the appearance of the
string variable, the calculation mainly follows the previous case.

By definition, T7"Ey(2)T" = €”Ey(z). Together with the convention (4.7),
the operators 7" and P satisfy the following commutation relation

P KRS T P—m
—kT":Zn k

4.14 Tl — .
19 k! Ldm) (k —m)!
Then
, | A W\
Tu(t, 55 X) = Z buSy <y,e’""“)e:x Z x,-r,-(w)],v>
= | T
e 1l opP!

(4.10) l(/l) )1 1 '7. @
i=1 mo(l) n R i
2 s ; A% < U S

|ul=(v]
@10 x} , 1) [+l n’" op!
Z ne Z IAut/l| < ’l_—l [Z %Tﬂi—l—m(w)],y>
lul=Ivi 1 ol b
(4.9) tﬂsv z l-x/l 1 < n" 7)/1 . >
= a_Vi
u%lw 33(v) =4 |Autd| 1—[ X ll_ll[;) m! (A —m)! ||
4.14) 1Sy l 1X/1 1< ( nPﬁl ) >
-_— T a_Vi
%:Vl 3(103(v) &4 |Autd] 1_[ @, l_[ E[
I o
(4.10) 1,8y - n>
o ; eXp X a_viT
|,%|301)5(V)< [ Jowew|2 k(kﬂ)!]];[

- Xk
=TT, (1) exp[ Prs )F_(S)T">.
< ;(k+1)! e
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4.2.4. The Toda hierarchy. Since [Ey(z), Y] = 0 = [Eo(2), Y], the operator
M := Yiso 5 Prnr satisfies the condition (4.1). From the above proposi-
tion 7,(¢, s; x) coincides with the 7-function introduced first in this section,
so we can conclude that

Theorem 4.3. The t-function {t,(t, s; x)} satisfies the Hirota equations for
the Toda hierarchy. In particular it satisfies the lowest degree equation:

(4.15)

Where 1, = 1,(t, s; X).
The special case (4.15) can be rewritten in the following form

Proposition 4.4.

Pt (e 420)=

N 2
1 ™ s .
(my () + 1)(m (w). + 1) ‘“—g l_[ g[z Zi] (s,

(S 13 vﬁ }EPart[n,u v] i€S;

| B

where the triples {(S ;. vi)} Eonsists of |
(i) {S;} is a partition-of the set {1,. S # o
(i1) {,u } is a partition of the partmon w, =\ s similar for {V'} with
e

Proof. Observe that the formula (4.10) has an alternating form: if we index
the right hand side by components k = (ki, ..., kyy), 1.e. ordered partitions,
we’ll get

(k)

(4.16) exp(> ) = Z T ),]—[ o

k>0

Here the ordering of the product Hf(:'? ny, is concerned. This formula could
be generalized to some other index set, for example, the double partitions

tk = (u, v)}.
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Let’s compare the coefficient of #,s, from both sides of (4.15) withn = 0:
For the left hand side

2

(1 sy]a a5, log 7

o]P1

= (m(w) + I)(m(v)+ 1) <,u + 1,exp (Z xl-T,-(w)] ,V+ 1>
i>0

OIF'1

(4.16)

(k)
(m 1(,1)+1)(ml(v)+1)zl( )'< +1, rlrk(w)v+1>

i=1

For the right hand side
o]P]
1T 2 ,
LySyl——— 1,8,]ex b S, D)ze T ,
1521~ = [ p[ﬂz 5y <u &(ro(1)) xp[;mw)) v> }
1 N o]P1
(4.16) L ; k - l
Y alw s exp[z x,r,cw)],v)
{((lohy:l=1 5, =1 - =0
€Part[y, v] | '.5-:r 7
(4.16) 11-. I(Kl) .
= Z l—[ Z l( K (ﬂ ,Q'(To(l)) Tk,-(w), vl>
(@ Vh:l=1,..., ! )
ePart[u, v]

Now we can compare the both'sides in‘coefficients x,. For simplicity, we
let (k) = n, I() = n; in whatfollows.

@17 (m(u) + DH(m(v) + 1)— <p +1 l—[Tk (w),v+1

N n
B Z ﬁ l—[ </l s(to(1))? rl Ty, (W), vl>

(W khy:=1,..,Ny I=1
ePart[u,v,k]

-1
n!
><( ' ) ’
Nln!---ny!

L _ .
where the factor ( #’,) is introduced to eliminate the overcountings.
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Recall that ¢(z) = €7/? — e7%/2. By (4.12) we have the following equation

(4.18) Z@wmwﬁ%wﬁfw“
i=1 i=1

ki

n 2 n n
=g [Z ZiJ Z <ﬂ, ]—[ T (W), V> ]—[ A
i=1 i=1

i=1 k;

By using this, the above formula can be carried out as

(mi () + D (V) + DF 0@, 20)

= (mi () + Dy (v) + DZ<‘” L] @, v+ 1> Z!
ki i=

i=1

= ]_]: j{]<;¢ s(@oL) [ ] @), »r> At
i€S

(St Vh:i=1,..., kies, : ies, !
€Part[n,u, v]
B :

(4.18) »
- Z ﬂ Zi] Z <ﬂl’ n 71, (@), v > z"
(Sl Vil=14000) F1 i€Sy kigs 1€8, i€S;

€Partfn,u, v]
N
= ‘ F’?’
a Z & l,: lvl (ZS /)
{(S 1l V):1=1, NpA=1 ze_S,* B
ePart[n,u,v] i |
as required. ot | 1 : .

Remark. From the proof it can be found:that fhe (4.15) 1s also equivalent to

1) oP!

(mwn+DMMW+1%u+Lf]%wmv+Q
i=1

.]Pl

(k)
:@Ammﬁkwaﬁ

i=1
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