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中⽂摘要

型屏障最⼤值原理為⼀種估計⼀維擴散 競爭洛特卡 佛爾特拉⽅程組的⾏進

波解之技術땾這篇⽂章中땹我們將 中考慮的雙物種之情況推廣到任意多物種땾

此外땹我們將不再需要땹為了得到更精細的估計땹⽽在 中所考慮的切線法之限

制條件땾
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⎧
⎪⎨

⎪⎩

ũt = d1ũyy + ũ(σ1 − c11ũ− c12ṽ), y ∈ R, t > 0,

ṽt = d2ṽyy + ṽ(σ2 − c21ũ− c22ṽ), y ∈ R, t > 0,

ũ(y, t) ṽ(y, t) ũ ṽ

d1 d2 σ1 σ2 c11 c22

c12 c21

ṽ

ũt = d1ũyy + ũ(σ1 − c11ũ), y ∈ R, t > 0.

d1 = σ = c11 = 1

ũ(y, 0) =

⎧
⎪⎨

⎪⎩

1 y < 0,

0 y > 0,
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ũ(y, t) u(x)

x = y− θ t θ = 2

ψ

|ũ(y, t)− u(y − 2t− ψ(t))| → 0 t → 0

x
t→∞

ψ′(t) = 0

(u(y, t), v(y, t)) = (u(x), v(x)), x = y − θt,

θ

⎧
⎪⎨

⎪⎩

d1u′′ + θu′ + u(σ1 − c11u− c12v) = 0, x ∈ R,

d2v′′ + θv′ + v(σ2 − c21u− c22v) = 0, x ∈ R.

(u, v)(−∞) = −

(u, v)(+∞) = +

1 = (0, 0), 2 =

(
σ1
c11

, 0

)
, 3 =

(
0,
σ2
c22

)
4 =

(
σ1c22 − σ2c12
c11c22 − c12c21

,
σ2c11 − σ1c21
c11c22 − c12c21

)
,

⎧
⎪⎨

⎪⎩

u(σ1 − c11u− c12v) = 0, x ∈ R,

v(σ2 − c21u− c22v) = 0, x ∈ R.

( 2, 3)

(u, v)(−∞) =

(
σ1
c11

, 0

)
, (u, v)(+∞) =

(
0,
σ2
c22

)
.

u v

x ∈ R

u y ∈ R
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θ > 0 v θ < 0

u + v + w

1

αu + βv

α β d1, d2

⎧
⎪⎨

⎪⎩

ũt = ũyy + ũ(1− ũ− a1ṽ), y ∈ R, t > 0,

ṽt = dṽyy + σṽ(1− a2ũ− ṽ), y ∈ R, t > 0.

ũ(y, t) = c11
σ1
u(( d1σ1

)
1
2y, 1

σ1
t), ṽ(y, t) = c22

σ2
v(( d1σ1

)
1
2y, 1

σ1
t), a1 = σ2

σ1

c12
c22

, a2 =

σ1
σ2

c21
c11

, d = d2
d1

σ = σ2
σ1

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u′′ + θu′ + u(1− u− a1v) = 0, x ∈ R,

dv′′ + θv′ + σv(1− a2u− v) = 0, x ∈ R,

(u, v)(−∞) = (1, 0), (u, v)(+∞) = (0, 1).
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2.1

(u(x), v(x))

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d1u′′ + θu′ + u(σ1 − c11u− c12v) ≤ 0, x ∈ R,

d2v′′ + θv′ + v(σ2 − c21u− c22v) ≤ 0, x ∈ R,

(u, v)(−∞) =
(

σ1
c11

, 0
)
, (u, v)(+∞) =

(
0, σ2

c22

)
.

σ1
c11

> σ2
c21

σ2
c22

> σ1
c12

α, β> 0

αu(x) + βv(x) ≥
{
α
σ2
c21

, β
σ1
c12

}
{d1, d2}
{d1, d2}

.

a, b > 0

0 ≥ a[d1u
′′ + θu′ + u(σ1 − c11u− c12v)] + b[d2v

′′ + θv′ + v(σ2 − c21u− c22v)]

= q′′(x) + θp′(x) + F (u(x), v(x)),

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

q(x) = ad1u(x) + bd2v(x),

p(x) = au(x) + bv(x),

F (u, v) = au(σ1 − c11u− c12v) + bv(σ2 − c21u− c22v).

q(x) p(x)
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F (u(x), v(x)) F (u, v) =

0

(ac12 + bc21)
2 − 4ac11bc22 = a2c212 + 2abc12c21 + b2c221 − 4abc11c22

> a2c212 + 2abc12c21 + b2c221 − 4ab✚
✚σ1c21

✚✚σ2
✚✚σ2c12

✚✚σ1

= (ac12 − bc21)
2 ≥ 0,

F (u, v) = 0 σ1
c11

> σ2
c21

σ2
c22

> σ1
c12

F (u, v) u v

F (u, v) = 0 (0, 0) (0, σ2
c22

) ( σ1
c11

, 0)

(0, σ2
c22

) ( σ1
c11

, 0) (0, 0)

F (u, 0) = au(σ1 − c11u) F (0, v) = bv(σ2 − c22v)

F (u, 0) > 0 0 < u < σ1
c11

F (u, 0) < 0 u < 0 u > σ1
c11

F (0, v) > 0

0 < v < σ2
c2

F (v, 0) < 0 v < 0 v > σ2
c22

σ1
c11

σ2
c22

+

+

−

−

−

−
u

v

F (u, v) = 0 F

σ1
c11

> σ2
c21

σ2
c22

> σ1
c12

σ1 − c11u − c12v = 0

σ2 − c21u − c22v = 0

F (u, v) = au(σ1− c11u− c12v)+ bv(σ2− c21u− c22v) = 0
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(0, σ1
c12

) ( σ2
c21

, 0) F (u, v) = 0

u v T

F (u, v) = 0 F (u, v) > 0

(u, v) ∈ T

σ2
c21

σ1
c11

σ1
c12

σ2
c22

T u

v

σ1 − c11u− c12v = 0 σ2 − c21u− c22v = 0
(0, σ1

c12
) ( σ2

c21
, 0) T

Qλ = {(u, v) | ad1u+ bd2v ≤ λ, u, v ≥ 0}

Pη = {(u, v) | au+ bv ≤ η, u, v ≥ 0},

q = ad1u+bd2v = λ2 λ2 = {λ | Qλ ⊂

T }. ad1u + bd2v = λ2
(

λ2
ad1

, 0
)

(
0, λ2

bd2

)
Qλ2 ⊂ T λ2

ad1
≤ σ2

c21
λ2
bd2

≤ σ1
c12

λ2 =
{
ad1

σ2
c21

, bd2
σ1
c12

}

p = au + bv = η η = {η | Pη ⊂

Qλ2}. au + bv = η
(
η
a , 0
)
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(
0, ηb
)

Pη ⊂ Qλ2

η
a ≤ λ2

ad1
η
b ≤ λ2

bd2

η = {λ2
d1
, λ2
d2
} = λ2

{d1,d2}

q = ad1u + bd2v = λ1

λ1 = {λ | Qλ ⊂ Pη}

ad1u + bd2v = λ1
(

λ1
ad1

, 0
) (

0, λ1
bd2

)

Qλ1 ⊂ Pη
λ1
ad1

≤ η
a ,

λ1
bd2

≤ η
b λ1 = {d1η, d2η} =

λ2
{d1,d2}
{d1,d2} =

{
ad1

σ2
c21

, bd2
σ1
c12

}
{d1,d2}
{d1,d2}

σ2
c21

σ1
c11

σ1
c12

σ2
c22

u

v

λ1

q(x) = ad1u(x) + bd2v(x) ≥ λ1 x ∈ R

z0 ∈ R q(z0) = ad1u(z0) + bd2v(z0) < λ1

λ1 =

{
ad1

σ2
c21

, bd2
σ1
c12

}
{d1, d2}
{d1, d2}

≤

⎧
⎪⎨

⎪⎩

ad1
σ2
c21

< ad1
σ1
c11

bd2
σ1
c12

< bd2
σ2
c22
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q(−∞) = ad1
σ1
c11

> λ1, q(+∞) = bd2
σ2
c22

> λ1,

q(z0) =
x∈R

q(x) q′(z0) = 0 z1 z2

(u(x), v(x)) q = ad1u+ bd2v = λ2

uv x z0 −∞ +∞

z1 = {z ∈ (−∞, z0) | q(x) = ad1u(x) + bd2v(x) < λ2, ∀x ∈ (z, z0)}

z2 = {z ∈ (z0,+∞) | q(x) = ad1u(x) + bd2v(x) < λ2, ∀x ∈ (z0, z)}.

q′(z1) ≤ 0 q′(z2) ≥ 0 (u(z0), v(z0))

p = au+ bv = η (u(z1), v(z1)) (u(z2), v(z2))

p(z0) < η p(z1), p(z2) > η

σ1
c11

σ2
c22

−∞

+∞

z2
z1

z0

ad1u+ bd2v = q(z0)

(u(x), v(x))

u

v

z0, z1, z2 (u(x), v(x))

{(u(x), v(x)) | x ∈ (z1, z0)} {(u(x), v(v)) | x ∈

(z0, z2)} T F (u(x), v(x)) > 0 x ∈ (z1, z0)

x ∈ (z0, z2)
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θ ≥ 0 z0 z2

q′(z2)︸ ︷︷ ︸
≥0

−✟✟✟✟✯0
q′(z0) + θ(p(z2)︸ ︷︷ ︸

>η

− p(z0)︸ ︷︷ ︸
<η

) +

∫ z2

z0

F (u(x), v(x))dx

︸ ︷︷ ︸
>0

≤ 0
→←

θ ≤ 0 z1 z0

✟✟✟✟✯0
q′(z0)− q′(z1)︸ ︷︷ ︸

≤0

+θ(p(z0)︸ ︷︷ ︸
<η

− p(z1)︸ ︷︷ ︸
>η

) +

∫ z0

z1

F (u(x), v(x))dx

︸ ︷︷ ︸
>0

≤ 0
→←

d1au(x) + d2bv(x) ≥ λ1 =

{
ad1

σ2
c21

, bd2
σ1
c12

}
{d1, d2}
{d1, d2}

.

a = α
d1
, b = β

d2

αu(x) + βv(x) ≥
{
α
σ2
c21

, β
σ1
c12

}
{d1, d2}
{d1, d2}

.

d1 d2

q(z0) =
x∈R

q(x)

q(z0) =
x∈R

q(x)

F (u, v) = 0
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(u(x), v(x))

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d1u′′ + θu′ + u(σ1 − c11u− c12v) ≥ 0, x ∈ R,

d2v′′ + θv′ + v(σ2 − c21u− c22v) ≥ 0, x ∈ R,

(u, v)(−∞) =
(

σ1
c11

, 0
)
, (u, v)(+∞) =

(
0, σ2

c22

)
.

σ1
c11

> σ2
c21

σ2
c22

> σ1
c12

α, β> 0

αu(x) + βv(x) ≤
{
α
σ1
c11

, β
σ2
c22

}
{d1, d2}
{d1, d2}

.

F (u, v) = 0

λ1 λ1 αu + βv

2.1

q = ad1u + bd2v = λ2

ad1u + bd2v = λ2
(

λ2
ad1

, 0
) (

0, λ2
bd2

)
λ2
ad1

≥ σ1
c11

λ2
bd2

≥ σ2
c22

λ2 =
{
ad1

σ1
c11

, bd2
σ2
c22

}

p = au + bv = η

au + bv = η
(
η
a , 0
) (

0, ηb
)

η
a ≥ λ2

ad1
η
b ≥ λ2

bd2

η = {λ2
d1
, λ2
d2
} = λ2

{d1,d2}

q = ad1u+ bd2v = λ1

ad1u+bd2v = λ1
(

λ1
ad1

, 0
) (

0, λ1
bd2

)

λ1
ad1

≥ η
a

λ1
bd2

≥ η
b λ1 = {d1η, d2η} = λ2

{d1,d2}
{d1,d2} =

{
ad1

σ1
c11

, bd2
σ2
c22

}
{d1,d2}
{d1,d2}

a = α
d1

b = β
d2
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−∞

+∞
z2

z1

z0

u

v

σ1
c11

> σ2
c21

σ2
c22

> σ1
c12

2.1

2.2 F (u, v) = 0

T F (u, v) = 0

q(−∞) = ad1
σ1
c11

> λ1, q(+∞) = bd2
σ2
c22

> λ1

F (u, v) = 0

σi

cij F (u, v)

σ1
c11

σ2
c22

+

+

−−

−

−
u

v

σ1
c11

σ2
c22

+

+

−−

−

−
u

v

T F (u, v) = 0
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F (u, v) > 0 (u, v) ∈ T

− +

q = ad1u+ bd2v = λ1

σ1
c11

> σ2
c21

σ2
c22

> σ1
c12

F (u, v) = umf(u, v) + vng(u, v)

f(u, v) g(u, v) + −

2.3 2.4

u

v

u

v

F (u, v) > 0

F (u, v) < 0

+

−

u

v

(u(x), v(x))

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d1u′′ + θu′ + umf(u, v) ≤ 0, x ∈ R,

d2v′′ + θv′ + vng(u, v) ≤ 0, x ∈ R,

(u, v)(−∞) = −, (u, v)(+∞) = +.

u > 0 v > 0 f(u, v) > 0 g(u, v) > 0
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(u, v) ∈ R −, + ∈ [0,+∞)2 \ R,

R =

{
(u, v) ∈ [0,+∞)2

∣∣∣∣
u

u
+

v

v
< 1

}
.

α, β> 0

αu(x) + βv(x) ≥ {αu, β v} {d1, d2}
{d1, d2}

.

(u(x), v(x))

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

d1u′′ + θu′ + umf(u, v) ≥ 0, x ∈ R,

d2v′′ + θv′ + vng(u, v) ≥ 0, x ∈ R,

(u, v)(−∞) = −, (u, v)(+∞) = +.

u > 0 v > 0 f(u, v) < 0 g(u, v) < 0

(u, v) ∈ R −, + ∈ [0,+∞)2 \ R,

R =
{
(u, v) ∈ [0,+∞)2

∣∣∣
u

u
+

v

v
> 1

}
.

α, β> 0

αu(x) + βv(x) ≤ {αu,β v} {d1, d2}
{d1, d2}

.

(u1(x), · · · , un(x))

⎧
⎪⎨

⎪⎩

diu′′
i + θu′

i + umi
i fi(u1, · · · , un) ≤ 0, x ∈ R, i = 1, · · · , n,

(u1, · · · , un)(−∞) = −, (u1, · · · , un)(+∞) = +.
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i = 1, · · · , n ui > 0 fi(u1, · · · , un) > 0

(u1, · · · , un) ∈ R −, + ∈ [0,+∞)n \ R,

R =

{
(u1, · · · , un) ∈ [0,+∞)n

∣∣∣∣∣

n∑

i=1

ui

ui

< 1

}
.

αi > 0

n∑

i=1

αiui(x) ≥
(

i=1,··· ,n
αiui

)
i=1,··· ,n

di

i=1,··· ,n
di
, x ∈ R.

a1, · · · , an > 0 n

p(x) q(x)

q′′(x) + p′(x) + F (u1(x), u2(x), ..., un(x)) ≤ 0, x ∈ R,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

q(x) =
n∑

i=1
aidiui(x),

p(x) =
n∑

i=1
aiui(x),

F (u1, u2, ..., un) =
n∑

i=1
αi u

mi
i fi(u1, u2, ..., un).

λ2 η λ1
n∑

i=1
ai di ui = λ2

n∑
i=1

ai ui = η
n∑

i=1
ai di ui = λ1

Qλ1 ⊂ Pη ⊂ Qλ2 ⊂ R,

Qλ =
{
(u1, u2, ..., un)

∣∣∣
n∑

i=1

ai di ui ≤ λ, u1, u2, ..., un ≥ 0
}
;

Pη =
{
(u1, u2, ..., un)

∣∣∣
n∑

i=1

ai ui ≤ η, u1, u2, ..., un ≥ 0
}
.
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q =
n∑

i=1
aidiui = λ2 λ2 =

{λ | Qλ ⊂ R}
n∑

i=1
aidiui = λ2

( λ2a1d1
, 0, ..., 0) (0, λ2

a2d2
, 0, ..., 0) (0, 0, ..., 0, λ2

andn
)

Qλ2 ⊂ R λ2
ai di

≤ ui i = 1, 2, ..., n λ2 =
i=1,··· ,n

aidiui

p =
n∑

i=1
aiui = η η = {η | Pη ⊂

Qλ2}.
n∑

i=1
aiui = η ( ηa1 , 0, ..., 0)

(0, ηa2 , 0, ..., 0) (0, 0, ..., 0, ηan ) Pη ⊂ Qλ2

η
ai ≤

λ2
ai di

i = 1, 2, ..., n η =
i=1,··· ,n

λ2
di

= λ2

i=1,··· ,n
di

q =
n∑

i=1
aidiui = λ1

λ1 = {λ | Qλ ⊂ Pη}
n∑

i=1
aidiui = λ1 ( λ1

a1 d1
, 0, ..., 0) (0, λ1

a2 d2
, 0, ..., 0)

(0, 0, ..., 0, λ1
an dn

) Qλ1 ⊂ Pη
λ1
ai di

≤ η
ai

i = 1, 2, ..., n λ1 =
i=1,··· ,n

diη = λ2
i=1,··· ,n

di

i=1,··· ,n
di

=
i=1,··· ,n

aidiui
i=1,··· ,n

di

i=1,··· ,n
di

n∑
i=1
αi di ui = λ2

n∑
i=1
αi ui = η

n∑
i=1
αi di ui = λ1

λ1

q(x) =
n∑

i=1
aidiui(x) ≥ λ1 x ∈ R

z0 ∈ R q(z0) =
n∑

i=1
aidiui(z0) < λ1 −, + ∈ [0,+∞)n \ R Qλ1 ⊂ R

q(±∞) > λ1
x∈R

q(x) = q(z0) q′(z0) = 0

z1 z2 (u1(x), · · · , un(x))

q =
n∑

i=1
aidiui = λ2 u1 · · · un x z0
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−∞ +∞

z1 = {z ∈ (−∞, z0) | q(x) =
n∑

i=1

aidiui(x) < λ2, ∀x ∈ (z, z0)}

z2 = {z ∈ (z0,+∞) | q(x) =
n∑

i=1

aidiui(x) < λ2, ∀x ∈ (z0, z)}.

q′(z1) ≤ 0 q′(z2) ≥ 0 (u1(z0), · · · , un(z0))

p =
n∑

i=1
ai ui = η (u1(z1), · · · , un(z1))

(u1(z2), · · · , un(z2)) p(z0) < η p(z1) p(z2) > η

{(u1(x), · · · , un(x)) | x ∈ (z1, z0)} {(u1(x), · · · , un(x)) | x ∈ (z0, z2)}

Qλ2 ⊂ R F (u1(x), · · · , un(x)) > 0 x ∈ (z1, z0) x ∈ (z0, z2)

θ ≥ 0 z0 z2

q′(z2)︸ ︷︷ ︸
≥0

−✟✟✟✟✯0
q′(z0) + θ(p(z2)︸ ︷︷ ︸

>η

− p(z0)︸ ︷︷ ︸
<η

) +

∫ z2

z0

F (u1(x), · · · , un(x))dx

︸ ︷︷ ︸
>0

≤ 0
→←

θ ≤ 0 z1 z0

✟✟✟✟✯0
q′(z0)− q′(z1)︸ ︷︷ ︸

≤0

+θ(p(z0)︸ ︷︷ ︸
<η

− p(z1)︸ ︷︷ ︸
>η

) +

∫ z0

z1

F (u1(x), · · · , un(x))dx

︸ ︷︷ ︸
>0

≤ 0
→←

n∑

i=1

aidiui(x) ≥ λ1 =

(

i=1,··· ,n
aidiui

)
i=1,··· ,n

di

i=1,··· ,n
di
.

ai =
αi
di

n∑

i=1

αiui(x) ≥
(

i=1,··· ,n
αiui

)
i=1,··· ,n

di

i=1,··· ,n
di
.
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di

2.1

(u1(x), · · · , un(x))

⎧
⎪⎨

⎪⎩

diu′′
i + θu′

i + umi
i fi(u1, · · · , un) ≥ 0, x ∈ R, i = 1, · · · , n,

(u1, · · · , un)(−∞) = −, (u1, · · · , un)(+∞) = +.

i = 1, · · · , n ui > 0 fi(u1, · · · , un) < 0

(u1, · · · , un) ∈ R −, + ∈ [0,+∞)n \ R,

R =

{
(u1, · · · , un) ∈ [0,+∞)n

∣∣∣∣∣

n∑

i=1

ui

ui
> 1

}
.

αi > 0

n∑

i=1

αiui(x) ≤
(

i=1,··· ,n
αiui

)
i=1,··· ,n

di

i=1,··· ,n
di
.

⎧
⎪⎨

⎪⎩

d1u′′ + u(σ1 − c11u− c12v) = 0, x ∈ R,

d2v′′ + v(σ2 − c21u− c22v) = 0, x ∈ R.

θ = 0 θ = 0

p

αu+ βv

{
α
σ2
c21

, β
σ1
c12

}
≤ αu+ βv ≤

{
α
σ1
c11

, β
σ2
c22

}
,
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d1 d2

(u(x), v(x), w(x)) = (k1(1 + x), k2(1 + x)2, k3(1 +
2 x))

k1 k2

k3

2.1

σ̃1 := σ1 − c13
σ3
c33

> 0, σ̃2 := σ2 − c23
σ3
c33

> 0,

{ c31σ̃2
c21

, c32σ̃1
c12

} {d1,d2}
{d1,d2} ≥ σ3.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

d1u′′ + θu′ + u(σ1 − c11u− c12v − c13w) = 0, x ∈ R,

d2v′′ + θv′ + v(σ2 − c21u− c22v − c23w) = 0, x ∈ R,

d3w′′ + θw′ + w(σ3 − c31u− c32v − c33w) = 0, x ∈ R,

(u, v, w)(−∞) =
(

σ1
c11

, 0, 0
)
, (u, v, w)(+∞) =

(
0, σ2

c22
, 0
)

(u(x), v(x), w(x))
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(u(x), v(x), w(x)) u(x)

v(x) w(x) > 0 x ∈ R ±∞

x0 ∈ R w(x0) = w

d3︸︷︷︸
>0

w′′(x0)︸ ︷︷ ︸
≤0

+θ✘✘✘✘✿0
w′(x0) + w(x0)︸ ︷︷ ︸

>0

(σ3 − c31u(x0)− c32v(x0)− c33w(x0)) = 0.

σ3 − c31u(x0)− c32v(x0)− c33w(x0) ≥ 0.

w(x) ≤ w(x0) ≤ 1
c33

(σ3− c31u(x0)− c32v(x0)) <
σ3
c33

, ∀x ∈ R

w

⎧
⎪⎨

⎪⎩

d1u′′ + θu′ + u(σ1 − c11u− c12v − c13
σ3
c33

) < 0,

d2v′′ + θv′ + v(σ2 − c21u− c22v − c23
σ3
c33

) < 0,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

d1u′′ + θu′ + u((σ1 − c13
σ3
c33

)
︸ ︷︷ ︸

σ̃1

−c11u− c12v) < 0,

d2v′′ + θv′ + v((σ2 − c23
σ3
c33

)
︸ ︷︷ ︸

σ̃2

−c21u− c22v) < 0.

2.1 α = c31, β = c32

c31u+ c32v ≥
{
c31σ̃2
c21

,
c32σ̃1
c12

}
{d1, d2}
{d1, d2}

≥ σ3.

w(x0) ≤
1

c33
(σ3 − c31u(x0)− c32v(x0)) ≤ 0,
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2.5

⎧
⎪⎪⎨

⎪⎪⎩

σ̃i := σi − cin
σn
cnn

> 0, i = 1, · · · , n− 1,

i=1,··· ,n

{
cni

j=1,··· ,n
σ̃i
cji

}
i=1,··· ,n

di

i=1,··· ,n
di

≥ σn.

n

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

diu′′
i + θu′

i + ui

(
σi −

n∑
j=1

cijuj

)
= 0 , x ∈ R, i = 1, · · · , n,

(u1, · · · , un)(−∞) =
(

σ1
c11

, 0, · · · , 0
)
,

(u1, · · · , un)(+∞) =
(
0, σ2

c22
, 0, · · · , 0

)

(u1(x), · · · , un(x))

αu+ βv

a1 a2 > 1
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2.1

λ2

F (u, v) = au(1− u− a1v) + bσv(1− a2u− v) = 0.

Qλ1 ⊂ Pη ⊂ Qλ2 ⊂ R,

Pη =
{
(u, v)

∣∣∣ au+ bv ≤ η, u, v ≥ 0
}
;

Qλ =
{
(u, v)

∣∣∣ au+ dbv ≤ λ, u, v ≥ 0
}
;

R =
{
(u, v)

∣∣∣ F (u, v) ≥ 0, u, v ≥ 0
}
.

λ2

λ2 = {λ | Qλ ⊂ R}.

λ2 2.1

2.1

λ2 v u

F (u, v) = bkv2 + (aa1u+ bσ(a2u− 1))v + au(u− 1) = 0,

v(u) =
−(aa1u+ bσ(a2u− 1)) +

√
(aa1u+ bσ(a2u− 1))2 − 4abσu(u− 1)

2bσ
.
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dv

du
(u) =

−(aa1 + bσa2) +
(aa1u+bσ(a2u−1))(aa1+bσa2)−2abσ(2u−1)√

(aa1u+bσ(a2u−1))2−4abσu(u−1)

2bσ
.

a b d au+ dbv = λ2
−a
db

au+ dbv = λ2

F = 0

dv
du(0) =

−a(a1−1)−bσa2

bσ
dv
du(1) =

−a
aa1+bσ(a2−1)

v(u)

−a
db < −a(a1−1)−bσa2

bσ

au+dbv = λ2

(0, 1) λ2

λ2 = a · 0 + db · 1 = db.

1

1

z2

z1

u

v

z2 +∞ 2.1

x→+∞
q′(x) ≥ 0

x→+∞
p(x) > η

∫ +∞
z0

F (u(x), v(x))dx > 0
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−a
db > −a

aa1+bσ(a2−1)

au+dbv = λ2

(1, 0) λ2

λ2 = a · 1 + db · 0 = a.

1

1

z1
z2

u

v

z1 −∞ 2.1

x→−∞
q′(x) ≤ 0

x→−∞
p(x) > η

∫ z0
−∞ F (u(x), v(x))dx > 0

−a(a1−1)−bσa2

bσ < −a
db < −a

aa1+bσ(a2−1)

au + dbv = λ2

v(u)
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1

1

z1

z2

u

v

dv

du
(u) =

−(aa1 + bσa2) +
(aa1u+bσ(a2u−1))(aa1+bσa2)−2abσ(2u−1)√

(aa1u+bσ(a2u−1))2−4abσu(u−1)

2bσ
=

−a

db
,

[(X2 − 4abσ)u+ (−bσX + 2abσ)]2

(Xu− bσ)2 − 4abσu(u− 1)
=

(
X − 2aσ

d

)2

,

X = aa1 + bσa2

Au2 + Bu+ C

Du2 + Eu+ F
= G,

A =
(
X2 − 4abσ

)2
,

B = 2(X2 − 4abσ)(−bσX + 2abσ),

C = (−bσX + 2abσ)2 ,

D = X2 − 4abσ,

E = −2bσX + 4abσ,

F = b2σ2,
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G =

(
X − 2aσ

d

)2

.

(A−DG)u2 + (B − EG)u+ (C − FG) = 0,

u0 =
−(B − EG)±

√
(B − EG)2 − 4(A−DG)(C − FG)

2(A−DG)
.

λ2 =au0 + dbv(u0)

=au0 + db
−(aa1u0 + bσ(a2u0 − 1)) +

√
(aa1u+ bσ(a2u0 − 1))2 − 4abσu0(u0 − 1)

2bσ
,

u0 =
−(B − EG)±

√
(B − EG)2 − 4(A−DG)(C − FG)

2(A−DG)

0 < u0 < 1

dv

du
(u0) =

−X + (Xu0−bσ)X−2abk(2u0−1)√
(Xu0−bσ)2−4abσu0(u0−1)

2bσ
=

−a

db
.

u0

a = 12 b =

2 a1 = 5 a2 = 3 d = 2 σ = 6 u0
−(B−EG)+

√
(B−EG)2−4(A−DG)(C−FG)

2(A−DG)

a = 12 b = 1 a1 = 12 a2 = 2 d = 1 σ = 12 u0

−(B−EG)−
√

(B−EG)2−4(A−DG)(C−FG)

2(A−DG)

2.1 a = α
d1

b = β
d2
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a = α b = β
d

(u(x), v(x))

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u′′ + θu′ + u(1− u− a1v) = 0, x ∈ R,

dv′′ + θv′ + σv(1− a2u− v) = 0, x ∈ R,

(u, v)(−∞) = (1, 0), (u, v)(+∞) = (0, 1),

a1 a2 > 1 α, β> 0

αu(x) + βv(x) ≥ λ1
{1, d}
{1, d} ,

λ1 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

β −α
β <

−α(a1−1)−β
d σa2

β
d σ

,

α −α
β > −α

αa1+
β
d σ(a2−1)

,

αu0 + β
−(αa1u0+

β
d σ(a2u0−1))+

√
(αa1u0+

β
d σ(a2u0−1))2−4αβ

d σu0(u0−1)

2β
d σ

u0 =
−(B−EG)±

√
(B−EG)2−4(A−DG)(C−FG)

2(A−DG) A =
(
X2 − 4αβ

d σ
)2

, B =

2(X2−4αβ
d σ)(−

β
dσX+2αβ

d σ), C =
(
−β

dσX + 2αβ
d σ
)2

, D = X2−4αβ
d σ, E = −2β

dσX+

4αβ
d σ, F = β2

d2 σ
2 G =

(
X − 2ασ

d

)2
X = αa1+

β
dσa2

0 < u0 < 1

(
−X +

(Xu0−β
d σ)X−2αβ

d σ(2u0−1)√
(Xu0−β

d σ)
2−4αβ

d σu0(u0−1)

)
/(2β

dσ) =
−α
β

2.5 2.6

4.1
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2.1

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u(x) = k1(1− x)2,

v(x) = k2(1 + x),

w(x) = k3(1− 2 x),

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

d1u′′ + θu′ + u(σ1 − c11u− c12v − c13w) = 0, x ∈ R,

d2v′′ + θv′ + v(σ2 − c21u− c22v − c23w) = 0, x ∈ R,

d3w′′ + θw′ + w(σ3 − c31u− c32v − c33w) = 0, x ∈ R,

(u, v, w)(−∞) =
(

σ1
c11

, 0, 0
)
, (u, v, w)(+∞) =

(
0, σ2

c22
, 0
)

k1 =
σ
4 k2 =

σ
2 d1 = d2 = d3 = c11 = c22 = c33 = 1 σ1 = σ2 = σ3 = σ

c21 =
3c23 − 1

σ(−1 + c23)
, c12 =

−8− 3σ + c23(3σ − 24)

σ(1− c23)
, c13 =

(σ − 24)(c23 − 1)

16
,

c32 =
2(−σ − 8c23 + σc23)

σ(−1 + c23)
, c31 =

8(−1 + 3c23)

σ(−1 + c23)
, k3 =

4

−1 + c23
,

θ =
−4 + σ + 20c23 − σc23

2(−1 + c23)

16c13
−1 + c13

< σ <
−8 + 24c13
−1 + c13

1 < c13 ≤ 3,

24 < σ <
−8 + 24c13
−1 + c13

c13 > 3.

σ = 28 c23 = 4 c21 = 22
21 c12 = 37

21 c13 = 3
4 c32 = 26

21
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c31 =
22
21 θ = −4

3

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

u′′ + θu′ + u(28− u− 37
21v −

3
4w) = 0, x ∈ R,

v′′ + θv′ + v(28− 22
21u− v − 4w) = 0, x ∈ R,

w′′ + θw′ + w(28− 22
21u− 26

21v − w) = 0, x ∈ R,

(u, v, w)(−∞) = (1, 0, 0) , (u, v, w)(+∞) = (0, 1, 0) .

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

u(x) = 7(1− x)2,

v(x) = 14(1 + x),

w(x) = 4
3(1−

2 x).

u1 = u = 28 u1 = u = 28·21
22 u2 = v = 28 u2 = v = 28·21

37

u3 = w = 28·4
3 u3 = w = 7 2.5 2.6 α1 = 1

α2 = 1
5 α3 = 1

2 2.5 2.6

{
28 · 21
22

,
1

5
· 28 · 21

37
,

1

2
· 7
}

≤ u+
1

5
v +

1

2
w ≤

{
28,

1

5
· 28, 1

2
· 28 · 4

3

}
,

1

5
· 28 · 21

37
≤ u+

1

5
v +

1

2
w ≤ 28.
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−6 −4 −2 0 2 4 6
0

5

10

15

20

25

30

u + 1
5v + 1

2w

u′ =
m∑
i=0

aiui v′ =
n∑

i=0
biui u

d = 3
a2√
σ
, a1

√
σ = 2 +

5
√
σ

3
− a2,

√
σ

a2
<

√
σ < a1

√
σ,θ =

−2 + a2√
2a2

.

d = 29
5 σ = 1 a1 =

26
15 a2 =

29
15

u(x) =
1

4

(
1−

(
x√
24

))2

v(x) =
1

2

(
1 +

(
x√
24

))

α = 2 β = 1
3 4.1

−α
αa1 +

β
dσ(a2 − 1)

(≈ −0.5) <
−α
β

(= −6) <
−α(a1 − 1)− β

dσa2
β
dσ

(≈ −27.5),
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λ1

λ1 = αu0+β
−(αa1u0 +

β
dσ(a2u0 − 1)) +

√
(αa1u0 +

β
dσ(a2u0 − 1))2 − 4αβ

d σu0(u0 − 1)

2β
dσ

4.1 u0 =
−(B−EG)−

√
(B−EG)2−4(A−DG)(C−FG)

2(A−DG)
dv
du(u0)(≈

−56.3) ̸= −α
β (= −6) u0

u0 =
−(B − EG) +

√
(B − EG)2 − 4(A−DG)(C − FG)

2(A−DG)
,

dv
du(u0) = −6 = −α

β u0 λ1

4.1

2u(x) +
1

3
v(x) ≥ λ1

5

29
≈ 0.05,

2.1

{
2 · 15

29
,
1

3
· 15
26

} {
1, 29

5

}
{
1, 29

5

} =
5 · 5
26 · 29 ≈ 0.03,

−30 −20 −10 0 10 20 30
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

2u+ 1
3v



doi:10.6342/NTU201601053

u(−∞) = σ1
c11

, u(+∞) = 0,

⎧
⎪⎨

⎪⎩

d1u′′ + θu′ + u(σ1 − c11u) = 0, x ∈ R,

u(−∞) = σ1
c11

, u(+∞) = 0.
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θ > 0 u′ U

⎛

⎝u

U

⎞

⎠
′

=

⎛

⎝ U

1
d1
(−θU − u(σ1 − c11u))

⎞

⎠ .

(u, U) = (0, 0)

⎛

⎝u

U

⎞

⎠
′

≈

⎛

⎝ U

1
d1
(−θU − σ1u)

⎞

⎠ =

⎛

⎝ 0 1

−σ1
d1

−θ
d1

⎞

⎠

⎛

⎝u

U

⎞

⎠ .

λ =
− θ

d1
±
√(

θ
d1

)2
− 4σ1

d1

2
.

(
θ
d1

)2
< 4σ1

d1
(u, U)

(0, 0) u
(

θ
d1

)2
≥ 4σ1

d1

θ ≥ 2
√
σ1d1.

(u, U)

(0, 0) (u, U) = ( σ1
c11

, 0)

⎛

⎝u

U

⎞

⎠
′

≈

⎛

⎝ U

1
d1
(−θU + σ1u)

⎞

⎠ =

⎛

⎝ 0 1

σ1
d1

−θ
d1

⎞

⎠

⎛

⎝u

U

⎞

⎠ .

λ =
− θ

d1
±
√(

θ
d1

)2
+ 4σ1

d1

2
,

u+ U+⎛

⎝u+

U+

⎞

⎠ u− U−
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⎛

⎝u−

U−

⎞

⎠

θ ≥ 2
√
σ1d1

Γ u, U u = σ1
c11

U + θ
2d1

u = 0 u

Γ

OA u′ = U = 0 U ′ = u′′ = − 1
d1
u(σ1 − c11u) < 0 |U ′|

0 u 0 1 AB d1U ′ + θu′ = 0

u′ = U < 0 U ′ = − θ
d1
u′ > 0 |u′| |U ′| U

A B

A

B

O

Γ

σ1
c11

u
U

Γ

OB OB s = s0

U ′(s0) +
θ

2d1
u′(s0) < 0

U(s0) +
θ

2d1
u(s0) = 0.
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U ′(s0) +
θ

2d1
u′(s0) =

1

d1
[−θU(s0)− u(s0)(σ1 − c11u(s0))] +

θ

2d1
U(s0)

= − θ

2d1
U(s0)−

1

d1
u(s0)(σ1 − c11u(s0))

= − θ

2d1
(− θ

2d1
u(s0))−

1

d1
u(s0)(σ1 − c11u(s0))

> u(s0)

[(
θ

2d1

)2

− σ1
d1

]

≥ 0 ( ),

OB

Γ

(u, U) = ( σ1
c11

, 0) (u, U) = (0, 0)

Γ

θ ≥ 2
√
σ1d1 θ = 2

√
σ1d1

d =

σ = 1 a1+ a2 = 2 a1 < 1 a2 > 1 θ > 0

q′′ + θq + q(1− q) = 0,

q(±∞) = 1 q = 1 u + v = 1

x ∈ R x0 ∈ R q(x0) ̸= 1

q(x0) > 1 x1 ∈ R q(x1) = q q′′(x1) ≤ 0

q′(x1) = 0 q(x1) > 1 q′′(x1) + θq(x1) + q(x1)(1− q(x1)) < 0

q(x0) < 1

v = 1− u

u′′ + θu′ + (1− a1u(1− u)) = 0,
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θu = 2
√
1− a1 θ ≥ 2

√
1− a1

v

v′′ + θv + (a2 − 1)v(1− v) = 0,

θv = 2
√
a2 − 1 = 2

√
1− a1 = θu

땦
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